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Abstract. In this work we investigate some existence results for solutions of a boundary value problem
for impulsive fractional differential inclusions supplemented with fractional flux boundary conditions by
applying Bohnenblust-Karlin’s fixed point theorem for multivalued maps.

1. Introduction

This article is related to the existence of the solutions to the boundary value problem (BVP for short),
for the following impulsive fractional differential inclusions,

CDαy(t) ∈ F(t, y(t)), t ∈ J := [0,T], t , θk, 1 < α ≤ 2, (1)
∆y(θk) = Ik(y(θ−k )), ∆y′(θk) = I∗k(y(θ−k )), k = 1, 2, ..., p, (2)

y′(0) = λCDβy(T), y(0) + y(T) = γ1(y′), (3)

where CDα is the Caputo fractional derivative, F : J×R→ P(R) is compact convex valued multivalued map
(P(R) is the family of all non-empty subsets of R), Ik, I∗k, 1 ∈ C(R,R), Γ(2 − β) , λT1−β with β ∈ (0, 1] and γ,
λ are real constants, ∆y(θk) = y(θ+

k ) − y(θ−k ) with y(θ+
k ) = limh→0+ y(θk + h) and y(θ−k ) = limh→0− y(θk + h),

∆y′(θk) has a similar meaning for y′(t), and {θk}
p
k=1 is a finite strictly increasing sequence of impulse points

θk such that 0 = θ0 < θ1 < θ2 < ... < θp < θp+1 = T.
Here, 1(y′) may be given by

1(y′) =

p∑
i=1

ηiy
′

(ξi)

where ηi, i = 1, 2, ..., p are given constants and ξi ∈ (θl, θl+1); l is non-negative integer i.e. 0 ≤ l ≤ p.
Plenty of studies have been dedicated to the issue of fractional order impulsive differential equations

and inclusions by many scientists. That is why, it is owing to the fact that each of fractional calculus and
impulsive theory serves very practical instruments for mathematical modeling of many concepts in different
branches of science and engineering [1–7]. See [8–21] for some recent works on fractional differential
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equations and inclusions, and see [22–31] for the ones on impulsive fractional differential equations and
inclusions.

Come to that, the authors in [32] and [33] have considered boundary value problems for fractional
differential inclusions with flux boundary conditions recently. To be precise, the flux boundary condition
x′(0) = bCDβx(1) in [32] gives the proportional relationship between ordinary flux x′(0) at the left end
point of the given interval [0, 1] and a fractional flux CDβx(1) at the right end point of it, where β ∈ (0, 1].
Motivatedly, we shall be interested in a class of boundary value problems for the impulsive fractional
differential inclusions with flux boundary conditions as in (1-3).

The rest of the paper is outlined as follows. In Section 2, we present some notations and preliminary
results about fractional calculus and multivalued maps to be used in the sequent sections. In Section 3,
we discuss some existence results for solutions of BVP (1-3) by means of Bohnenblust-Karlin’s fixed point
theorem for multivalued maps.

2. Preliminaries

Definition 2.1. ([1, 2]) The fractional (arbitrary) order integral of the function h ∈ L1 (J,R+) of order α ∈ R+ is
defined by

Iα0+ h(t) =

∫ t

0

(t − s)α−1

Γ(α)
h(s)ds,

where Γ(.) is the Euler gamma function.

Definition 2.2. ([1, 2]) For a function h given on the interval J, Caputo fractional derivative of order α > 0 is defined
by

CDα
0+ h(t) =

∫ t

0

(t − s)n−α−1

Γ(n − α)
h(n)(s)ds, n = [α] + 1,

where the function h(t) has absolutely continuous derivatives up to order (n − 1).

Lemma 2.3. ([1]) Let α > 0, h(t) ∈ Cn [a, b], then

IαC
a+ Dα

a+ h(t) = h(t) + c0 + c1(t − a) + c2(t − a)2 + ... + cn−1(t − a)n−1,

for some ci ∈ R, i = 0, 1, 2, ...,n − 1, n = [α] + 1.

Let us set J0 = [θ0, θ1] , J1 = (θ1, θ2] , ..., Jk−1 = (θk−1, θk], Jk = (θk, θk+1], J′ := [0,T]\{θ1, θ2, ..., θp} and
define the set of functions:

PC(J,R) = {y : J → R : y ∈ C((θk, θk+1],R), k = 0, 1, 2, ..., p and there exist y(θ+
k ) and y(θ−k ), k = 1, 2, ..., p

with y(θ−k ) = y(θk)} and
PC1(J,R) = {y ∈ PC(J,R), y′ ∈ C((θk, θk+1],R), k = 0, 1, 2, ..., p and there exist y′ (θ+

k ) and y′ (θ−k ), k =

1, 2, ..., p with y′ (θ−k ) = y′ (θk)} which is a Banach space with the norm
∥∥∥y

∥∥∥ = supt∈J

{∥∥∥y
∥∥∥

PC ,
∥∥∥y′

∥∥∥
PC

}
, where∥∥∥y

∥∥∥
PC := sup

{∣∣∣y(t)
∣∣∣ : t ∈ J

}
.

Let L1 (J,R) denote the Banach space of measurable functions x : J → R which are Lebesque integrable
with the norm

‖x‖L1 =

∫ T

0
|x(t)| dt for all x ∈ L1 (J,R) .

Now, we recall some basic facts of multivalued maps. See the books of Gorniewicz [34], Aubin and
Frankowska[35], Deimling [36], and Hu and Papageorgiou[37]:
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For a Banach space (X, ‖.‖), denote:

P(X) = {Y ⊆ X : Y , ∅} ,Pcl(X) = {Y ∈ P(X) : Y is closed} ,

Pb(X) = {Y ∈ P(X) : Y is bounded} ,Pcv(X) = {Y ∈ P(X) : Y is convex} ,

Pcp(X) =
{
Y ∈ P(X) : Y is compact

}
,Pcv,cp(X) =

{
Y ∈ P(X) : Y is convex and compact

}
.

A multivalued map G : X→ P(X) has convex(closed) values if G(x) is convex(closed) for all x ∈ X. G is
bounded on bounded sets if G(B) = ∪x∈BG(x) is bounded in X for all B ∈ Pb(X) (i.e. supx∈B

{
sup

{∥∥∥y
∥∥∥ : y ∈ G(x)

}}
<

∞).
A multivalued map G : [0, 1] → Pcl(X) is said to be measurable if for every x ∈ X, the function

Y : [0, 1]→ X defined by Y(t) : dist(x,G(t)) = inf {‖x − z‖ : z ∈ G(t)} is Lebesque measurable.
A multivalued map F : J × X→ P(X) is said to be L1-Caratheodory if
i) t→ F(t,u) is measurable for each u ∈ X,
ii) u→ F(t,u) is upper-semi continuous for almost all t ∈ J,
iii) For each q > 0, there exists φq ∈ L1 (J,R+) such that

‖F(t,u)‖ = sup {|v| : v ∈ F(t,u)} ≤ φq(t)

for all ‖u‖ ≤ q and for almost all t ∈ J.
For a function x ∈ PC1(J,R), we define the set of selections of F by

SF,x =
{
v ∈ L1 (J,R) : v(t) ∈ F(t, x) for a.e. t ∈ J

}
.

Lemma 2.4. ([38])Let F : J×R→ Pcv, cp(R) be L1-Caratheodory multivalued map with SF,x , ∅ and letL be a linear
continuous mapping from L1 (J,R+) to C(J,R), then the operator

L ◦ SF : C(J,R)→ Pcp, c(C(J,R))
x 7−→ (L ◦ SF) (x) := L(SF,x)

is a closed graph operator in C(J,R) × C(J,R).

Proposition 2.5. ([34])Assume ϕ : X → Y is a multivalued map such that ϕ(X) ⊂ K and the graph Γϕ of ϕ is
closed, where K is a compact set. Then ϕ is upper semi continuous.

Lemma 2.6. (Bohnenblust-Karlin [39]) Let X be a Banach space, D a nonempty subset of X, which is bounded,
closed, and convex. Suppose G : D→ P(X) is u.s.c. with closed, convex values, and such that G(D) ⊂ D and G(D)
compact. Then G has a fixed point.

3. Main Results

Definition 3.1. A function y ∈ PC1(J,R) with its α-derivative existing on J′ is said to be a solution of (1-3) if there
exists a function v(t) ∈ SF,y which holds the equation CDαy(t) = v(t) for a.e. t ∈ J′ where the conditions

∆y(θk) = Ik(y(θ−k )), ∆y′(θk) = I∗k(y(θ−k )), k = 1, 2, ..., p,

y′(0) = λCDβy(T), y(0) + y(T) = γ1(y′),

are satisfied for y.
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Lemma 3.2. Let v ∈ L1 (J,R). A function y(t) ∈ PC1(J,R) is a solution of the fractional integral equation, for t ∈ Jk,

y(t) =
γ

2
1(y′) +

1
2

k∑
i=1

(∫ θi

θi−1

(θi − s)α−1

Γ(α)
v(s)ds + Ii(y(θ−i ))

)

−
1
2

k∑
i=1

(T − θi)
(∫ θi

θi−1

(θi − s)α−2

Γ(α − 1)
v(s)ds + I∗i (y(θ−i ))

)
−

1
2

∫ T

θk

(T − s)α−1

Γ(α)
v(s)ds +

∫ t

θk

(t − s)α−1

Γ(α)
v(s)ds

+

k∑
i=1

(t − θi)
(∫ θi

θi−1

(θi − s)α−2

Γ(α − 1)
v(s)ds + I∗i (y(θ−i ))

)
+

(
t −

T
2

) λΓ(2 − β)
Γ(2 − β) − λT1−β

×

∫ T

θk

(T − s)α−β−1

Γ(α − β)
v(s)ds +

k∑
i=1

(T − θi)1−β

Γ(2 − β)

(∫ θi

θi−1

(θi − s)α−2

Γ(α − 1)
v(s)ds + I∗i (y(θ−i ))

) (4)

if and only if y(t) is a solution of the fractional BVP
CDαy(t) = v(t), t ∈ J := [0,T], t , θk, 1 < α ≤ 2,

∆y(θk) = Ik(y(θ−k )), ∆y′(θk) = I∗k(y(θ−k )), k = 1, 2, ..., p,
y(0) + y(T) = γ1(y′), y′(0) = λCDβy(T).

(5)

Proof. Assume that y(t) is a solution of the problem (5). Then from Lemma 2.3 we have

y(t) =


∫ t

θk

(t−s)α−1

Γ(α) v(s)ds +
k∑

i=1

[∫ θi

θi−1

(θi−s)α−1

Γ(α) v(s)ds + Ii(y(θ−i ))
]

+
k∑

i=1
(t − θi)

[∫ θi

θi−1

(θi−s)α−2

Γ(α−1) v(s)ds + I∗i (y(θ−i ))
]

+ c0 + c1t.

Moreover, we find the constants c0 and c1 by utilizing the boundary conditions y(0) + y(T) = γ1(y′) and
y′(0) = λCDβy(T). And we obtain the fractional integral equation (4) by substituting c0 and c1.

On the other hand, let y(t) satisfy the equation (4). Then, the fractional equation CDαy(t) = v(t) in (5)
can be obtained in view of Definition (2.2) together with the property

(
CDαIαv

)
(t) = v(t), α > 0 ([1], Lemma

2.21). Further, it can be easily seen that Eq. (4) holds the impulse and boundary conditions in (5). Hence,
the solution y given by (4) satisfies (5). The proof is complete.

For the sake of convenience, we rewrite the integral equation (4): for t ∈ Jk,

y(t) = M(t) +
1
2

k∑
i=1

∫ θi

θi−1

(θi − s)α−1

Γ(α)
v(s)ds +

k∑
i=1

2t − T − θi

2

∫ θi

θi−1

(θi − s)α−2

Γ(α − 1)
v(s)ds

−
1
2

∫ T

θk

(T − s)α−1

Γ(α)
v(s)ds +

∫ t

θk

(t − s)α−1

Γ(α)
v(s)ds +

(
t −

T
2

) λΓ(2 − β)
Γ(2 − β) − λT1−β

×

∫ T

θk

(T − s)α−β−1

Γ(α − β)
v(s)ds +

k∑
i=1

(T − θi)1−β

Γ(2 − β)

∫ θi

θi−1

(θi − s)α−2

Γ(α − 1)
v(s)ds

 (6)

where

M(t) =
γ

2
1(y′) +

1
2

k∑
i=1

Ii(y(θ−i )) +

k∑
i=1

2t − T − θi

2
I∗i (y(θ−i ))

+
(
t −

T
2

) λΓ(2 − β)
Γ(2 − β) − λT1−β

k∑
i=1

(T − θi)1−β

Γ(2 − β)
I∗i (y(θ−i )).
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Theorem 3.3. Assume that
A1)The function F : J ×R→ Pcv,cp(R) is L1-Caratheodory, A2)There exist a continuous non-decreasing function

ψ : [0,∞) → (0,∞) and a function m(t) ≥ 0, ∀t ∈ J with m0 = sup {|m(t)| : t ∈ J} such that ‖F(t,u)‖ ≤ m(t)ψ(|u|)
for ∀t ∈ J, ∀u ∈ R with

lim
x→+∞

ψ(x)
x

= 0,

A3)There exist constants M1 > 0, M2 > 0 and M3 > 0 such that |Ik(u)| ≤M1,
∣∣∣I∗k(u)

∣∣∣ ≤ M2 and
∣∣∣1(u)

∣∣∣ ≤ M3 for all
u ∈ R and k = 1, 2, ..., p with

M = sup
t∈J
|M(t)|

in view of M1, M2 and M3.
Then, the BVP(1-3) has at least one solution.

Proof. Let us transform the problem (1)-(3) into a fixed point problem. By making use of (6) we consider
the operatorN : PC1(J,R)→ P

(
PC1(J,R)

)
defined byN(y) =

{
h ∈ PC1(J,R)

}
where, t ∈ Jk,

h(t) = M(t) +
1
2

k∑
i=1

∫ θi

θi−1

(θi − s)α−1

Γ(α)
v(s)ds +

k∑
i=1

2t − T − θi

2

∫ θi

θi−1

(θi − s)α−2

Γ(α − 1)
v(s)ds

−
1
2

∫ T

θk

(T − s)α−1

Γ(α)
v(s)ds +

∫ t

θk

(t − s)α−1

Γ(α)
v(s)ds +

(
t −

T
2

) λΓ(2 − β)
Γ(2 − β) − λT1−β

×

∫ T

θk

(T − s)α−β−1

Γ(α − β)
v(s)ds +

k∑
i=1

(T − θi)1−β

Γ(2 − β)

∫ θi

θi−1

(θi − s)α−2

Γ(α − 1)
v(s)ds


for v(t) ∈ SF,y. It is obvious that the fixed points of the operatorN give solutions to the problem (1)-(3). Now,
we shall apply Bohnenblust-Karlin’s fixed point theorem (Lemma 2.6) in order to show that the operatorN
has fixed points. Then, let us try to satisfy the conditions of Lemma 2.6. The proof will be given in several
steps for convenience.

Step1: ”N(y) is convex for each y ∈ PC1(J,R).”
Let h1, h2 ∈ N(y) with v1, v2 ∈ SF,y such that, for j = 1, 2,

h j(t) = M(t) +
1
2

k∑
i=1

∫ θi

θi−1

(θi − s)α−1

Γ(α)
v j(s)ds +

k∑
i=1

2t − T − θi

2

∫ θi

θi−1

(θi − s)α−2

Γ(α − 1)
v j(s)ds

−
1
2

∫ T

θk

(T − s)α−1

Γ(α)
v j(s)ds +

∫ t

θk

(t − s)α−1

Γ(α)
v j(s)ds +

(
t −

T
2

) λΓ(2 − β)
Γ(2 − β) − λT1−β

×

∫ T

θk

(T − s)α−β−1

Γ(α − β)
v j(s)ds +

k∑
i=1

(T − θi)1−β

Γ(2 − β)

∫ θi

θi−1

(θi − s)α−2

Γ(α − 1)
v j(s)ds
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then, for each t ∈ J we have

[dh1(t) + (1 − d)h2(t)] =
1
2

k∑
i=1

∫ θi

θi−1

(θi − s)α−1

Γ(α)
[dv1(s) + (1 − d)v2(s)]ds

+

k∑
i=1

2t − T − θi

2

∫ θi

θi−1

(θi − s)α−2

Γ(α − 1)
[dv1(s) + (1 − d)v2(s)]ds

−
1
2

∫ T

θk

(T − s)α−1

Γ(α)
[dv1(s) + (1 − d)v2(s)]ds

+

∫ t

θk

(t − s)α−1

Γ(α)
[dv1(s) + (1 − d)v2(s)]ds

+
(
t −

T
2

) λΓ(2 − β)
Γ(2 − β) − λT1−β

×

(∫ T

θk

(T − s)α−β−1

Γ(α − β)
[dv1(s) + (1 − d)v2(s)]ds

+

k∑
i=1

(T − θi)1−β

Γ(2 − β)

∫ θi

θi−1

(θi − s)α−2

Γ(α − 1)
[dv1(s) + (1 − d)v2(s)]ds

 ,
where 0 ≤ d ≤ 1.

Since SF,y is convex (i.e. dv1(s) + (1− d)v2(s) ∈ SF,y for v1, v2 ∈ SF,y and 0 ≤ d ≤ 1) then dh1(t) + (1− d)h2(t) ∈
N(x).

Step2: ”There exists a constant r0 > 0 such that we haveN(Ωr0 ) ⊆ Ωr0 for each y ∈ Ωr = {y(t) ∈ PC1(J,R) :∥∥∥y
∥∥∥ ≤ r} for any r > 0.”
That is to say, Ωr is a bounded closed convex set in PC1(J,R).
Let y ∈ Ωr and h ∈ N(y) with v ∈ SF, y, then for each t ∈ J we obtain

∣∣∣N(y)(t)
∣∣∣ ≤ |M(t)| +

1
2

k∑
i=1

∫ θi

θi−1

(θi − s)α−1

Γ(α)
|v(s)| ds +

k∑
i=1

|2t − T − θi|

2

∫ θi

θi−1

(θi − s)α−2

Γ(α − 1)
|v(s)| ds

+
1
2

∫ T

θk

(T − s)α−1

Γ(α)
|v(s)| ds +

∫ t

θk

(t − s)α−1

Γ(α)
|v(s)| ds +

∣∣∣∣∣t − T
2

∣∣∣∣∣
∣∣∣λΓ(2 − β)

∣∣∣∣∣∣Γ(2 − β) − λT1−β
∣∣∣

×

∫ T

θk

(T − s)α−β−1

Γ(α − β)
|v(s)| ds +

k∑
i=1

(T − θi)1−β

Γ(2 − β)

∫ θi

θi−1

(θi − s)α−2

Γ(α − 1)
|v(s)| ds


∣∣∣N(y)(t)

∣∣∣ ≤ M + m0ψ(
∥∥∥y

∥∥∥)
{

pTα

2Γ(α + 1)
+

pTα

2Γ(α)
+

Tα

2Γ(α + 1)
+

Tα

2Γ(α + 1)

+
|λ|TΓ(2 − β)

2
∣∣∣Γ(2 − β) − λT1−β

∣∣∣
(

Tα−β

Γ(α − β + 1)
+

pTα−β

Γ(α)Γ(2 − β)

)
∥∥∥N(y)(t)

∥∥∥ ≤M + ψ(
∥∥∥y

∥∥∥)
m0

2

Tα(p + pα + 2)
Γ(α + 1)

+
|λ|Tα−β+1 [

(1 − β)B(α, 1 − β) + p
]∣∣∣Γ(2 − β) − λT1−β

∣∣∣Γ(α)

 , (7)

where B(m,n) is Beta function.
Since limx→+∞

ψ(x)
x = 0 from (A2), there exists a positive number r0 which is sufficiently large such that

r0 > M + ψ(r0)
m0

2

Tα(p + pα + 2)
Γ(α + 1)

+
|λ|Tα−β+1 [

(1 − β)B(α, 1 − β) + p
]∣∣∣Γ(2 − β) − λT1−β

∣∣∣Γ(α)

 .
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This, together with (7), implies that
∥∥∥N(y)(t)

∥∥∥ < r0 whenever
∥∥∥y

∥∥∥ ≤ r0. Thus,N(Ωr0 ) ⊆ Ωr0 now is shown.
Step3: ”N is a compact multi-valued map.”
It is clear thatN(Ωr) is uniformly bounded from (7). It remains to show thatN(Ωr) is equicontinuous.
Assume that l1, l2 ∈ J, l1 < l2. Let y ∈ Ωr and h ∈ N(y) with v ∈ SF,y such that

h′(t) = M′(t) +

k∑
i=1

∫ θi

θi−1

(θi − s)α−2

Γ(α − 1)
v(s)ds

+

∫ t

θk

(t − s)α−2

Γ(α − 1)
v(s)ds +

λΓ(2 − β)
Γ(2 − β) − λT1−β

×

∫ T

θk

(T − s)α−β−1

Γ(α − β)
v(s)ds +

k∑
i=1

(T − θi)1−β

Γ(2 − β)

∫ θi

θi−1

(θi − s)α−2

Γ(α − 1)
v(s)ds


where

|h′(t)| ≤ |M′(t)| +
k∑

i=1

∫ θi

θi−1

(θi − s)α−2

Γ(α − 1)
|v(s)| ds

+

∫ t

θk

(t − s)α−2

Γ(α − 1)
|v(s)| ds +

|λ|Γ(2 − β)∣∣∣Γ(2 − β) − λT1−β
∣∣∣

×

∫ T

θk

(T − s)α−β−1

Γ(α − β)
|v(s)| ds +

k∑
i=1

(T − θi)1−β

Γ(2 − β)

∫ θi

θi−1

(θi − s)α−2

Γ(α − 1)
|v(s)| ds


|h′(t)| ≤ |M′(t)| + m0ψ(

∥∥∥y
∥∥∥)

{
pTα−1

Γ(α)
+

Tα−1

Γ(α)

+
|λ|Γ(2 − β)∣∣∣Γ(2 − β) − λT1−β

∣∣∣
(

Tα−β

Γ(α − β + 1)
+

pTα−β

Γ(α)Γ(2 − β)

) : K.

Then for each t ∈ J we have

∣∣∣N(y)(l2) −N(y)(l1)
∣∣∣ ≤ ∫ l2

l1
|h′(s)| ds

≤ (l2 − l1)K

implying that N is equicontinuous on J since the right-hand side of the inequality tends to zero as l1 → l2.
Thus, as a consequence of Arzela-Ascoli theorem, the operator N : PC1(J,R) → P

(
PC1(J,R)

)
is a compact

multivalued map.
Step4: ”N has a closed graph.”
Let yn → x∗, hn → h∗ and hn ∈ N(yn) with vn ∈ SF, yn such that for each t ∈ J

hn(t) = Mn(t) +
1
2

k∑
i=1

∫ θi

θi−1

(θi − s)α−1

Γ(α)
vn(s)ds +

k∑
i=1

2t − T − θi

2

∫ θi

θi−1

(θi − s)α−2

Γ(α − 1)
vn(s)ds

−
1
2

∫ T

θk

(T − s)α−1

Γ(α)
vn(s)ds +

∫ t

θk

(t − s)α−1

Γ(α)
vn(s)ds +

(
t −

T
2

) λΓ(2 − β)
Γ(2 − β) − λT1−β

×

∫ T

θk

(T − s)α−β−1

Γ(α − β)
vn(s)ds +

k∑
i=1

(T − θi)1−β

Γ(2 − β)

∫ θi

θi−1

(θi − s)α−2

Γ(α − 1)
vn(s)ds
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Then we have to show that there exists v∗ ∈ SF, y∗ in order to prove that h∗ ∈ N(y∗) such that for each t ∈ J

h∗(t) = M∗(t) +
1
2

k∑
i=1

∫ θi

θi−1

(θi − s)α−1

Γ(α)
v∗(s)ds +

k∑
i=1

2t − T − θi

2

∫ θi

θi−1

(θi − s)α−2

Γ(α − 1)
v∗(s)ds

−
1
2

∫ T

θk

(T − s)α−1

Γ(α)
v∗(s)ds +

∫ t

θk

(t − s)α−1

Γ(α)
v∗(s)ds +

(
t −

T
2

) λΓ(2 − β)
Γ(2 − β) − λT1−β

×

∫ T

θk

(T − s)α−β−1

Γ(α − β)
v∗(s)ds +

k∑
i=1

(T − θi)1−β

Γ(2 − β)

∫ θi

θi−1

(θi − s)α−2

Γ(α − 1)
v∗(s)ds

 (8)

Let us consider the continuous linear operator L : L1 (J,R+)→ C(J,R),

v→ (Lv)(t) =

∫ t

0

(t − s)α−1

Γ(α)
v(s)ds.

Obviously, by the continuity of M(t), we have

‖hn(t) −Mn(t) − [h∗(t) −M∗(t)]‖ → 0

as n→∞.
It results from Lemma 2.4 that L ◦ SF is a closed graph operator. Furthermore, since (hn(t) −Mn(t)) ∈

L(SF,yn ) and yn → y∗, Lemma 2.4 implies that the relation (8) holds for some v∗ ∈ SF, y∗ .
As a consequence of Proposition 2.5, N is an upper semi-continuous compact map with convex closed

values. Therefore, thanks to Bohnenblust-Karlin’s fixed theorem (Lemma 2.6), we conclude that N has a
fixed point y ∈ PC1(J,R) which is a solution of the problem (1-3).
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