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Abstract. We introduce two new subclasses Hp,k(λ,A,B) and Qp,k(λ,A,B) of meromorphically multivalent
functions associated with the Dziok-Srivastava operator which is a special case of the Srivastava-Wright
operator. Distortion inequalities, partial sums and convolutional theorems for Hp,k(λ,A,B) and Qp,k(λ,A,B)
are obtained.

1. Introduction

Let Σp be the class of functions

f (z) = z−p +

∞∑
n=p

anzn (p ∈ N := {1, 2, 3, · · · }), (1.1)

which are analytic in the punctured open unit disk U0 = {z : 0 < |z| < 1}. For functions f and 1 analytic in
the open unit disk U = {z : |z| < 1}, we say that f is subordinate to 1 in U and write f ≺ 1, if there exists an
analytic function in U such that

|w(z)| ≤ |z| and f (z) = 1(w(z)) (z ∈ U).

Let

f j(z) = z−p +

∞∑
n=p

an, jzn
∈ Σp ( j = 1, 2).

Then the Hadamard product (or convolution) of f1 and f2 is defined by

( f1 ∗ f2)(z) = z−p +

∞∑
n=p

an,1an,2zn = ( f2 ∗ f1)(z).
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For complex parameters

α1, · · · , αq and β1, · · · , βs (β j , Z−0 := {0,−1,−2, · · · }; j = 1, · · · , s),

we now define the generalized hypergeometric function

qFs(α1, · · · , αq; β1, · · · , βs; z)

as follows:

qFs(α1, · · · , αq; β1, · · · , βs; z) :=
∞∑

n=0

(α1)n · · · (αq)n

(β1)n · · · (βs)n

zn

n!

(q ≤ s + 1; q, s ∈ N0 = N ∪ {0}; z ∈ U),

where (λ)ν is the Pochhammer symbol defined, in terms of the Gamma function, by

(λ)ν :=
Γ(λ + ν)

Γ(λ)
=

{
1, (ν = 0;λ ∈ C \ {0}),
λ(λ + 1) · · · (λ + n − 1), (ν ∈ n ∈ N;λ ∈ C).

By convoluting the generalized hypergeometric function z−p
·q Fs(α1, · · · , αq; β1, · · · , βs; z) with the function

f ∈ Σp, Dziok and Srivastava [10] introduced the Dziok-Srivastava linear operator

Hp(α1, · · · , αq; β1, · · · , βs)

which is defined as follows:

Hp(α1, · · · , αq; β1, · · · , βs) f (z) := z−p
·q Fs(α1, · · · , αq; β1, · · · , βs; z) ∗ f (z)

= z−p +

∞∑
n=p

(α1)n · · · (αq)n

(β1)n · · · (βs)n

an

n!
zn−p.

For convenience, we write
Hp,q,s(α1) := Hp(α1, · · · , αq; β1, · · · , βs)

and

Γn(α1) :=
(α1)n · · · (αq)n

n!(β1)n · · · (βs)n
(n ∈ N).

It should be remarked in passing that the existing literature on Geometric Function Theory also contains
systematic investigations of various analytic function classes associated with a further generalization of the
Dziok-Srivastava operator, which is known as the Srivastava-Wright operator defined by using the Fox-
Wright generalized hypergeometric function (see, for details, [14] and [20]; see also [26] and the references
cited therein including [14] and [20]).

In the present paper, we assume that

N = {1, 2, 3, · · · }, k ∈ N \ {1},−1 ≤ B < 0,B < A ≤ 1, (1.2)

α j > 0 ( j = 1, 2, · · · , q) and β j > 0 ( j = 1, · · · , s).

Lemma 1. Let 1
2 ≤ λ ≤ 1. Also let f ∈ Σp defined by (1.1) satisfy

∞∑
n=p

[λn − p(1 − λ)δn,p,k]Γn(α1)|an| ≤
p(A − B)

1 − B
. (1.3)

Then

(1 − λ)zp fp,k(z) −
λ
p

zp+1(Hp,q,s(α1) f (z))′ ≺
1 + Az
1 + Bz

(z ∈ U), (1.4)
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where

fp,k(z) =
1
k

k−1∑
j=0

ε jp
k Hp,q,s(α1) f (ε j

kz), εk = exp
(2πi

k

)
(1.5)

and

δn,p,k =

 0
( n+p

k < N
)
,

1
( n+p

k ∈ N
)
.

(1.6)

Proof. In terms of (1.2) and (1.6), we see that

λn − p(1 − λ)δn,p,k ≥ p(2λ − 1) ≥ 0 (1.7)

for n ≥ p and λ ≥ 1
2 .

Let the inequality (1.3) hold. We deduce that∣∣∣∣∣∣∣∣
[
(1 − λ)zp fp,k(z) − λ

p zp+1(Hp,q,s(α1) f (z))′
]
− 1

A − B
[
(1 − λ)zp fp,k(z) − λ

p zp+1(Hp,q,s(α1) f (z))′
]
∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣
∑
∞

n=p[λn − p(1 − λ)δn,p,k]Γn(α1)anzn+p

p(A − B) + B
∑
∞

n=p[λn − p(1 − λ)δn,p,k]Γn(α1)anzn+p

∣∣∣∣∣∣
≤

∑
∞

n=p[λn − p(1 − λ)δn,p,k]Γn(α1)|an|

p(A − B) + B
∑
∞

n=p[λn − p(1 − λ)δn,p,k]Γn(α1)|an|

≤ 1 (|z| = 1).

Hence, by the maximum modulus theorem, we arrive at (1.4).
Definition 1. A function f ∈ Σp is said to be in the class Hp,k(λ,A,B) if and only if it satisfies the coefficient

inequality (1.3).
It follows from Lemma 1 that, if f ∈ Hp,k(λ,A,B), then the subordination relation (1.4) holds.
Definition 2. A function f ∈ Σp is said to be in the class Qp,k(λ,A,B) if and only if it satisfies

∞∑
n=p

n[λn − p(1 − λ)δn,p,k]Γn(α1)|an| ≤
p2(A − B)

1 − B
. (1.8)

From the Definitions 1 and 2 one can see that Qp,k(λ,A,B) ⊂ Hp,k(λ,A,B). For f ∈ Σp defined by (1.1), we
have

2z−p +
z f ′(z)

p
= z−p +

∞∑
n=p

n
p

anzn,

which implies that

f ∈ Qp,k(λ,A,B) if and only if 2z−p +
z f ′(z)

p
∈ Hp,k(λ,A,B). (1.9)

Many interesting classes of meromorphically multivalent functions were considered by earlier authors
(see, e.g., [1-27] and the references therein). Motivated essentially by some recent works of Srivastava et al.
[7, 20-26], the main object of the present paper is to derive some distortion inequalities of functions in the
classes Hp,k(λ,A,B) and Qp,k(λ,A,B). In particular some results of partial sums and convolution of functions
in these classes are also given.



Y.-L. Cang, J.-L. Liu / Filomat 31:8 (2017), 2449–2458 2452

2. Main Results

Our first theorem is given by the following.
Theorem 1. Let

2p
k
∈ N and

1 + A − 2B
2(1 − B)

≤ λ ≤ 1.

Suppose that the sequence {Γn(α1)} (n ≥ p) is nondecreasing.
(i) If f ∈ Hp,k(λ,A,B), then for z ∈ U0,

|z|−p
−

A − B
(2λ − 1)(1 − B)Γp(α1)

|z|p ≤ | f (z)| ≤ |z|−p +
A − B

(2λ − 1)(1 − B)Γp(α1)
|z|p. (2.1)

(ii) If f ∈ Qp,k(λ,A,B), then for z ∈ U0,

p
(
|z|−p−1

−
A − B

(2λ − 1)(1 − B)Γp(α1)
|z|p−1

)
≤ | f ′(z)| ≤ p

(
|z|−p−1 +

A − B
(2λ − 1)(1 − B)Γp(α1)

|z|p−1

)
. (2.2)

The bounds in (2.1) and (2.2) are sharp.
Proof. From (1.2) one can see easily that 1

2 <
1+A−2B
2(1−B) ≤ 1. Let 2p

k ∈ N. For n ≥ p and n+p
k ∈ N, we have

n = p + k(l − 1) (l ∈ N), δn,p,k = δp,p,k = 1, and so

(1 − B)[λn − p(1 − λ)δn,p,k]Γn(α1)
p(A − B)

≥
(2λ − 1)(1 − B)Γp(α1)

A − B
. (2.3)

For n ≥ p and n+p
k < N, we have δn,p,k = δp+1,p,k = 0 and

(1 − B)[λn − p(1 − λ)δn,p,k]Γn(α1)
p(A − B)

≥
λ(p + 1)(1 − B)Γp(α1)

p(A − B)

≥
(2λ − 1)(1 − B)Γp(α1)

A − B
(2.4)

for 1
2 < λ ≤ 1.
(i) If f (z) = z−p +

∑
∞

n=p anzn
∈ Hp,k(λ,A,B), then it follows from (2.3) and (2.4) that

(2λ − 1)(1 − B)Γp(α1)
A − B

∞∑
n=p

|an| ≤ 1,

which yields (2.1).
(ii) If f (z) = z−p +

∑
∞

n=p anzn
∈ Qp,k(λ,A,B), then (2.3) and (2.4) yield

(2λ − 1)(1 − B)Γp(α1)
p(A − B)

∞∑
n=p

n|an| ≤ 1.

This leads to (2.2).
Further, the bounds in (2.1) and (2.2) are best possible which can be seen from the function f defined by

f (z) = z−p +
A − B

(2λ − 1)(1 − B)Γp(α1)
zp
∈ Qp,k(λ,A,B) ⊂ Hp,k(λ,A,B). (2.5)

Theorem 2. Let
2p
k
< N and

p
p + 1

≤ λ ≤ 1.
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Suppose that the sequence {Γn(α1)} (n ≥ p) is nondecreasing.
(i) If f ∈ Hp,k(λ,A,B), then for z ∈ U0,

|z|−p
−

A − B
λ(1 − B)Γp(α1)

|z|p ≤ | f (z)| ≤ |z|−p +
A − B

λ(1 − B)Γp(α1)
|z|p. (2.6)

(ii) If f ∈ Qp,k(λ,A,B), then for z ∈ U0,

p
(
|z|−p−1

−
A − B

λ(1 − B)Γp(α1)
|z|p−1

)
≤ | f ′(z)| ≤ p

(
|z|−p−1 +

A − B
λ(1 − B)Γp(α1)

|z|p−1

)
. (2.7)

The bounds in (2.6) and (2.7) are sharp.
Proof. Let 2p

k < N. For n ≥ p and n+p
k < N, we have δn,p,k = δp,p,k = 0 and

(1 − B)[λn − p(1 − λ)δn,p,k]Γn(α1)
p(A − B)

≥
λ(1 − B)Γp(α1)

A − B
. (2.8)

For n ≥ p and n+p
k ∈ N, we have

δn,p,k = 1,n = k
([

2p
k

]
+ l

)
− p > p (l ∈ N),

and so for p
p+1 ≤ λ ≤ 1,

(1 − B)[λn − p(1 − λ)δn,p,k]Γn(α1)
p(A − B)

≥
(1 − B)[λ(p + 1) − p(1 − λ)]Γp(α1)

p(A − B)
≥
λ(1 − B)Γp(α1)

A − B
. (2.9)

(i) If f (z) = z−p +
∑
∞

n=p anzn
∈ Hp,k(λ,A,B), then it follows from (2.8) and (2.9) that

λ(1 − B)Γp(α1)
A − B

∞∑
n=p

|an| ≤ 1,

which leads to (2.6).
(ii) If f (z) = z−p +

∑
∞

n=p anzn
∈ Qp,k(λ,A,B), then (2.8) and (2.9) give

λ(1 − B)Γp(α1)
p(A − B)

∞∑
n=p

n|an| ≤ 1,

which yields (2.7).
Furthermore, the function f defined by

f (z) = z−p +
A − B

λ(1 − B)Γp(α1)
zp
∈ Qp,k(λ,A,B) ⊂ Hp,k(λ,A,B) (2.10)

shows that the bounds in (2.6) and (2.7) are best possible.
Next, we derive several results of the partial sums of functions in the classes Hp,k(λ,A,B) and Qp,k(λ,A,B).
Let f ∈ Σp be given by (1.1) and define the partial sums s1(z) and sm(z) by

s1(z) = z−p and sm(z) = z−p +

p+m−2∑
n=p

anzn (m ∈ N \ {1}). (2.11)
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For simplicity we use the notation γn (n ≥ p) as following:

γn =
(1 − B)[λn − p(1 − λ)δn,p,k]Γn(α1)

p(A − B)
. (2.12)

Theorem 3. Suppose that the sequence {Γn(α1)} (n ≥ p) is nondecreasing and Γp(α1) ≥ 1. Let f ∈
Hp,k(λ,A,B) and let

max
{

1 + A − 2B
2(1 − B)

,
p

p + 1

}
≤ λ ≤ 1. (2.13)

Then for m ∈ N, we have

Re
(

f (z)
sm(z)

)
> 1 −

1
γp+m−1

(z ∈ U) (2.14)

and

Re
(

sm(z)
f (z)

)
>

γp+m−1

1 + γp+m−1
(z ∈ U). (2.15)

The bounds in (2.14) and (2.15) are sharp for each m.
Proof. For n ≥ p, we have from (2.12) and (2.13) that

γn =
(1 − B)[λn − p(1 − λ)δn,p,k]Γn(α1)

p(A − B)
≥

(1 − B)(2λ − 1)
A − B

≥ 1 (2.16)

and

γn+1 ≥ γn +
(1 − B)[λ − p(1 − λ)]

p(A − B)
≥ γn. (2.17)

Let f ∈ Hp,k(λ,A,B). Then it follows from (2.16) and (2.17) that

p+m−2∑
n=p

|an| + γp+m−1

∞∑
n=p+m−1

|an| ≤

∞∑
n=p

γnΓn(α1)|an| ≤ 1 (m ∈ N \ {1}). (2.18)

If we put

p1(z) = 1 + γp+m−1

(
f (z)

sm(z)
− 1

)
for z ∈ U and m ∈ N \ {1}, then p1(0) = 1 and we deduce from (2.18) that∣∣∣∣∣p1(z) − 1

p1(z) + 1

∣∣∣∣∣ =

∣∣∣∣∣∣∣ γp+m−1
∑
∞

n=p+m−1 anzn+p

2
(
1 +

∑p+m−2
n=p anzn+p

)
+ γp+m−1

∑
∞

n=p+m−1 anzn+p

∣∣∣∣∣∣∣
≤

γp+m−1
∑
∞

n=p+m−1 |an|

2 − 2
∑p+m−2

n=p |an| − γp+m−1
∑
∞

n=p+m−1 |an|

≤ 1 (z ∈ U; m ∈ N \ {1}).

This implies that Re(p1(z)) > 0 for z ∈ U, and so (2.14) holds for m ∈ N \ {1}.
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Similarly, by setting

p2(z) = (1 + γp+m−1)
sm(z)
f (z)

− γp+m−1,

it follows from (2.18) that∣∣∣∣∣p2(z) − 1
p2(z) + 1

∣∣∣∣∣ =

∣∣∣∣∣∣∣ −(1 + γp+m−1)
∑
∞

n=p+m−1 anzn+p

2
(
1 +

∑p+m−2
n=p anzn+p

)
+ (1 − γp+m−1)

∑
∞

n=p+m−1 anzn+p

∣∣∣∣∣∣∣
≤

(1 + γp+m−1)
∑
∞

n=p+m−1 |an|

2 − 2
∑p+m−2

n=p |an| − (γp+m−1 − 1)
∑
∞

n=p+m−1 |an|

≤ 1 (z ∈ U; m ∈ N \ {1}).

Hence we have (2.15) for m ∈ N \ {1}.
For m = 1, replacing (2.18) by

γp

∞∑
n=p

|an| ≤

∞∑
n=p

γn|an| ≤ 1

and proceeding as the above, we see that (2.14) and (2.15) are also true.
Furthermore, taking the function f defined by

f (z) = z−p +
zp+m−1

γp+m−1
∈ Hp,k(λ,A,B),

we have sm(z) = z−p,

Re
(

f (z)
sm(z)

)
→ 1 −

1
γp+m−1

as z→ exp
(

πi
2p + m − 1

)
and

Re
(

sm(z)
f (z)

)
→

γp+m−1

1 + γp+m−1
as z→ 1.

The proof of the theorem is thus completed.
Corollary 1. Let the assumptions of Theorem 3 hold. Then, for z ∈ U, we have

Re
(
zp f (z)

)
>

 (2λ−1)(1−B)−(A−B)
(2λ−1)(1−B)

( 2p
k ∈ N

)
,

λ(1−B)−(A−B)
λ(1−B)

( 2p
k < N

)
.

and

Re
(

1
zp f (z)

)
>

 (2λ−1)(1−B)
A−B+(2λ−1)(1−B)

( 2p
k ∈ N

)
,

λ(1−B)
A−B+λ(1−B)

( 2p
k < N

)
.

The results are sharp.
Replacing Hp,k(λ,A,B) by Qp,k(λ,A,B), it follows from Theorem 3 that the inequalities (2.14) and (2.15)

are true. In Theorem 4 below we improve the bounds in (2.14) and (2.15) for f ∈ Qp,k(λ,A,B).
Theorem 4. Suppose that the sequence {Γn(α1)} (n ≥ p) is nondecreasing and Γp(α1) ≥ 1. Let f ∈

Qp,k(λ,A,B) and let the condition (2.13) in Theorem 3 be satisfied. Then for m ∈ N, we have

Re
(

f (z)
sm(z)

)
> 1 −

p
(p + m − 1)γp+m−1

(z ∈ U) (2.19)
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and

Re
(

sm(z)
f (z)

)
>

(p + m − 1)γp+m−1

p + (p + m − 1)γp+m−1
(z ∈ U). (2.20)

The bounds in (2.19) and (2.20) are sharp for the function f defined by

f (z) = z−p +
pzp+m−1

(p + m − 1)γp+m−1
∈ Qp,k(λ,A,B).

Proof. By virtue of the assumptions of Theorem 4, it follows from (2.16) and (2.17) that

p+m−2∑
n=p

|an| +
(p + m − 1)γp+m−1

p

∞∑
n=p+m−1

|an| ≤

∞∑
n=p

n
p
γn|an| ≤ 1 (m ∈ N \ {1}) (2.21)

and

γp

∞∑
n=p

|an| ≤

∞∑
n=p

n
p
γn|an| ≤ 1. (2.22)

If we put

p1(z) = 1 +
(p + m − 1)γp+m−1

p

(
f (z)

sm(z)
− 1

)
and

p2(z) =

(
1 +

(p + m − 1)γp+m−1

p

)
sm(z)
f (z)

−
(p + m − 1)γp+m−1

p
,

then (2.21) and (2.22) lead to Re(p j(z)) > 0 (z ∈ U; m ∈ N; j = 1, 2). Hence we have (2.19) and (2.20).
Sharpness can be verified easily.

Finally, we derive certain convolution properties of functions in the classes Hp,k(λ,A,B) and Qp,k(λ,A,B).
Theorem 5. Let f ∈ Hp,k(λ,A,B). Then

(Hp,q,s(α1) f ∗ hσ)(z) , 0 (z ∈ U0; σ ∈ C, |σ| = 1), (2.23)

where

hσ(z) = z−p +
λ(1 + Bσ)
σ(A − B)

·
zp

1 − z
+
λ(1 + Bσ)
pσ(A − B)

·
zp+1

(1 − z)2 −
(1 − λ)(1 + Bσ)
σ(A − B)

1p,k(z)

and

1p,k(z) =


zp

1−zk

( 2p
k ∈ N

)
,

z
k
([ 2p

k

]
+1

)
−p

1−zk

( 2p
k < N

)
.

Proof. For f ∈ Hp,k(λ,A,B), from Lemma 1 we have (1.4), which is equivalent to

(1 − λ)zp fp,k(z) −
λ
p

zp+1(Hp,q,s(α1) f (z))′ ,
1 + Aσ
1 + Bσ

(z ∈ U; σ ∈ C, |σ| = 1, 1 + Bσ , 0),

or to

(1 + Bσ)[(1 − λ) fp,k(z) −
λ
p

z(Hp,q,s(α1) f (z))′] − (1 + Aσ)z−p , 0 (z ∈ U0; σ ∈ C, |σ| = 1). (2.24)



Y.-L. Cang, J.-L. Liu / Filomat 31:8 (2017), 2449–2458 2457

Obviously

z−p = Hp,q,s(α1) f (z) ∗ z−p (2.25)

and

−
z(Hp,q,s(α1) f (z))′

p
= Hp,q,s(α1) f (z) ∗

z−p
−

1
p

∞∑
n=p

nzn


= Hp,q,s(α1) f (z) ∗

(
z−p
−

zp

1 − z
−

zp+1

p(1 − z)2

)
. (2.26)

If we put

fp,k(z) = Hp,q,s(α1) f (z) ∗ (z−p + 1p,k(z)), (2.27)

then for 2p
k ∈ N,

1p,k(z) =

∞∑
n=p

δn,p,kzn =

∞∑
l=0

zp+lk =
zp

1 − zk
, (2.28)

and for 2p
k < N,

1p,k(z) =

∞∑
l=1

zk
([ 2p

k

]
+l

)
−p =

zk
([ 2p

k

]
+1

)
−p

1 − zk
. (2.29)

Now, making use of (2.24) to (2.29), we arrive at

Hp,q,s(α1) f (z) ∗
{

(1 + Bσ)
[
(1 − λ)(z−p + 1p,k(z)) + λ

(
z−p
−

zp

1 − z
−

zp+1

p(1 − z)2

)]
− (1 + Aσ)z−p

}
, 0

for z ∈ U0, σ ∈ C and |σ| = 1. This gives the desired result (2.23).
Corollary 2. Let f ∈ Qp,k(λ,A,B). Then

Hp,q,s(α1) f (z) ∗
(
2z−p +

zh′σ(z)
p

)
, 0 (z ∈ U0; σ ∈ C, |σ| = 1), (2.30)

where hσ(z) is the same as in Theorem 5.
Proof. From (1.10) and Theorem 5 we have

Hp,q,s(α1) f (z) ∗
(
2z−p +

zh′σ(z)
p

)
=

(
2z−p +

z(Hp,q,s(α1) f (z))′

p

)
∗ hσ(z) , 0 (z ∈ U0; σ ∈ C, |σ| = 1).
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