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Bernstein-Kantorovich Operators on Multidimensional Cube

G. Stana

a”Transilvania” University of Braşov, Faculty of Mathematics and Informatics, Iuliu Maniu 50, Braşov 500091, România

Abstract. The aim of this paper is to introduce a multidimensional Bernstein-Kantorovich operators for
vector functions and study its convergence and Voronovskaja-type results .

1. Introduction

Kantorovich type operators have been obtained and studied by many authors by modifying some
known operators in the unidimensional case, see [1],[3],[5],[6],[7],[9],[17],[18].

In this paper we generalize Bernstein-Kantorovich unidimensional operators in a multidimensional
cube.

For any n ∈N and f ∈ C [0, 1] ,the Bernstein-Kantorovich unidimensional operators are defined as:

Kn
(

f , x
)

= (n + 1)
n∑

k=0

pn,k (x)

k+1
n+1∫

k
n+1

f (t) dt, f ∈ L1 [0, 1] , x ∈ [0, 1] , n ∈N. (1)

The Bernstein operators in the multidimensional cube were studied by Hildebrandt and Schoenberg [8],
Lorentz [10] , Schnabl [16].

For any n = (n1,n2, ...,nk) ∈Nk and f ∈ C
(
[0, 1]k

)
, the multidimensional Bernstein operators are defined

as:

Bn
(

f , x
)

= B(n1,n2,...,nk)
(

f , x
)

=
∑

0≤is≤ns

s=1,k

 f
( i1

n1
,

i2
n2
, ...,

ik
nk

) ∏
j=1,k

pn j,i j

(
x j

)
=

n1∑
i1=0

· · ·

nk∑
ik=0

 f
( i1

n1
,

i2
n2
, ...,

ik
nk

) ∏
j=1,k

pn j,i j

(
x j

) , (2)

where x = (x1, x2, ..., xk) ∈ [0, 1]k and pn,i (x) =
(n

i
)
xi (1 − x)n−i , i = 0,n, x ∈ [0, 1] .
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Properties of convergence and Voronovskaja-type results for multidimensional Bernstein-Kantorovich
operators will be investigated in our paper. Properties of convergence and Voronovskaja-type results of
linear and positive operators have been studied by many authors in unidimensional case, see [2],[4],[11],[12],
[13],[14],[15].

2. Definition. Preliminary Results.

Through the paper the following notations will be considered:

Hk =
(
C

(
[0, 1]k

))k
,

H+
k =

{
ψ =

(
ψ1, ...ψk

)
∈ Hk, ψ j (x) ≥ 0, x ∈ [0, 1]k , j = 1, k

}
.

Hk is a normed space with the norm given by∥∥∥ψ∥∥∥ = max
i=1,k

∥∥∥ψi

∥∥∥
∞
, where ψ =

(
ψ1, ..., ψk

)
.

Let the set

He
k =

{
ψ =

(
ψ1, ..., ψk

)
∈ Hk, so that

∂ψi

∂x j
=
∂ψ j

∂xi
, 1 ≤ i < j ≤ k

}
Definition 2.1. For any n = (n1,n2, ...,nk) ∈Nk we define the operators K̃n : He

k → Hk, given by

K̃n
(
ψ, x

)
=

(
K̃n,1

(
ψ1, x

)
, K̃n,2

(
ψ2, x

)
, ..., K̃n,k

(
ψk, x

))
, (3)

where

K̃n, j
(
ϕ, x

)
= n j

∑
0≤is≤ns

s=1,k, s, j


 ∏

l=1,k, l, j

pnl,il (xl)


n j−1∑
i j=0

pn j−1,i j

(
x j

) i j+1

nj∫
i j
nj

ϕ

(
i1
n1
, ...,

i j−1

n j−1
, t,

i j+1

n j+1
, ...,

ik
nk

)
dt


= n j

n1∑
i1=0

· · ·

n j−1∑
i j−1=0

n j+1∑
i j+1=0

· · ·

nk∑
ik=0

[(
pn1,i1 (x1) · · · pn j−1,i j−1

(
x j−1

)
pn j+1,i j+1

(
x j+1

)
· · · pnk ,ik (xk)

)

·

n j−1∑
i j=0

pn j−1,i j

(
x j

) i j+1

nj∫
i j
nj

ϕ

(
i1
n1
, ...,

i j−1

n j−1
, t,

i j+1

n j+1
, ...,

ik
nk

)
dt

 , (4)

for any j = 1, k, x = (x1, x2, ..., xk) ∈ [0, 1]k and ϕ ∈ C
(
[0, 1]k

)
.

We will refer to them as multidimensional Bernstein-Kantorovich operators.
In Corollary 2.1, we will show that K̃n

(
ψ
)
∈ He

k for ψ ∈ He
k.

For these operators we have the following positivity property.

Lemma 2.1. If ψ ∈ H+
k ∩He

k then K̃n ∈ H+
k for n = (n1,n2, ...,nk) ∈Nk.

Proof. It follows from Definition 2.1.
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Further the following notation will be used:
(i) D is the differentiation operator,

D
(

f , x
)

=

(
∂ f
∂x1

(x) , ...,
∂ f
∂xk

(x)
)
, f ∈ C1

(
[0, 1]k

)
, x = (x1, ..., xk) ∈ [0, 1]k ,

(ii) I is the antiderivative operator,

I
(
ψ, x

)
=

x∫
0

ψ1
(
y
)

dy1 + ψ2
(
y
)

dy2 + ... + ψk
(
y
)

dyk,

where ψ ∈ He
k, x = (x1, ..., xk) ∈ [0, 1]k , y =

(
y1, ..., yk

)
∈ [0, 1]k .

Remark 2.1. D
(

f
)

is ∇ f , the gradient of function f .

Remark 2.2. Because ψ ∈ He
k, we have

I
(
ψ, x

)
=

x1∫
0

ψ1 (t, 0, ..., 0) dt +

x2∫
0

ψ2 (x1, t, 0, ..., 0) dt + ... +

xk∫
0

ψk (x1, x2, ..., xk−1, t) dt,

for x = (x1, ..., xk) ∈ [0, 1]k.

Lemma 2.2. Let n = (n1,n2, ...,nk) ∈Nk. Then
i) (D ◦ I)

(
ψ, x

)
= ψ (x) , for all ψ ∈ He

k, x = (x1, ..., xk) ∈ Rk.

ii) (I ◦D)
(

f , x
)

= f (x) , for all f ∈ C1
(
[0, 1]k

)
, such that f

(
0
)

= 0.

Proof. i)

(D ◦ I)
(
ψ, x

)
= D


k∑

i=1

xi∫
0

ψi (x1, x2, ..., xi−1, t, 0, ..., 0) dt

 =
(
11 (x) , ..., 1k (x)

)
,

where

1 j (x) = ψ j

(
x1, ..., x j, 0, ..., 0

)
+

k∑
i= j+1

xi∫
0

∂ψi

∂x j
(x1, x2, ..., xi−1, t, 0, ..., 0) dt

= ψ j

(
x1, ..., x j, 0, ..., 0

)
+

k∑
i= j+1

xi∫
0

∂ψ j

∂xi
(x1, x2, ..., xi−1, t, 0, ..., 0) dt

= ψ j (x) ,

for all j = 1, k.
ii)

(I ◦D)
(

f , x
)

= I
(
∂ f
∂x1

(x) , ...,
∂ f
∂xk

(x)
)

=

x1∫
0

∂ f
∂x1

(t, 0, ..., 0) dt +

x2∫
0

∂ f
∂x2

(x1, t, 0, ..., 0) dt + ... +

xk∫
0

∂ f
∂xk

(x1, x2, ..., xk−1, t) dt

= f (x) .
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Theorem 2.1. For any n = (n1,n2, ...,nk) ∈Nk , x = (x1, ..., xk) ∈ Rk and ψ ∈ He
k the following equality holds

K̃n
(
ψ, x

)
= (D ◦ Bn ◦ I)

(
ψ, x

)
. (5)

Proof.

(D ◦ Bn ◦ I)
(
ψ, x

)
= D


∑

0≤is≤ns

s=1,k

pns,is (xs) I
(
ψ,un,i

) = (h1 (x) , ..., hk (x)) ,

with un,i =
(

i1
n1
, i2

n2
, ..., ik

nk

)
, where

h j (x) =
∑

0≤is≤ns

s=1,k, s, j


 ∏

l=1,k, l, j

pnl,il (xl)


n j∑

i j=0

(
pn j,i j

(
x j

))′
I
(
ψ,un,i

)
= n j

∑
0≤is≤ns

s=1,k, s, j


 ∏

l=1,k, l, j

pnl,il (xl)


n j∑

i j=0

(
pn j−1,i j−1

(
x j

)
− pn j−1,i j

(
x j

))
· I

(
ψ,un,i

) ,
provided that pn,i (x) = 0, for x ∈ [0, 1] , i < 0 and i > n.

If we write the sum which is right hand side of above equality as follows

n j∑
i j=0

(
pn j−1,i j−1

(
x j

)
− pn j−1,i j

(
x j

))
I
(
ψ,un,i

)
=

n j−1∑
i j=0

pn j−1,i j

(
x j

)
[J1 + J2] ,

where

J1 =

i j+1

nj∫
i j
nj

ψ j

(
i1
n1
,

i2
n2
, ...,

i j−1

n j−1
, t, 0, ..., 0

)
dt

and

J2 =

k∑
q= j+1

iq
nq∫
0

[
ψq

(
i1
n1
, ...,

i j−1

n j−1
,

i j + 1
n j

,
i j+1

n j+1
, ...,

iq−1

nq−1
, t, 0, ..., 0

)
−ψq

(
i1
n1
, ...,

i j−1

n j−1
,

i j

n j
,

i j+1

n j+1
, ...,

iq−1

nq−1
, t, 0, ..., 0

)]
dt

=

k∑
q= j+1

iq
nq∫
0


i j+1

nj∫
i j
nj

∂ψq

∂x j

(
i1
n1
, ...,

i j−1

n j−1
,u,

i j+1

n j+1
, ...,

iq−1

nq−1
, t, 0, ..., 0

)
du

 dt

=

k∑
q= j+1

i j+1

nj∫
i j
nj

du

iq
nq∫
0

∂ψ j

∂xq

(
i1
n1
, ...,

i j−1

n j−1
,u,

i j+1

n j+1
, ...,

iq−1

nq−1
, t, 0, ..., 0

)
dt
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=

k∑
q= j+1

i j+1

nj∫
i j
nj

[
ψ j

(
i1
n1
, ...,

i j−1

n j−1
,u,

i j+1

n j+1
, ...,

iq−1

nq−1
,

iq
nq
, 0, ..., 0

)
−ψ j

(
i1
n1
, ...,

i j−1

n j−1
,u,

i j+1

n j+1
, ...,

iq−1

nq−1
, 0, ..., 0

)]
du

=

i j+1

nj∫
i j
nj

[
ψ j

(
i1
n1
, ...,

i j−1

n j−1
,u,

i j+1

n j+1
, ...,

ik
nk

)
− ψ j

(
i1
n1
, ...,

i j−1

n j−1
,u, 0, ..., 0

)]
du,

we obtain

J1 + J2 =

i j+1

nj∫
i j
nj

ψ j

(
i1
n1
, ...,

i j−1

n j−1
, t,

i j+1

n j+1
, ...,

ik
nk

)
dt.

Hence K̃n
(
ψ, x

)
= (D ◦ Bn ◦ I)

(
ψ, x

)
.

Corollary 2.1. If ψ ∈ He
k then K̃n

(
ψ
)
∈ He

k.

Proof. It immediately follows from Theorem 2.1 and Theorem Schwartz on the equality of mixted deriva-
tives.

3. Convergence Properties and Voronovskaja-Type Results

Theorem 3.1. Let ψ ∈ He
k. Then

lim
n→∞

∥∥∥K̃n
(
ψ
)
− ψ

∥∥∥ = 0, (6)

where the symbol n→∞ denotes ni →∞, for any i = 1, k.

Proof. We prove for each 1 ≤ j ≤ k that

lim
n→∞

K̃n, j

(
ψ j, x

)
= ψ j (x) , x = (x1, ..., xk) ∈ [0, 1]k , uniformly. (7)

If we consider the integral right hand side of (4), we have

n j

i j+1

nj∫
i j
nj

ψ j

(
i1
n1
, ...,

i j−1

n j−1
, t,

i j+1

n j+1
, ...,

ik
nk

)
dt

= ψ j

(
i1
n1
, ...,

i j−1

n j−1
,

i j

n j
,

i j+1

n j+1
, ...,

ik
nk

)
+ n j

i j+1

nj∫
i j
nj

[
ψ j

(
i1
n1
, ...,

i j−1

n j−1
, t,

i j+1

n j+1
, ...,

ik
nk

)
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−ψ j

(
i1
n1
, ...,

i j−1

n j−1
,

i j

n j
,

i j+1

n j+1
, ...,

ik
nk

)]
dt = ψ j

(
un,i

)
+ n jRi j,n j ,

where

Ri j,n j =

i j+1

nj∫
i j
nj

[
ψ j

(
i1
n1
, ...,

i j−1

n j−1
, t,

i j+1

n j+1
, ...,

ik
nk

)
− ψ j

(
i1
n1
, ...,

i j−1

n j−1
,

i j

n j
,

i j+1

n j+1
, ...,

ik
nk

)]
dt.

We obtain∣∣∣Ri j,n j

∣∣∣ ≤ 1
n j
ω

(
ψ j

(
i1
n1
, ...,

i j−1

n j−1
, •,

i j+1

n j+1
, ...,

ik
nk

)
,

1
n j

)
,

where ω is the modulus of continuity of the first order.
For φ ∈ C

(
[0, 1]k

)
we define the modulus

ωx j
(
φ, h

)
= sup

(x1,...,x j−1,x j+1,...,xk)∈[0,1]k−1

ω
(
φ

(
x1, ..., x j−1, ·, x j+1, ..., xk

)
, h

)
.

Whence∣∣∣Ri j,n j

∣∣∣ ≤ 1
n j
ωx j

(
ψ j,

1
n j

)
.

It follows∣∣∣∣∣∣∣∣∣∣∣n j

∑
0≤is≤ns

s=1,k, s, j


 ∏

l=1,k, l, j

pnl,il (xl)


n j−1∑
i j=0

pn j−1,i j

(
x j

)
· Ri j,n j


∣∣∣∣∣∣∣∣∣∣∣

≤ n j

∑
0≤is≤ns

s=1,k, s, j


 ∏

l=1,k, l, j

pnl,il (xl)


n j−1∑
i j=0

pn j−1,i j

(
x j

)
·

∣∣∣Ri j,n j

∣∣∣


≤ n j

∑
0≤is≤ns

s=1,k, s, j


 ∏

l=1,k, l, j

pnl,il (xl)


n j−1∑
i j=0

pn j−1,i j

(
x j

)
·

1
n j
ωx j

(
ψ j, h

)
≤ ωx j

(
ψ j,

1
n j

)
.

In view of above expressions we get∥∥∥∥K̃n, j

(
ψ j

)
− B(n1,...,n j−1,n j−1,n j+1,...,nk)

(
ψ j

)∥∥∥∥ < ωx j

(
ψ j,

1
n j

)
.

Since ψ j is uniform continuous on [0, 1]k, it follows

lim
n j→∞

ωx j

(
ψ j,

1
n j

)
= 0.
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Whence

lim
n→∞

∥∥∥∥K̃n, j

(
ψ j

)
− B(n1,...,n j−1,n j−1,n j+1,...,nk)

(
ψ j

)∥∥∥∥ = 0. (8)

On the other hand it is well known that (see [2],[16]),

lim
n→∞

B(n1,...,n j−1,n j−1,n j+1,...,nk)
(
ψ j, x

)
= ψ j (x) , (9)

converges uniformly on [0, 1]k for j = 1, k.
From relations (8) and (9), we obtain (7).

Remark 3.1. If we note I
(
ψ
)

= f then Theorem 3.1 essentially says that the partial derivatives of B(n1,n2,...,nk)( f )
uniformly approximate the partial derivatives of f .

In the sequence we will study Voronovskaja properties for these operators. First we consider the
moments.

Let the unity function e0 : Rk
→ R, e0 (x) = 1 and the projections Πq : Rk

→ R, Πq (x) = xq, for q = 1, k
and x = (x1, x2, ..., xk) ∈ Rk.

Lemma 3.1. For j, q, q1, q2 = 1, k and x = (x1, x2, ..., xk) ∈ [0, 1]k we have:

i) K̃n, j (e0, x) = 1;

ii) K̃n, j

(
Πq, x

)
=

 xq, q , j
n j−1

n j
x j + 1

2n j
, q = j;

iii) K̃n, j

(
Π2

q , x
)

=


(nq−1)

nq
x2

q + 1
nq

xq, q , j
(n j−1)(n j−2)

n2
j

x2
j +

2(n j−1)
n2

j
x j + 1

3n2
j
, q = j;

iv) K̃n, j

(
Πq1Πq2 , x

)
=

 xq1 xq2 , q1, q2 , j and q1 , q2

xq1

(
n j−1

n j
x j + 1

2n j

)
, q2 = j and q1 , j;

v) K̃n, j

(
Π3

q , x
)

=


(nq−1)(nq−2)

n2
q

x3
q +

3(nq−1)
n2

q
x2

q + 1
n2

q
xq, q , j

(n j−1)(n j−2)(n j−3)
n3

j
x3

j +
9(n j−1)(n j−2)

2n3
j

x2
j +

7(n j−1)
2n3

j
x j + 1

4n3
j
, q = j;

vi) K̃n, j

(
Π4

q , x
)

=


(nq−1)(nq−2)(nq−3)

n3
q

x4
q +

6(nq−1)(nq−2)
n3

q
x3

q +
7(nq−1)

n3
q

x2
q + 1

n3
q
xq, q , j

(n j−1)(n j−2)(n j−3)(n j−4)
n4

j
x4

j +
8(n j−1)(n j−2)(n j−3)

n4
j

x3
j +

15(n j−1)(n j−2)
n4

j
x2

j +
6(n j−1)

n4
j

x j + 1
5n4

j
, q = j.
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Proof. We prove this lemma using (4) and the fact that
n∑

i=0
pn,i (x) = 1,

n∑
i=0

pn,i (x) i
n = x,

n∑
i=0

pn,i (x)
(

i
n

)2
= n−1

n x2+ 1
n x,

n∑
i=0

pn,i (x)
(

i
n

)3
=

(n−1)(n−2)
n2 x3 + 3(n−1)

n2 x2 + 1
n2 x,

n∑
i=0

pn,i (x)
(

i
n

)4
=

(n−1)(n−2)(n−3)
n3 x4 + 6(n−1)(n−2)

n3 x3 + 7(n−1)
n3 x2 + 1

n3 x, for

n ∈N, x ∈ [0, 1].
i) It is obvious.
ii) For q , j we have

i j+1

nj∫
i j
nj

Πq

(
i1
n1
, ...,

i j−1

n j−1
, t,

i j+1

n j+1
, ...,

ik
nk

)
dt =

i j+1

nj∫
i j
nj

iq
nq

dt =
1
n j
·

iq
nq
.

Replacing the above equality in (4) we obtain

K̃n, j

(
Πq, x

)
=

∑
0≤is≤ns

s=1,k, s, j


 ∏

l=1,k, l, j

pnl,il (xl)


n j−1∑
i j=0

pn j−1,i j

(
x j

)
·

iq
nq

 =

nq∑
iq=0

pnq,iq

(
xq

) iq
nq

= xq.

For q = j we have

i j+1

nj∫
i j
nj

Π j

(
i1
n1
, ...,

i j−1

n j−1
, t,

i j+1

n j+1
, ...,

ik
nk

)
dt =

i j+1

nj∫
i j
nj

tdt =
2i j + 1

2n2
j

.

Replacing the equality in (4) we obtain

K̃n, j

(
Π j, x

)
=

∑
0≤is≤ns

s=1,k, s, j


 ∏

l=1,k, l, j

pnl,il (xl)


n j−1∑
i j=0

pn j−1,i j

(
x j

) 2i j + 1
2n j


=

n j−1∑
i j=0

pn j−1,i j

(
x j

) 2i j + 1
2n j

=
n j − 1

n j
xq +

1
2n j

.

iii) For q , j we have

i j+1

nj∫
i j
nj

Π2
q

(
i1
n1
, ...,

i j−1

n j−1
, t,

i j+1

n j+1
, ...,

ik
nk

)
dt =

i j+1

nj∫
i j
nj

(
iq
nq

)2

dt =
1
n j
·

i2q
n2

q
.

If we replace the equality in (4) we obtain

K̃n, j

(
Π2

q , x
)

=
∑

0≤is≤ns

s=1,k, s, j


 ∏

l=1,k, l, j

pnl,il (xl)


n j−1∑
i j=0

pn j−1,i j

(
x j

) i2q
n2

q


=

nq∑
iq=0

pnq,iq

(
xq

) i2q
n2

q
=

(
nq − 1

)
nq

x2
q +

1
nq

xq.
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For q = j we have

i j+1

nj∫
i j
nj

Π2
j

(
i1
n1
, ...,

i j−1

n j−1
, t,

i j+1

n j+1
, ...,

ik
nk

)
dt =

i j+1

nj∫
i j
nj

t2dt =
3i2j + 3i j + 1

3n3
j

.

Taking this into consideration in (4) we obtain

K̃n, j

(
Π2

j , x
)

=


∑

0≤is≤ns

s=1,k, s, j

 ∏
l=1,k, l, j

pnl,il (xl)


n j−1∑
i j=0

pn j−1,i j

(
x j

) 3i2j + 3i j + 1

3n2
j


=

n j−1∑
i j=0

pn j−1,i j

(
x j

) 3i2j + 3i j + 1

3n2
j

=

(
n j − 1

) (
n j − 2

)
n2

j

x2
j +

2
(
n j − 1

)
n2

j

x j +
1

3n2
j

.

iv) For q1, q2 , j and q1 , q2 we have

i j+1

nj∫
i j
nj

Πq1

(
i1
n1
, ...,

i j−1

n j−1
, t,

i j+1

n j+1
, ...,

ik
nk

)
Πq2

(
i1
n1
, ...,

i j−1

n j−1
, t,

i j+1

n j+1
, ...,

ik
nk

)
dt =

i j+1

nj∫
i j
nj

iq1

nq1

·
iq2

nq2

dt =
1
n j
·

iq1

nq1

·
iq2

nq2

.

Replacing the above equality in (4) we obtain

K̃n, j

(
Πq1Πq2 , x

)
=

∑
0≤is≤ns

s=1,k, s, j


 ∏

l=1,k, l, j

pnl,il (xl)


n j−1∑
i j=0

pn j−1,i j

(
x j

) iq1 iq2

nq1 nq2


=

nq1∑
iq1 =0

pnq1 ,iq1

(
xq1

) iq1

nq1

nq2∑
iq2 =0

pnq2 ,iq2

(
xq2

) iq2

nq2

= xq1 xq2 .

For q2 = j and q1 , j we have

i j+1

nj∫
i j
nj

Πq1

(
i1
n1
, ...,

i j−1

n j−1
, t,

i j+1

n j+1
, ...,

ik
nk

)
Π j

(
i1
n1
, ...,

i j−1

n j−1
, t,

i j+1

n j+1
, ...,

ik
nk

)
dt =

i j+1

nj∫
i j
nj

iq1

nq1

tdt =
iq1

nq1

·
2i j + 1

2n2
j

.

Taking this into consideration in (4) we obtain

K̃n, j

(
Πq1Π j, x

)
=


∑

0≤is≤ns

s=1,k, s, j

 ∏
l=1,k, l, j

pnl,il (xl)


n j−1∑
i j=0

pn j−1,i j

(
x j

) iq1

nq1

·
2i j + 1

2n2
j


=

nq1∑
iq1 =0

pnq1 ,iq1

(
xq1

) iq1

nq1

n j−1∑
i j=0

pn j−1,i j

(
x j

) 2i j + 1

2n2
j

= xq1

(
n j − 1

n j
x j +

1
2n j

)
.
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v) For q , j we have

i j+1

nj∫
i j
nj

Π3
q

(
i1
n1
, ...,

i j−1

n j−1
, t,

i j+1

n j+1
, ...,

ik
nk

)
dt =

i j+1

nj∫
i j
nj

(
iq
nq

)3

dt =
1
n j
·

(
iq
nq

)3

.

Replacing the above equality in (4) we obtain

K̃n, j

(
Π3

q , x
)

=
∑

0≤is≤ns

s=1,k, s, j


 ∏

l=1,k, l, j

pnl,il (xl)


n j−1∑
i j=0

pn j−1,i j

(
x j

)
·

(
iq
nq

)3


=

nq∑
iq=0

pnq,iq

(
xq

) ( iq
nq

)3

=

(
nq − 1

) (
nq − 2

)
n2

q
x3

q +
3
(
nq − 1

)
n2

q
x2

q +
1
n2

q
xq.

For q = j we have

i j+1

nj∫
i j
nj

Π3
j

(
i1
n1
, ...,

i j−1

n j−1
, t,

i j+1

n j+1
, ...,

ik
nk

)
dt =

i j+1

nj∫
i j
nj

t3dt =
4i3j + 6i2j + 4i j + 1

4n4
j

.

Replacing the equality in (4) we obtain

K̃n, j

(
Π3

j , x
)

=
∑

0≤is≤ns

s=1,k, s, j


 ∏

l=1,k, l, j

pnl,il (xl)


n j−1∑
i j=0

pn j−1,i j

(
x j

) 4i3j + 6i2j + 4i j + 1

4n3
j


=

n j−1∑
i j=0

pn j−1,i j

(
x j

) 4i3j + 6i2j + 4i j + 1

4n3
j

=

(
n j − 1

) (
n j − 2

) (
n j − 3

)
n3

j

x3
j +

9
(
n j − 1

) (
n j − 2

)
2n3

j

x2
j +

7
(
n j − 1

)
2n3

j

x j +
1

4n3
j

.

vi) For q , j we have

i j+1

nj∫
i j
nj

Π4
q

(
i1
n1
, ...,

i j−1

n j−1
, t,

i j+1

n j+1
, ...,

ik
nk

)
dt =

i j+1

nj∫
i j
nj

(
iq
nq

)4

dt =
1
n j
·

(
iq
nq

)4

.

Replacing the above equality in (4) we obtain

K̃n, j

(
Π4

q , x
)

=
∑

0≤is≤ns

s=1,k, s, j


 ∏

l=1,k, l, j

pnl,il (xl)


n j−1∑
i j=0

pn j−1,i j

(
x j

)
·

(
iq
nq

)4
 =

nq∑
iq=0

pnq,iq

(
xq

) ( iq
nq

)4

=

(
nq − 1

) (
nq − 2

) (
nq − 3

)
n3

q
x4

q +
6
(
nq − 1

) (
nq − 2

)
n3

q
x3

q +
7
(
nq − 1

)
n3

q
x2

q +
1
n3

q
xq.
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For q = j we have

i j+1

nj∫
i j
nj

Π4
j

(
i1
n1
, ...,

i j−1

n j−1
, t,

i j+1

n j+1
, ...,

ik
nk

)
dt =

i j+1

nj∫
i j
nj

t4dt =
5i4j + 10i3j + 10i2j + 5i j + 1

5n5
j

.

Replacing the equality in (4) we obtain

K̃n, j

(
Π4

j , x
)

=
∑

0≤is≤ns

s=1,k, s, j


 ∏

l=1,k, l, j

pnl,il (xl)


n j−1∑
i j=0

pn j−1,i j

(
x j

) 5i4j + 10i3j + 10i2j + 5i j + 1

5n4
j


=

n j−1∑
i j=0

pn j−1,i j

(
x j

) 5i4j + 10i3j + 10i2j + 5i j + 1

5n4
j

=

(
n j − 1

) (
n j − 2

) (
n j − 3

) (
n j − 4

)
n4

j

x4
j +

8
(
n j − 1

) (
n j − 2

) (
n j − 3

)
n4

j

x3
j

+
15

(
n j − 1

) (
n j − 2

)
n4

j

x2
j +

6
(
n j − 1

)
n4

j

x j +
1

5n4
j

.

Lemma 3.2. For j, q, q1, q2 = 1, k and x = (x1, x2, ..., xk) ∈ [0, 1]k we have:

i) K̃n, j

(
Πq − xqe0, x

)
=

 0, q , j
1−2x j

2n j
, q = j;

ii) K̃n, j

((
Πq − xqe0

)2
, x

)
=


xq(1−xq)

nq
, q , j

n j−2
n2

j
x j

(
1 − x j

)
+ 1

3n2
j
, q = j;

iii) K̃n, j

((
Πq1 − xq1 e0

) (
Πq2 − xq2 e0

)
, x

)
= 0;

iv) K̃n, j

((
Πq − xqe0

)4
, x

)
=


3(nq−2)

n3
q

x2
q

(
1 − xq

)2
+ 1

n3
q
xq

(
1 − xq

)
, q , j

3n2
j−26n j+24

n4
j

x2
j

(
1 − x j

)2
+

5n j−6
n4

j
x j

(
1 − x j

)
+ 1

5n4
j
, q = j.

Proof. It immediately follows from Lemma 3.1 and the linearity property of the operators.

Theorem 3.2. Let ϕ : [0, 1]k
→ R be a function which admits second order partial derivatives on [0, 1]k and these

are continuous in a fixed point x = (x1, x2, ..., xk) ∈ [0, 1]k and n1 = n2 = ... = nk = n. Then

lim
n→∞

n
(
K̃n, j

(
ϕ, x

)
− ϕ (x)

)
=

1 − 2x j

2
∂ϕ

∂x j
(x) +

1
2

k∑
q=1

xq

(
1 − xq

) ∂2ϕ

∂x2
q

(x) . (10)
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Proof. Using Taylor formula for functionϕ : [0, 1]k
→ R in x = (x1, x2, ..., xk) ∈ [0, 1]k for any t = (t1, t2, ..., tk) ∈

[0, 1]k we have

ϕ
(
t
)

= ϕ (x) +

k∑
q=1

∂ϕ

∂xq
(x)

(
tq − xq

)
+

1
2

k∑
q=1

∂2ϕ

∂x2
q

(x)
(
tq − xq

)2

+
∑

1≤q1<q2≤k

∂2ϕ

∂xq1∂xq2

(x)
(
tq1 − xq1

) (
tq2 − xq2

)
+ R

(
t, x

)
(11)

where ξ = ξ (t) belongs to the segment of end points t and x, and R
(
t, x

)
given by

R
(
t, x

)
=

1
2

k∑
q=1

∂2ϕ

∂x2
q

(
ξ
)
−
∂2ϕ

∂x2
q

(x)

 (tq − xq

)2

+
∑

1≤q1<q2≤k

[
∂2ϕ

∂xq1∂xq2

(
ξ
)
−

∂2ϕ

∂xq1∂xq2

(x)
] (

tq1 − xq1

) (
tq2 − xq2

)
.

Since ϕ admits continuous second order partial derivatives in x it follows that

∂2ϕ

∂x2
q

(
ξ
)
→
ξ→x

∂2ϕ

∂x2
q

(x) ,
∂2ϕ

∂xq1∂xq2

(
ξ
)
→
ξ→x

∂2ϕ

∂xq1∂xq2

(x) .

From the uniform continuity of the second order partial derivatives of ϕ on [0, 1]k, we obtain that for each
ε > 0,there exists rε > 0 such that for any y with the property

∥∥∥y − x
∥∥∥ < rε∣∣∣∣∣∣ ∂2ϕ

∂xq1∂xq2

(
y
)
−

∂2ϕ

∂xq1∂xq2

(x)

∣∣∣∣∣∣ < ε, q1, q2 = 1, k.

We consider

M = max
1≤q1,q2≤k

∥∥∥∥∥∥ ∂2ϕ

∂xq1∂xq2

∥∥∥∥∥∥ .
By using above fact, we obtain∣∣∣∣∣∣ ∂2ϕ

∂xq1∂xq2

(
t
)
−

∂2ϕ

∂xq1∂xq2

(x)

∣∣∣∣∣∣ ≤ ε +
2M
rε

∥∥∥x − t
∥∥∥2
, x, t ∈ [0, 1]k , q1, q2 = 1, k.

With the help of Cauchy-Schwarz inequality, we get

∣∣∣∣R (
t, x

)∣∣∣∣ ≤ ε + 2M
rε

∥∥∥x − t
∥∥∥2

2

k∑
q=1

(
tq − xq

)2
+

(
ε +

2M
rε

∥∥∥x − t
∥∥∥2

) ∑
1≤q1<q2≤k

∣∣∣tq1 − xq1

∣∣∣ · ∣∣∣tq2 − xq2

∣∣∣
≤

ε + 2M
rε

∥∥∥x − t
∥∥∥2

2

 k∑
q=1

∣∣∣tq − xq

∣∣∣
2

≤

ε + 2M
rε

∥∥∥x − t
∥∥∥2

2
· k ·

∥∥∥x − t
∥∥∥2
.

Whence∣∣∣∣R (
t, x

)∣∣∣∣ ≤ ε2 · k · ∥∥∥x − t
∥∥∥2

+
k ·M

rε

∥∥∥x − t
∥∥∥4
.
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By using following expression
∥∥∥x − t

∥∥∥2
=

k∑
q=1

(
tq − xq

)2
and

∥∥∥x − t
∥∥∥4

=

 k∑
q=1

(
tq − xq

)2
2

≤ k
k∑

q=1

(
tq − xq

)4
, we

obtain

∣∣∣∣R (
t, x

)∣∣∣∣ ≤ ε2 · k ·
k∑

q=1

(
tq − xq

)2
+

k2
·M
rε

k∑
q=1

(
tq − xq

)4
.

Finally we have

∣∣∣K̃n, j (R (·, x) , x)
∣∣∣ ≤ K̃n, j

(∣∣∣R (·, x)
∣∣∣ , x) ≤ ε

2
· k · K̃n, j

 k∑
q=1

(
tq − xq

)2
, x

 +
k2
·M
rε

K̃n, j

 k∑
q=1

(
tq − xq

)4
, x

 .
If we consider Lemma 3.2 and n1 = n2 = ... = nk = n, we obtain

K̃n, j

 k∑
q=1

(
tq − xq

)2
, x

 =
n − 2

n2 x j

(
1 − x j

)
+

1
3n2 +

∑
q=1,k, q, j

xq

(
1 − xq

)
n

≤
3kn − 2

12n2 ≤
k

4n

and

K̃n, j

 k∑
q=1

(
tq − xq

)4
, x

 =
3n2
− 26n + 24

n4 x2
j

(
1 − x j

)2
+

5n − 6
n4 x j

(
1 − x j

)
+

1
5n4

+
∑

q=1,k, q, j

[
3 (n − 2)

n3 x2
q

(
1 − xq

)2
+

1
n3 xq

(
1 − xq

)]
≤

3k
16n2 .

We get

∣∣∣K̃n, j (R (·, x) , x)
∣∣∣ ≤ K̃n, j (|R| , x) <

ε
2
· k2 1

4n
+

k3
·M
rε
·

3
16n2

and thus

n · K̃n, j (R, x) →
n→∞

0.

From Lemma 3.2 and (11) we have

n
(
K̃n, j

(
ϕ, x

)
− ϕ (x)

)
=

1 − 2x j

2
∂ϕ

∂x j
(x) +

1
2

[n − 2
n

x j

(
1 − x j

)
+

1
3n

] ∂2ϕ

∂x2
j

(x)

+
1
2

∑
q=1,k, q, j

∂2ϕ

∂x2
q

(x) xq

(
1 − xq

)
+ nK̃n, j (R, x) .

When n→∞, we obtain

n
(
K̃n, j

(
ϕ, x

)
− ϕ (x)

)
→

1 − 2x j

2
∂ϕ

∂x j
(x) +

1
2

k∑
q=1

xq

(
1 − xq

) ∂2ϕ

∂x2
q

(x) .
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