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Abstract. In this paper, we mainly construct a Morita context associated to a weak Hopf group coalgebra
and as application we also compute the Morita contexts of weak Hopf group Galois extensions.

1. The first section

Recently, Turaev introduced the notion of a Hopf π-coalgebra which played important role in homotopy
quantum field theory and generalized the notion of a Hopf algebra. In [7] the authors proved that a Hopf
group coalgebra is essentially a Hopf algebra in a symmetric monoidal category called Turaev module
category. Another important generalization of Hopf algebras is in the introduction of weak Hopf algebras
in [4] and [5]. The axioms are the same as ones for Hopf algebras, but the multiplicativity of the counit and
comultiplicativity of the unit are replaced by weaker axioms. These naturally lead to the introduction of
weak Hopf algebras in Turaev module category called weak Hopf group coalgebras in [9-12].

The basic idea of Morita contexts is to find a relationship between two rings via their modules, which
is weaker than Morita equivalence, but is still strong enough to enalbe the rings to share some properties.
Cohen and Fischman formalized the relationship between A]H and AH via a Morita context [3] which
extended earlier works of [1] and [2]. Using the theory of Hopf group coalgebras, [13] generalized Morita
contexts in the setting of group corings. Dually, the authors also investigated some properties of (weak)Hopf
group algebras in [14-15].

The aim of this paper is to establish a Morita context for a weak Hopf group coalgebra, as example we
also compute the Morita contexts associated to weak Hopf Galois extensions which generalize the result
in [6]. The organization of this paper is as follows. In section 1, we recall some basic notions and present
a summary of important properties concerning weak Hopf group coalgebras. In section 2 we construct a
Morita context for weak Hopf group coalgebras. In section 3, as example we compute a Morita context
related to weak Hopf group Galois extensions.

Conventions We work over field k. We denote by i the unit of the group π. The identity map from any
k-space V to itself is denoted by idV. We follow Virelizier’s paper for the terminologies on π-coalgebras and
π-comodules. (see ref.[7])
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Definition 1.1. ([7]) A π-coalgebra over k is a family C = {Cα}α∈π of k-spaces endowed with a family k-linear
maps ∆ = {∆α,β : Cαβ → Cα ⊗ Cβ, c 7→ c1α ⊗ c2β}α,β∈π and a k-linear map ε : Ci → k such that

(∆α,β ⊗ idCγ )∆αβ,γ = (idCα ⊗ ∆β,γ)∆α,βγ, α, β, γ ∈ π; (1)

(idCα ⊗ ε)∆α,i = (ε ⊗ idCα )∆i,α = idCα , α ∈ π. (2)

Definition 1.2. ([9]) Let C = {Cα}α∈π be a π-coalgebra and M a k-space with a family of k-linear maps

ρ = {ρα : M→M ⊗ Cα, ρα(m) = m[0] ⊗m([1],α), m ∈M}α∈π.

We call M a right C-π-comodulelike object if the following conditions are satisfied:

(ρα ⊗ idCβ ) ◦ ρβ = (idM ⊗ ∆α,β) ◦ ραβ, α, β ∈ π; (3)

(idM ⊗ ε) ◦ ρi = idM. (4)

Definition 1.3. ([10]) A weak Hopf π-coalgebra is a family of algebras {Hα, µα, ηα}α∈π and also a π-coalgebra
{H,∆ = {∆α,β}, ε}α,β∈π endowed with a family S = {Sα : Hα−1 → Hα}α∈π of k-linear maps called an antipode
satisfying the following conditions for any α, β ∈ π,

∆α,β(h1) = ∆α,β(h)∆α,β(1), ε(1i) = 1i, h, 1 ∈ Hαβ; (5)

∆2(1αβγ) = 1αβγ1α ⊗ 1αβγ2β ⊗ 1αβγ3γ = 1αβ1α ⊗ 1βγ1β1αβ2β ⊗ 1βγ2γ = 1αβ1α ⊗ 1αβ2β1βγ1β ⊗ 1βγ2γ; (6)

ε(xyz) = ε(xy1i)ε(y2iz) = ε(xy2i)ε(y1iz), x, y, z ∈ Hi; (7)

x1αSα(x2α−1 ) = ε(11ix)12α, x ∈ Hα; (8)

Sα−1 (x1α)x2α−1 = 11α−1ε(x12i), x ∈ Hα; (9)

Sα−1 (x1α)x2α−1 Sα−1 (x3α) = Sα−1 (xα), x ∈ Hα. (10)

We call H finite-dimensional if for any α ∈ π, Hα is finitely dimensional. In this paper we always assume
that H is finite-dimensional.

Let H be a weak Hopf π-coalgebra, we define

u
r
α : Hi → Hα,u

r
α(h) = hrα = 11αε(h12i), h ∈ Hi;

u
l
α : Hi → Hα,u

l
α(h) = hlα = 12αε(11ih), , h ∈ Hi.

Let H be a weak Hopf π-coalgebra and M a right H- π-comodulelike object. The coinvants of H on M
are the elements of the k-space

McoH = {m = (mα)α∈π | m[0] ⊗m([1],α) = m[0] ⊗m([1],i)
lα }.

Lemma 1.4. Let H be a weak Hopf π-coalgebra, then for any α, β ∈ π, h, 1 ∈ Hi, l ∈ Hαβ,

(hli1)
lα

= hlα1lα ; (h1ri )rα = hrα1rα . (11)

l1α1rα ⊗ l2β = l1α ⊗ l2βSβ(1
rβ−1 ), l1α ⊗ 1lβ l2β = Sα(1lα−1 )l1α ⊗ l2β. (12)

hlα1rα = 1rαhlα , ε(hri1) = ε(h1), ε(h1li ) = ε(h1). (13)
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Proof. In fact, for any α, β ∈ π, h, 1 ∈ Hi, l ∈ Hαβ, h∗ ∈ H∗α, 1∗ ∈ H∗β,

hlα1lα = ε(11ih)12αε(1
′

1i1)1
′

2α
(14)[11]

= ε(S−1
i (12i

li )h)ε(11i1)13α = ε(S−1
i (12i)h)ε(11i1)13α

= ε(12ih)ε(Si(13i)1)Sα(11α−1 )
(8)[11]

= ε(12ihli1)Sα(11α−1 )
(11)[11]

= (hli1)lα ;

(h∗ ⊗ 1∗)(l1α1rα ⊗ l2β) = h∗(l1α1rα )1∗(l2β) = h∗(l1α1rα
1α)1∗(l3β)ε(l2i1

rα
2i)

(16)[11]

= h∗(l1α11α)1∗(l3β)ε(l2i12i1
ri )

= h∗(l1α)1∗(l3β)ε(l2i1
ri )

(8)[11]

= h∗(l1α)1∗(l2βSi(1ri )lβ ) = h∗(l1α)1∗(l2βSβ(1
rβ−1 ) = (h∗ ⊗ 1∗)(l1α ⊗ l2βSβ(1

rβ−1 ));

hlα1rα = ε(11ih)12αε(11
′

2i)1
′

1α
(6)
= ε(11ih)1

′

1α12αε(11
′

2i) = 1rαhlα ;

ε(hri1) = ε(11i1)ε(h12i)
(7)
= ε(h1).

Similarly one can obtain the other equlities.

Definition 1.5. ([10]) Let H be a weak Hopf π-coalgebra. An algebra A is called a weak right H-π-comodulelike
algebra if A is a right H-π-comodulelike object via ρ = {ρα}α∈π such that the following conditions are satisfied:

ρα(ab) = ρα(a)ρα(b), a, b ∈ A, α ∈ π; (14)

1[0] ⊗ 1([1],αβ)1α ⊗ 1([1],αβ)2β = 1[0] ⊗ 1
′

1α1([1],α) ⊗ 1
′

2β, α, β ∈ π. (15)

Lemma 1.6. Let H be a weak Hopf π-coalgebra and A a weak right H-π-comodulelike algebra. Then

a[0] ⊗ a([1],i)
lα = 1[0]a ⊗ 1([1],α); a[0] ⊗ a([1],i)

rα = a1[0] ⊗ Sα(1([1],α−1)), α ∈ π, a ∈ A. (16)

Proof. In fact, for any α ∈ π and a ∈ A, we compute

a[0] ⊗ a([1],i)
lα = a[0] ⊗ ε(11ia([1],i))12α = 1

′

[0]a[0] ⊗ ε(11i1
′

([1],i)a([1],i))12α
(15)
= 1

′

[0]a[0] ⊗ ε(1
′

([1],i)1ia([1],i))1
′

([1],i)2α
= 1

′

[0]a ⊗ 1
′

([1],α).

Similarly we can obtain the other.

Remark 1.7. Eq. (15) is equivalent to the first part of Eq. (16).

In fact, if a[0] ⊗ a([1],i)
lβ = 1[0]a ⊗ 1([1],β), then we compute

1[0] ⊗ 1([1],βγ)1β ⊗ 1([1],βγ)2γ
(3)
= 1[0][0] ⊗ 1[0]([1],β) ⊗ 1([1],γ)

(16)
= 1[0][0] ⊗ 1[0]([1],β) ⊗ 1([1],i)

lγ

= 1[0][0] ⊗ 1[0]([1],β)ε(1
′

1i1([1],i)) ⊗ 1
′

2γ
(3)
= 1[0] ⊗ 1([1],β)1βε(1

′

1i1([1],β)2i) ⊗ 1
′

2γ
(8)[11]

= 1[0] ⊗ 1
′

1i1([1],β)i ⊗ 1
′

2γ.

Definition 1.8. Let H be a weak Hopf π-coalgebra. A left (resp. right) π-integral for H is a family of k-linear
forms λ = (λα)α∈π ∈

∏
α∈πHα

∗ such that

fλα = f lβλβα, (resp. λαf = λαβf rβ ), α, β ∈ π, f ∈ Hβ
∗, (17)

where f lβ , f rβ ∈ Hi
∗, f lβ (h) = f (hlβ ), f rβ (h) = f (hrβ ), h ∈ Hi.

In addition, if for all α ∈ π, S∗α(λα) = λα−1 , then we call λ = (λα)α∈π a S-fixed left (resp. right) integral for H.

Lemma 1.9. Let H be a weak Hopf π-coalgebra. Then the following assertions are satisfied for all α ∈ π, f ∈
Hα
∗, 1 ∈ Hβ

∗:

ε1i f lα ⊗ ε2i = f lαε1i ⊗ ε2i;
ε1i ⊗ ε2i f rα = ε1i ⊗ f rαε2i.

(18)
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f lα
1i ⊗ f lα

2i = ε1i f lα ⊗ ε2i;
f rα

1i ⊗ f rα
2i = ε1i ⊗ ε2i f rα .

(19)

f1αS∗−1
i (1lβ ) ⊗ f2α = f1α ⊗ f2α1lβ . (20)

f1αlα ⊗ f2α = S∗i (ε1i) ⊗ ε2i f ;

f1α ⊗ f2αlα = ε1i f ⊗ ε2i;
f1αrα ⊗ f2α = ε1i ⊗ fε2i;
f1α ⊗ f2αrα = fε1i ⊗ S∗i (ε2i).

(21)

f1αlα f2α = f ;
f1α f2αrα = f .

(22)

S∗−1
i ( f lα

2i) f lα
1i = f lα ;

S∗−1
i ( f lα ) = S∗−1

α−1 ( f )
rα−1 ;

S∗−1
i ( f rα ) = S∗−1

α−1 ( f )
lα−1 .

(23)

Proof. The first parts of (18)-(21) are obtained in the following way. Applying x ⊗ y ∈ Hi ⊗Hi to both sides
of them, we get:

(18) LHS = ε1i(x1i) f lα (x2i)ε2i(y) = ε(x1iy) f (x2i
lα )

(8)[11]

= f ((xyli )lα )
(7)[11]

= f ((xy)lα ) = f (12α)ε(11ixy)
(5)
= f (12α)ε(11ix1i)ε(x2iy) = f (x1i

lα )ε1i(x2i)ε2i(y) = RHS;

(19) LHS = f lα
1i(x) f lα

2i(y) = f ((xy)lα )
(7)[11]

= f ((xyli )lα )
(8)[11]

= ε(x1iy) f (x2i
lα ) = ε1i(x1i) f lα (x2i)ε2i(y) = RHS;

(20) LHS = f (x1iy)1(S−1
i (x2i)

lβ ) Th.1.8[11]

= f (x1iy)1(S−1
β−1 (x2i

r−1
β ))

(15)[11]

= f (x11iy)1(12β)
(14)[11]

= f (xy1i)1(y2i
lβ ) = RHS;

(21) LHS = f (xlα y) = ε(11ix) f (12αy)
(12)[11]

= ε(S−1
i (y1i

li )x) f (y2α) Th.1.8[11]

= ε(S−1
i (y1i)x) f (y2α)

= ε(Si(x)y1i) f (y2α) = RHS,

by similar computations we can establish the rest of (18)-(21).
We end by proving the first parts of (22)-(23). Applying x ∈ Hi to both sides of (22) and (23), we get

(22) LHS = ( f1αlα f2α)(x) = f (x1i
lαx2i) = ε(11ix1i) f (12αx2α) = f (x) = RHS;

(23) LHS = f (S−1
i (x)lα ) Th.1.8[11]

= f (S−1
α−1 (xrα−1 ) = RHS,

the rest of (22)-(23) can be analogously checked.

Lemma 1.10. Let H be a weak Hopf π-coalgebra and λ = (λα)α∈π a left integral for H (resp. ζ = (ζα)α∈π a right
integral). Then the following conclusions hold for all α, β ∈ π, f ∈ Hβ

∗, m ∈ Hα
∗, 1 ∈ Hα−1

∗ and h ∈ Hαβ:

ζα1α f1β ⊗ ζα2α f2β = ζαβ1αβ ⊗ ζαβ2αβ f rβ . (24)

(mλβ)1αβ ⊗ (mλβ)2αβ = mlαλαβ1αβ ⊗ λαβ2αβ. (25)

λαβ1αβ ⊗ 1λαβ2αβ = S∗α−1 (1)λβ1β ⊗ λβ2β, (resp. ζα1α f ⊗ ζα2β = ζαβ1αβ ⊗ ζαβ2αβS∗β−1 ( f )). (26)

(S∗α−1 (λα−1 ))(h1α) f (h2β) = S∗
(αβ)−1λ(αβ)−1 (h1αβ) f (h2i

rβ ), (27)

that is, S∗(λ) = (S∗
α−1 (λα−1 ))

α∈π
is a right integral.
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Proof. Applying x ⊗ y ∈ Hαβ ⊗Hαβ into two sides of (24)-(25), we have

(24) LHS = ζα(x1αy1α) f (x2βy2β)
(17)
= ζαβ(x1αβy1αβ) f ((x2iy2i)rβ )

(15)[11]

= ζαβ(xy11αβ) f (Sβ(12β−1 ))
(15)[11]

= ζαβ(xy1αβ) f (y2i
rβ ) = RHS.

(25) LHS = m(x1αy1α)λβ(x2βy2β)
(17)
= m((x1iy1i)lα )λαβ(x2αβy2αβ)

(7)[11]

= m((x1iy1i
li )lα )λαβ(x2αβy2αβ)

(8)[11]

= ε(x1iy1i)m(x2i
lα )λαβ(x3αβy2αβ) = mlα (x1i)λαβ1αβ(x2αβ)λαβ2αβ(y) = RHS.

(26) LHS = ε1iλαβ1αβ ⊗ 1ε2iλαβ2αβ
(21)
= 11α−1

rα−1λαβ1αβ ⊗ 12α−1λαβ2αβ = S∗
α−1 (11α−1 )12α−1λαβ1αβ ⊗ 13α−1λαβ2αβ

(25)
= S∗

α−1 (11α−1 )12α−1
lα−1λβ1β ⊗ λβ2β = S∗

α−1 (1)λβ1β ⊗ λβ2β = RHS.

(27) LHS = λα−1 (Sα−1 (h1α)) f (h2β) = λα−1 (S(αβ)−1 (hαβ)2α−1
)S∗−1
β−1 ( f )(S(αβ)−1 (hαβ)1β−1

)
(17)
= λ(αβ)−1 (S(αβ)−1 (h1αβ)) f (S−1

β−1 (Si(h2i)
lβ−1 )) Th.1.8[11]

= λ(αβ)−1 (S(αβ)−1 (h1αβ)) f (h2i
rβ ) = RHS.

Definition 1.11. Let H = ⊕α∈πHα be a weak Hopf algebra such that H is a π-graded algebra and each component
(Hα,∆α, εα) is a coalgebra verifying ∆αβ(h1) = ∆α(h)∆β(1) for any h ∈ Hα and 1 ∈ Hβ. An algebra A is called
a left H-π-module algebra if A is a left H-module with a module structure decomposition Hα-module via
•α : Hα ⊗ A→ A, h ⊗ a 7→ h•αa for all α ∈ π, such that the following assertions are satisfied:

h•α(ab) = (h1α•αa)(h2α•αb), h ∈ Hα, a, b ∈ A. (28)

h•α1 = hlα•α1, h ∈ Hα. (29)

Example 1.12. (1) Let H be a finitely dimensional weak Hopfπ-coalgebra. Then it is easy to prove that H∗ = ⊕α∈πHα
∗

is a weak Hopf algbra such that each component (Hα
∗, µα∗, ηα∗) is a coalgebra verifying µαβ∗( f1) = (µα∗ f )(µβ∗1) for

any f ∈ Hα
∗ and 1 ∈ Hβ

∗.

(2) Let H be a finitely dimensional weak Hopf π-coalgebra. Then it is easy to show that an algebra A is a left
H∗-π-module algebra if and only if it is a right H-π-comodulelike algebra. In fact, if A is a left H∗-π-module algebra,
as in the weak Hopf case, A becomes a right weak H-π-comdulelike algebra via ρ = {ρα(a) = u∗α•αa ⊗ uα}α∈π, where
u∗α and uα are dual basis in Hα

∗ and Hα. Firstly we have the fact u∗αβ ⊗ uαβ1α ⊗ uαβ2β = u∗αu∗β ⊗ uα ⊗ uβ and
u∗α1α ⊗ u∗α2α ⊗ uα = u∗α ⊗ u∗α ⊗ uαuα. Now we show that A is a right weak H-π-comdulelike algebra. Indeed, for any
a, b ∈ A, α, β ∈ π, we have

a[0] ⊗ a([1],αβ)1α ⊗ a([1],αβ)2β = u∗αβ•αβa ⊗ uαβ1α ⊗ uαβ2β = u∗α•α(u∗β•βa) ⊗ uα ⊗ uβ = a[0][0] ⊗ a[0]([1],α) ⊗ a([1],β);

ε(a([1],i))a[0] = u∗i•iaε(ui) = ε•ia = a;

(ab)[0] ⊗ (ab)([1],α) = u∗α•α(ab) ⊗ uα = (u∗α1α•αa)(u∗α2α•αb) ⊗ uα = (u∗α•αa)(u∗α•αb) ⊗ uαuα = a[0]b[0] ⊗ a([1],α)b([1],α);

1[0]a ⊗ 1([1],α) = (u∗α•α1)a ⊗ uα
(29)
= (u∗α

lα•α1)a ⊗ uα
(28)
= (ε1αu∗α

lα•α1)(ε2α•αa) ⊗ uα = (u∗α
lα

1α•α1)(u∗α
lα

2α•αa) ⊗ uα
(28)
= u∗α

lα•αa ⊗ uα = u∗i•ia ⊗ ui
lα = a[0] ⊗ a([1],i)

lα ,

where the last equlity comes from the fact that u∗α
lα ⊗ uα = u∗i ⊗ ui

lα for all α ∈ π. In fact, applying h ⊗ f ∈ Hi ⊗Hα
∗

into the two sides we have LHS = u∗α
lα (h) f (uα) = u∗α(hlα ) f (uα) = f (hlα ) = RHS.

Conversely, if A is a right weak H-π-comdulelike algebra, then A becomes a left H∗-π-module algebra via

• = { f•αa = f (a([1],α))a[0], f ∈ Hα
∗, a ∈ A}α∈π.
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In fact, for any f ∈ Hα
∗, 1 ∈ Hβ

∗, a, b ∈ A, α, β ∈ π we have,

f•α(1•βa) = 1(a([1],β)) f (a[0]([1],α))a[0][0]
(3)
= 1(a([1],αβ)2β)h(a([1],αβ)1α)a[0] = ( f1)(a([1],αβ))a[0] = ( f1)•αβa;

ε•ia = ε(a([1],i))a[0] = a;

f•α(ab) = f ((ab)([1],α))(ab)[0]
(14)
= f (a([1],α)b([1],α))a[0]b[0] = f1α(a([1],α))a[0] f2α(b([1],α))a[0] = ( f1α•αa)( f2α•αb);

f•α1 = f (1([1],α))1[0]
(16)
= f (1([1],i)

lα )1[0] = f lα•α1.

Proposition 1.13. Let H be a weak Hopf π-coalgebra and A a right weak H-π-comdulelike algebra. Then A]H∗l H∗ =
⊕α∈π(A]Hα

∗l Hα
∗) is an associative algebra with the unit 1]ε, where the multiplication defined by (a] f )(b]1) =

a( f1α•αb)] f2α1 and A is a right Hα
∗l-module via the action given by a ↼ f lα = S∗−1

i ( f lα )•ia, a, b ∈ A, f ∈ Hα
∗, 1 ∈

Hβ
∗.

Proof. Firstly we have the following identity

a ↼ f lα = S∗−1
i ( f lα )•ia

(28)
= (S∗−1

i ( f lα )1i•ia)(S∗−1
i ( f lα )2i•i1)

(19)
= (ε1i•ia)(ε2iS∗−1

i ( f lα )•i1)
(28)
= a(S∗−1

i ( f lα )•i1) Th.1.8[11]

= a( f lα•i1).
(30)

Now we prove that the multiplication is reasonable. In fact, for any f ∈ Hα
∗, 1 ∈ Hβ

∗, l ∈ Hγ
∗, a, b ∈

A, α, β ∈ π we have,

(a ↼ f lα]l)(b]1) = a( f lα•i1)(l1γ•γb)]l2γ1
(28)
= a(ε1i f lα•i1)(ε2il1γ•γb)]l2γ1

(19)
= a( f lα

1i•i1)( f lα
2il1γ•γb)]l2γ1

(28)
= a( f lα l1γ•γb)]l2γ1 = (a] f lα l)(b]1);

(a]l)(b] f lα1) = a(l1γ•γb)]l2γ f lα1
(20)
= a(l1γS∗−1

i ( f lα )•γb)]l2γ1
(23)
= a(l1γS∗−1

α−1 ( f )rα−1
•γb)]l2γ1

(28)
= a(l1γS∗−1

α−1 ( f )rα−1

1i
•γb)(l2γS∗−1

α−1 ( f )rα−1

2i
•γ1)]l3γ1

(19)
= a(l1γε1i•γb)(l2γε2iS∗−1

α−1 ( f )rα−1
•γ1)]l3γ1

= a(l1γ•γb)(l2γS∗−1
α−1 ( f )rα−1

•γ1)]l3γ1
(29)
= a(l1γ•γb)(l2γ f lα•γ1)]l3γ1 = (a]l)(b ↼ f lα]1).

Next we have to show that A]H∗ is a unital associative algebra. In fact, for any f ∈ Hα
∗, 1 ∈ Hβ

∗, l ∈
Hγ
∗, a, b, c ∈ A, α, β ∈ π,

[(a] f )(b]1)](c]l) = a( f1α•αb)( f2α11β•αβc)] f3α12βl
(17)
= a( f1α•α(b11β•βc))] f2α12βl = (a] f )[(b]1)(c]l)];

(a] f )(1]ε) = a( f1α•α1)] f2α = a] f1αlα f2α
(22)
= a] f ;

(1]ε)(a] f ) = ε1i•ia]ε2i f
(21)

′

= ε1i•ia]ε2i
li f = (ε1i•ia)(ε2i•i1)] f

(28)
= a] f .

Thus we complete the proof.

For simplicity we denote a] f by a f for any a ∈ A and f ∈ Hα
∗, and hence we have the following assertions.

Lemma 1.14. Let H be a weak Hopf π-coalgebra and A a right weak H-π-comdulelike algebra. Then for all
a ∈ A, b ∈ AcoH and f ∈ Hα

∗,

f a = ( f1α•αa) f2α, (31)

f b = b f , (32)

f2α(S∗−1
α−1 ( f1α)•αa) = a f . (33)
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Proof. In fact, for any a ∈ A, b ∈ AcoH and f ∈ Hα
∗, we have

f a = (1] f )(a]ε) = ( f1α•αa)] f2α = ( f1α•αa) f2α;

f b = ( f1α•αb) f2α = f (b([1],α))b[0] f2α = f1αlα (b([1],i))b[0] f2α = ( f1αlα•ib) f2α
(21)
= (S∗i (ε1i)•ib)ε2i f2α

(21)
= (ε1i

li•ib)ε2i f2α
= (ε1i•ib)ε2i f2α = bS∗i (ε1i)ε2i f = b f ;

f2α(S∗−1
α−1 ( f1α)•α−1 a) = (( f2αS∗−1

α−1 ( f1α))•ia) f3α
(23)
= (S∗−1

α−1 ( f1α)rα−1
•ia) f2α = a f1αlα f2α

(22)
= a f .

Let H be a weak Hopf π-coalgebra and A a right weak H-π-comdulelike algebra. Then AcoH is a
subalgebra of A and so A is both a left AcoH-module and right AcoH-module via the multiplication. Directly
from Lemma 1.6 it is clear that 1 ∈ AcoH. In fact, for any a, b ∈ AcoH,

(ab)[0] ⊗ (ab)([1],α) = a[0]b[0] ⊗ a([1],i)
lαb([1],i)

lα (11)
= a[0]b[0] ⊗ (ali

([1],i)b([1],i))
lα

= a[0]b[0] ⊗ (a([1],i)b([1],i))
lα

= (ab)[0] ⊗ (ab)([1],i)
lα ,

thus ab ∈ AcoH.

Lemma 1.15. Let H be a weak Hopf π-coalgebra and A a right weak H-π-comdulelike algebra. Then
(1) A is a left and right π-graded A]H∗-module under the graded action given by for all a, b ∈ A, f ∈ Hα

∗,

(a] f ) B b = a( f•αb), b C (a] f ) = S∗−1
α−1 ( f )•α−1 (ba).

(2) A is both AcoH-A]H∗-bimodule and A]H∗-AcoH-bimodule, where A is AcoH-module via the multiplication.

Proof. To prove the statement (1) we firstly claim that the above actions are reasonable. In fact, for any
a, b ∈ A, f ∈ Hα

∗, 1 ∈ Hβ
∗, we have

(a ↼ f lα]1) B b = (a ↼ f lα )(1•βb)
(30)
= a( f lα•i1)(1•βb)

(28)
= a(ε1i f lα•i1)(ε2i1•βb)

(19)
= a( f lα

1i•i1)( f lα
2i1•βb)

(28)
= a( f lα1•βb) = (a] f lα1) B b;

b C (a ↼ f lα]1) = 1(S−1
β−1 (b([1],β−1)a([1],β−1)1[0]([1],β−1))) f (1([1],i)

lα )b[0]a[0]1[0][0]

(15)
= 1(S−1

β−1 (b([1],β−1)a([1],β−1)1([1],β−1)1
′

1β−1 )) f (1
′

2i
lα )b[0]a[0]1[0] = 1(S−1

β−1 (b([1],β−1)a([1],β−1)1
′

1β−1 )) f (1
′

2i
lα )b[0]a[0]

(15)[11]

= 1(S−1
β−1 ((b([1],β−1)a([1],β−1))1β−1 )) f (S−1

α−1 ((b([1],β−1)a([1],β−1))2i
rα−1 ))b[0]a[0]

(Th.1.8)[11]

= 1(S−1
β−1 (b([1],β−1)a([1],β−1))

2β−1
) f (S−1

β−1 (b([1],β−1)a([1],β−1))
1i

lα )b[0]a[0]

= ( f lα1)(S−1
β−1 (b([1],β−1)a([1],β−1)))b[0]a[0] = b C (a] f lα1).

Secondly we prove that A exactly is a left and right A]H∗-module. In fact, for any a, b, c ∈ A, f ∈ Hα
∗, 1 ∈

Hβ
∗, we have

[(a] f )(b]1)] B c = (a( f1α•αb)] f2α1) B c = a f1α(b([1],α)) f2α(c([1],αβ1α))1(c([1],αβ2β))b[0]c[0]
(3)
= a f1α(b([1],α)) f2α(c[0]([1],α))1(c([1],β))b[0]c[0][0] = (a] f ) B ((b]1)] B c);

(1]ε) B c = ε(c([1],i))c[0] = c;

c C [(a] f )(b]1)] = f2α(S−1
α−1 (c([1],(αβ)−12α−1)a([1],(αβ)−12α−1)b[0]([1],(αβ)−12α−1))) f1α(b([1],α))

×1(S−1
β−1 (c([1],(αβ)−11β−1)a([1],(αβ)−11β−1)b[0]([1],(αβ)−1)1β−1 ))c[0]a[0]b[0][0]

(3)
= f (S−1

α−1 (b([1],β−1)2i
lα−1 )S−1

α−1 (c([1],(αβ)−12α−1)a([1],(αβ)−12α−1)))1(S
−1
β−1 (c([1],(αβ)−11β−1)a([1],(αβ)−1)1β−1 b([1],β−1)1β−1 ))c[0]a[0]b[0]

(14)[11]

= f (S−1
α−1 (12α−1 )S−1

α−1 (c([1],(αβ)−12α−1)a([1],(αβ)−12α−1)))1(S
−1
β−1 (c([1],(αβ)−11β−1)a([1],(αβ)−1)1β−1 11β−1 b([1],β−1)))c[0]a[0]b[0]
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= f (S−1
α−1 (c([1],(αβ)−12α−1)a([1],(αβ)−12α−1)))1(S

−1
β−1 (c([1],(αβ)−11β−1)a([1],(αβ)−1)1β−1 b([1],β−1)))c[0]a[0]b[0]

= (c[0]a[0]) C (b]1) f (S−1
α−1 (c([1],α−1)a([1],α−1))) = (c C (a] f )) C (b]1);

c C (1]ε) = ε(S−1
i (c([1],i)))c[0] = ε(c([1],i))c[0] = c.

To prove the statement (2) we only need to show that A is a bimodule. In fact, for any a, b ∈ A, f ∈
Hα
∗, x ∈ AcoH, we have

(xa) C (b] f ) = f (S−1
α−1 (x([1],α−1)a([1],α−1)b([1],α−1)))x[0]a[0]b[0]

(Th.1.8)[11]

= f (S−1
α−1 (S−1

α (x([1],i)
rα )a([1],α−1)b([1],α−1)))x[0]a[0]b[0]

(15)
= f (S−1

α−1 (1([1],α−1)a([1],α−1)b([1],α−1)))x1[0]a[0]b[0] = f (S−1
α−1 (a([1],α−1)b([1],α−1)))xa[0]b[0] = x(a C (b] f ));

(b] f ) B (ax) = ba[0]x[0] f (a([1],α)x([1],α)) = ba[0]x[0] f (a([1],α)x([1],i)
lα )

(15)
= ba[0]1[0]x f (a([1],α)1([1],α))

= ba[0]x f (a([1],α)) = ((b] f ) B a)x.

Thus we complete the proof.

Lemma 1.16. Let H be a weak Hopf π-coalgebra with S-fixed left integral λ = (λα)α∈π and A a right weak H-π-
comdulelike algebra and A a right weak H-π-comdulelike algebra. Then for any a ∈ A, f ∈ Hβ

∗,

λαa f = λα(S∗−1
β−1 ( f )•β−1 a). (34)

Proof. Firstly by (26) and S∗α(λα) = λα−1 , we have

S∗α−1β(λα−1β2α−1β) ⊗ f S∗α−1β(λα−1β1α−1β) = S∗β( f )S∗α−1 (λα−12α−1 ) ⊗ S∗α−1 (λα−11α−1 ),

applying S∗−1
α−1β
⊗ S∗−1

α−1 to both sides of the above equality we get

λα−1β2α−1β ⊗ λα−1β1α−1βS∗−1
β ( f ) = λα−12α−1 f ⊗ λα−11α−1 . (35)

For any a ∈ A, f ∈ Hβ
∗, we compute

λαa f
(33)
= λα f2β(S∗−1

β−1 ( f1β)•βa)
(31)
= (λα1α f2βS∗−1

β−1 ( f1β)•αa)λα2α f3β
(24)
= (λα1αS∗−1

β−1 ( f1β)•αβ−1 a)λα2α f2βrβ

(35)
= (λα1αS∗−1

i ( f2βrβ )S∗−1
β−1 ( f1β)•αβ−1 a)λα2α

(23)
= (λα1αS∗−1

β−1 ( f2β)
lβ−1 S∗−1

β−1 ( f1β)•αβ−1 a)λα2α

(19)
= ((λαS∗−1

β−1 ( f2β)
lβ−1 )

1α
S∗−1
β−1 ( f1β)•αβ−1 a)(λαS∗−1

β−1 ( f2β)
lβ−1 )

2α

(31)
= λαS∗−1

β−1 ( f2β)
lβ−1 (S∗−1

β−1 ( f1β)•β−1 a) = λα(S∗−1
β−1 ( f )•β−1 a),

Thus we complete the proof.

After these preparations we can give the main result.

Theorem 1.17. Let H be a weak Hopf π-coalgebra with S-fixed left integral λ = (λα)α∈π and A a right weak
H-π-comdulelike algebra. Then [AcoH,AcoH AA]H∗ ,A]H∗ AAcoH , τ, χ] forms a Morita context, where

τ : A⊗AcoH A→ A]H∗, τ(a ⊗ b) = (aλαb)α∈π,

χ : A⊗A]H∗A→ AcoH, χ(a ⊗ b) = (λα•α(ab))α∈π.

Proof. From Lemma1.15 we know that A is both an AcoH-A]H∗-bimodules and an A]H∗-AcoH-bimodules. To
verify the conditions for a Morita context we have to show that τ is an A]H∗-bimodule map which is middle
AcoH-linear, χ is an AcoH-bimodule map which is middle A]H∗-linear and associativity holds.

Firstly we claim that τ is an A]H∗-bimodule map which is middle AcoH-linear. In fact, for any a, b, c ∈
A, x ∈ AcoH and f ∈ Hβ

∗ we have

(c] f )τ(a ⊗ b) = c f aλαb
(31)
= c( f1β•βa) f2βλαb

(17)
= c( f1β•βa) f2βlβλαb

(30)
= c( f•βa)λαb = τ((c] f ) B a ⊗ b);

τ(a ⊗ b C (c] f )) = τ(a ⊗ S∗−1
β−1 ( f )•β−1 (bc)) = aλα(S∗−1

β−1 ( f )•β−1 (bc))
(34)
= aλαbc f = τ(a ⊗ b)(c] f );
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τ(ax ⊗ b) = axλαb
(32)
= aλαxb = τ(a ⊗ xb).

Secondly we prove that χ is an AcoH-bimodule map which is middle A]H∗-linear. In fact, for any
a, b, c ∈ A, x ∈ AcoH and f ∈ Hβ

∗ we have

χ(xa ⊗ b) = λα•α(xab)
(28)
= (λα1α•αx)(λα2α•α(ab)) = (λα1α

lα•ix)(λα2α•α(ab))
(21)
= (S∗i (ε1i)•ix)(ε2iλα•α(ab))

= (ε1i
li•ix)(ε2iλα•α(ab)) = (ε1i•ix)(ε2iλα•α(ab))

(28)
= ε•i(x(λα•α(ab))) = x(λα•α(ab)) = xχ(a ⊗ b);

χ(a ⊗ bx) = λα•α(abx)
(28)
= (λα1α•α(ab))(λα2α•αx) = (λα1α•α(ab))(λα2α

lα•ix)
(21)
= (ε1iλα•α(ab))(ε2i•ix)

(28)
= ε•i((λα•α(ab))x) = (λα•α(ab))x = χ(a ⊗ b)x;

χ(a C (b] f ) ⊗ c) = χ(S∗−1
β−1 ( f )•β−1 (ab) ⊗ c) = λα•α((S∗−1

β−1 ( f )•β−1 (ab))c)
(28)
= (λα1αS∗−1

β−1 ( f )•αβ−1 (ab))(λα2α•αc)
(35)
= (λα1α•α(ab))(λα2α f•αβc)

(28)
= λα•α(ab( f•βc)) = χ(a ⊗ b( f•βc)) = χ(a ⊗ (b] f ) B c).

Finally we claim that the associativity holds, that is, χ(a ⊗ b)c = a C τ(b ⊗ c) and τ(a ⊗ b) B c = aχ(b ⊗ c)
for any a, b, c ∈ A. Indeed, we have

a C τ(b ⊗ c) = a C (bλαc)
(31)
= S∗−1

α−1 (λα2α)•α−1 (ab(λα1α•αc))
(28)
= (S∗−1

α−1 (λα4α)•α−1 a)(S∗−1
α−1 (λα3α)•α−1 b)(S∗−1

α−1 (λα2α)λα1α•ic)

= (S∗−1
α−1 (λα3α)•α−1 a)(S∗−1

α−1 (λα2α)•α−1 b)(S∗−1
i (λα2α

rα−1 )•ic)
(21)
= (S∗−1

α−1 (λα2α)•α−1 a)(S∗−1
α−1 (λα1αε2i)•α−1 b)(S∗−1

i (ε1i)•ic)

= (S∗−1
α−1 (λα2α)•α−1 a)(ε1iS∗−1

α−1 (λα1α)•α−1 b)(ε2i•ic)
(28)
= (S∗−1

α−1 (λα2α)•α−1 a)(S∗−1
α−1 (λα1α)•α−1 b)c

(28)
= (S∗−1

α−1 (λα)•α−1 (ab))c
= (λα−1•α−1 (ab))c = χ(a ⊗ b)c;

τ(a ⊗ b) B c = (aλαb) B c = a(λα1α•αb)(λα2α•αc)
(28)
= a(λα•α(bc)) = aχ(b ⊗ c).

This concludes the proof.

Let H be a weak Hopfπ-coalgebra, then there exists a weak Hopfπ-coalgebra (Hi
lαHi

rα , µα, ηα,∆α,β, ε,Sα)
α,β∈π

denoted by HlHr. In fact, for any a, b, c, d ∈ Hi and α, β ∈ π, we have

(alαbrα )(clαdrα )
(13)
= (alαclα )(brαdrα )

(11)
= (ali c)lα (bdri )rα ∈ Hi

lαHi
rα ;

∆α,β(alαβbrαβ ) = alαβ1αbrαβ1α ⊗ alαβ2βbrαβ2β
(16)[11]

= 11α1
′

1αalα ⊗ 12β1
′

2βb
rβ (13)

= alα11α ⊗ 12βbrβ

(10)[11]

= alα11i
rα ⊗ 12i

lβbrβ ∈ Hi
lαHi

rα ⊗Hi
lβHi

rβ ;

Sα(alα−1 brα−1 ) = Sα(brα−1 )Sα(alα−1 ) Th.1.8[11]

= Si(b)lαSi(a)rα ∈ Hi
lαHi

rα .

For any α ∈ π, B = Hi
rα is a weak right HlHr- π-comodulelike algebra via the coaction ρ = {ρβ = ∆α,β}β∈π

.

Directly from the equity (11) B is an algebra and from Eq. (16) in [11] it is also a weak right HlHr-
π-comodulelike algebra.

Example 1.18. Let H ba a weak Hopf π-coalgebra, then there exists S-fixed left integral λ = (λα)α∈π for U = HlHR,
hence we have a Morita context [BcoU,BcoU BB]U∗ ,B]U∗ BBcoU , τ, χ].

We define λα : Uα = Hi
lαHi

rα → k, λα(alαbrα ) = ε(a)ε(b), then we claim that λ = (λα)α∈π is a S-fixed left integral.
Indeed, for any f ∈ Uα

∗, a, b ∈ Hi, (S∗α(λα))(alα−1 brα−1 ) = ε(a)ε(b) = λα−1 (alα−1 brα−1 ), it means that S∗α(λα) = λα−1 .
Also we compute

f ((alαβbrαβ )1i
lα )λαβ((alαβbrαβ )2αβ)

(16)[11]

= f ((11i1
′

1ia
li )lα )λαβ(12αβ1

′

2αβb
rαβ ) = f ((11ialα )lα )λαβ(12i

lαβbrαβ )

= f ((11ialα )lα )ε(12i
lαβ )ε(brαβ ) = f (alα )ε(b) = f ((alαβbrαβ )1α)λβ((alαβbrαβ )2β), so λ = (λα)α∈π is a le f t inte1ral.
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2. The Morita Contexts for Weak π-Galois Extensions

In this section we will construct a Morita context for a weakπ-Galois extension which extends the results
in [6].

Definition 2.1. Let H be a weak Hopf π-coalgebra and A a weak right H-π-comodulelike algebra. A right A-module
M is called a weak right (H,A)-π-Hopf module if M is also a weak right H-π-comodulelike object such that the
following compatibility condition holds for any α ∈ π, a ∈ A and m ∈M,

(m · a)[0] ⊗ (m · a)([1],α) = m[0] · a[0] ⊗m([1],α)a([1],α). (36)

Example 2.2. Let H be a weak Hopf π-coalgebra and A a weak right H-π-comodulelike algebra via ρ = {ρα}α∈π.
Then

(1) A⊗AcoH A is a weak right (H,A)-π-Hopf module via the right action and coaction given by (a ⊗ b) ◦ c = a ⊗ bc
and (a ⊗ b)[0]⊗ (a ⊗ b)([1],α) = a⊗ b[0]⊗ b([1],α) for any a, b, c ∈ A respectively. Obviously A⊗AcoH A is a right A-module
, in what follows we only show that the coaction is reasonable, the other proof is tirvial. Indeed, for any a, b, c ∈ A and
x ∈ AcoH, we have

(a ⊗ xb)[0] ⊗ (a ⊗ xb)([1],α) = a ⊗ x[0]b[0] ⊗ x([1],α)b([1],α) = a ⊗ x[0]b[0] ⊗ x([1],i)
lαb([1],α)

Th.1.8[11]

= a ⊗ x[0]b[0] ⊗ S−1
α−1 (x([1],i)

rα−1 )b([1],α)
(16)
= a ⊗ x1[0]b[0] ⊗ 1([1],α)b([1],α) = ax ⊗ b[0] ⊗ b([1],α)

= (ax ⊗ b)[0] ⊗ (ax ⊗ b)([1],α).

(2) A]H = ((A ⊗Hα)/kerθα)α∈π is a weak right (H,A)-π-Hopf module where H = ⊕α∈πHα, θα : A ⊗ Hα →

A ⊗ Hα, a ⊗ h 7→ a1[0] ⊗ h1([1],α), and the right action and coaction are defined by (a]h) · b = a[0]]hb([1],α) and
(a]1)[0] ⊗ (a]1)([1],α) = (a]11α) ⊗ 12β, a, b ∈ A, h ∈ Hα, 1 ∈ Hαβ respectively. Obviously θ2

α = θα.
Here we only show that the right action and coaction on A]H are well-defined, the other proof is easy and obvious.

In fact, for any a, b ∈ A, h ∈ Hα, 1 ∈ Hαβ we have

(a1[0]]h1([1],α)) · b = a1[0]b[0]]h1([1],α)b([1],α) = ab[0]]hb([1],α) = (a]h) · b;

(a1[0]]11([1],αβ))[0] ⊗ (a1[0]]11([1],αβ))([1],β) = a1[0]]11α1([1],αβ)1α12β1([1],αβ)2β
(15)
= a1[0]]11α1

′

1α1([1],α) ⊗ 12β1
′

2β
= a1[0]]11α1([1],α) ⊗ 12β = a]11α ⊗ 12β = (a]1)[0] ⊗ (a]1)([1],β).

Definition 2.3. ([8]) Let H be a weak Hopf π-coalgebra and A a weak right H-π-comodulelike algebra. We say that
AcoH ↪→ A is a weak rightπ- Galois extension (or weak right group Galois extension) if can = ⊕α∈πcanα is bijective as
a left A-linear and weak right H-π-colinear map, where canα : A⊗AcoH A→ A]Hα, a⊗b 7→ ab[0]⊗b([1],α), a, b ∈ A.

Let H be a weak Hopf π-coalgebra and A be a weak right H-π-comodulelike algebra. Set Ĥom(H,A) =

⊕α∈πĤom(Hα,A), where Ĥom(Hα,A) = Hom(Hα,A)/kerωα, ωα : Hom(Hα,A)→ Hom(Hα,A),

ωα( f )(h) = f̂ (h) = f (h1([1],α))1[0], f ∈ Hom(Hα,A), h ∈ Hα.

Clearly ω2
α = ωα.

Lemma 2.4. Let H be a weak Hopf π-coalgebra and A a weak right H-π-comodulelike algebra. Then Ĥom(H,A)
is a unital π-graded algebra, where the multiplication is defined by for any f ∈ Ĥom(Hα,A), 1 ∈ Ĥom(Hβ,A), x ∈
Hβα, ( f1)(x) = f (x2α)[0]1(x1β f (x2α)([1],β)) and the unit is given by ε̂1A : Hi → A, (ε̂1A)(h) = ε(h1([1],i))1[0].

Proof. First we show that the multiplication is reasonable. In fact, for any f ∈ Ĥom(Hα,A), 1 ∈ Ĥom(Hβ,A), x ∈
Hβα, we have

(ωα( f )1)(x) = 1[0][0] f (x2α1([1],α))[0]1(x1β1[0]([1],β) f (x2α1([1],α))([1],β))
(15)
= 1[0] f (x2α1

′

2α)[0]1(x1β1
′

1β1([1],β) f (x2α1
′

2α)([1],β))
(14)
= f (x2α)[0]1(x1β f (x2α1

′

2α)([1],β)) = ( f1)(x);

( fωβ(1))(x) = f (x2α)[0]1[0]1(x1β f (x2α)([1],β)1([1],β))
(14)
= f (x2α)[0]1(x1β f (x2α)([1],β)) = ( f1)(x).
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Next we prove that Ĥom(H,A) is a unital π-graded algebra. In fact, for any f ∈ Ĥom(Hα,A), 1 ∈
Ĥom(Hβ,A), l ∈ Ĥom(Hγ,A), y ∈ Hγβα, x ∈ Hα, we have

(( f1)l)(y) = f (y2βα2α)[0][0]1(y2βα1β f (y2βα2α)([1],β))[0]
l(y1γ f (y2βα2α)[0]([1],γ)1(y2βα1β f (y2βα2α)([1],β))([1],γ)

)
(3)
= f (y2βα2α)[0]1(y2βα1β f (y2βα2α)([1],γβ)2β)[0]

l(y1γ f (y2βα2α)([1],γβ)1γ1(y2βα1β f (y2βα2α)([1],γβ)2β)([1],γ)
)

(1)
= f (y2α)[0]1(y1γβ2β f (y2α)([1],γβ)2β)[0]

l(y1γβ1γ f (y2α)([1],γβ)1γ1(y1γβ2β f (y2α)([1],γβ)2β)([1],γ)
)

= f (y2α)[0](1l)(y1γβ f (y2α)([1],γβ)) = ( f (1l))(y);

( f ε̂1A)(x) = f (x2α)[0]1[0]ε(x1i f (x2α)([1],i)1([1],i)) = f (x2α)[0]ε(x1i f (x2α)([1],i)
li )

(15)
= 1[0] f (x2α)ε(x1i1([1],i))

(8)[11]

= 1[0] f (x1([1],i)
li )

(16)
= 1[0] f (x1([1],i)) = f (x);

(ε̂1A f )(x) = ε(x2i1([1],i))1[0][0] f (x1α1[0]([1],α))
(15)
= ε(x2i1

′

2i)1[0] f (x1α1
′

1α1([1],α)) = 1[0] f (x1([1],α)) = f (x).

Therefore we complete the proof.

Lemma 2.5. Let H be a weak Hopf π-coalgebra and A a weak right H-π-comodulelike algebra. Then A is an AcoH-
Ĥom(H,A)-bimodule via the left multiplication and the right Ĥom(H,A)-module given by a E f = a[0] f (a([1],α)), a ∈
A, f ∈ Ĥom(Hα,A).

Proof. Clearly A is a left AcoH-module. Firstly we show the right Ĥom(H,A)-action is reasonable. Indeed,
for any a ∈ A, f ∈ Ĥom(Hα,A),

a E f̂ = a[0] f̂ (a([1],α)) = a[0]1[0] f (a([1],α)1([1],α)) = a[0] f (a([1],α)) = a E f .

Secondly we claim that A is not only a right Ĥom(H,A)-module, but also an AcoH-Ĥom(H,A)-bimodule.
In fact, for any a ∈ A, b ∈ AcoH, f ∈ Ĥom(Hα,A), 1 ∈ Ĥom(Hβ,A) we have

(a E f ) E 1 = a[0][0] f (a([1],α)[0]1(a[0]([1],β) f (a([1],α)([1],β))
(3)
= a[0] f (a([1],βα2α))[0]1(a([1],βα1β) f (a([1],βα2α))([1],β)) = a E ( f1);

a E (ε̂1A) = a[0]1[0]ε(a([1],i)1([1],i)) = a[0]ε(a([1],i)) = a;

(ba) E f = b[0]a[0] f (b([1],α)a([1],α))
Th1.8[11]

= b[0]a[0] f (S−1
α−1 (b([1],i)

rα−1 )a([1],α))
(16)
= b1[0]a[0] f (1([1],α)a([1],α))

= ba[0] f (a([1],α)) = b(a E f ).

Thus we complete the proof.

Let Q be the subset of Ĥom(H,A) consisting of maps f = ( fα)α∈π ∈ Ĥom(H,A) satisfying fα(h2α)[0] ⊗

h1β fα(h2α)([1],β) = fβα(h)1[0] ⊗ 1([1],β) for any α, β ∈ π. The α-th component of Q is denoted by Qα.

Lemma 2.6. Let H be a weak Hopf π-coalgebra and A a weak right H-π-comodulelike algebra. Then Q is a
Ĥom(H,A)-AcoH-bimodule via the left multiplication and the right AcoH-module given by q ∗ a = qj(a), where
j : A→ Ĥom(Hi,A), j(b)(h) = 1[0]bε(h1([1],i)), a ∈ AcoH, b ∈ A, h ∈ Hi, q ∈ Qα.

Proof. Firstly we claim that the left and right actions are well-defined. Indeed, for any qβ ∈ Qβ, fα ∈
Ĥom(Hα,A), x ∈ Hγβα, y ∈ Hγβ, a ∈ AcoH we have

( fαqβ)(x2α)[0] ⊗ x1γ( fαqβ)(x2α)([1],γ) = fα(x3α)[0][0]qβ(x2β fα(x3α)([1],β))[0]
⊗ x1γ fα(x3α)[0]([1],γ)qβ(x2β f (x3α)([1],β))([1],γ)

(3)
= fα(x3α)[0]qβ(x2β fα(x3α)([1],γβ2β))[0]

⊗ x1γ fα(x3α)([1],γβ)1γqβ(x2β fα(x3α)([1],γβ)2β)([1],γ)
= fα(x2α)[0]qγβ(x1γβ fα(x2α)([1],γβ))1[0] ⊗ 1([1],γ) = ( fαqγβ)(x)1[0] ⊗ 1([1],γ);

(qβ ∗ a)(y2β)[0] ⊗ y1γ(qγ ∗ a)(y2β)([1],γ)
= qβ(y3β)[0]1[0][0]a[0]ε(y2iqβ(y3β)([1],γ)2i1([1],i)) ⊗ y1γqβ(y3β)([1],γ)1γ1[0]([1],γ)a([1],γ)
(15)
= qβ(y2β)[0]a[0] ⊗ y1γqβ(y2β)([1],γ)1γa([1],γ) = qγβ(y)1[0]a[0] ⊗ 1([1],γ)a([1],γ) = qγβ(y)a[0] ⊗ a([1],γ)
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Th.1.8[11]

= qγβ(y)a[0] ⊗ S−1
γ−1 (a([1],i)

rγ−1 )
(16)
= qγβ(y)a1[0] ⊗ 1([1],γ) = qγβ(y2γβ)[0]ε(y1iqγβ(y2γβ)([1],i))a1[0] ⊗ 1([1],γ)

= qγβ(y2γβ)[0]1
′

[0]ε(y1iqγβ(y2γβ)([1],i)1
′

([1],i))a1[0] ⊗ 1([1],γ) = (qγβ ∗ a)(y)1[0] ⊗ 1([1],γ).

Hence the above actions are well-defined.
Next we prove that Q is an Ĥom(H,A)-AcoH-bimodule. In fact, for any qβ ∈ Qβ, fα ∈ Ĥom(Hα,A), u ∈

Hβα, z ∈ Hβ, a, b ∈ AcoH,

((qβ ∗ a) ∗ b)(z) = qβ(z3β)[0]1[0][0]a[0]1
′

[0]bε(z2iqβ(z3β)([1],i)2i1([1],i))ε(z1iqβ(z3β)([1],i)1i1[0]([1],i)a([1],i)1
′

([1],i))
(3)
= qβ(z2β)[0]a[0]bε(z1iqβ(z2β)([1],i)a([1],i))

(16)
= qβ(z2β)[0]1[0]abε(z1iqβ(z2β)([1],i)1([1],i)) = (qβ ∗ (ab))(z);

(qβ ∗ 1)(z) = qβ(z2β)[0]1[0]ε(z1iqβ(z2β)([1],i)1([1],i)) = qβ(z2β)[0]ε(z1iqβ(z2β)([1],i)) = qβ(z)1[0]ε(1([1],i)) = qβ(z),

so Q is a right AcoH-module. Also we compute

(( fαqβ) ∗ a)(u) = fα(u3α)[0][0]qβ(u2β fα(u3α)([1],β))[0]
1[0]aε(u1i fα(u3α)[0]([1],i)qβ(u2β fα(u3α)([1],β))([1],i)

1([1],i))
(3)
= fα(u3α)[0]qβ(u2β fα(u3α)([1],β)2β)[0]

aε(u1i fα(u3α)([1],β)1iqβ(u2β fα(u3α)([1],β)2β)([1],i)
)

= fα(u2α)[0]qβ(u1β fα(u2α)([1],β))1[0]aε(1([1],i)) = fα(u2α)[0]qβ(u1β fα(u2α)([1],β))a
= fα(u3α)[0]qβ(u2β fα(u3α)([1],β))[0]

ε(u1iqβ(u2β fα(u3α)([1],β))([1],i)
)a = ( fα(qβ ∗ a))(u),

Therefore Q is a Ĥom(H,A)-AcoH-bimodule.

In what follows we will compute a Morita context associated to a weak Hopf group Galois extension.

Theorem 2.7. Let H be a weak Hopf π-coalgebra and A a weak right H-π-comodulelike algebra. Then

(AcoH, Ĥom(H,A),A,Q, τ, µ)

is a Morita context, where τ : A⊗Ĥom(H,A)Q → AcoH and µ : Q⊗AcoH A → Ĥom(H,A) are given by the formulas
τ(a ⊗ qα) = a[0]qα(a([1],α)); µ(qα ⊗ a) = qα j(a), a ∈ A, qα ∈ Qα.

Proof. From Lemma 2.5 and 2.6 we only need to show the following assertions hold.
(1) τ is an AcoH-bimodule map which is middle Ĥom(H,A)-linear.
Firstly we claim that τ is well-defined. Indeed, for any a ∈ A, qα ∈ Qα, α, β ∈ π, we compute

(a[0]qα(a([1],α)))[0] ⊗ (a[0]qα(a[α]))([1],β) = a[0][0]qα(a([1],α))[0] ⊗ a[0]([1],β)qα(a([1],α))([1],β)
(3)
= a[0]qα(a([1],βα)2α)[0] ⊗ a([1],βα)1βqα(a([1],α)2α)([1],β) = a[0]qβα(a([1],βα))1[0] ⊗ 1([1],β)
(16)
= a[0]qβα(a([1],βα))1[0] ⊗ 1([1],i)

lβ ∈ AcoH.

Next we prove that τ is an AcoH-bimodule map. In fact, for any a ∈ A, qα ∈ Qα, b ∈ AcoH, we have

τ(ba ⊗ qα) = b[0]a[0]qα(b([1],α)a([1],α))
Th.1.8[11]

= b[0]a[0]qα(S−1
α−1 (b([1],i)

rα−1 )a([1],α))
(16)
= b1[0]a[0]qα(1([1],α)a([1],α)) = ba[0]qα(a([1],α)) = bτ(a ⊗ qα);

τ(a ⊗ qα ∗ b) = a[0][0]qα(a([1],α))[0]ε(a[0]([1],i)qα(a([1],α)([1],i)))b
(3)
= a[0]qα(a([1],α)2α)[0]ε(a([1],α)1iqα(a([1],α)2α([1],i)))b = a[0]qα(a([1],α))1[0]ε(1([1],i))b = a[0]qα(a([1],α))b = τ(a ⊗ qα)b.

Finally we show that τ is middle Ĥom(H,A)-linear. For any a ∈ A, qα ∈ Qα, f ∈ Ĥom(Hβ,A), we have

τ(a E f ⊗ qα) = a[0][0] f (a([1],β))[0]qα(a[0]([1],α) f (a([1],β))([1],α))
(3)
= a[0] f (a([1],αβ)2β)[0]qα(a([1],αβ)1α f (a([1],αβ)2β)([1],α))

= a[0]( f qα)(a([1],αβ)) = τ(a ⊗ f qα).
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(2) µ is an Ĥom(H,A)-bimodule map which is middle AcoH-linear.
Firstly we claim thatµ is a Ĥom(H,A)-bimodule map. Indeed, for any a ∈ A, qα ∈ Qα, f ∈ Ĥom(Hβ,A), h ∈

Hαβ, x ∈ Hβα, we compute

µ( f qα ⊗ a)(h) = f (h3β)[0][0]qα(h2α f (h3β)([1],α))[0]
1[0]aε(h1i f (h3β)[0]([1],i)qα(h2α f (h3β)([1],α))([1],i)

1([1],i))
(3)
= f (h3β)[0]qα(h2α f (h3β)([1],α)2α)

[0]
1[0]aε(h1i f (h3β)([1],α)1iqα(h2α f (h3β)([1],α)2α)

([1],i)
1([1],i))

= f (h2β)[0](qα j(a))(h1α f (h2β)([1],α)) = ( fµ(qα ⊗ a))(h);

µ(qβα ⊗ a E f )(x) = qβα(x2βα)[0]1[0]a[0] f (a([1],β))ε(x1iqβα(x2βα)([1],i)1([1],i)) = qβα(xβα)1[0]a[0] f (a([1],β))ε(1([1],i))
= qβα(xβα)a[0] f (a([1],β)) = qβα(x2βα)[0]a[0] f (x1βqβα(x2βα)([1],β)a([1],β))
(15)
= qβ(x3β)[0]1[0][a[0]ε(x2iqβ(x3β)([1],β)2i1([1],β)2i) f (x1βqβ(x3β)([1],β)1β1([1],β)1βa([1],β))
= (qβ j(a)(x2α))[0] f (x1β(qβ j(a)(x2α))([1],β)) = (µ(qβ ⊗ a) f )(x).

Next we show that µ is middle AcoH-linear. In fact, for any a ∈ A, qα ∈ Qα, b ∈ AcoH, y ∈ Hα we have

µ(qα ∗ b ⊗ a)(y) = qα(y3α)[0]1[0][0]b[0]1
′

[0]aε(y2iqα(y3α)([1],i)2i1([1],i))ε(y1iqα(y3α)([1],i)1i1[0]([1],i)b([1],i)1
′

([1],i))
(15)
= qα(y2α)[0]b[0]aε(y1iqα(y2α)([1],i)b([1],i)) = qα(y)1[0]b[0]aε(1([1],i)b([1],i))
= qα(y)ba = qα(y2α)[0]1[0]baε(y1iqα(y2α)([1],i)1([1],i)) = (qα j(ba))(y) = µ(qα ⊗ ba)(y).

(3) We prove that the associativity holds, that is, for any a, b ∈ A, q = (qβ)β∈π ∈ Q, p = (pα)α∈π ∈
Q, τ(a ⊗ qβ)b = a E µ(qβ ⊗ b) and µ(qβ ⊗ a)pα = qαβ ∗ τ(a ⊗ pα). In fact, for any h ∈ Hαβ we have

a E µ(qβ ⊗ b) = a[0][0]qβ(a([1],β))[0]1[0]bε(a[0]([1],i)qβ(a([1],β))([1],i)1([1],i))
(3)
= a[0]qβ(a([1],β)2β)[0]bε(a[0]([1],i)qβ(a([1],β))([1],β)1i)

= a[0]qβ(a([1],β))1[0]bε(1([1],i)) = a[0]qβ(a([1],β))b = τ(a ⊗ qβ)b;

(µ(qβ ⊗ a)pα)(h) = qβ(h3β)[0]1[0][0]a[0]ε(h2iqβ(h3β)([1],α)2i1([1],i))pα(h1αq(h3β)([1],α)1α1[0]([1],α)a([1],α))
(15)
= qβ(h2β)[0]a[0]pα(h1αqβ(h2β)([1],α)a([1],α)) = qαβ(h)a[0]pα(a([1],α))
= qαβ(h2αβ)[0]a[0]ε(h1iqαβ(h2αβ)([1],i))pα(a([1],α)) = (qαβ j(a[0]pα(a([1],α))))(h) = (qαβ ∗ τ(a ⊗ pα))(h),

This concludes the proof.

Lemma 2.8. Let H be a weak Hopf π-coalgebra and A a weak right H-π-comodulelike algebra. Then the left dual of
A]H, AHom(A]H,A) = ⊕α∈πAHom(A]Hα,A) denoted by ∗(A]H) is isomorphic to Ĥom(H,A) as an algebra under
the multiplication given by for any h ∈ Hβα, f ∈A Hom(A]Hα,A), 1 ∈A Hom(A]Hβ,A),

( f1)(a]h) = a f ((1]h2α)[0])1(1]h1β(1]h2α)([1],β)).

Proof. We define the two maps κ = (κα)α∈π :∗ (A]H) → Ĥom(H,A) and ξ = (ξα)α∈π : Ĥom(H,A) →∗ (A]H),
where for any h ∈ Hα, a ∈ A, f ∈A Hom(A]Hα,A), l ∈ Ĥom(Hα,A),

κα( f )(h) = f (1[0]]h1([1],α)), ξα(l)(a]h) = al(h).

Now we have to show that for any α ∈ π, ξα is well-defined. Indeed, for any a ∈ A, l ∈ Ĥom(Hα,A), h ∈
Hα, ξα(l)(a1[0]]h1([1],α)) = a1[0]l(h1([1],α)) = al(h) = ξα(l)(a]h).

Next we claim that κ is the inverse of ξ. In fact, for any α ∈ π, h ∈ Hα, a ∈ A, f ∈A Hom(A]Hα,A), l ∈
Ĥom(Hα,A), we have

(ξακα)( f )(a]h) = aκα( f )(h) = a f (1[0]]h1([1],α)) = f (a]h);

(καξα)(l)(h) = ξα(l)(1[0]]h1([1],α)) = 1[0]l(h1([1],α)) = l(h).
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And we prove that κ is an algebra morphism. In fact, for any α ∈ π, h ∈ Hβα, f ∈A Hom(A]Hα,A), 1 ∈A
Hom(A]Hβ,A), we compute

κβα( f1)(h) = ( f1)(1[0]]h1([1],βα)) = f (1]h2α)[0]1(1]h1β f (1]h2α)([1],β))
= f (1[0]]h2α1([1],α))[0]1(1

′

[0]]h1β f (1[0]]h2α1([1],α))([1],β)1
′

([1],β)) = κα( f )(h2α)[0]κβ(1)(h1βκα( f )(h2α)([1],β))
= (κα( f )κβ(1))(h).

Thus we complete the proof.

The dual of the canonical map ∗canα :∗ (A]Hα) →A Hom(A⊗AcoH A,A) is given by ∗canα( f )(a ⊗ b) =
f (canα(a ⊗ b)) = f (ab[0] ⊗ b([1],α)). It follows from Theorem 2.7 that τ is surjective if and only if there exists
q = (qα)α∈π ∈ Q such that 1[0]qα(1([1],α)) = 1. With the above notations, we immediately obtain the following
result.

Corollary 2.9. Let H be a weak Hopf π-coalgebra and A a weak right H-π-comodulelike algebra. Then the following
assertions are equivalent.

(1) AcoH ↪→ A is Galois;
(2) ∗can is an isomorphism;
(3) The Morita context (AcoH, Ĥom(H,A),A,Q, τ, µ) is strict.
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