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Abstract. The aim of this paper is to lay a foundation for providing a soft algebraic tool in considering many
problems that contains uncertainties. In order to provide these soft algebraic structures, we introduce the
concepts of SI-h-bi-ideals and SI-h-quasi-ideals of hemirings. The relationships between these kinds of soft
intersection h-ideals are established. Finally, some characterizations of i-hemiregular, h-intra-hemiregular
and h-quasi-hemiregular hemirings are investigated by these kinds of soft intersection h-ideals.

1. Introduction

In order to model vagueness and uncertainty, Molodtsov [23] introduced soft set theory and it has
received much attention since its inception. Since then, especially soft set operations, have undergone
tremendous studies. Maji [20] presented some definitions or soft sets. Ali [2, 3] proposed some new
operations on soft sets. Sezgin [25] also gave some operations on soft sets. Majumdar [22] investigated
some soft mapping. In the same time, this theory has been proven useful in many different fields such
as decision making [6, 7, 10, 12, 21], data analysis [32], forecasting and so on. Recently, the algebraic
structures of soft sets have been studied increasingly, such as, soft groups [1], soft semigroups [11], soft
BCK/BCl-algebras [13], soft hyperstructures [4, 28].

We note that the ideals of semirings play a crucial role in the structure theory, ideals in semirings do not
in general coincide with the ideals of a ring. For this reason, the usage of ideals in semirings is somewhat
limited. By a hemiring, we mean a special semiring with a zero and with a commutative addition. The
properties of h-ideals of hemirings were thoroughly investigated by Torre [27] and by using h-ideals, Torre
established some analogous ring theorems for hemirings. In particular, Jun [14] discussed some properties
of hemirings. Zhan et al. [31] discussed h-hemiregular hemirings. Some characterizations of h-semisimple
and h-intra-hemiregular hemirings were investigated by Yin et al. [29, 30]. Further, some generalized fuzzy
h-ideals of hemirings were investigated by Davvaz, Dudek and Ma, for examples, see [8, 9, 15, 17, 18, 24].

Recently, Cagman and Sezgin discussed some important properties on soft intersection groups and soft
intersection near-rings, see [5, 26]. By this new idea, Ma et al. [16, 19] introduced the concepts of soft
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intersection hemirings and soft intersection h-ideals(soft intersection h-interior ideals) of hemirings. By
soft intersection h-ideals, Ma et al. investigated some characterizations of i-hemiregular hemirings. As
a continuation of these two papers, we introduce the concepts of SI-h-bi-ideals and SI-h-quasi-ideals of
hemirings. In the same time, we give some characterizations of h-hemiregular, hi-intra-hemiregular and
h-quasi-hemiregular hemirings.

2. Preliminaries

A semiring is an algebraic system (S, +,) consisting of a non-empty set S together with two binary
operations on S called addition and multiplication (denoted in the usual manner) such that (S, +) and (S, -)
are semigroups and the following distributive laws:

a(b+c)=ab+acand (a + b)c = ac + bc
are satisfied for alla,b,c € S.

By zero of a semiring (S, +, ) we mean an element 0 € Ssuch that0-x =x-0=0and 0+x = x+ 0 = x for
all x € S. A semiring with zero and a commutative semigroup (S, +) is called a hemiring. A one unit 1 on
S,wemeans that1-x = x-1 = xforall x € S. For the sake of simplicity, we shall write ab fora - b(a, b € S).

A subhemiring of S is a subset A of S closed under addition and multiplication. A subset A of S is called
a left(right) ideal of S if A is closed under addition and SA € A(AS C A). A subset B of S is called a bi
ideal of S if B is closed under addition and multiplication such that BSB C B. A subset Q of S is called a
quasi-ideal of S if Q is closed under addition and SQ N QS € Q.

A subhemiring(left ideal, right ideal, ideal, bi-ideal) A of S is called an h-subhemiring(left h-ideal, right
h-ideal, h-ideal, h-bi-ideal), respectively, if forany x,z € Sanda, b€ A, x +a+z=b+z > x € A.

The h-closure A of a subset A of S is defined as
A={xeSlx+a+z=b+z forsomea,be A, z€S}.

A quasi-ideal Q of S is called an h-quasi-ideal of S if SQ N QS € Q and for any x,z € Sand 4,b € Q from
x+a+z=>b+zitfollowsx € Q.

From now on, S is a hemiring, U is an initial universe, E is a set of parameters, P(ll) is the power set of
Uand A,B,C € E.

Definition 2.1. [23] A soft set f4 over U is a set defined by fa : E — P(U) such that fa(x) = 0 if x ¢ A. Here
fa is also called an approximate function. A soft set over U can be represented by the set of ordered pairs
fa =1{(x, fax)lx € E, fa(x) € P(U)}. It is clear to see that a soft set is a parameterized family of subsets of the
set U. Note that the set of all soft sets over U will be denoted by S(U).

Definition 2.2. [6] Let fa, fg € S(U). Then,

(1) fa is said to be a soft subset of fy and denoted by f4aCfg if fa(x) C fz(x), for all x € E. fa and fy are said to be
soft equal, denoted by fa = f3, if fAE fg and fA§ f5.

(2) The union of f4 and f3, denoted by fAG 5, is defined as fAGfB = faus, where faup(x) = fa(x) U fz(x),
forallx € E;

(3) the intersection of f4 and fp, denoted by fAﬁfB, is defined as fAﬁfB = fanp, where fanp(x) =
fa(x) N fp(x), forall x € E.

Definition 2.3. [5] Let f4 € S(U) and o € U. Then, upper a-inclusion of f4, denoted by U(f4; @), is defined
as U(fa; @) = {x € Alfa(x) 2 a}.

Definition 2.4. [5] Let A C S. We denote by Sy the soft characteristic function of A and define as

U ifxeA,
SA(x)={ 0 ifx¢A.
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Definition 2.5. [19] Let fs, gs € S(U). Then,
(1) The soft union-intersection product fs¥gs is defined by

(fskgs)(x) = U (@) n fs@) ngse) 0 gs®))

m n
x+Y aibi+z=Y, a’b'+z
i=1 =1 17

for all a,-,a;., b;, b;.,x,z €S5,i=12,.mj=12,.,n

and (fs¥gs)(x) = 0 if x cannot be expressed as x + ), a;b; +z = ), a;b} +z;
i=1 j=1
(2) The soft union-intersection sum fs # gs is defined by

(fsmg) = () (fsla)n fs@) 0 gstbr) N gs(b)

x+a1+by+z=ay+by+z

forallay,a,b1,b2,x,z€5,i=1,2,...,m;j=1,2,...,n.
and (fs 8 gs)(x) = 0 if x cannot be expressed as x +a; + b1 +z=a, + by + z.

The following proposition is obvious.

Proposition 2.6. [19] Let A, B € S. Then,

(1) AC B = S4CSs,

(2) SanSp = Sans,

(3) SaKkSp = S53,

4) S,a88p = Sm
Definition 2.7. [19]

(1) A soft set fs over U is called a soft intersection hemiring (briefly, SI-hemiring) if it satisfies:

(Sh) fs(x+y) 2 fs(x) N fs(y) forall x, y € S;

(SL) fs(xy) 2 fs(x) N fs(y) forallx,y € S;

(SI) fs(x) 2 fs(a) N fs(b) withx+a+z=b+zforallx,a,b,z€S.

(2) A soft set fs over U is called a soft intersection left(right) h-ideal(briefly, SI-left(right) h-ideal) of S
over U if satisfies (SI7), (SI3) and

(L) fs(xy) 2 fs(y)(fs(xy) 2 fs(x)) forallx,y € S.

It is easy to see that if fs(x) = U for all x € S, then fs is an SI-hemiring(SI-left h-ideal, SI-right

h-ideal,SI-h-ideal) denoted by §[19].

Proposition 2.8. [19] Let A C S. Then, A is an h-subhemiring(left h-ideal, right h-ideal, h-ideal) of S if and
only if S, is an SI-hemiring(SI-left h-ideal, SI-right h-ideal, SI-h-ideal) of S over U.

3. SI-h-Bi-Ideals

In this section, we introduce the concept of SI-h-bi-ideals of hemirings and investigate some characteri-
zations.

Definition 3.1. A soft set fs over U is called a soft intersection h-bi-ideal(briefly, SI-h-bi-ideal) of S over U
if it satisfies (SI), (SI), (SI3) and
(SI5) fs(xyz) 2 fs(x) N fs(z) for all x,y,z € S.

Remark 3.2. If fs is an SI-h-bi-ideal of S over U, the f5(0) 2 fs(x) for all x € S.
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Example 3.3. Let U = {< x,y > [x? = y* = e,xy = yx} = {e,x, y, yx}, Dihedral group, be the universal set.
Consider the hemiring S = Z, = {0, 1,2, 3}, non-negative integers module 4, as the set of paramenters.

Define a soft set fs over U by

fs(0) ={e,x, y}, fs(1) = f5(3) = {x} and fs(2) = {e, x}.
Then, one can easily check that fs is an SI-h-bi-ideal of S over U.

Theorem 3.4. Let fs € S(U). Then, fs is an SI-h-bi-ideal of S over U if and only if it satisfies(SI3) and
(Sls) fs B fsCfs;
(SIy) fsk fsCfs;

(SIs) fskSK fsCfs.

Proof. Assume that fs is an SI-h-bi-ideal of S over U.

(1) LetxeS.If (fs B fs)(x) = 0. Then, it is clear that (fs B f5)(x) € fs(x). Otherwise, letay,az, b1, b3,z € S
suchthatx+ay +by +z=a, + by +z.
Then,

(fs 8 fs)(x) U (fs(a1) N fs(az) N fs(b1) N fs(b2))

X+ay+b1+z=a,+br+z

U (fs(a1 +b1) N fs(az + b))

X+ay+b1+z=ar+br+z

U fs(x)

X+ay+b1+z=ar+br+z

fS (x)/
which implies, fs @ fsC fs. Thus, (SIs) holds.

NNl

(2) Letx e S. If (fok fs)(x) = 0. Then, it is clear that (fs¥ fs)(x) C fs(x). Otherwise, let x + f abj+z =
i=1

n
Y, a;b;. + z with 11,-,11} € Sand b;, b; eSforalli=1,2,.,m;j=1,2,..,n. Thus,

=1
Fkf)® = U (@) N fs0) 0 fe@) 0 )
x+_Z aibi+z=Y, a’fb;.+z

i=1 j=1

U (fsl@) 0 folb) NS@) NS(E))

m n
x+Y aibi+z=Y a'b’+z
i=1 =1 1

= fs(x),
which implies, fs% fsCfs. Thus, (SI7) holds.

N

B) Letx €S, if (fs*g* fs)(x) = 0. Then, it is clear that (fs*g* fo)(x) € fs(x). Otherwise,
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(fshSK fo)(x) = ((fshS) K fe)(x)
= U ((fsKS)@) N (fskS)@) N fs(b) N f5(b))

m n
x+Y aibi+z=Y a;b;+z
i=1 i

= U ( U (fs(@) N fo(@y) N S(bj) N S(b)

x+Zab+z Zab+z a+):, aibi+zi= ):a b ,tzi
i=1

nC U () 0 i) 08, N 0 6 0 )

u + Z aip bw+z Z‘l u]qb]q+z/

= U U U ((fs(air)

m’, rz

x+):ab+z Zab+z ai+ Y, agbyg+zi=Y, a’, b’ +z;
= Z ki ‘;ﬂﬂ i a+Zy,pb,p+z Zab+z
=N ja ia i

gl S(bye) N S(b) N (fslay) 0 fs(@],) 0 S(y) NSW,)) N fsb) O fo(b)
U ( fs(a )N fs(a )N fs(b ) N fs(b})) (Please refer to Appendix)

x+Zacb+z Zucb+z
i=1 j=1

c U (EEaab)ni(E )
i=1 j=1

x+2ac,h+z }:ach+z
e’ =R

C fs(x),
which implies, fskS% fsCfs. Thus, (SIs) holds.
Conversely, assume that (SI3), (SIg), (SI7) and (SIg) hold.
1) fstx+y) 2 (fsBf)x+y)
U (fs(a1) N fs(az) N fs(b1) N f5(b2))

x+y+a;+bi+z=a+br+z

2 fs(x)N fs(y) N f5(0)
= fs() N fs(y).
Thus, (SI;) holds.
(2) fs(xy) (fs ¥k fs)(xy)

I

U (fs(@i) 0 fs(@)) N fs(bi) 0 f5(D7))

xy+Zub+z Zub+z
i=1

fs(x) mfs(y)ﬁfs 0)
= fs() N fs(y).
Thus, (SI;) holds.
(3) Letx,y,z€S. Then,
fs(xyz) 2 (fokShk fs)(xyz)
= (fsk (S fs))(xyz) _ _
U (fs(a) 0 fs(@) 0 (SHk f5)(bi) N (SHk f5)(b7))

xyz+2a,h +z/= Zab+z
i=1 ]1],

fs(0) N fs(x) N ( (SK £5)(0) N (Sk fs)(y2)
fs(x) 0 (5% f5)(yz) L
fs(x) N ( U $(ci) NS(c)) N fs(di) N fs(d?)
yz+Z cidi+z'= Z] c/d]+z
= fs(¥) N fs(2).
Thus, (SI5) holds Hence, fs is an SI-h-bi-ideal of S over U. O
The following proposition is obvious.

I

[

Proposition 3.5. Every SI-left h-ideal(right h-ideal, h-ideal) of S over U is an SI-h-bi-ideal of S over U.
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Theorem 3.6. Let fs,gs € S(U). If fs and gs are an SI-h-bi-ideal of S over U, then fs¥kgs and gsik fs are
SI-h-bi-ideals of S over U.

Proof. For all x, y € S, we have
(1) (fsHhgs)(x) N (fskgs)(y)
= U (fs(@i) N fs@) N gs(bi) N gs(b7)

m n
x+) aibi+z1=), a;b}+zl
. =1

N U (fs(ei) N fs(c) N gs(di) N gs(d?))
y+£ cidi+zzzi c}d;+zz
i=1 j=1
= U

n
x+Y, aibi+z1=Y, a'b'+z,
=1 =1 1

U (fs(ai) N fs(ci) N fs(a7) N fs(c7) N gs(bi) N gs(di) O gs(b7) N gs(d?))

14 q
y+ Y cidi+z=Y), c;d;.+zz
i=1 =1

- k U , (fs(xi) N fs(x7) N gs(ya) 0 gs(y?)
X+ y+i§1 XiYi+z1+22 :El x;. y; +z1+2)
= (fskgs)(x + ).
This proves that (SI;) holds, that is, (SIs) holds.
(2) Similar to (1), we can show that (SI3) holds.
(3) (fsHkgs)k(fskgs)

= fok(gsk (fskys)) s
Cfsk(gsk(Skygs)) (since fsCS5)
= fsk(gskSHkys) B
Efs*gs. (since gs*S*gsggs)

This proves thai (SI7) holds.
(@) (fskgs)kSk(fskgs)

= fS*(gs*ig*fs)*gs) (since S¥ f5C9)
Efs*(gs*S*gs) o
Cfskys. (since gskS*kygsCys)

This proves that (SIg) holds.
It follows from 3.4 that fs¥gs is an SI-h-bi-ideal of S over U. Similarly, we can prove that gs¥ fs is also
an Sl-h-bi-ideal of S over U. O
The following proposition is similar to Proposition 2.8.

Proposition 3.7. Let A € S. Then, A is an h-bi-ideal of S if an only if S, is an SI-k-bi-ideal of S over U.
Theorem 3.8. If fs and ks are two SI-h-bi-ideals of S over U, then so is fsﬁhs.

Proof. Let x,y € S. Then,

(1) (fsNhs)(x +y) fs(x+y) Nhs(x +y)

(fs(x) N fs(y)) N (hs(x) N hs(y))
(fs(x) N hs(x)) N (fs(y) N hs(y))
(fsNhs)(x) N (fsNhs)(y)-

fs(xy) N hs(xy)

(fs(x) N fs(y)) N (hs(x) N hs(y))
(fs(x) N hs(x) N (fs(y) N hs(y))
(fsNhs)(x) N (fsNhs)(y)-

(3) Now, letx,z,a,b e Swithx+a+z=>0+z Then,

v

2) (fsNhs)(xy)

[ (O]



X. Ma et al. / Filomat 30:8 (2016), 2295-2313 2301

fs(x) N hs(x)

(fs(@) N fs(b)) N (hs(a) N hs(b))

(fs(@) N hs(a)) N (fs(b) N hs(b))

B (fsNhs)(@) N (fsNhs)(D).

4) (fsnhs)(xyz) fs(xyz) N hs(xyz)

(fs(x) N fs(2)) N (hs(x) N hs(2))
(fs(x) N hs(x)) N (fs(z) N hs(z))
(fsNhs)(x) N (fsNhs)(z).
Hence, fsﬁhs is an SI-h-bi-ideal of S over U. O

(fsNhs)(x)

([ (OAn1

v

Remark 3.9. fsUhs may not be an SI-h-bi-ideal of S over U.

Example 3.10. Assume that U = Z*, the set of positive integers, is the universal set. Consider two parameter
sets S1 = Z4 = {0,1,2, 3}, non-negative integers module 4, and

s={} V]

where Z, is the set of non-negative integers module 2. Define two soft sets fs, and fs, over U by
f5.(0) =27, fs,(1) = f5,3) = {2,3} and f5,(2) = {1,2,3,5}.

Y R e

fs. ([ (1) (1) ])= {1,2,3,5,7yand fs, ([ } } D= {1,2,3,5,7,8).

Then, one can easily check that fs, and fs, are both SI-h-bi-ideals of S over U.

U ERINCERY)

X, Y €Ly = {0,1}},

a2 ]
= f U £ ([ oo ])

=1{2,3}uU{1,2,3,5,7}

=1{1,2,3,5,7},

but fs,us, (3[ (1) (1) ]) = fs,(3) U fs, ([ (1) (1) ])
=1{2,3}U{1,2,3,5,7}

=1{1,2,3,5,7},

and fs,us, (2[ 1 1 ]) = fs,(2) U fs, ([ } 1 ])
{1,2,3,5}U{1,2,3,5,7,8}
{1,2,3,5,7,8},
Josesle 1 1)
This implies that
fsfofo o |01 1))
2 fs,us, (3, (1) (1) Dﬁfslus2 (2,[ } } ])

Hence, fs,Ufs, is not an SI-h-bi-ideal over U.

which implies, fs,us, (3, [ (l) (1)
=1{1,2,3,5,7,8}.

_ =




X. Ma et al. / Filomat 30:8 (2016), 2295-2313 2302
4. SI-h-Quasi-Ideals
In this section, we introduce the concept of SI-h-quasi-ideals and investigate some related properties.

Definition 4.1. A softset over U is called a soft intersection h-quasi-ideal (briefly, SI-h-quasi-ideal) of S over
U if it satisfies (SI1), (SI5) and

(SIs) (fskS)N(Sk f5)C fs.

Example 4.2. Assume that U = Z7, the set of positive integers, is the universal set and S = Z; =
{0,1,2,3,4,5}, non-negative positive integers module 6, is the set of parameters. Define a soft set fs of
S over U by
f5(0) = Z*, fs(1) = fs(5) = (6nln € Z), f5(2) = fs(4) = {2n}n € Z*} and fs(3) = {3nln € Z*}.
Then, one can easily check that fs is an SI-h-quasi-ideal of S over U.

The following proposition is obvious.

Proposition 4.3. (1) Every SI-h-quasi-ideal of S over U is an SI-hemiring of S.
(2) Every SI-h-ideal of S over U is an SI-h-quasi-ideal of S.
(3) Every SI-h-quasi-ideal of S over U is an SI-h-bi-ideal of S.

Proof. We only prove (3) and the others are obvious. We only need to show that (SI7) and (SIg) hold. By
(SIy), we have o
Sk fs = (fok fs)N(fsHk fo)S(fshS)NSHK fs)<fs.
Thus, (SI7) holds.
Moveover, we have
fs*S*fSCS*S*fsCS*fS and fs *S*fsCfs*S*SCfs*S and so
fsh Sk fsC(fskS) N (Sk fs)Cfs.
This proves that (SIs) holds. Hence, fs is an SI-h-bi-ideal of S over U.
Now, we give an important result of uni-int product fs¥gs. O

Theorem 4.4. Let fs and gs be any SI-h-quasi-ideals of S over U. Then, fs¥gs is an SI-h-bi-ideal of S over
Uu.

Proof. Let fs be an SI-h-quasi-ideal of S over U. Then, by Proposition 4.3(3), fs is an SI-h-bi-ideal of S over
U. Hence, fskS%k fsCfs.

Foranyx,y €S, 1fxorycannotbeexpressedx+Zab +z= Za’b’+zory+ch +z' = chd;+z then
i=1 j=1 i=1 j=1

(fsHkhs)(x) = 0 or (fskhs)(y) =0, and so (fskhs)(x) N (fskhs)(y) € (fskhs)(x + y). Otherwise, we have
(fs*hS)(x) N (fskhs)(y)
U (fs(a)nfs(ﬂ)nhs(b)nhs(b'))

m
x+) aibi+z= Zab+z
i=1 j=i

N U (fs(ei) 0 fs(c?) N hs(ds) N hs(d)))
y+ch+z ch+z

i=1 =i

x+an+z Zub+z
i=1 j=i

U (fs(@i) 0 fs(@?) 0 fs(ci) N fs(ch) N hs(bi) 0 hs (D7) N hs(di) N s (7))

y+ch+z Zcz:l+z
i=1

- U (fs(xi) O fs(x7) N hs(yi) N s (y7))

x+j+Z Xiyi+z+z'= Z X y]+z+z
=1

(fs*hs)(x + _1/)
Thus, (SI;) holds, that is (SIs) holds.
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Similarly, we can prove that (SI3) holds.
(fsdhs)h(fskhs)
= (fskhs*k fs)Kkhs L
C(fsk Sk fs)khs (since hsCS)
C fokls. (since fskS¥k fsCfs)
Thus, (SI7) holds.
Finally,
(fsHhs) K Sk (fsHkhs)
= (fsHk(hskS) %k fs)Kkhs
(since hség)
C(fs Kk (SKS) K fs)khs _
C(fsk Sk fs)khsCfokhs. (since fokSxk fsCfs)
Thus, (SIg) holds. It follows from Theorem 3.4 that fs¥%gs is an SI-h-bi-ideal of S over U. O

Proposition 4.5. (1) Let fs and gs be any SI-right h-ideal and SI-left h-ideal of S over U, respectively. Then,
fsNgs is an SI-h-quasi-ideal of S over U.
(2) Let fs and g5 be two SI-h-quasi-ideals of S over U. Then, so is fsNgs.

Proof. By similar proof of Theorem 3.8, we can prove that (SI;) and (SI3) hold.
(1) If fs and gs are any Sl-right h-ideal and SI-left h-ideal of S over U, respectively, then
((fsngs) SN K (fsNg5))S(fs R S)N(S K g5)S fsN7s.
Thus, (SIy) holds. Hence, fsNgs is an SI-h-quasi-ideal of S over U.
(2) If fs and gs are two SI-h-quasi-ideals of S over U,
((fsNgs) X S)NSK (fsNg5)(fs K S)N(SHk fs)<fs,
and
((fsNg5) % S)N(SK (fsNgs))(g5 K S)N(S K g5)S7s,
and so o L
((fsngs) k5N (S Kk (fsNgs))SfsNgs-
Then, fsNgs is an SI-h-quasi-ideal of S over U. O
Similar to Proposition 2.8, we can get the following proposition.

Proposition 4.6. Let A C S. Then, A is an h-quasi-ideal of S if and only if S, is an SI-h-quasi-ideal of S over
u.

Finally, we give the following important result:

Theorem 4.7. (1) Let fs € S(U) and @ € U such that a € Im(fs). If fs is an SI-h-quasi-ideal of S over U, then
U(fs; a) is an h-quasi-ideal of S.

(2) Let fs € S(U). If U(fs; a) is an h-quasi-ideal of fs for each a € U and Im(fs) is a totally ordered set by
inclusion fs is an SI-h-quasi-ideal of S over U.

Proof. (1) Since fs(x) = a for some x € S, then 0 # U(fs; ) C .

(i) Let x,y € U(fs; ). Then, fs(x) 2 a and fs(y) 2 a. Since fs is an SI-h-quasi-ideal of S over U, then
fs(x+y) 2 fs(x)N fs(y) 2ana =a,and so x + y € U(fs; a).

(i) Leta,b € U(fs;a) and x,z € S such that x + a +z = b + z. Then, fs(a) 2 a and fs(b) 2 a. Since fs is an
SI-h-quasi-ideal of S over U, then fs(x) 2 fs(a) N fs(b) 2 a Na = a, and so x € U(fs; a).

(iif) Let a € S- U(fs; a) N U(fs; ) - S. Then, there exist x1,x2, y1,y2 € U(fs; @) and s1,;,t1,t2,21,22 € S
such that a + s1x1 + 21 = S2x2 + 21 and a + Y1ty + 22 = Yoty + 22. Hence, fs(x1) 2 @, fs(x2) 2 @, fs(y1) 2 a and
fs(y2) 2 a.

Moreover, we have
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Sk fo)a) = U (S@)nS@)n fo(bn fs®)

m n
a+y abi+z=Y, a;b;.Jrz
: 5

i=1

2 5(s1) NS(s2) N fs(x1) N fs(x2)
= fs(x1) N fs(x2)
2 aNa
= q,
and _ .
(fskS)@) = U (fs(ci) N fs(c)) N 5(di) N $(d7))

a+§”1 c,171,-+z’:li1 c}d;+z’

Fs(y) 0 fs(y2) N S() NS(t2)
fs(y) 0 fs(y2)

anNa

a.

Since fs is an SI-h-quasi-ideal of S over U, then fs(a) 2 (S¥% fs)(a) N (fskS$)(a) 2 a Na = a, which implies
that a € U(fs; a). This proves that U(fs; a) is an h-quasi-ideal of S.

(2) Let fs € S(U). Then,

(i) Let x,y € S be such that fs(x) = a1 and fs(y) = ay, where it may be assumed a; C a,. Then,
x € U(fs;a1) and y € U(fs; ). Since aq C ap, then y € U(fs; aq). Since U(fs; @) is an h-quasi-ideal of fs for
each a C U, then x + y € U(fs; a1). Hence, fs(x+y) 2 a1 = a1 Naz = fs(x) N fs(y).

(i) Let x,a,b,z € S with x + a + z = b + z such that fs(a) = a; and fs(b) = ap, where a3 € a;. Then,
a € U(fs; 1) and b € U(fs; az). Since ay € ap, then b € U(fs; a1). Since U(fs; ) is an h-quasi-ideal of fs for
each a C U. Then, x € U(fs; a1). Hence,

Fs(0) 2 a1 = a1 Nao = f(@) O fs(b),

(iti) Let x € S be such that (5% fs)(x) = a1 and (fs%5)(x) = az, where a; C ap. Then, x € U(S% fs; 1)
and x € U(fs%S; ay). Since a1 C ap, x € U(fskS5;a1). From (S% fs)(x) = a1, then there exist s1,5,21 € S
and ki, k; € U(fs; 1) such that x + s1ky + 21 = spkp + 21, that is, x € S+ U(fs; a1). Similarly, we can prove
that x € U(fs;a1) - S. Hence, x € S- U(fs; 1) N U(fs; 1) - S. Since U(fs; 1) is an h-quasi-ideal of fs, then
x € U(fs; a1). Thus, we have

fs(x) 2 a1 = a1 Naz = (5K fs)(x) N (fskS)(x).

Hence, fs is an SI-h-quasi-ideal of S over U. O

v i

5. h-Hemiregular Hemirings

In this section, we investigate some characterizations by means of SI-h-ideals, SI-h-bi-ideals and SI-h-
quasi-ideals.

Definition 5.1. [31] A hemiring S is called h-hemiregular if for each a € S, there exist x1, xp, z € S such that
a+axia+z = ax)a+z.

Lemma 5.2. [31] If A and B, are respectively, a right h-ideal and a left h-ideal of S, then AB € A N B.

Lemma 5.3. [31] A hemiring S is h-hemiregular if and only if for any right h-ideal A and left h-ideal B, we
have AB = AN B.

Theorem 5.4. [19] For any hemiring S, the following conditions are equivalent:
(1) S is h-hemiregular;
(2) fskgs = fsNgs for any SI-right h-ideal fs and any SI-left h-ideal gs of S over U.

Lemma 5.5. [30] Let S be a hemiring. Then, the following conditions are equivalent:
(1) S is h-hemiregular;
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(2) B = BSB for every h-bi-ideal B of S;
(3) Q = QSQ for every h-quasi-ideal Q of S.

Theorem 5.6. For any hemiring S, the following conditions are equivalent:
(1) S is h-hemiregular;
) fs = fsk Sk fs for every Sl-h-bi-ideal fs of S over U;
3) fs=fs *S%k fs for every SI-h-quasi-ideal fs of S over U.

Proof. (1)=(2) Let S be an h-hemiregular hemiring, fs an SI-h-bi-ideal of S over U. For any x € S. There
exista,a’,z € S such that x + xax + z = xa’x + z since S is h-hemiregular. Thus, we have

(kS f5)(x)
= (fskS)kfo)x) _
= U (5%S)@) N (fskS)@) N fs(b) N fo(b))

m n
x+) aibi+z=Y a'b’+z
i=1 =1

(fskS)(xa) N (fskS)(xa) N fs(x)
U (fs(ai) N fs(a?) N $(bi) N S(b7))

m n
xa+Y aibi+z=Y, a'b’'+z
i=1 =17

n U (fsl@)n fo@) nSb) NSE)) N fo(x)

m n
xa'+Y aibi+z=Y a'b'+z
i=1 =i 1

2 (fs(xax) N fs(xa’x)) N (fs(xax) N fs(xa’x)) N fs(x)
(Since xa + xaxa + za = xa’xa + za and xa’ + xaxa’ + za’ = xa’xa’ + za’)
2 fs(x) N fs(x) N fs(x)
= f S(x)/ _ _
which implies, fs%S¥% f55 fs. Since fs is an SI-h-bi-ideal of S over U, then fs¥S¥% fsg fs. Thus, we have
fS *S*fs = fs.
(2)=(3) This is straightforward by Proposition 4.3.
(3)=(1) Let Q be any h-quasi-ideal of S. Then, by Proposition 4.6, the soft characteristic function S, of
A is an SI-h-quasi-ideal of S over U.
Thus, by the assumption and Proposition 2.6(3), we have
Sa=SakSkSa = SakSskSs = Szzz.
It follows from Proposition 2.6(1), we have A = ASA. Thus, by Lemma 5.5, S is h-hemiregular. O

(V)

Theorem 5.7. Let fs be a soft set of an h-hemiregular hemiring S. Then, the following conditions are
equivalent:

(1) fs may be presented in the form fs = gs¥hs, where gs is an SI-right h-ideal and hg is an SI-left h-ideal
of S over U;

(2) fs is an SI-h-bi-ideal of S over U;

(3) fs is an SI-h-quasi-ideal of S over U.

Proof. (1)=(2) If there exist an SI-right h-ideal gs and an SI-left h-ideal hs of S such that fs = gs¥hg, then
by Proposition 4.3, every Sl-left(right) h-ideal of S is an SI-h-bi-ideal of S. Thus, gs and hg are SI-h-bi-ideals
of S over U. It follows from Theorem 3.6 that gs¥hs = fs is an SI-h-bi-ideal of S.

(2)=(3) This is straightforward by Proposition 4.3.

(3)=(1) Since S is h-hemiregular, then by Theorem 5.6, fs = fs%S¥ fs, where fs is an SI-h-quasi-ideal of
S over U. Thus, o o

fs = fskSk fs = fok(5KkS) Kk fs = (fshS) k(S fs).
Hence, we can easily show that fs%S and S fs are an SI-right h-ideal and an SI-left h-ideal of S over U,
respectively. In fact,

(fshS) kS = fsk (SHKS)Cfs kS and Sk (Sk fs) = (ShS) Kk fsCSk fs. O
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Theorem 5.8. For any hemiring S, the following conditions are equivalent:
(1) S is h-hemiregular;
(2) fsNgs = fskgsk fs for every SI-h-bi-ideal fs and every SI-h-ideal gs of S over U;
(3) fsNgs = fskgsk fs for every SI-h-quasi-ideal fs and every SI-h-ideal gs of S over U.

Proof. (1)=(2) Let fs and gs be any SI-h-bi-ideal and SI-h-ideal of S over U, respectively. Then,

fs*gs*fscfs*S*fsCfs and fs*gs*fsCS*(gs*S)CS*gngs

Then, fs¥gs¥k fsCfsNgs.
For any x € S, there exista,a’,z € S such that x + xax + z = xa’x + z since S is h-hemiregular.
Thus, we have
(fskgs Kk fs)(x)

= ((fskgs)k fs)(x)

= U ((fsHkgs)(@) N (fskgs)@)) N fs(bi) O fs(b7))

x+Za bi+z= Z a]b’+z
i=1

(fskgs)(xa) N (fskgs)(xa’) N fs(x)
U (fs(@) 0 fs(@?) 0 gs(bi) N gs(b7))

xa+2ab+z 2ab+z

N U (fs(@i) N fs(@?) N gs(bi) N gs(b7)) N fs(x)

xa+2a,b+z Zub+z
i=1 j=1

2 (fs(x) N gs(axa) N gs(a’xa)) N (fs(x) N gs(axa’) N gs(@'xa’)) N fs(x)
(xa + xaxa + za = xa’xa + za and xa’ + xaxa’ + za’ = xa’xa’ + za’)

> fs(x) N gs(x)

= (fsNg5)), ~

which implies, fs N gsCfs% gs¥k fs. Thus, we have

fskgsk fs = fsNgs.
(2)=(3) This is straightforward by Proposition 4.3.
(S)ﬁ(l) Since § is an SI-h-ideal of S over U, then by the assumption, we have
fs = fsﬂs fs*S*fS

It follows from Theorem 5.6 that S is i-hemiregular. O

I

Theorem 5.9. Let S be a hemiring. Then, the following conditions are equivalent:

(1) S is h-hemiregular;

(2) fsNgsCfskgs for every SI-h-bi-ideal fs and every SI-left h-ideal gs of S over U;

(3) fsﬁgsz_f fs¥kgs for every SI-h-quasi-ideal fs and every SI-left h-ideal gs of S over U;

(4) fsNgsCfs¥kgs for every Sl-right h-ideal fs and every SI-h-bi-ideal of S over U;

(5) fsNgsCfs¥kgs for every Sl-right h-ideal fs and every SI-h-quasi-ideal of S over U;

(6) fsNgsNhsC fs¥k gsKhs for every SI-right h-ideal fs, every SI-h-bi-ideal gs and every SI-left h-ideal hs
of S over U;

(7) fsNgsNhsC fs ¥ gskhs for every Sl-right h-ideal fs, every SI-h-quasi-ideal gs and every SI-left h-ideal
hs of S over U.

Proof. (1)=(2) Let fs and gs be any SI-h-bi-ideal and any SI-left h ideal of S over U, respectively. For any
x € S, there exist a,a’,z € S such that x + xax + z = xa’x + z since S is h-hemiregular. Then,
(fs*!]s)(x)
U (fs(@i) N fs(@’) 0 gs(bi) N gs(b7)

x+2ub+z Zab+z
=N

2 fs(x) N gs(ax) N gs(a’x)
2 fs(x) N gs(x)
= (fs N gs)(x),
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which implies, fsNgsCfskgs.

(2)=(1) Let fs and gs be any SI-right h-ideal and any SI-left h-ideal of S over U, respectively. Then, it is
easy to see that fs is an SI-h-bi-ideal of S over U. By the assumption, we have

fsﬁgsgfs*gsg( fs*S)ﬁ(S*gs)E fsﬁgs. Hence, fsﬁgs = fs¥kgs. It follows from Theorem 5.4 that S is
h-hemiregular.

Similarly, we can show that (1)=(3), (1)=(4), (1)=(5).

(1)=(6) Let fs, gs and hs be any SI-right h-ideal, any SI-h-bi-ideal and any SI-left h-ideal of S over U,
respectively. For any x € S, there exist a,a’,z € S such that x + xax + z = xa’x + z since S is h-hemiregular.
Then, we have

(fskgshhs)(x)

= U ((fsHkgs)(@) N (fshkgs)a?) N hs(bi) N hs(b?))

m n
x+Y aibi+z=Y a'b+z
i=1 =117

2 (fskgs)(x) N hs(ax) N hs(a’x)
U (fs(@i) 0 fs(@?) N gs(bi) N gs(b7)) N hs(ax) O hs(a’x)

m n
x+Y, aibi+z=Y, a’'b’+z
i=1 =

2 fs(xa) N fs(xa’) N gs(x) N hg(ax) N hs(a’x)

2 fs(x) N gs(x) N hs(x)

= (fsNgsnhs)(x),
which implies, fsﬁgsﬁhséfs * gsihhs.
(6)=(7) This is straightforward by Proposition 4.3.
(7)=(1) Let fs and hs be any SI-right h-ideal and any SI-left h-ideal of S over U, respectively. Since $is an
SI-h-quasi-ideal of S over U, then by the assumption, we have

fohs = fsNSNhsC fo ke ShhsC fskhsC(fskS)N(SHkis) € fss.

Then, fsﬁ]’ls = fokhs. It follows from Theorem 5.4 that S is h-hemiregular. O

6. h-intra-Hemiregular Hemirings

In this section, we investigate some characterizations by means of SI-h-ideals, SI-h-bi-ideal and SI-h-
quasi-ideals.

Definition 6.1. [30] A hemiring S is called h-intra-hemiregular if for each x € S, there exist a;,4;, b;, b;., z€S

m n
such thatx + Y, aix?al +z= Y, b ijb;. + z. Equivalent definitions:
i=1 i1

(1) x € Sx2S,Vx € S; (2) A C SA2S,YA CS.

Lemma 6.2. [30] Let S be a hemiring. Then, the following conditions are equivalent:
(1) S is h-intra-hemiregular;
(2) LN R C LR for every left h-ideal L and every right h-ideal R of S.

Theorem 6.3. Let S be a hemiring. Then, the following conditions are equivalent:
(1) S is h-intra-hemiregular;
(2) fsNgsCfsHkgs for every SI-left h-ideal fs and every SI-right h-ideal of S over U.

Proof. (1)=(2) Let fs and gs be any SI-left h-ideal and any SI-right h-ideal of S over U, respectively.For
any x € S. Then, there exist a;,a/,b;, b;.,z € S such that

m n
2 _ 2
X + Zaix a+z= Z bjx b;.+z.
i=1 j=1
Then, we have
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(fskgs)(x)
= U (fs(ai) N fs(@)) N gs(bi) N gs(b))

m n
x+) aibi+z=Y a;.b;+z
. =}

i=1

2 fs(@ix) N fs(bjx) N gs(xa) N gs(xb?)

2 fs(x) N gs(x)

= fsNgs(x),
which implies, fsNgsC fskgs.
(2)=(1) Let L and R be any left h-ideal and any right h-ideal of S, respectively. Then, by Proposition 2.8, Sy
and Sg are an SI-left h-ideal and an SI-right h-ideal of S over U, respectively. Now, by Proposition 2.6 and
assumption, we have

Siar = StNSk € SL kSt = Sz

By Proposition 2.6, we have L N R C LR. Thus, it follows from Lemma 6.2 that S is h-intra-hemiregular. O

Lemma 6.4. [30] Let S be a hemiring. Then, the following are equivalent:
(1) S is both h-hemiregular and h-intra-hemiregular.
(2) B = B2 for every h-bi-ideal B of S.
B)O= @ for every h-quasi-ideal Q of S.

Theorem 6.5. Let S be a hemiring. Then, the following conditions are equivalent:
(1) S is both h-hemiregular and h-intra-hemiregular;
(2) fs = fsk fs for every SI-h-bi-ideal fs of S over U(that is, every SI-h-bi-ideal of S is idempotent);
(3) fs = fsk fs for every SI-h-quasi-ideal fs of S over U(that is, every SI-h-quasi-ideal of S is idempotent).

Proof. (1)=(2) Let fs be any SI-h-bi-ideal of S over U. Then, it is clear that fs¥ fsCfs. For any x € S, there
exist ay, a2, pi, pi, qj, q},z € S such that

X+ Zl(xazq]-x)(xq;alx) + Zl(xalq]-x)(xq}azx) + Zi(xalpix)(xpl’.alx) + Zi(xazpix)(xpl’.azx) +z
j= j= i= i=

= Z(xazp,-x)(xpl’,alx) + Z(xalp,-x)(xpl’,azx) + Zl(xalqjx)(xq}alx) + Zl(xazq]vx)(xq}@x) +z.
i=1 i=1 j= =

Then, we have
(fs Kk fs)(x)
= U (fs(@i) N fs(@) 0 fs(bi) O fs (D))

m n
x+Y aibi+z=Y a'b’+z
i=1 =

2 fs(xaxqix) N fs(xq;alx) N fs(xa1gjx) N fs(xq}azx) N fs(xarpix) N fs(xpiarx) N fs(xa;pix)
Nfs(xpiazx)
2 fS(x)/
which implies, fsCfs% fs. Thus, fs = fo¥k fs.
(2)=(3) This is straightforward by Proposition 4.3.
(3)=(1) Let Q be any h-quasi-ideal of S. Then, by Proposition 2.8, Sg is an SI-h-quasi-ideal of S over U.
Now, by the assumption and Proposition 2.6, we have
Then, by Proposition 2.6, Q = Q2. It follows from Lemma 6.4 that S is both h-hemiregular and h-intra-
hemiregular. O
Similarly, we can get the following theorem:

Theorem 6.6. Let S be a hemiring. Then, the following conditions are equivalent:
(1) S is both h-hemiregular and h-intra-hemiregular;
2) fsﬁgsg fs¥gs for all SI-h-bi-ideals fs and gs of S over U;
(3) fsNgsCfskgs for all SI-h-quasi-ideals fs and gs of S over U;
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(4) fsNgsCfs¥kgs for every SI-h-bi-ideal fs and every SI-h-quasi-ideal gs of S over U;
(5) fsNgsCfskygs for every SI-h-quasi-ideal fs and every SI-h-bi-ideal gs of S over U;
(6) fsNgsCfskgs for all SI-h-quasi-ideals fs and gs of S over U.

7. h-Quasi-Hemiregular Hemirings

In this section, we investigate some characterizations of h-quasi-hemiregular hemirings by means of
three SI-h-ideals.

Definition 7.1. [15] A subset A of S is called idempotent if A = A2, A hemiring S is called left(right) h-
quasi-hemiregular if every left(right) h-ideal is idempotent and is called h-quasi-hemiregular if every left
h-ideal and every right h-ideal is idempotent.

Lemma 7.2. [15] A hemiring S is left h-quasi-hemiregular if and only if one of the following conditions
holds:

(1) There exist ¢;, d;, c;., d;.,z € S such that
x+ Y cixdix+z=1Y, c}xd;.x +zforallx €S;

i=1 j=1

(2) x € SxSx forallx € S;

(3) AC SASAforall A€ S;
(4) INL = IL for every h-ideal I an every left h-ideal L of S.

Theorem 7.3. A hemiring is left(right) h-quasi-hemiregular if and only if every SI-left(right) h-ideal of S is
idempotent.

Proof. Let S be a left h-quasi-hemiregular hemiring, fs any SI-left h-ideal of S over U. For any x € S, there
exist c,-,c;,, d;, d},z € S such that

i=1 =
Then, we have !
(fs ¥k fs)(x)
= U @) n S n )

n
x+Y, aibj+z’=Y, a'b'+z'
i=1 j=1 1

2 fs(cix) N fs(cix) N fs(dix) N fs(dx)
2 fs(x),
which implies, fsCfs¥ fs. Since fs is an SI-left h-ideal of S over U, then fs¥ fsCfs. Thus, we have
fskfs = fs.
Conversely, let L be any left h-ideal of S. Then, Sy, is an SI-left h-ideal of S over U by Proposition 2.8.
Then, by Proposition 2.6, we have
S.=8%85. =8

127

which implies, L = L2. Hence, S is left h-quasi-hemiregular. Similarly, we can prove the case for SI-right h-
ideals. O

Theorem 7.4. Let S be a hemiring. Then, the following conditions are equivalent:
(1) Sis left h-quasi-hemiregular;
(2) fsNgs = fskgs for every SI-h-ideal fs and every SI-left h-ideal gs of S over U;
(3) fsNgsCfskgs for every SI-h-ideal fs and every SI-h-bi-ideal gs of S over U;
(4) fsNgsCfs¥kgs for every Sl-h-ideal fs and every SI-h-quasi-ideal gs of S over U.
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Proof. (1)=(3) Let fs and gs be any SI-h-ideal and SI-h-bi-ideal of S over U, respectively. For x € S,

by Lemma 7.2, we have x € SxSx C SSxSxSx C SxSxSx, and so there exist ¢;, c},d,-,d;.,ei,e;.,z € S such that

x+Zc,xdxe,x+z— Zcxd’xex+z
a o

Then, we have
(fsk f5)(x)
= U (fs@) N fs@) ngsb) ngs©))
x+1§1 u‘b,v+z:]§] a}b}+z
2 fs(cixd;) N fs(c}xd}) N gs(xeix) N gs (xe;.x)
2 fs(x) N gs(x)
= fsNgs(x),
which implies, fsNgsC fs ¥k fs.
(B)=4)=(2) Itis clear.
(2)=(1) LetI and L be any h-ideal and any left h-ideal of S, respectively. Then, S;and S; are an SI-h-ideal
and SI-left h-ideal of S, respectively. Then,
Sinr = SiNSL = Sk Sy = S
which implies, I N L = IL. 1t follows from Lemma 7.2 that S is h-quasi-hemiregular. ©
Similarly, we can get the following theorem.

Theorem 7.5. Let S be a hemiring. Then, the following conditions are equivalent:

(1) S is left h-quasi-hemiregular;

(2) fsNgsNhsC fs ¥k gskhs for every SI-h-ideal fs, every SI-right h-ideal gs and every SI-h-bi-ideal hs of S
over U;

(3) fsNgsnNhsC fskgskhs for every SI-h-ideal fs, every SI-right h-ideal gs and every SI-h-quasi-ideal hg
of S over U.

Now, we can describe the characterization of h-quasi-hemiregular hemirings.

Theorem 7.6. A hemiring S is h-quasi-hemiregular if and only if fs = Sk fs)PN( fS*FST)2 for every SI-h-
quasi-ideal of S over U.

Proof. Let S be an h-quasi-hemiregular hemiring, fs an SI-h-quasi-ideal of S over U. we know that Sk fs
and fs %6 are an Sl-le ft h-ideal and an SI-right h-ideal of S over U, respectively, and so both Sk fs and fs *S
are idempotent by Theorem 7.3. Hence, we have
Sk f5)*N(fskS)* = (S%k fo)N(fs Kk S)Cfs.
For any x € S, there exist cl,c d,,d’ z € S such that x + Z cixdix +z = Z c]xd’x + z since S is left h-quasi-
i=1 j=1
hemiregular. Then, we have
(8% fs5)*(%) _ _ _ _
= U (5K fs)(ai) N (S%k f)(@) N (S fs)(bi) N (S%k fo) (b))

x+Zab+z Zab+z
i=1

2 (S*fs)(Cz )N (S*fs)(c x) N (S f5)(dix) N (S fo)( d’x)
2 fs(x), _ ~ _
which implies, fgC(S* fs)?. Similarly, we can prove fsC(fs%S)? and so, fsC(S% fs)*N(fs*S)>. Thus,

f5 = Gk fs2N(fsKkS)2.
Conversely, let fs be any SI-left h-ideal of S over U. Then, by Proposition 4.3, we have fs is an SI-h-
quasi-ideal of S over U. Then,
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fs = (S fo) N(fs kS (S f5)°Cfsk fsSSk fsCf.
Thus, fs = fs¥fs. Then, by Theorem 4.3, S is left h-quasi-hemiregular. Similarly, we can prove S is a
right h-quasi-hemiregular. Therefore, S is h-quasi-hemiregular. O

Lemma 7.7. [15] A hemiring S is both left h- qua51—hem1regular and h-intra-hemiregular if and only if for

any x € S, there exist c,,d,,c d’ z € S such that x + Z cix’dix + z = Z c;xzd’x + z.
i=1 j=1

Similar to Theorems 7.4 and 7.5, we can get the following theorem.

Theorem 7.8. Let S be a hemiring. Then, the following conditions are equivalent:
(1) S is both left h-hemiregular and h-intra-hemiregular;
(2) fsNgsCfskgs for every SI-left h-ideal fs and every SI-h-bi-ideal gs of S over U;
(3) fsNgsCfskgs for every SI-left h-ideal fs and every SI-h-quasi-ideal gs of S over U.

8. Conclusions

The aim of this article is to lay a foundation for providing a soft algebraic tool in considering many
problems that contain uncertainties. In order to provide these soft algebraic structures, we make a new
approach to hemirings by means of soft set theory, with the concepts of SI-hemirings, SI-h-ideals, SI-h-
bi-ideals and SI-h-quasi-ideals. Finally, we investigate the characterizations of h-hemiregular hemirings,
h-intra-hemiregular hemirings and h-quasi-hemiregular hemirings.

We believe that the research along this direction can be continued, and in fact, some results in this
paper have already constituted a foundation for further investigation concerning the further development
of hemirings. In the future study of soft hemirings, we can consider to apply this kind of new soft hemirings
to some applied fields, such as decision making, data analysis and forecasting and so on.
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Appendix
m n . .
It suffices to show that when x + Y, a;b; +z = Y, a;.b;. +zand foreachi=1,--- ,mand j = 1,--- ,n,
i=1 j=1
m; n; " " m - n’ -
ai+2aikbik+zi:Za’.b’.+zianda’.+2aipbip+z Za v +z wehavex+ZﬁEb Z=) acbh +z%
P o ] =1 ja-jq P =R

for some m’,n’,d;, b;, ¢;, ﬁ;., b; and E;..
For each i, we have

a; + Z 1kbzk +z; = b + z; (1)

Multiplying two side of Eq. (1) by b;, we have

ni

;i
ﬂjbi + Z Llikbikbi + Zibl' = Z ”]zb]zb + z; b (2)
k=1 =1
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Summing for all i ranging from 1 to m, we have
m 1 m
Za,bz+zz aibib; +Zzzb —ZZaﬂ bi+ ) zib; 3)
i=1 i=1 k=1 =1 I=1 i=1
Similarly, we have
ZZamb;qb; Zz v, = Za b’ +ZZa1pb1pb +Zz v, 4)
j=1 g=1 j=1 p=1
Adding Egs. (3) and (4), we have

n

Zab +Zm"i aubixb; +iz,bl+ y ]amb;qb; Zn:zb’z ap)+ Zzalpb,pb +Zzb’ (5)
i=1 k=1 i=1 j=1 g=1 =1 j=1 p=1

m ni
l ’
+ ) D b+ Z zibi
i=1

i=1 I=1

Adding two side of Eq. (1) by x + z, we have

(x+Zab +z)+ii agbib; +Zzb +ZZa]qb;qb; Zz v’ —x+Za v, +z (6)
i=1 j=1 g=1
+Zza,pb,pb +Zz b’+ZZaﬂb]lb +Zzb
j=1 p=1 i=1 I=1

m n
Byx+ ) abi+z=7}, a;b; + z, we have
i=1 j=1

Za b’+z+Zz abib; +Zzzb +Zza]qb;qb; Zz v’ —x+Za b+ z (7)

j=1 i=1 k=1 j=1 g=1

+ Z Z aibil + Z b+ Z Z @bl yb; + Z zib;
i=1

j=1 p=1 i=1 [=1

Hence, Eq. (7) can be reformulated as the following form:

m o om n mon

7 1.7 _ ’
E axbib; + E E a]qb]qb] Z =x+ E E a,pb,pb + E u]lb],b +7z, (8)
i=1 k=1 j=1 g=1 j=1 p=1 i=1

where z/ —Zab’+Z+ZZb +Zzb’
]1] i=1 11]]
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