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Endpoints of φ-weak and generalized φ-weak contractive mappings
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Abstract. Let (X, d) be a complete metric space, and let T : X −→ Pcl,bd(X) be a multi-valued φ-weak
or generalized φ-weak contractive mapping. Then T has a unique endpoint if and only if T has the
approximation endpoints property. Our results extend previous results given by Ćirić(1974), Nadler (1969),
Daffer-Kaneko (1995), Rhoades (2001), Rouhani and Moradi (2010), Amini-Harandi (2010) and Moradi and
Khojasteh (2011).

1. Introduction and Preliminaries

Let (X, d) be a metric space and P(X) denotes the class of all subsets of X. Define

P f (X) =
{
A ⊆ X : A , ∅ has property f

}
.

Thus Pbd(X), Pcl(X), Pcp(X) and Pcl,bd(X) denote the classes of bounded, closed, compact and closed bounded
subsets of X, respectively. Also T : X −→ P f (X) is called a multi-valued mapping on X. A point x is
called a fixed point of T if x ∈ Tx. Denote Fix(T) = {x ∈ X : x ∈ Tx}. An element x ∈ X is said to be an
endpoint of multi-valued mapping T, if Tx = {x}. The set of all endpoints of T denotes by End(T). Obviously,
End(T) ⊆ Fix(T). In recent years many authors studied the existence and uniqueness of endpoints for
a multi-valued mappings in metric spaces, see for example [2]-[5] and references therein. A mapping
T : X → X is said to be a weak contraction if there exists 0 ≤ α < 1 such that d(Tx,Ty) ≤ αN(x, y), for all
x, y ∈ X, where

N(x, y) := max
{
d(x, y), d(x,Tx), d(y,Ty),

d(x,Ty) + d(y,Tx)
2

}
.

A multi-valued mapping T : X → Pcl,bd(X) is said to be weak contraction if there exists 0 ≤ α < 1 such that
H(Tx,Ty) ≤ αN(x, y), for all x, y ∈ X, where H denotes the Hausdorff metric on Pcl,bd(X) induced by d, that
is,

H(A,B) := max
{

sup
x∈B

d(x,A), sup
x∈A

d(x,B)
}
,
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for all A,B ∈ Pcl,bd(X), and where

N(x, y) := max
{
d(x, y), d(x,Tx), d(y,Ty),

d(x,Ty) + d(y,Tx)
2

}
,

such that d(a,A) = dist(a,A) for all a ∈ X and all A ∈ Pcl,bd(X).
A mapping T : X −→ Pcl,bd(X) is said to be φ-weak contractive if there exists a map φ : [0,+∞) −→ [0,+∞)
with φ(0) = 0 and φ(t) > 0 for all t > 0 such that

H(Tx,Ty) ≤ d(x, y) − φ(d(x, y))

for all x, y ∈ X.
Also a mapping T : X −→ Pcl,bd(X) is said to be generalized φ-weak contractive if there exists a map

φ : [0,+∞) −→ [0,+∞) with φ(0) = 0 and φ(t) > 0 for all t > 0 such that

H(Tx,Ty) ≤ N(x, y) − φ(N(x, y))

for all x, y ∈ X.
The concept of weak and φ-weak contractive mappings were defined by Daffer and Kaneko [4] in 1995.
Many authors have studied fixed points for multi-valued mappings. Among many others, see, for

example [9]-[7] and the references therein.
Rhoades [10, Theorem 2] proved the following fixed point theorem for φ-weak contractive single valued
mappings, giving another generalization of the Banach Contraction Principle.

Theorem 1.1. Let (X, d) be a complete metric space, and let T : X −→ X be a mapping such that

d(Tx,Ty) ≤ d(x, y) − φ(d(x, y)),

for every x, y ∈ X (i.e. φ-weak contractive), where φ : [0,+∞) −→ [0,+∞) is a continuous and nondecreasing
function with φ(0) = 0 and φ(t) > 0 for all t > 0. Then T has a unique fixed point.

Ćirić [3] extended the Banach contraction principle as follows.

Theorem 1.2. Let (X, d) be a complete metric space and let T : X→ X be a contraction mapping in the sense that for
some 0 ≤ α < 1,

d(Tx,Ty) ≤ αN(x, y),

for all x, y ∈ X (i.e., weak contraction), then there exists a point x ∈ X such that x = Tx.

In the following theorem, Nadler [9] extended the Banach contraction principle to multi-valued mappings.

Theorem 1.3. Let (X, d) be a complete metric space. Suppose that T : X→ Pcl,bd(X) is a contraction mapping in the
sense that for some 0 ≤ α < 1,

H(Tx,Ty) ≤ αd(x, y),

for all x, y ∈ X. Then there exists a point x ∈ X such that x ∈ Tx.

Daffer and Kaneko [4] proved the existence of a fixed point for a multi-valued weak contraction mappings
of a complete metric space X into Pcl,bd(X).

Theorem 1.4. Let (X, d) be a complete metric space. Suppose that T : X→ Pcl,bd(X) is a contraction mapping in the
sense that for some 0 ≤ α < 1,

H(Tx,Ty) ≤ αN(x, y),

for all x, y ∈ X (i.e., weak contraction). If x 7→ d(x,Tx) is lower semi-continuous (l.s.c.), then there exists a point
x0 ∈ X such that x0 ∈ Tx0.
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Rouhani and Moradi [11] extended Nadler and Daffer-Kanako’s Theorems to a coincidence theorem, with-
out assuming x 7→ d(x,Tx) to be l.s.c.

Theorem 1.5. Let (X, d) be a complete metric space, and let T,S : X→ Pcl,bd(X) be two multi-valued mappings such
that for all x, y ∈ X,

H(Tx,Sy) ≤ kM(x, y)

where 0 ≤ k < 1 and

M(x, y) =
{
d(x, y), d(x,Tx), d(y,Sy),

d(x,Sy) + d(y,Sx)
2

}
(i.e., multi-valued generalized weak contractions). Then there exists a point x ∈ X such that x ∈ Tx and x ∈ Sx (i.e., T
and S have a common fixed point). Moreover, if either T or S is single valued, then this common fixed point is unique.

A mapping T : X→ Pcl,bd(X) has the approximation endpoint property [1], if inf
x∈X

supy∈Tx d(x, y) = 0.

Let T : X → X be a single valued mapping. Then T has the approximate endpoint property if and only
if T has the approximate fixed point property, i.e., inf

x∈X
d(x,Tx) = 0.

Recently, Amini-Harandi [1] in 2010 proved the following endpoint result for a multi-valued mappings
of a complete metric space X into Pcl,bd(X).

Theorem 1.6. ([1], Theorem 2.1) Let (X, d) be a complete metric space. Suppose that T : X → Pcl,bd(X) is a
multi-valued mapping that satisfies

H(Tx,Ty) ≤ ψ(d(x, y)),

for each x, y ∈ X, where ψ : [0,+∞) → [0,+∞) is upper semi-continuous, ψ(t) < t for all t > 0, and satisfies
lim inf

t→∞
(t − ψ(t)) > 0. Then T has a unique endpoint if and only if T has the approximate endpoint property.

After that Moradi and Khojasteh [8] in 2011 proved the following endpoint theorem for a multi-valued
generalized weak contraction mappings.

Theorem 1.7. Let (X, d) be a complete metric space. Suppose that T : X→ Pcl,bd(X) is a multi-valued mapping that
satisfies

H(Tx,Ty) ≤ ψ(N(x, y)),

for each x, y ∈ X, where ψ : [0,+∞) → [0,+∞) is upper semi-continuous, ψ(t) < t for all t > 0, and satisfies
lim inf

t→∞
(t − ψ(t)) > 0. Then T has a unique endpoint if and only if T has the approximate endpoint property.

In Section 2 and 3, we prove endpoint theorems forφ−weak and generalizedφ-weak contractive mappings.
Our results extend previous results given by Amini-Harandi [1], Moradi and Khojasteh [8], as well as by
Ćirić [3] and Rhoades [10].

2. Endpoint ofφ−weak contractive mappings

The following theorem is one of the main results of this paper, that find a new type of endpoint theorem.
Also this theorem extends Amini-Harandi’s Theorem. In this section also we extend Rhoades’ Theorem.
At first we introduce the notation Ψ for the class of all mappings φ : [0,+∞) −→ [0,+∞) with φ−1(0) = {0}
and φ(tn)→ 0 implies tn → 0 as n→∞. For example every nondecreasing mapping φ : [0,+∞) −→ [0,+∞)
with φ−1(0) = {0} belong to Ψ. Also every l.s.c. mapping φ : [0,+∞) −→ [0,+∞) with φ−1(0) = {0} and
lim inf

t→∞
φ(t) > 0 belong toΨ.
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Theorem 2.1. Let (X, d) be a complete metric space and let T : X→ Pcl,bd(X) be a multi-valued mapping that satisfies

H(Tx,Ty) ≤ d(x, y) − φ(d(x, y)), (1)

for each x, y ∈ X, where φ ∈ Ψ(i.e., multi-valued φ-weak contractive). Then T has a unique endpoint if and only if T
has the approximate endpoint property. Moreover, End(T) = Fix(T).

Proof. Unicity of the endpoint follows from (1).
It is clear that if T has an endpoint, then T has the approximate endpoint property. Conversely, suppose that
T has the approximate endpoint property; then there exists a sequence {xn} such that limn→∞H({xn},Txn) = 0.
For all m,n ∈N we have

d(xn, xm) = H({xn}, {xm}) ≤ H({xn},Txn) +H(Txn,Txm) +H(Txm, {xm})
≤ d(xn, xm) − φ(d(xn, xm)) +H({xn},Txn) +H({xm},Txm). (2)

So

φ(d(xn, xm)) ≤ H({xn},Txn) +H({xm},Txm).

This shows that limm,n→∞ φ(d(xn, xm)) = 0. Hence limm,n→∞ d(xn, xm) = 0. Thus {xn} is a Cauchy sequence.
Since (X, d) is complete, there exists x ∈ X such that lim

n→∞
xn = x. Also

H({xn},Tx) −H({xn},Txn) ≤ H(Txn,Tx) ≤ d(xn, x) − φ(d(xn, x) ≤ d(xn, x). (3)

Letting n −→ ∞ in (3) we get H({x},Tx) = 0. Hence Tx = {x} and therefore End(T) = {x}. Now suppose
y ∈ Fix(T) be arbitrary. We need to show that y = x. Suppose that y , x then

d(x, y) ≤ H({x},Ty) = H(Tx,Ty) ≤ d(x, y) − φ(d(x, y)) < d(x, y)

and this is a contradiction. This completes the proof.

Remark 2.2. Note that we say that the fixed point problem is well posed (see [7]) for T with respect to H if:

(i) End(T) = {x},

(ii) if {xn} ⊂ X, n ∈N and H({xn},Txn)→ 0 as n→∞, then xn → x as n→∞.

The proof of Theorem 2.1 shows that the fixed point problem in Theorem 2.1 is well posed for T with respect
to H.

Remark 2.3. By defineφ(t) = t−ψ(t) and use Theorem 2.1 we conclude Amini-Harandi’s Theorem (Theorem
1.6).

The following example shows that Theorem 2.1 is an extension of Theorem 1.6.

Example 2.4. Let X = [0,+∞) endowed with the Euclidean metric. Define Tx = [0, 1
2 x] and let

φ(t) =


t/5 0 ≤ t < 1
1/3 t = 1
t/2 t > 1,

Obviously, φ ∈ Ψ and H(Tx,Ty) = 1
2 |x − y| ≤ |x − y| − φ(|x − y|). Thus, all conditions of Theorem 2.1 hold.

If we define

ψ(t) = t − φ(t) =


4t/5 0 ≤ t < 1
2/3 t = 1
t/2 t > 1

then ψ(t) < t and lim inf
t→∞

(t − ψ(t)) = +∞ but ψ is not upper semi-continuous. Therefore, T does not satisfies

in Theorem 1.6. Note that T0 = {0} is unique endpoint of T and inf
x∈X

supy∈Tx d(x, y) = 0.
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The following corollary is a direct result of Theorem 2.1.

Corollary 2.5. Let (X, d) be a complete metric space and let f : X→ X be a map satisfies

d( f (x), f (y)) ≤ d(x, y) − φ(d(x, y)), (4)

for each x, y ∈ X, where φ ∈ Ψ. Then f has a unique fixed point if and only if f has the approximate fixed point
property.

Proof. Let Tx = { f (x)} and apply Theorem 2.1.

The following theorem shows that for single valued mapping the condition (4) is sufficient for f to have
the approximate fixed point property.

Theorem 2.6. Let (X, d) be a complete metric space and let f : X→ X be a mapping satisfies

d( f (x), f (y)) ≤ d(x, y) − φ(d(x, y)), (5)

for each x, y ∈ X, where φ ∈ Ψ. Then f has the approximate fixed point property.

Proof. Let x0 ∈ X and xn = f xn−1 for all n ∈N. From (5), for all n ∈N

d(xn+1, xn) = d( f xn, f xn−1)) ≤ d(xn, xn−1) − φ(d(xn, xn−1)). (6)

Therefore the sequence {d(xn, xn+1)} is monotone non-increasing and bounded below. So, there exists r ≥ 0
such that lim

n→∞
d(xn+1, xn) = r.

From (6) we conclude that

0 ≤ φ(d(xn, xn−1)) ≤ d(xn, xn−1) − d(xn+1, xn),

and so φ(d(xn, xn−1)) → 0 as n → ∞. Hence limn→∞ d(xn, xn−1) = 0. Therefore inf
x∈X

d(x, f x) = 0. So f has the

approximate fixed point property.

As an application of Corollary 2.5 and Theorem 2.6 we obtain the following fixed point result. This
result extends Rhoades’ Theorem (Theorem 1.1).

Corollary 2.7. Let (X, d) be a complete metric space, and let f : X→ X be a mapping such that for all x, y ∈ X,

d( f (x), f (y)) ≤ d(x, y) − φ(d(x, y)),

for each x, y ∈ X, where φ ∈ Ψ. Then f has a unique fixed point and for every x0 ∈ X, the sequence of iterates { f nx0}
converges to this fixed point.

3. Endpoints of generalizedφ−weak contractive mappings

The following theorem is another main results of this paper, that find another new type of endpoint
theorem. This theorem extends Moradi and Khojasteh’s Theorem. Also using this theorem we can extend
Ćirić’s Theorem.

Theorem 3.1. Let (X, d) be a complete metric space and let T : X→ Pcl,bd(X) be a multi-valued mapping satisfies

H(Tx,Ty) ≤ N(x, y) − φ(N(x, y)), (7)

for each x, y ∈ X, where φ ∈ Ψ(i.e., multi-valued generalized φ-weak contractive). Then T has a unique endpoint if
and only if T has the approximate endpoint property. Moreover, Fix(T) = End(T). Also the fixed point problem is
well posed for T.
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Proof. It is clear that if T has an endpoint, then T has the approximate endpoint property. Conversely,
suppose that T has the approximate endpoint property, then there exists a sequence {xn} such that
limn→∞H({xn},Txn) = 0. For all m,n ∈Nwe have

N(xn, xm) = max
{
d(xn, xm), d(xn,Txn), d(xm,Txm),

d(xn,Txm) + d(xm,Txn)
2

}
≤ max

{
d(xn, xm),H({xn},Txn),H({xm},Txm),

H({xn},Txm) +H({xm},Txn)
2

}
≤ d(xn, xm) +H({xn},Txn) +H({xm},Txm)
≤ H(Txn,Txm) + 2H({xn},Txn) + 2H({xm},Txm)
≤ N(xn, xm) − φ(N(xn, xm)) + 2H({xn},Txn) + 2H({xm},Txm).

So

φ(N(xn, xm)) ≤ 2H({xn},Txn) + 2H({xm},Txm).

This shows that limm,n→∞ φ(N(xn, xm)) = 0. Hence limm,n→∞N(xn, xm) = 0. Therefore limm,n→∞ d(xn, xm) = 0
and so {xn} is a Cauchy sequence. Since (X, d) is complete, there exists x ∈ X such that lim

n→∞
xn = x.

Now we show that x ∈ Tx. If x < Tx then d(x,Tx) > 0. For all n ∈N,

d(xn,Tx) + d(x,Txn)
2

≤ d(xn, x) + d(x,Tx) + d(xn, x) + d(xn,Txn)
2

. (8)

Since limn→∞ d(xn, x) = limn→∞ d(xn,Txn) = 0 , d(x,Tx) > 0 and (8) holds, there exists N0 ∈ N such that for
all n ≥ N0

d(xn,Tx) + d(x,Txn)
2

≤ d(x,Tx).

So for all n ≥ N0, N(xn, x) = d(x,Tx) and hence for all n ≥ N0,

H({xn},Tx) −H({xn},Txn) ≤ H(Txn,Tx)
≤ N(xn, x) − φ(N(xn, x))
= d(x,Tx) − φ(d(x,Tx)). (9)

Letting n→∞ in (10), we conclude that

H({x},Tx) ≤ d(x,Tx) − φ(d(x,Tx)) < d(x,Tx), (10)

and this is a contradiction, because d(x,Tx) ≤ H({x},Tx). So x ∈ Tx.
Now we prove that Tx = {x}.
For all n ∈N,

H({xn},Tx) −H({xn},Txn) ≤ H(Txn,Tx)
≤ N(xn, x) − φ(N(xn, x) ≤ N(xn, x), (11)

where limn→∞N(xn, x) = 0. So letting n → ∞ in (11) we get H({x},Tx) = 0. Hence Tx = {x}. So x ∈ End(T).
Form (7) one can conclude that this endpoint is unique. So End(T) = {x}. Let y ∈ Fix(T) be arbitrary. We
need to show that y = x. If y , x then

d(x, y) ≤ H({x},Ty) = H(Tx,Ty) ≤ N(x, y) − φ(N(x, y)) < N(x, y), (12)

where N(x, y) = max{d(x, y), d(x,Ty)+d(y,x)
2 }. Since y ∈ Ty, d(x,Ty) ≤ d(x, y) and hence N(x, y) = d(x, y). From

(12) we conclude that d(x, y) < d(x, y) and this is a contradiction. Therefore, End(T) = Fix(T) and this
completes the proof.



S. Moradi, F. Khojasteh / Filomat 26:4 (2012), 725–732 731

Remark 3.2. By define φ(t) = t − ψ(t) we can show that Theorem 3.1 is an extension of Moradi and
Khojasteh’s Theorem (Theorem 1.7).

Corollary 3.3. Let (X, d) be a complete metric space and let T : X→ Pcl,bd(X) be a mapping such that, for all x, y ∈ X,

H(Tx,Ty) ≤ kN(x, y),

for some 0 ≤ k < 1 (i.e., contraction). Then T has unique endpoint if and only if T has the approximate endpoint
property.

Proof. Let φ(t) = (1 − k)t and apply Theorem 3.1.

The following corollary extends Nadler and Daffer-Kaneko’s Theorems.

Corollary 3.4. Let (X, d) be a complete metric space and let T : X→ Pcl,bd(X) be a mapping such that for all x, y ∈ X,

H(Tx,Ty) ≤ kN(x, y),

for some 0 ≤ k < 1. Then there exists a point x ∈ X such that x ∈ Tx. Also if T has an approximate endpoint property
then Fix(T) = End(T) = {x} (so the fixed point is unique).

Proof. Using Theorem 1.5, there exists x ∈ X such that x ∈ Tx. If T has the approximate endpoint property,
by Corollary 3.1, we conclude that T has the unique endpoint and End(T) = Fix(T) = {x}.

Corollary 3.5. Let (X, d) be a complete metric space, and let f : X→ X be a map satisfies

d( f (x), f (y)) ≤ N(x, y) − φ(N(x, y)), (13)

for each x, y ∈ X, where φ ∈ Ψ. Then f has a unique fixed point if and only if f has the approximate fixed point
property.

Proof. Let Tx = { f (x)} and apply Theorem 3.1.

The following theorem shows that for single valued mapping the condition (13) is sufficient for f to have
the approximate fixed point property.

Theorem 3.6. Let (X, d) be a complete metric space and let f : X→ X be a mapping satisfies

d( f (x), f (y)) ≤ N(x, y) − φ(N(x, y)), (14)

for each x, y ∈ X, where φ ∈ Ψ. Then f has the approximate fixed point property.

Proof. Let x0 ∈ X and xn = f xn−1 for all n ∈N. From (14), for all n ∈N

d(xn+1, xn) = d( f xn, f xn−1)) ≤ N(xn, xn−1) − φ(N(xn, xn−1)), (15)

where

N(xn, xn−1) = max
{
d(xn, xn−1), d(xn, xn+1), d(xn−1, xn),

d(xn, xn) + d(xn−1, xn+1)
2

}
= max

{
d(xn, xn−1), d(xn, xn+1),

d(xn−1, xn+1)
2

}
= max

{
d(xn, xn−1), d(xn, xn+1)

}
. (16)

By (15) and (16) we have d(xn, xn+1) ≤ d(xn, xn−1). Hence,

d(xn+1, xn) ≤ d(xn, xn−1) − φ(d(xn, xn−1)). (17)
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Therefore the sequence {d(xn, xn+1)} is monotone non-increasing and bounded below. So, there exists r ≥ 0
such that lim

n→∞
d(xn+1, xn) = r.

From (17) we conclude that

0 ≤ φ(d(xn, xn−1)) ≤ d(xn, xn−1) − d(xn+1, xn),

and so φ(d(xn, xn−1)) → 0 as n → ∞. Hence lim
n→∞

d(xn, xn−1) = 0. Therefore inf
x∈X

d(x, f x) = 0. So f has the

approximate fixed point property.

As an application of Corollary 3.5 and Theorem 3.6 we obtain the following fixed point result. This result
extends Ćirić’s Theorem (Theorem 1.2).

Corollary 3.7. Let (X, d) be a complete metric space, and let f : X→ X be a mapping satisfies

d( f (x), f (y)) ≤ N(x, y) − φ(N(x, y)),

for each x, y ∈ X, where φ ∈ Ψ. Then f has a unique fixed point. Also for every x0 ∈ X, the sequence of iterates
{ f nx0} converges to this fixed point.
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