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NUMERICAL RANGE AND ORTHOGONALITY
IN NORMED SPACES

A. Bachir and A. Segres

Abstract

Introducing the concept of the normalized duality mapping on normed lin-
ear space and normed algebra, we extend the usual definitions of the numerical
range from one operator to two operators. In this note we study the convex-
ity of these types of numerical ranges in normed algebras and linear spaces.
We establish some Birkhoff-James orthogonality results in terms of the alge-
bra numerical range V(T') 4 which generalize those given by J.P. William and
J.P. Stamplfli. Finally, we give a positive answer of the Mathieu’s question.

1 Introduction

Let E be a normed space over K (R or C), Sg its unit sphere, E* its dual topologic
space. Let D be the normalized duality mapping from E into E* given by

D(z) :={p € E* : p(x) = ||z|*, lloll = ||z}, for all z € E. (1.1)

Let B(E) be the normed space of all bounded linear operators acting on E. For any
operator T' € B(E) and = € E, W,(T') denotes the convex subset of the complex
plane defined by
W (T) :={p(Tx) : p € D(x)}- (1.2)
and
W(T)=U{W,(T) : x € Sg}

is called the spatial numerical range of T, which may also be defined as
W(T) = {(T2) : 2 € Sp; ¢ € D(a)}. (1.3)

This definition was extended to arbitrary elements of a normed algebra A by
F.F. Bonsall [4, 5, 6] who defined the numerical range of an element a € A as

V(CL) = W(Ta)a
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where Ty, is the left regular representation of A in B(A), that is, T, (b) = ab for all
b e A. V(a) is known as the algebra numerical range of a € A, and according to
the above definitions, V'(a) is defined by

V(a) :={p(ab) : b€ Sa; ¢ € D(b)}. (1.4)

If the normed algebra A has a unit e with |le]| = 1, it was proven that in this
case V(a) = {p(b) : ¢ € D(a)} is a convex and weak*-compact subset of A*. In
particular, if A = B(E), it’s was shown that

V(T) = coW(T)-

For further details on the numerical range as well as various applications of this
pioneering tool in operator theory, we refer the reader to [1, 2, 19, 20].

In this paper, we mainly investigate qualitative properties of numerical range
and study orthogonality on a normed space.
Our paper is organized as follows: in Section 2, we give some preliminary concepts
needed in the sequel. Section 3 mainly concerns the description of the numerical
range of two operators and the investigation on the orthogonality in the sense of the
Birkhoff-James’s definition. In section 4, we give a positive answer to the following
question of Mathieu [15]:
Does the inequality || My, + My ol > ||a]| - ||b]| holds for any elements a, b in a prime
C*—algebra ?

2 Preliminaries

Throughout this paper, K is the field of real numbers or complex numbers, F is a
normed linear space over K with the unit sphere Sp and E* its dual topological
space (the norm in E and E* will be denoted by the same symbol ||-||).

B(E) is the algebra of all bounded linear operators on E, I denotes the identity
operator on E. If M is a non-empty set of F, then [M] denotes the closed linear
subspace of E spanned by M, if M = {z : x # 0}, we write in short [z]. coS
denotes the convex hull of a subset S and S denotes the closure of S.

Recall that the support of a functional ¢ at x € E is a norm-one linear functional
in E* such that ¢(z) = ||z||. Recall also that a convex function f : E — R is said
to be Gateaux differentiable at « € E if the following limit

t—0, teR t

exists for all y € E. It is well known that if f is continuous and Gateaux differen-
tiable at « € F, then the function f, : E — R, y+— f.(y) is a real bounded linear
functional [17]. This function is called the Gateaux differential of f at x.

Definition 2.1. A normed space F is said to be smooth at x € F if there exists
a unique support functional at x. E is said to be smooth if it is smooth at every
point (see [2, part 3, ch. 1, § 2]).



Numerical range and orthogonality in normed spaces 23

Proposition 2.2. Let E be a normed linear space over K equipped with a norm
II.ll. E is smooth at x € E if and only if the norm ||.|| is Gateauz differentiable at
x. Furthermore, if E is smooth at x then the unique support functional ¥, at , is
gwen by ¥, = fo if K=R, and by ¥, = fo +ifir if K=C, where f, , ifi, are
the Gateauz differentials of the norm ||.|| at  and iz respectively.

The Hahn-Banach theorem ensures that there always exists at least one support
functional at each vector x € E and therefore D(x) is non-empty for every = € E,
where D is the duality mapping on E defined by equation (1.1). Moreover, it is
well known that D(z) is convex and weak*-compact subset of E*.

It is clear, from the Proposition 2.2, that D is a single-valued mapping on E if
and only if E is a smooth space.

3  Numerical range

For an operator A € B(F), we extend the usual definitions of the numerical range
from one operator to two operators in different ways as follows.
The spatial numerical range W (T') , of T' € B (E) relative to A:

W(T),={¢Tx):x€Sg ;9 € DAx)}. (3.1)
The spatial numerical range G (T') , of T' € B (E) relative to A:
G(T), = {¢(Ta) - a € B ;|| Az =1, o€ D(Ax)). (3.2)
The Mazimal spatial numerical range of T € B (E) relative to A:
M(T)y ={¢(Tx): x € Sp ; [|Az| = [[All, ¢ € D(Ax)}. (3-3)

It is clear that if A = I, we get W(T); = G(T)r = M(T); = W(T) (the usual
spatial numerical range) and for any operators A,T € B(E), M(T)a C W(T)a4.
Moreover, if ||A|| = 1, then M(T)4 C G(T) 4.

Note that M (T) , may be empty, depends on the space E on which the operator
A acts. Indeed, let ¢y be the classical space of sequences (x,), C C : x, — 0,
equipped with the norm ||(z,),,| = max |zn]. And let A be an operator defined on

co by A(z) (n) = i7¢n (x) for all @ € c¢o where (¢n), C Se such that ¢, EN 0,
(the existence of such sequence is assured by Josefson-Nissenzweig’s theorem [8]).
A is a norm-one operator which doesn’t attain its norm and therefore M (T')4 is
an empty set for any operator T. Let NA(FE) be the subset of the norm attaining
operators in B(E). Henceforth, we suppose that A € NA(E) and hence M(T)4
will be a non-empty set.

Remark 3.1. Let A be an injective operator in B(E) and p be a function de-
fined by p(x) = ||Az| for all z € E and where ||| is the original norm in E.
The function p defines a new norm in E and if A is an invertible operator then
p defines an equivalent norm to the original norm ||-|| and in this last case we
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have successively W(T)a = M(T)a, G(T)a = W,(T)a, G(TA)a = W(T) and
G(AT)a = W(ATA™Y), where W,(T) 4, W(T) are the spatial numerical range of T
relative to A with respect to the new norm p and the usual numerical norm of T
respectively. A~ denotes the inverse of A.

In the same manner as in the monograph of F.F. Bonsall [4, 5], we introduce
the map ¢ : A — B(A); x — ¢, such that Vy € A : ¢, (y) = zy (¢ is the left
regular representation of A in B(A)). Hence the equations (3.1), (3.2) and (3.3)
can be extended from operators over normed linear space to arbitrary elements of
a normed algebra A. For a,b € A, we set

Wab)g =W (eb)y,» Galb)y =G )y, , Ma(b), =M (), -

The sets W4 (), , Ga(b), and M4 (b), will be called the algebra and the maz-
imal algebra numerical ranges respectively of b € A relative to a € A and can be
rewritten in the following forms.

Wa), = {ebc):c€SaspeDlac)}
Gab), = {pec):ce A lacl]|=1;¢¢€ D (ac)} (3.4)
My (), = {p(be):ce Sy, llacl| = lla]l ;¢ € D (ac)}.

Note that, if A is a unital normed algebra with unit e and ||e|| = 1, then M4 (b),
is always a non-empty subset of K.

In the following, we denote the maximal algebra numerical range M4 (b), by
V4 (), or simply by V (b), and we shall give some useful properties of Wy ('),
G(T), and My (T).

Proposition 3.2. Let A,B,C € B(E) and o, € K, then
1. W (B) 4 and G (B) , are non-empty;
2. M(aB +pA), = aM (B), + B A", G(aB +5A), = aG (B), + 5;
3. W(aB+3C), CaW (B) ,+W (C),, G(aB+ BC), C aG (B) ,+6G (C) 4;

4. max (|W (B) 4] ,1G (B) 4] |M (B) ) < |A]| | B where
{3 =sup {IA|: A € {3}

Proof. The proof is elementary and will be omitted. O

Recall from [10, 14] the definition of semi-inner product, if there exists a function
[.,.] : E x E — K satisfying the following properties.

(i
(i

(iii

) oz + By, 2] = afz, 2] + By, 2]
) ly, o] =y, z]

) [o,2] = ||=||”

)

(iv) [[y, z]| < [lz[llyl, for all o, 3 € K and all z,y,z € E,
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then the function [.,.] is called a semi-inner product (in short s.i.p.) on the normed
space X which generates the given norm in FE.
Define the following mapping (a multi-valued mapping) on E x E by

(b )p:EXE—2%: VayeE: (yx),=(Dz,y), (3.5)

where D is the normalized duality mapping defined by equation (1.1) and (.,.)
denotes the pairing duality. So, from the definition of D, it is not difficult to check
that (.,.), has the same properties mentioned above for a s.i.p. [.,.].

We say that d is a determination of D, if d is a map (single-valued mapping)
from FE to E* such that d (z) € D (z) for any € E. Then we can write, for any
x,y € E, that (y,x), = Lj{(dx .y} Set [y,z], = (d(x),y), forall 2,y € E. Hence

[.,.];is as.ip. in E with the norm lz|? = [z, x], = (d(x),z). Conversely, for every
s.i.p.[.,.] in normed space E which generates its norm, there is one determination d
of D of the form [y,z] = (d(z),y) for all z,y € E. So the concept of the mapping
(.,.)p generalizes the concept of s.i.p. [.,.] in normed linear space.

From above we can rewrite the equations (3.1), (3.2) and (3.3) as follows

W, = U (A Ta), = U{(Te dd, o] = 1)
G(T), = U (e Ta)p=y((To Ad,s s =1} (30)
M(T), = U (Az,Tz)

lell=1,| Az | =] Al
= U{[Tw, Azl : [l = 1, |[Az]| = [|A[l}

We observe, from equation (3.6), that the numerical range W (T) ,, which is
associated to a multivalued mapping (., .) ,, is a natural generalization of the tradi-
tional one (i.e., the Toeplitz’s numerical range defined on the Euclidian spaces) and
the Lumer’s numerical range defined on the s.i.p. spaces. If E is equipped with a
si.p. [.,.], then

W),y = {[Tz Az]: zf| =1}
G(T)y = {[Tz,Az]:z € E; ||Az|| =1} (3.7)
M(T)y = [Tz, Az]:[lzf| =1, [|Az| = [|A[[}

So, if E is a smooth normed space, we have only one determination of D and
therefore the equalities (3.6) and (3.7) coincide. In particular, if F = H is a Hilbert
space with the inner product (.,.) then the previous equalities can be rewritten in
the following forms.

W),y = WAT)={(Tr,Az) : [z =1}
G(T)y, = {(Tz,Az):z€E; ||Az| =1} (3.8)
M(T)y = {(Tx, Az) : [lz| = 1, [[Az| = [|A]l},

where A* is the adjoint of A.



26 A. Bachir and A. Segres

Remark 3.3. Let A be an operator on H and A = UP be its polar decomposi-
tion. If A is injective then U is an isometry and the function |.|, defined by
|z||p = ||Az|| = ||Pz|); for all x € H, is a new norm on H and (.,.)p is a new inner
product in H where (z,y), = (Az, Ay) = (Pz, Py), for all z,y € H. Furthermore,
if A is invertible, then G (T'A), = W (T); G(AT), = Wp(T) = W (PTP™!)
where W (.) Wp (.) are the usual numerical ranges relative to the original norm ||.||
and to the new norm ||.||, respectively. It is well known that the usual Hilbert
space numerical range W (T') is convex, and so W (T') , = W (A*T) is convex for
the Hilbert space operators A and T.

In the following proposition we show that M (T') , is convex for Hilbert space oper-
ators A and T

Proposition 3.4. Let A € NA(E), the Hilbert space numerical range M (T) , of
T relative to A defined in the Equation (3.8) is a non-empty convex subset in K.

Proof. If M (T) , is a singleton set, then the result is trivial.

Let a,3 € M (T') , and assume that the Hilbert space E is equipped with the inner
product (.,.) over the field K = C. Also, without loss of generality we may assume
that ||A|| = 1. By equations (3.8), there exist z,y € Sg such that (Az,Tz) =
a, (Ay,Ty) =3, ||Az| =1 and ||Ay|| = 1. Define the function F' by

F:C*—C; FI\n) =AM\ +ny),T(\x+ny)), forall \,neC.

To prove our result, it suffices to prove that the function F' must attains every value
on the line segment joining « and § while ||z + ny|| = 1 and ||[A (Az + ny)|| = 1.

F(A\n) = BlMz+ndyl* = M (a—B)+An[(Ty, Az) — n (Ay, Az)]
and
F (A1) — BlIAz + nAyl? < |+ (Ty,Az) — n(Ay, Az)
= A\ A
(= 0) A (=)
_(Tx, Ay) — B (Ax, Ay)
A
’ (a—5)
Put
(a—0) ’ (a—p)
F (\n) — B|Mz + nAy|*
A -
GO @0 /

then

G(\n) = A +a n+b\y

[Nz + 77Ay||2 = A+ A7 (Az, Ay) + My (Ay, Az) + 07
Az +myl*> = AN+ X7 (2, y) + M (y, 2) + 177
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Since A,n are arbitrary then we can choose them as follows.
A= |Me?:io= g +Ekn(k € Z): Im (Ax, Ay) = Im, (x,y)

retan Re (Az, Ay) — Re (x,y)
e Im (A:L'7Ay)_1m (lL’,y)

)t (A, ) 2 T (2,9)
n =~z with v € R and |z| = 1, such that
aez+bei?z e R and Ree'z(Ax, Ay) > 0.

Set 7 = Reez (Az, Ay), ¢ =aez+be?z and p=|)|.
Hence

P>+ (py
\l)\x+77y||2
= 242097 +2

G(An ()
1Nz + nAy|”

Since [|AAz +nAy||> = 1 and vy = —pReT + /1 — p2 + (pr)?, then v is real if
p < 1. Therefore G (p,n (7)) can be rewritten as a function of p as

G(p,n(y)=p [ﬂ(lTC)+C\/1p2+(pT)2] =H (p).

It is clear that the function H is continuous on 0 < p < 1, H(0) = 0 and
H (1) = 1. Therefore the function H takes all its values from 0 to 1. Thus the
function F' takes all its values on the line segment joining « and (. O

With slight modifications in the proof of the previous proposition, we can also
prove that G (T') 4 is convex. But in an arbitrary normed space, we known that
W (T) is not necessarily convex or closed, so is for W (T') ,, G (T) , and M (T) 4.

For a normed algebra A with unit e and |le]| = 1, it is known that the usual
algebra numerical range V (a) is a convex and closed set in K.

In the following, we prove that the maximal algebra numerical range V (b), is a
convex and closed set in K.

Lemma 3.5. The set {¢ (b): ¢ € D (a)} is a non-empty, convex and closed set.

Proof. Since D (a) is non-empty and convex, it yields that the set {¢ (b) : ¢ € D (a)}
is non-empty and convex. On the other hand the set {¢ (b) : ¢ € D (a)} is the image
of D (a) which is weak*-compact subset of A*, under the weak*-continuous map

¢ = ¢ (b) (A" = K).
Hence {¢ (b) : ¢ € D (a)} is compact in K and therefore closed. O

Proposition 3.6. Let A be a normed algebra with unit e and ||e|]| = 1. If a,b € A,
then

V(b),={p):peD(a)}
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Proof. We have {¢ (b) : ¢ € D (a)} €V (b), (it suffices to take ¢ = e).

Conversely, let A € V (b), then there is ¢ € S4 with |lac|| = ||a|| and ¢ € D (ac)
such that A = ¢ (bc). Define the functional ¥ as ¢ (x) = ¢ (xc); for all z € A,
then [¢ (z)| = |¢ (zc)| < [lal| =] and ¢ (a) = ¢ (ac) = [la]*. Thus |[¢| = |all
and ¥ (a) = [ja]|* and so ¥ € D (a). Also, A = ¢ (bc) = 1 (b). This gives \ €
{¢(b) : o€ D(a)}. O

As a consequence of the previous proposition V' (b), can be rewritten, with
respect to the multivalued mapping (.,.), on A x A as

V(b), = (a.b)p. (3.9)

Remark 3.7. With a similar reasoning as in Proposition 3.6, we can prove that
M(T) 4 € Vi) (T) 4-
Furthermore, for A, T € B(E), we put

S (A) = {(zn), : @n € Sp , [[Azall — [|A]l}
and define the following set
M(T) 4, = {limp, (Txy,) : (x,), € SE(A) , ¢n € D(Az,)}, (3.10)

we will call this set, the generalized maximal numerical range of T relative to A, it is
easy to see, from the definition of the supremum | A|| = sup {||Az| : € Sg}, that
M (T) , is a non-empty closed subset of K and M (T') , € M (T), € W (T) 4. The
definition of M (T) , can be rewritten, with respect to the multivalued mapping
(.,)p, as

M(T), = U lim (Az,, Txy) 1, 3.11
( )A (zn),€SE(A) < >D ( )

with respect to a s.i.p. [.,.] as
M(T) , = {lim [Tz, Az,] : (z,,), € Se (A)}, (3.12)

with respect to an inner product (.,.) as
M(T) , = {lim (Txy, Axy,) : (z,),, € Se(A) }. (3.13)

If E is a Hilbert space and T' = I, then M (I), = Wy (A) is the maximal
numerical range of T and it is convex [19]. With a slight modification in [19], we
can prove that M (T) , is convex for Hilbert space operators A,T. The following
proposition extends the result mentioned in Remark 3.2.

Proposition 3.8. If A=B(FE) where E is a Banach space and A,T € B(E), then
coM (T), CV(T),.

Proof. Let A\ € M (T),, then there exists (z,), € Sg(A) and ¢, € D (Ax,)
such that A = lim g, (Tx,). Let f, (X) = ¢, (Xz,) for all X € B(F), then f, €
(B(E))" forallnand f, (A) = ¢n (Azy) = |lpal® = [[Aza||* and lim f, (A) = || A]>
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Since the sphere of radius ||A|| of (B (E))* is weak*-compact, there is a subsequence
(far)n, Weak*-convergent to f € (B(E))". Hence, from lim f,, (4) = |A]*and
1 fo |l = [l || = | Az, ]I, it follows that f (A) = ||A|* and || f|| = | A]. Hence f €
D (A). Since A =limy,, (Tzy,,) =lm f,, (T), we get A = f (T) and therefore by
Proposition 3.6, A € V (T') ,. Finally, from the convexity and the closure of V' (T') ,
we obtain coM (T) , CV (T), . O

Proposition 3.9. If A=B(E) where E is a Banach space and A,T € B(E), then
G(T)p € Gy (T)y-

Proof. Let A € G(T) 4, then there is (0 #) x € E with |[Az|| =1 and ¢ € D (Ax)
such that A = ¢ (Tz). Let ¢, (X) = ¢ (XAz) for all X € B(E) and R, (y) =
¢ (y)z. Firstly, it is clear that i, € B* (E), |¢, (X)| = | (XAz)| < ||X| and
¥z (AR;) = ¢ (ARzAx) = ¢ (Az) = 1. Then, ||¢.]| = 1 and ¥, (AR,) = 1.
Secondly, [|AR, () = ll¢ (v) Az]| < gl and | AR, (Az)]| = | Az]| = 1. Therefore
|AR,|| = 1 and 9, € D (AR;). Also, we have ¢, (TR,) = ¢ (TR, Az) = ¢ (Tx) =
A. This gives A € Gp(g) (T') 4 and the proof is complete. O

For a normed algebra A with unit e; |le[| = 1 and a,b € A. We have V (b), C

Wa(b), and V (b), C |lal]|Ga (b)ﬁ; (a # 0), the reverse inclusions are not verified

in general. However, the following proposition gives a weaker result.

Proposition 3.10. Let A be a normed algebra with unit e and |e|| = 1. If
(0#)a,be A, then

V() =A{p(be) : el <1, lacl| = |lal| ;¢ € D(ac)}.

Proof. The proof is similar as that’s given in Proposition 3.6. O

The function v, defined by

_ e+ tyll — [l

e (1 t

(3.14)

is increasing on (0,00) for all z,y € E and the limit lim+¢$7y (t) exists for each
t—0
z,y € E. Also, forall 0 £ z,y € F,

: Iz + ty))* = ||z
1 t) = — .
m Ve (8) = o lm 2

Set

2 2 2 2
t — _ t —
ya] — i BNl el e

3.15
t—0+ 2t t—0— 2t ( )

The mappings |., .]+(_) were introduced by Dragomir and their properties are

given in the real space [9]. We shall give some of them in the complex case.
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Lemma 3.11. For all x,y € E, we have

i el =~ [yl fra] O = o

it. oz +y, x]+(_) (Rey,x]+( ) aeK;

i(0—w +(= i iw

144 [ay,ﬂx}“ ) = = |af| [e (@ )y,a:] ( ), a=lale’; p=|pe™;

iv. |ly, 2l < eyl
Proof. The proof is elementary and will be omitted. O
Remark 3.12. [13] Let z,y € E such that ||z|| = 1 and y be an arbitrary vector.

We note here that if the limits hm 1/)1 .y (t) and hm 1 Py (t) are different, then it
follows from the Hahn-Banach theorem that for any v satisfying

tl_igliwx,y (t)<~v< tl_i)%lerw,y (t),
there is a real linear functional z* for which ||z*|| = «* () = 1 and z* (y) = ~. If
FE is a complex space there is a unique complex functional ¢ with Rep = x*and
defined by ¢ (2) = 2* (2) — iz* (iz), for all z € E. Furthermore, ¢ () = ||¢|| =1
and Re ¢ (y) = 7. Indeed, let 6 € R, then |¢ (2)| = |Reep (2) z* (e2)] < |zl

and 1 = ||lz*| < |l¢ll < 1. So by ¢ (z) = 1 —iz* (iz) and /1 + (z* (iz))* < ||¢| it
follows that ¢ (z) = 1.

Lemma 3.13. Let E be a normed linear space over K and x,y € E, then

[y,2]" = sup{Rep(y): e D(x)}
[y, 27 = inf{Rep(y):p € D(x)}. (3.16)

Proof. The case = 0 is obvious. Let  # 0, ¢ € D (z) and z € ker ¢, then for any
t>0,
2
¢ (x+tz) = |lz|” < [lz]| [|o + tz]|.

Hence,
T+ tz|| — ||z

Since the function %, . is increasing on (0,00) and by Lemma 3.11, it follows
that

> 0.

[z,2] <0< [z,m]+.
Let z = ¢ (y)x — ¢ (z) y, for an arbitrary y € E. Then, z € ker ¢ and by the
last inequalities and Lemma 3.11, we get

[y.z]” < Reyp(y) < [y,z]", forall p € D (z).

Hence

ly,2]” < inf Rep(y) < sup Rep(y) < [y,2]"
pED(x) peD(x)
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If E is a smooth space then [.,.]” = [.,.]7 and [.,2]" is a real linear functional
and the result holds. If E is not a smooth space then the limits [y, z] ", [y,z]" are
different. Without loss of generality we may suppose that ||z| = 1.

If [y, z]" # sup Re(y) then there is e > 0 such that

peD(x)
Vo €D (z): [y,2]” <Rep(y) <[y,z]" —e<[y,2]",
by Remark 3.12, we get a contradiction. Therefore, Sgp Re o (y) = [y, x]+.
By Lemma 3.11 and sup (.) = —inf (—), we obtaiziei(r;zw)Rego (y) =[y,z] . O

Corollary 3.14. If A is a normed algebra then for every a,b in A, we have
inf ReV (b), = [b,a]” < [b, a]t =supReV (b),, - (3.17)

Corollary 3.15. If A=B (F) where E is a normed linear space and A, T are oper-
ators in A, then

sup Re M (T') , < supRe M (T) , < [A,T)". (3.18)
Proof. Apply Proposition 3.8 and Corollary 3.14 and the proof is complete. O

Remark 3.16. Let A=B (FE), E be a Banach space and T € B (F), it is well known
that @@W (T') = V (T'). But, for an arbitrary Banach space operator A, oW (T') 4, #
V(T),. It is easy to see that in the trivial case when T' = A, we have V (4), =

{1417}, G (1), = {1} and W (4), = {I| 4]’ : || = 1}. Then, @G (T), #
V (A), ,coWa (A) #coG (T) 4, and coW 4 (A) € V (A) 4. In the previous case if A
is a non-injective operator with A # 0, then 0 € W (A), but 0 ¢ V (4) ,.

If oM (T') , = V (T) 4, holds in B (FE), where E is a Banach space, then
max ReV (T'), = supRe M (T) ,, where A,T € B(E). Therefore, we can write
coM (T), =V (T), if and only if

, |4z + tTx|* — [|A||* Az + tTa|* — | A
lim sup =sup lim .

3.19
t—>0+m€SE 2t xesEt—>O+ 2t ( )

In the next we give a non-trivial example which shows that, when A # I,
the equality coM (T'), = V (T'), does not hold. Moreover, it also shows that
sup ReW (T') , < maxReV (T), and supReG (T') 4 < max ReV (T), which im-
plies that V(T), € coW (T'), and V (T), € @G (T),. Therefore, the subsets
coW (T') 4, V (T) 4, €0G (T) 4 are in general incomparable.

Example 3.17. Let ¢ be the classical space of sequences (z,), C C : z, — 0,
equipped with the norm |(z,), || = mgx|xn| and L be an infinite-dimensional
Banach space. Let F be a Banach space such that £ = L & ¢y with the norm
|zl = |z1 + z2|| = max {||z1]| , || Bz1|| + ||=z2||} for all z € E and B is any norm-one
operator from L to ¢y which does not attain its norm (by Josefson-Nissenzweig’s
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theorem [8], we can find a sequence (¢;,),, € Sp- such that ¢, ", 0. Therefore we
get the desired operator B : L — ¢¢; (Bx),, = %(pn (2)). Let A, T be operators
n
on E defined as follows.
Ve = (x1,22) €L xcp:
Ar = A(xi+a2)=21+40; Tax=T (x1+x2) =0+ Bxy.

It is easy to check that A, T are linear bounded operators and ||A|| = 1.
Since || Az 4+ tTx| = ||z1 + tBz1|| = max {||z1]|, (1 + ¢) || Bz1||}, then

sup [|[Az + tTz|| = sup |z1 +tBz|| =1+t
€Sk llz1][<1
Hence
2 2 2
: [Az + tTx|” — || Al : 1 + By |” — 1
lim sup = lim sup
t"O+IESE 2t t~>0+“ajl‘|§1 2t
=1

and

e +tBay|* =1
sup lim

=0.
Hajl‘lgltﬂ(ﬁ’ 2t

So, it follows from the last two equations and the equation (3.19), that
coM (T) 4 # V(T) 4.
Let’s us compute sup Re W (T') , and sup Re G (T') 4:

| Az + tTz||* — || Az

supReW (T), = sup [Tz, Az]" =sup lim
zESE r€Spt—0t 2t
2 2
O o et
[ENESEth 2z
2 2 2
1+t)°||B -
e i (L0 1B ]
H$1H§1t~>0+ 2t
< 1

Hence sup Re W (T') , < max ReV (T) 4.

1Az + tTa||* — || Az|

supReG (T), = sup [Tz,Az]" = sup lim
1 4a]=1 1 Aa|=1t—0" 2
(B ll? 2
= sup lim s + B Ll <1
oy | =1t—07 2

Hence sup Re G (T') , < max ReV (T) 4.
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Definition 3.18. Let F' be a Banach space. F' is said a superspace of the Banach
space E, if there exists an inclusion map J (J : E — F) which is linear and an
isometry.

Remark 3.19. The definitions of W (T') ,, G(T) 4, M (T) , and V (T') , remain valid
if we replace B(E) by B(E,F) where E,F are normed linear spaces and A,T €

B (E,F). Let F be a superspace of E with inclusion operator J and T € B(E, F).
It is clear that if we consider A = J then

W(T), = G, =M(T);={¢Tz):z€S,;peD(Jr)}
W(T), = M(T),;={limp, (Tx,):2, €S, ;on €D (Jry)}
Vi(T); = {e(T): peD(J)}.

These numerical ranges were given by L. Harris [11] for continuous functions.
Note that V (T') , is a closed convex subset of K and oW (T), C V (T') ,. Indeed,
let for all S € B(E,F): 1 (S) = ¢ (Sz), where z € S, and ¢ € D (Jz). It is clear
that ¢ is a functional in B* (E, F') and ¢ € D (J).

The equality coW (1), = V (T'); for an arbitrary operator T" € B (E, F') with
E a proper closed subspace of ' does not hold in general. In Example 3.17, take
E =L, F =L® cy with the same norm and Jxr; = 1 + 0; T2y = 0+ Bz, for all
1 € E and B be the same operator defined in the Example 3.17. Then,

oy + tBxy||* =1

|Jay + tTay|* — 1
sup

lim = lim sup 1
t~>0+w1esE 2t t"0+Z1ESE 2t
21+ tBx|? — 1
#  sup lim s + 1l =0.
acleSEt—>0Jr 2t

4 Orthogonality

Let E be a normed linear space and x,y any elements in F.

Definition 4.1. We say that = is orthogonal to y in the sense of Birkhoff-James
[3, 12], in short « L, _, y, if for any A € K,

[l + Ayl = [l - (4.1)

Definition 4.2. We say that z is orthogonal to y with respect to the mapping
(.,.)p defined by the equation (3.5), in short  Lp y, if

0e <l‘, y)D . (42)

If we take one determination d of D, we get the orthogonality with respect to
the semi inner product [.,.], , in short & L4y, if

ly,z], = 0. (4.3)

If F is a pre-Hilbert space, we get the usual orthogonality relative to its inner
product. So the orthogonality in Definition 4.2, is a naturel generalization of the
traditional case.
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Remark 4.3. 1. Observe, with respect to the s.i.p. [.,.],, that LqCLp .

2. (x,y), =0=>2 Lpy, forany z,y € E.
The reverse holds if F is a smooth normed linear space.

Note that 1 p and 1 g_; are asymmetric orthogonalities in non-inner product
spaces, i.e. characterize the non-inner product spaces.

Lemma 4.4. Let x,y € E.
T Llp gy Py, (t) >0, forallt>0,0ckR.

Proof. * 1lp_jy < YA€ C: |lz+Xy| > |lz||. Set A\ = te?® where t = |\| and
0 € R, then |z + te'?y|| — ||z|| > 0, for all t > 0,6 € R. Hence
a+tey||—l=|
wx,ei“)y (t) = ” t ||
The following theorem gives a characterization of Birkhoff-James’s orthogonality
in arbitrary normed linear space with respect to the set-valued mapping (.,.) .

>0, for all t > 0, # € R. The reverse is obvious. [

Theorem 4.5. Let x,y be any elements in a normed linear space E, then
rlpyysclpy

Proof. Let z,y € E,if x Lpy, by Definition 4.2 there exists ¢ € D (x) such that
(¢,y) = 0. Then, for all A € K, ¢ (x + \y) = ¢ () = ||z||*, and
1% < llell 1z + Ayl < 2] &+ Ayl -
Hence
llz]] < ||z + Ay||, for all A € K. This gives x Lp_ s y.
Conversely. Using Lemma 3.13 and properties of v, , we get

zlp jy& [eiay,m]7 <0< [ewy,x]Jr, for all 8 € R.

By Hahn-Banach theorem, there exists ¢ € E* such that ¢ € D (z) and Re ¢ (e%y) =
0, for all 8 € R. Consequently Re (—iy) = 0 = Rey (y), and so (p,y) = 0, ie.,
x 1lpuy. O

As an immediate consequence of the previous theorem and Proposition 3.6, the
following corollary generalizes the result given by J.G.Stampfli and J.P. Williams
[20].

Corollary 4.6. Let A, T be operators in B (E), where E is a normed linear space,
then

. ALB_JT<:>0€V(T)A;

V(D a= D AT =nAl = A —nl}; where [|A] =1.

It is easy to check that for all a, 8 € K :
V(T +BA), = aV(T),+ B4’ (4.4)
W (aT +54), # oW (T),+5]4]".

The following proposition gives a weaker result than the general case, i.e., V (T) , C
coW (T) 4.
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Proposition 4.7. 0 V(T), = 0 coW (T), .

Proof. Let us suppose that 0 € V (T'), and 0 ¢ ¢oW (T) 4. By rotation, we can
suppose that oW (T") , is contained in the right half-plane, and therefore there is
a line which separates 0 from coW (T) ,. So RecoW (T') , > 0 and [Tz, Az]™ > 0,
for all z € Sg. Applying the properties of the function ¢ and [Tz, Ax}fﬂr defined
by the equations (3.14) and (3.15) respectively, it follows that for any € > 0 there
is § > 0 such that

[Tz, Az]™
Yag, -1z (1) < ——F———+efor0<t<4.
[ Az|
Hence
|Az — tTx| — || Az|| o= [Tx, Ax]™ L
t [ Az]| '
Thus,
|Az|| — [|[Az — ¢tTz|| _ [Tz, Az]~ [Tz, Az]™
> —e> T —=.
t [ Az|] A
Choose a real number &g satisfying [Tﬁl’ﬁﬁ” &> 0, and then there is a de, such
that ||Az — pTz|| < ||Az||, for all 0 < p < é, and all zz € Sg.
Hence, ||[A — uT|| < ||A||; contraction by Corollary 4.6. O

As an application of the Corollary 4.6, we obtain a better result than the previous
one as follows.

Proposition 4.8. If E is a smooth normed linear space and A,T € B(E) then
V(T),=coM(T),.

Proof. Evidently,

M (aT +5A), = acoM(T),+ B|A|”
V(aT +BA), = aV(T),+B|A|*, forall a,f € K-

Then, by Proposition 3.8, it suffices to prove that
0eV(T),=0ccoM(T),.

Suppose that 0 € V (T'), and 0 ¢ coM (T') ,. By rotation, we may suppose that
coM (T) , is contained in the right half-plane, and therefore there is a line which
separates 0 from @M (T') 4. So there is 7 > 0 such that RecoM (T') , > 7.
Since F is a smooth space, then [.,.]” =[,,.]* = [, ] and [,, ] is a s.i.p.
Let
K:{xzxeSE; [Tz, Ax] < z }, n = sup || Az||
2 rzeK
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ILA]=n
2)IT]

Then, for all z € K and 0 < g < , we get

1A+ pT) x| < [|Azl| + p || Tzl <0+ plT|| < [|A].

If v € Sp\K then, [Tz, Az] > 7. The function ¢ ,, .., defined by equation (3.14)
is increasing and continuous on R\ {0} with

[Tz, Az]” [Tz, Ax]

A Ve (O = 00T = Tl

Set u = —t, we get

poy A2+ tTa — Ae) sl — Az — pTal| _ [Tw, Ad]

T
t—0— t u—0+ 7] ||AZ‘H 2"

Hence for any & > 0 there is § > 0 such that, for 0 < p < §,

|Aal| - | Az — uTa| _ [Ta, Aal r
> —& > —
r [Az] 214]

g

Choose € = 2”7;4” then there is J, such that, for 0 < p < d,,

Az — pTz|| < ||Az| < ||A]|, for all x € Sg\K.

Hence for 0 < p < min{%, %}7 we have |Az — pTz| < ||Az| < ||4], for
all x € Sg. Finally, there is p such that ||A — uT'|| < || A]|, this implies that A is not
orthogonal to T' with respect to L, , and by Corollary 4.6, we get 0 ¢ V (T') ,.

This is a contraction. O

The following corollary gives a characterization of Birkhoff-James’s orthogonal-
ity in B (H) where H is a Hilbert space equipped with an inner product (.,.) over
the field K.

Corollary 4.9. If A,T are operators in B(H) then the following conditions are
equivalents.

(Z) A J_B_J T,'

(i1) 3 (xn),, € Su, ||Az,|| — ||A]| and (Tz,, Az,) — 0;

(iii) [T, Al <0< [e*T, A]+, for all 6 € R.

Proof. The Hilbert generalized maximal numerical range M (T') , is convex and
closed, so it suffices to apply the Corollary 4.6 and Proposition 4.8. O
5 Application

Let a, b be any two elements in an algebra A. A 2-sided multiplication operator aeb
on A is defined by the equation (a e b) (x) = axb. An elementary operator E on A is
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n

an operator of the form E = " a; eb; with fixed a;,b; € A and finite integer n, the
length [ of F is defined to be tilelsmallest number of multiplication terms required for
any representation )  a;eb; for E, the representation E = 0 is defined to have length
zero. In particular, we have for some elements a,b in A the following elementary
operators in B(A): L, (z) = ax, Ry(z) = xb, dqp = Lo — Ry, Map = LoRp
the left multiplication operator, the right multiplication operator, the generalized
derivation, and the elementary multiplication operator respectively.

Proposition 5.1. Let A, B be operators in B(E), where E is a normed linear
space, then

JANMas +Mpall > sup [ad+|4)* B
accoM(B) ,

IBIIMas +Mal = suwp |laB+ B 4.
accoM(A) g

Proof. If A =0 or B = 0, the inequalities are obvious. Suppose that A # 0.

We have seen before that M (B) ,, see the equations (3.10), is a non-empty set,
so let a € coM (B),, then a = z:jln Crag whereZijln G =1, ap € M(B),;
(1 < k < m) and there is (xfl)n € Sp(A) and ¢f € D (Axk) such that ap =
lim,, p¥ (Bzk). Define the operators X% € B (E) as follows, X% (zk) = ¢k (2%)y,
for any n, k and y any vector in Sg. Hence ||X7’§|| < ||A||; for all n, k.

|(Map+ Mpa) XE(a5)|| = [[(AXEB+ BXEA) k|
14X (Bay) + BX,, (Awy) |
= [|Agk (Bzy) y+ Bery, (Axy) |-

Then
|5+ M) ST G (o) |
|[Map+ Mpal > e , for all n
|k cexck
1 — k k k|2
k=1
1 k=m k=m )
- T ‘ A Gl (Ba) + B> (|| Ak :
k=1 k=1

Letting n — oo,

[Ma,B + Mp,all = (aA+ ||AHQB> y”

il
1A
So for o € coM (B) 4 and any y € Sg, we get

1
1Mz + Mp.all 2 H (aA + (|2 B) y” .
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Hence,

|Ma g+ Mg all >

sup {sup (aAJr ||A||2B) y”} .

”A” a€coM(B) , LYESE
Therefore,

|Ma,p+ Mg al > A sup HaA—i— A% BH
|| ||oz€('0

We proceed similarly as the case a € coM (A) 5 with B # 0, we obtain
1M 5+ Mp 4] > sup ||aB+BI” 4.
||B||a€c

coM(A) g

O

As an immediate consequence of the previous proposition, Proposition 4.8 and
Corollary 4.6, we obtain

Corollary 5.2. Let E be a normed linear space and A, B be operators in B (E),
then

i) 0 € M (B), UToM (A), = I|AI 1Bl < [ M5+ Ms.all < 21141 |B].
it) If E is smooth space, then
ALy yBorBig ;A= |A||B] < |Map+ M.l <2]A]|B].

Remark 5.3. The left estimate in the previous corollary is, in general, the best
possible.

The following proposition gives a condition for which the equality holds in the
previous corollary.

Proposition 5.4. If | A|| || B|| € @M (B) , NcoM (A) g, then
IMa,B + Mp.all = 2[|A|l | B]|-

Proof. It ||A|| || B|| € coM (B) , N coM (A)p then

k=m j=l k=m j=l
JAINIBI = > Ceaw =Y 1B, where > Ge=> pj=1
k=1 =1 k=1 =
ar, B € M(B)y;(1<k<m,1<5<1).

Also, there exist (z7) € Sp(A), ¢ € D(Azk) and (y}) € Sg(B), ¥}, €
D (Ayj) such that oy = lim, ¢¥ (Bzk), 8; = lim, ¢J (Ay}). Define the operators
Xk € B(E) as follows, XK (zk) = @k (ak) yd | for any n, k, j.
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Hence ||X7’§JH < ||4]||, for all n,k,j. and

|[(Ma,p+Mpa)X57 (a)|| = [[(AXE/B+ BXFIA) iy
= ||JAX}7 (Bxy) + BX)7 (Axy) |
J ) .
— sk (k) st 2k ()
1 . ) .
= [5, (Aeh (Ba) yh + Bek (Axh) i) |
1 ) ) ) )
= T lon (Ba) 0 (Ayg) + o (Awy) w3, (Byg) |
1 k kY ,d j k|2 i |12
= o et (Bt i (aa) + a8
|

Also

|5+ M a) (SEET S8 G XE9 (a8))|

|Ma g+ Mg al > p— — , for all n,
sz=1 Z]‘=1 Ck,qun’j ‘
and
P P._ P P._ .
|Map+ Mg all > PIT Gk (Bak) T I mwd (Avl)+ RIT G|l Ash||® T S || B |
’ = [[ATIBI|

Letting n — oo,

k=m

l 7=l
2 2
piBi + AP IBIP DD 6D w
k=1  j=1

Jj=1

Jj=

1 k=m
|Mag+ Mpall > e Cha
IA[IB| ;

2(lAlBI -

Since ||[Ma,p + Mg, 4|l < 2||A| || B||. Therefore, | Ma g + Mg all = 2||A]l||B] .

O

Corollary 5.5. Let H be a Hilbert space and A,B € B (H).

1. IfA J_B_J B or B J_B_J A, then ||AH ||BH S HMA,B +MB,A

| <2][AlllIBIl-

2. If there exist two sequences (), , (Yn), € Su with ||Az,| — ||A], || Byl —
|| B||and lim (Bx,,, Ax,) = lim (Ay,, By,) = || A| || B]|, then

|Mag+ Mg a

| = 2[|A[1BI]-
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