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Well-Posedness Results for a Sixth-Order
Logarithmic Boussinesq Equation

Erhan Pişkina, Nazlı Irkıla

aDicle University, Department of Mathematics, 21280 Diyarbakır, Turkey

Abstract. The main goal of this paper is to study for a sixth-order logarithmic Boussinesq equation. We
obtain several results: Firstly, by using Feado-Galerkin method and a logaritmic Sobolev inequality, we
proved global existence of solutions. Later, we proved blow up property in infinity time of solutions.
Finally, we showed the decay estimates result of the solutions.

1. Introduction

In this work, we consider the following sixth-order logarithmic Boussinesq equation
utt − uxx − uxxtt + uxxxxtt + uxxxx + uxxxxxx +

(
ux log |ux|

k
)

x
= 0, x ∈ Ω, t > 0

u (x, 0) = u0 (x) , ut (x, 0) = u1 (x) , x ∈ Ω,
u (x, t) = u (l, t) = 0,uxx (x, t) = uxx (l, t) = 0,uxxx (x, t) = uxxx (l, t) = 0 , t ≥ 0

(1)

where Ω = (0, l) , k ≥ 1, u (x, t) denotes the unknown function.
In 1872, Boussinesq [1] derived the following classical Boussinesq equations (BE)

utt − uxx + µuxxxx =
(
u2

)
xx
,

utt − uxx − uxxtt =
(
u2

)
xx
.

The Boussinesq equation to describe the propagation of small amplitude long waves on the surface of
shallow water. In [3] Daripa derived the higher-order Boussinesq equation

utt − uxx − α(u2)xx ∓ αuxxxx − ε
2αuxxxxxx = 0 (2)

for two-way propagation of shallow water waves. For contributions related to (2), we refer to [4, 5, 10–14].
Wazwaz [15] studied the logarithmic Boussinesq equation (log-BE) the following form

utt − uxx + uxxxx +
(
u log |u|k

)
xx

= 0.
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Zhang et al. [16] looked into the following equation

utt − uxx − uxxtt + uxxxx +
(
ux log |ux|

k
)

x
= 0,

and proved global existence, growth and decay results. Also, some authors interested logarithmic Boussi-
nesq equation (see [8, 9]).

Motivated by the above studies, in this paper we consider global existence, blow up property in infinity
time and decay estimates of solutions for (1).

In our paper we orginazed as follows: In Section 2 we give some notations and lemmas which are
essential for our proofs. In Section 3, we prove global existence of problems by using Faedo-Galerkin
methods. In Section 4, we study growth of solutions. In Section 5, we add linear damping terms and we
consider the decay estimates of the energy.

2. Preliminaries

In this section, we will give some notations and lemmas needed for the proof of our results.
We denote

‖.‖p = ‖.‖Lp(Ω) , ‖.‖ = ‖.‖L2(Ω)

and

(u, v) =

∫
Ω

u (x) v (x) dx.

Now, to obtain the energy equation of the problem (1), we multiply the equation by ut and integrate it
in the Ω region∫

Ω

uttutdx −
∫
Ω

uxxutdx +

∫
Ω

uxxxxutdx −
∫
Ω

uxxttutdx

+

∫
Ω

uxxxxttutdx +

∫
Ω

uxxxxxxutdx +

∫
Ω

(
log |u|k ux

)
x

utdx

= 0,

1
2

d
dt

‖ut‖
2 + ‖uxt‖

2 + ‖uxxt‖
2 + ‖ux‖

2 + ‖uxx‖
2 + ‖uxxx‖

2
−

∫
Ω

u2
x log |u|k dx +

k
2
‖ux‖

2

 = 0

so, the energy functional associated with problem (1) is

E(t) =
1
2

(
‖ut‖

2 + ‖uxt‖
2 + ‖uxxt‖

2 + ‖ux‖
2 + ‖uxx‖

2 + ‖uxxx‖
2
)

−
1
2

∫
Ω

u2
x log |u|k dx +

k
4
‖ux‖

2 , (3)

and differentiation of (3), using (1), leads to

E (t) ≤ E (0) , for all t ∈ [0,T) . (4)

Lemma 2.1. [7] (Logarithmic Sobolev inequality). Let u be any function u ∈ H1
0(Ω) and a > 0 be any number. Then,

2
∫
Ω

|u|2 log
|u|
‖u‖

dx ≤
a2

π

∫
Ω

|ux|
2 dx − (1 + log a) ‖u‖2 . (5)
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Lemma 2.2. [2] (Logarithmic Gronwall Inequality). Assume thatφ (t) is nonnegative function,φ (t) ∈ L∞(0,T), φ (0) ≥
0, and it satisfies

φ (t) ≤ φ (0) + α

t∫
0

φ (s) log
[
α + φ (s)

]
ds, t ∈ [0,T] ,

where α > 1 is a positive constant. Then we have

φ (t) ≤
(
α + φ (0)

)
eαt, t ∈ [0,T] .

Now we define two functionals J (u) and I (u) ;

J (u) =
1
2

(
‖ux‖

2 + ‖uxx‖
2 + ‖uxxx‖

2
)
−

1
2

∫
Ω

u2
x log |ux|

k dx +
k
4
‖ux‖

2 , (6)

I (u) = ‖ux‖
2 + ‖uxx‖

2 + ‖uxxx‖
2
−

∫
Ω

u2
x log |ux|

k dx. (7)

From the above definitions, it is clear that

J (u) =
1
2

I (u) +
k
4
‖ux‖

2 , (8)

E (t) =
1
2

(
‖uxt‖

2 + ‖uxxt‖
2 + ‖uxxxt‖

2
)

+ J (u) . (9)

According the Logarithmic Sobolev inequality , I (u) and J (u) are well defined on H3
0.

Lemma 2.3. For any u ∈ H3
0 (Ω) / {0} , then

i) I (λu) = λ d
dλ J (λu) and limλ→0 J (λu) = 0, limλ→∞ J (λu) = −∞.

ii) There exists a unique λ∗ = λ∗ (u) such that d
dλ J (λu) |λ=λ∗= 0 and J (λu) is increasing on 0 < λ ≤ λ∗, decreasing

on λ∗ ≤ λ < ∞ and takes maksimum at λ∗ = λ. On the other hands, there exists a unique λ∗ ∈ (0,∞) such that

I (λu) =


> 0, 0 < λ ≤ λ∗

= 0, λ∗ = λ
< 0, λ > λ∗

(10)

where

λ∗ = exp


‖ux‖

2 + ‖uxx‖
2 + ‖uxxx‖

2
−

∫
Ω

u2
x log |ux|

k dx

k ‖ux‖
2

 . (11)

Proof. By the defination of J (u), we obtain

J (λu) =
1
2

‖λux‖
2 + ‖λuxx‖

2 + ‖λuxxx‖
2
−

∫
Ω

(λux)2 log |λux|
k dx +

k
2
‖λux‖

2

 ,
=

λ2

2

(
‖ux‖

2 + ‖uxx‖
2 + ‖uxxx‖

2
)
−

kλ2

2


∫
Ω

u2
x log |ux| dx +

∫
Ω

logλu2
xdx

 +
kλ2

4
‖ux‖

2 ,

=
λ2

2

(
‖ux‖

2 + ‖uxx‖
2 + ‖uxxx‖

2
)

+
kλ2

4
‖ux‖

2
−

kλ2

2

∫
Ω

u2
x log |ux| dx −

kλ2

2
logλ ‖ux‖

2 .
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Since ‖u‖ , 0, lim
λ→0
1 (λ) = 0, lim

λ→∞
1 (λ) = −∞. Now, differentiating 1 (λ) with respect to λ, we have

dJ (λu)
dλ

= λ
(
‖ux‖

2 + ‖uxx‖
2 + ‖uxxx‖

2
)

+
kλ
2
‖ux‖

2

−
kλ
2

∫
Ω

u2
x log |ux| dx − kλ logλ ‖ux‖

2
−

kλ
2
‖ux‖

2

= λ
(
‖ux‖

2 + ‖uxx‖
2 + ‖uxxx‖

2
)
−
λ
2

∫
Ω

u2
x log |ux|

k dx − kλ logλ ‖ux‖
2

and

I (λu) = λ2
(
‖ux‖

2 + ‖uxx‖
2 + ‖uxxx‖

2
)
−
λ2

2

∫
Ω

u2
x log |ux|

k dx − kλ2 logλ ‖ux‖
2

We can see clearly that

λ
dJ (λu)

dλ
= I (λu) .

We can derive I (λu) = 0, when

λ∗ = exp


‖uxxx‖

2 + ‖uxx‖
2 + ‖ux‖

2
−

∫
Ω

u2
x log |ux|

k dx

k ‖ux‖
2

 .
Thus, we have

I (λu) =


> 0, 0 ≤ λ < λ∗,
= 0, λ = λ∗,
< 0, λ < λ∗ < ∞.

The potential well depth is defined as

0 < d = inf
u

{
sup
λ≥0

J (λu) : u ∈ H3
0 (Ω) / {0}

}
(12)

and the well-known Nehari manifold

N =
{
u : u ∈ H3

0 (Ω) / {0} , I (u) = 0
}
,

0 < d = inf
u∈N

J (u) . (13)

Then, we define two subset of H3
0 related to (1). We introduce,

W =
{
u ∈ H3

0 : J (u) < d, I (u) > 0
}
∪ {0} , (14)

V =
{
u ∈ H3

0 : J (u) < d, I (u) < 0
}
. (15)

Lemma 2.4. Assume that u ∈ H3
0 and define r =

(
2π
k

) 1
4 e

1
2 ,

i) If 0 < ‖ux‖ < r, then I (u) > 0,
ii) If I (u) < 0, then ‖ux‖ > r,
iii) If I (u) = 0, and ‖ux‖ , r, i.e. u < N, then ‖ux‖ ≥ r.
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Proof. If we use the Logarithmic Sobolev inequality to the last term of (7) for any α > 0, we have

I (u) = ‖ux‖
2 + ‖uxx‖

2 + ‖uxxx‖
2
− k

∫
Ω

u2
x

(
log
|ux|

‖ux‖
+ log ‖ux‖

)
dx

≥ ‖ux‖
2 + ‖uxx‖

2 + ‖uxxx‖
2
− k(

[
α2

2π
‖uxx‖

2 +

(
1 + logα

)
2

‖ux‖
2
− ‖ux‖

2 log ‖ux‖

]
≥

(
1 −

kα2

2π

) (
‖uxx‖

2 + ‖uxxx‖
2
)

+ k
( (

1 + logα
)

2
− log ‖ux‖

)
‖ux‖

2 . (16)

If we take α =
√

2π
k in (16), we have

I (u) ≥ k

2 + log 2π
k

4
− log ‖ux‖

 ‖ux‖
2 . (17)

i) If 0 < ‖ux‖ < r, we have

1 < log ‖ux‖ <
2 + log 2π

k

4
,

so that from (17) we gain I (u) > 0.
ii) If we take I (u) < 0 from (16) we can write;2 + log 2π

k

4
− log ‖ux‖

 < 0,

1
2

+
(2π

k

) 1
4

< log ‖ux‖ ,(2π
k

) 1
4

e
1
2 < ‖ux‖ ,

r < ‖ux‖ .

iii) If I (u) = 0 and and ‖ux‖ , r, i.e. u < N, then ‖ux‖ ≥ r.

Lemma 2.5. i) d ≥ k
4

(
2π
k

) 1
2 e = k

4 r2 and 2πe2
≥ k,

ii) If u ∈ H3
0 and I (u) < 0, we can obtain

I (u) < 2 (J (u) − d) . (18)

Proof. i) If I (u) = 0 and ‖ux‖ , 0, then by Lemma 2.4, we have ‖ux‖ ≥ r =
(

2π
k

) 1
4 e

1
2 . From the definition of

J (u), we obtain

J (u) =
1
2

I (u) +
k
4
‖ux‖

2

≥
1
2

I (u) +
k
4

r2

=
1
2

I (u) +
k
4

(2π
k

) 1
4

e
1
2 ,

because of (12), we have

d ≥
k
4

(2π
k

) 1
2

e =
k
4

r2.
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and

r ≥ 1,(2π
k

) 1
4

e
1
2 ≥ 1,

2π
k

e2
≥ 1,

2πe2
≥ k.

ii) If u ∈ H3
0 and I (u) < 0, then from Lemma 2.2 it follows that there exists a λ∗ such that 0 < λ∗ < 1 and

I (λ∗u) = 0. From the (12), we have

d ≤ J (λ∗u) =
1
2

I (λ∗u) +
k
4
‖λ∗ux‖

2 ,

=
k
4

(λ∗)2
‖ux‖

2 ,

<
k
4
‖ux‖

2 , (19)

By the (6) and (7), we get

d <
k
4
‖ux‖

2 = J (u) −
1
2

I (u) ,

so that

I (u) < 2 (J (u) − d) .

Lemma 2.6. Let u0 ∈ H3
0,u1 ∈ H1 such that

0 < E (0) < d,

then
i) u ∈W if I (u0) > 0,
ii) u ∈ V if I (u0) < 0.

Proof. By the definition of weak solution and (4), we get

1
2

(
‖ut‖

2 + ‖uxt‖
2 + ‖uxxt‖

2
)

+ J (u) ≤
1
2

(
‖u1‖

2 + ‖u1x‖
2 + ‖u1xx‖

2
)

+ J (u0) < d,∀t ∈ [0,T) . (20)

i) Then, we claim that u(t) ∈ W for all t ∈ [0,T). If it is not true, then there exists a t0 ∈ [0,T) such that
u (t0) ∈ ∂W, so we have

(a) either I (u (t0)) = 0 and ‖ux (t0)‖ , 0, or (b) J (u (t0)) = d.
By (20), (b) is impossible, thus we have I (u (t0)) > 0 and ‖ux (t0)‖ , 0. So, at least one J (u (t0)) ≥ d exists

if 0 < d = inf
u∈N

J (u) . Because of this contradiction, u(t) ∈W is found for ∀t ∈ [0,T).

ii) If there is a t0 ∈ [0,T) such that u(x, t) ∈W for 0 ≤ t < t0, and u(x, t0) ∈ ∂W, thus
(a) either I (u (t0)) = 0, or (b) J (u (t0)) = d.
By (20), (b) is false. If I (u (t0)) = 0 and I (u (t)) < 0 for 0 < t < t0, then ‖ux‖ > r for 0 < t ≤ t0 by Lemma

2.4 (ii). However, at least one J (u (t0)) ≥ d exists if 0 < d = inf
u∈N

J (u) . Because of this contradiction, u(t) ∈ V is

found for ∀t ∈ [0,T).
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3. Existence of global solution

In this section, we investigated the global existence result for problem (1). The proof is based Faedo-
Galerkin method. Also, we used Logarithmic Sobolev inequality and Logarithmic Gronwall inequality.

Theorem 3.1. Let u0 ∈ H3
0 (Ω) , u1 ∈ H1 (Ω) , then the problem (1) has a global weak solution u ∈ L∞

(
0,∞,H3

0

)
with u ∈ L∞

(
0,∞,H1

)
.

Proof. We will use the Faedo-Galerkin method to construct approximate solutions. Let
{
w j

}∞
j=1

be an

orthogonal basis of the “separable” space H3
0 (Ω) which is orthonormal in L2 (Ω) . Let

Vm = span {w1,w2, ...,wm}

and let the projections of the initial data on the finite dimensional subspace Vm be given by

um (0) = um0 (x) =

m∑
j=1

a jmw j (x)→ u0 in H3
0 (Ω) ,

umt (0) = um1 (x) =

m∑
j=1

b jmw j (x)→ u1 in H1 (Ω) ,

for j = 1, 2, ...,m.
We look for the approximate solutions

um (x, t) =

m∑
j=1

h jm (t) w j (x)

of the approximate problem in Vm

(umtt,ws) + (umx,wsx) + (umxttwsx) + (umxx,wsxx) + (umxxtt,wsxx)
+ (umxxx,wsxxx) −

(
umx log |umx|

k ,wsx

)
= 0,

w ∈ Vm, s = 1, 2, ...m,
um

0 (x) =
∑m

j=1 a jw j (x)→ u0 in H3
0 (Ω) ,

um
1 (x) =

∑m
j=1 b jw j (x)→ u1 in H1 (Ω) .

(21)

This leads to a system of ordinary differantial equations for unknown functions hm
j (t). Based on standard

existence theory for ordinary differantial equation, one can obtain functions

h j : [0, tm)→ R, j = 1, 2, ...,m,

which satisfy (21) in a maximal interval [0, tm) , 0 < tm ≤ T. Next, we show that tm = T and that the local
solution is uniformly bounded independent of m and t. For this purpose, let us replace w by umt in (21) and
integrate by parts we obtain

d
dt

Em(t) = 0 (22)

where

Em(t) =
1
2

(
‖umt‖

2 + ‖umxt‖
2 + ‖umxxt‖

2 + ‖umx‖
2 + ‖umxx‖

2 + ‖umxxx‖
2
)

−
1
2

l∫
0

u2
mx log |umx|

k dx +
k
4
‖umx‖

2 . (23)



E. Pişkin, N. Irkıl / Filomat 33:13 (2019), 3985–4000 3992

Integrating (22) with respect to t from 0 to t, we obtain

Em(t) = Em(0). (24)

Since um (0) → u0 in the space H3
0, we obtain that the sequence um (0) is bounded in H3

0. By the following
inequality∣∣∣t2 log t

∣∣∣ ≤ C
(
1 + t3

)
, t > 0,

and the Sobolev embedding H3
0 ↪→ L∞, we have∫

Ω

u2
0mx log |u0mx|

k dx ≤ C
(
1 + ‖u0m‖

3
)
≤ C

(
1 + ‖u0m‖

3
H3

0

)
≤ C1

where C1 = C
(
‖u0‖H3

0
, ‖u1‖

)
is a positive constant. Subsequently, from (24) we can write

‖umt‖
2 + ‖umxt‖

2 + ‖umxxt‖
2 + ‖umx‖

2 + ‖umxx‖
2 + ‖umxxx‖

2
≤ C + 2

l∫
0

u2
mx log |umx|

k dx. (25)

The last term on the righthand side of (25) inequality and the Logarithmic Sobolev Inequality leads to

2

l∫
0

u2
mx log |umx|

k dx = 2k

l∫
0

u2
mx

(
log

|ux|

‖umx‖
+ log ‖umx‖

)
dx

≤ k

α2

π

l∫
0

u2
mxxdx −

(
1 + logα

)
‖umx‖

2 + log ‖umx‖ ‖umx‖
2

 . (26)

By combining of (26) and (25), we obtain

‖umt‖
2 + ‖umxt‖

2 + ‖umxxt‖
2 + ‖umx‖

2 +

(
1 −

kα2

π

)
‖umxx‖

2 + ‖umxxx‖
2

≤ C + k

α2

π

l∫
0

u2
mxxdx −

(
1 + logα

)
‖umx‖

2 + log ‖umx‖ ‖umx‖
2

 , (27)

From (27), we have

‖umt‖
2 + ‖umxt‖

2 + ‖umxxt‖
2 +

(
1 + k + k logα

)
‖umx‖

2

+

(
1 −

kα2

π

)
‖umxx‖

2 + ‖umxxx‖
2

≤ C +
(
1 + log ‖umx‖ ‖umx‖

2
)
. (28)

By taking

α =

√
π
2k

in (28), we obtain

‖umt‖
2 + ‖umxt‖

2 + ‖umxxt‖
2 + ‖umx‖

2 + ‖umxx‖
2 + ‖umxxx‖

2

≤ C
(
1 + log ‖umx‖ ‖umx‖

2
)
. (29)
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Noting that

umx(t) = umx(0) +

t∫
0

umxt (s) ds.

We make use of the following Cauchy-Schwarz inequality

(a + b)2
≤ 2

(
a2 + b2

)
,

we obtain

‖umx (t)‖2 =

∥∥∥∥∥∥∥∥umx (0) +

t∫
0

u2
mxt (s) ds

∥∥∥∥∥∥∥∥
2

≤ 2 ‖umx (0)‖2 + 2T

t∫
0

‖umxt‖
2 (s) ds

≤ 2 ‖umx (0)‖2 + max {1, 2T}
1 + C

C

t∫
0

‖umxt‖
2 (s) ds. (30)

So if we write inequality (30) instead of inequality (29), and If we put

X = 2 ‖umx (0)‖2 + max {1, 2T} (1 + C) T,
Y = max {1, 2T} (1 + C) ,

(30) leads to

‖umx‖
2
≤ X + Y

t∫
0

log ‖umx‖ ‖umx‖
2 ds.

Taking B ≥ 1, then by the Logarithmic Gronwall inequality, we get

‖umx‖
2
≤ X + YeYt

≤ Ct. (31)

Hence, from inequality (31) and (29), it follows that

‖umt‖
2 + ‖umxt‖

2 + ‖umxxt‖
2 + ‖umx‖

2 + ‖umxx‖
2 + ‖umxxx‖

2
≤ C. (32)

From the guess of (32) we Tmax = T and we have that umtt is uniformly bounded in L∞
(
0,T; H−2

)
by the

standart way. It follows that there exists a subsequence of {um} , denote by {um}, such that
um → u, weakly* in L∞

(
0,T; H3

0

)
,

umt → ut, weakly* in L∞
(
0,T; H2

)
,

umtt → utt, weakly in L2
(
0,T; H−2

)
.

Then by using Aubin–Lions’ lemma and Lebesgue dominated convergence theorem as [6], we have

umx log |umx|
k
→ ux log |ux|

k in L∞
(
0,T; L2

)
weakly star.
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We integrate (21) over (0, t) and letting m→∞ for the fixed s, we get

(ut,ws) + (uxt,wsx) + (uxxt,wsxx) +

t∫
0

[(uxwsx) + (uxx,wsxx) + (uxxx,wsxxx)] ds

−

t∫
0

(
ux log |ux|

k ,wsx

)
ds

= (u1,ws) + (u1x,wsx) + (u1xx,wsxx)

and (1) in definition of the solution. On the other hand, (21) give u (x, 0) = u0 (x) , ut (x, 0) = u1 (x) . From
(24), we know that the above u satisfies (4). So that u (x, t) is a global weak solution of problem (1). This
comleted the proof of the theorem.

Theorem 3.2. Let u0 ∈ H3
0, u1 ∈ H1, assume that E(0) < d, and I(u0) > 0 or ‖u0‖ = 0, then we accept the problem

(1) has a global weak solution u ∈ L∞
(
0,∞,H3

0

)
with u ∈ L∞

(
0,∞,H1

)
and u(t) ∈W for 0 ≤ t < ∞.

Proof. By the Theorem we know that the problem (1) admits a global weak solution. From Lemma 2.6 we
get u(t) ∈W for 0 ≤ t < T.

4. Blow up property in infinity time

In this section, we proved blow up property in infinity time of problem (1). In fact, we try to show H3
0

norm of the solution will grow up as an exponential function when time goes to infinity for suitable initial
data conditions.

Theorem 4.1. Let u0 ∈ H3
0, u1 ∈ H1, assume that u0 ∈ V, 0 < E(0) < d and

(u0,u1) + (u0x,u1x) + (u0xx,u1xx) > 0,

then the solution of (1) goes to the∞.

Proof. Let u (t, x) is a weak solution of problem (1) with J (u0) < E(0) < d , I (u0) < 0. Then we take the
function φ (t) : [0,∞)→ R+ defined by

φ (t) = ‖u‖2 + ‖ux‖
2 + ‖uxx‖

2 (33)

Now, we take derivative of (33), we have

φ′ (t) = 2
∫
Ω

u ut + 2
∫
Ω

ux uxt + 2
∫
Ω

uxx uxxt, (34)
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then from the derivative of (34), because of (1), and (7) and using of partial integral formulas; we have

φ′′ (t) = 2
∫
Ω

u utt + 2
∫
Ω

ux uxtt + 2
∫
Ω

uxx uxxtt + 2
∫
Ω

u2
t + 2

∫
Ω

u2
xt + 2

∫
Ω

u2
xxt,

= +2
∫
Ω

u
(
uxx + uxxtt − uxxxxtt − uxxxx − uxxxxxx −

(
ux log |ux|

k
)

x

)
+2

∫
Ω

ux uxtt + 2
∫
Ω

uxx uxxtt + 2
(
‖ut‖

2 + ‖uxt‖
2 + ‖uxxt‖

2
)
,

= 2
(
‖ut‖

2 + ‖uxt‖
2 + ‖uxxt‖

2
)
− 2 ‖ux‖

2
− 2

∫
Ω

ux uxtt − 2
∫
Ω

uxx uxxtt

−2 ‖uxx‖
2
− 2 ‖uxxx‖

2 + 2
∫
Ω

u2
x log |ux|

k + 2
∫
Ω

ux uxtt + 2
∫
Ω

uxx uxxtt,

= 2
(
‖ut‖

2 + ‖uxt‖
2 + ‖uxxt‖

2
)
− 2

‖ux‖
2 + ‖uxx‖

2 + ‖uxxx‖
2
−

∫
Ω

u2
x log |ux|

k

 ,
= 2

(
‖ut‖

2 + ‖uxt‖
2 + ‖uxxt‖

2
)
− 2I (u) . (35)

We make use of the following Cauchy-Schwarz inequality(
ax + by + cz

)2
≤ 2

(
a2 + b2 + c2

) (
x2 + y2 + z2

)
,

it follows from (34) that for t ∈ [0,∞)∣∣∣φ′ (t)∣∣∣2 ≤ 4
(
‖ut‖

2 + ‖uxt‖
2 + ‖uxxt‖

2
)

2
(
‖ux‖

2 + ‖uxx‖
2 + ‖uxxx‖

2
)
,

= 4 φ (t)
(
‖ux‖

2 + ‖uxx‖
2 + ‖uxxx‖

2
)

(36)

Then we have for each t ∈ [0,∞) that, by (33), (35), (36) and using of (4), (9)

φ′′ (t)φ (t) −
[
φ′ (t)

]2
≥ 2

(
‖ut‖

2 + ‖uxt‖
2 + ‖uxxt‖

2
− I (u)

)
φ (t)

−4 φ (t)
(
‖ux‖

2 + ‖uxx‖
2 + ‖uxxx‖

2
)

= −2φ (t)
(
‖ut‖

2 + ‖uxt‖
2 + ‖uxxt‖

2 + I (u)
)

≥ −2φ (t) [E (0) − J (u) + I (u)] . (37)

Because of u0 ∈ V, 0 < E(0) < d, it follows from Lemma 2.6 that I (u) < 0. Thus, using Lemma 2.4, we obtain
that

E (0) − J (u) + I (u) < d − J (u) + 2 (J (u) − d) ,
= J (u) − d,
< 0.

ıf we use that for (37), we have

φ′′ (t)φ (t) −
[
φ′ (t)

]2
> 0. (38)

In other words, by using rule of derivate, we can write(
log

∣∣∣φ (t)
∣∣∣)′ =

φ′ (t)
φ (t)

, (39)
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By (39) and (38) we have

(
log

∣∣∣φ (t)
∣∣∣)′′ =

φ′′ (t)φ (t) −
[
φ′ (t)

]2

φ2 (t)
> 0 (40)

From (40), we can say that(
log

∣∣∣φ (t)
∣∣∣)′ =

φ′ (t)
φ (t)

is increasing with respect to t, using this fact, integrating (39) from t0 to t, we obtain

log
∣∣∣φ (t)

∣∣∣ − log
∣∣∣φ (t0)

∣∣∣ =

t∫
t0

(
log

∣∣∣φ (τ)
∣∣∣)′ dτ

=

t∫
t0

φ′ (τ)
φ (τ)

dτ

≥
φ′ (t0)
φ (t0)

(t − t0) ,

where 0 ≤ t0 < t. Then

log

∣∣∣φ (t)
∣∣∣∣∣∣φ (t0)
∣∣∣ ≥ φ′ (t0)

φ (t0)
(t − t0)

∣∣∣φ (t)
∣∣∣ ≥ ∣∣∣φ (t0)

∣∣∣ e
(
φ′(t0)
φ(t0) (t−t0)

)
. (41)

If we choose t0 sufficiently small such that φ′ (t0) > 0, φ (t0) > 0, then, from (41), we have

lim
t→∞

φ (t) = ∞

so that we can say the solution of (1) have a exponential grow up.

5. Energy decay for the problem (1) with linear damping terms

In this section, we will prove decay estimates of solutions to problem (1). That is to say, we will add
linear damping terms to equation (1). So that we can write problem as

utt − uxx − uxxt + uxxxxt − uxxtt + uxxxxtt + uxxxx + uxxxxxx +
(
ux log |ux|

k
)

x
= 0, x ∈ Ω, t > 0

u (x, 0) = u0 (x) , ut (x, 0) = u1 (x) , x ∈ Ω,
u (x, t) = u (l, t) = 0,uxx (x, t) = uxx (l, t) = 0,uxxx (x, t) = uxxx (l, t) = 0, t ≥ 0.

(42)

Then all the results in Section 2 and Section 3 hold and we have

E′ (t) = − ‖uxt‖
2
− ‖uxxt‖

2 (43)

hence we can say that E (t) is nonincreasing.

Theorem 5.1. Let u0 ∈ W,u1 ∈ H1. Assume further that 0 < E (0) < αk
4 r2 < d, where α is a positive constant

satisfying 0 < k4α4 2π
k e2 < 1, then there exists two positive constants M and η independent of t such that:

0 < E (t) < Me−ηt, t ≥ 0.
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Proof. Let u (t, x) be a weak solution of problem (42). Since u0 ∈W,u1 ∈ H1, by Theorem 3.2, we have u ∈W
for ∀t ∈ [0,∞) and then 0 < E (t) < d and I (u) > 0.

For this purpose, we use the Lyapunov functional

Φ (t) = E (t) + ε


∫
Ω

uutdx +

∫
Ω

uxuxtdx +

∫
Ω

uxxuxxtdx

 (44)

where ε is a positive constant. We will show the Φ (t) and E (t) are equivalent. For ε > 0 small enough, the
relation

γ1Φ (t) ≤ E (t) ≤ γ2Φ (t) (45)

holds for two positive constants γ1 and γ2. We can choose ε small enough such that Φ ∼ E.
By taking the time derivative of the function Φ (t) , using (42) and performing several integration by

parts, we get

Φ′ (t) = E′ (t) + ε


∫
Ω

uuttdx +

∫
Ω

u2
t dx +

∫
Ω

uxuxttdx +

∫
Ω

u2
xtdx +

∫
Ω

uxxuxxttdx +

∫
Ω

u2
xxtdx


= − ‖uxt‖

2
− ‖uxxt‖

2 + ε

‖ut‖
2 + ‖uxt‖

2 + ‖uxxt‖
2 +

∫
Ω

uuxxdx +

∫
Ω

uuxxtdx

−

∫
Ω

uuxxxxtdx +

∫
Ω

uuxxttdx −
∫
Ω

uuxxxxdx −
∫
Ω

uuxxxxxxdx

−

∫
Ω

uuxxxxttdx −
∫
Ω

u
(
ux log |ux|

k
)

x
dx +

∫
Ω

uxuxttdx +

∫
Ω

uxxuxxttdx


= − ‖uxt‖

2
− ‖uxxt‖

2 + ε
[
‖ut‖

2 + ‖uxt‖
2 + ‖uxxt‖

2
− ‖ux‖

2

−

∫
Ω

uxuxtdx −
∫
Ω

uxxuxxtdx −
∫
Ω

uxuxttdx − ‖uxx‖
2
− ‖uxxx‖

2

−

∫
Ω

uxxuxxttdx +

∫
Ω

u2
x log |ux|

k dx +

∫
Ω

uxuxttdx +

∫
Ω

uxxuxxttdx


= (ε − 1)

(
‖uxt‖

2 + ‖uxxt‖
2
)

+ ε ‖ut‖
2
− ε

(
‖ux‖

2 + ‖uxx‖
2 + ‖uxxx‖

2
)

−ε


∫
Ω

uxuxtdx +

∫
Ω

uxxuxxtdx

 + ε

∫
Ω

u2
x log |ux|

k dx (46)

If we use Young Inequality for fifth term in the right hand side of (46) for δ > 0; we can write∣∣∣∣∣∣∣∣
∫
Ω

uxuxtdx +

∫
Ω

uxxuxxtdx

∣∣∣∣∣∣∣∣ ≤ 1
4δ

(
‖uxt‖

2 + ‖uxxt‖
2
)

+ δ
(
‖ux‖

2 + ‖uxx‖
2
)
, (47)

Then we insert (47) into (46), we obtain

Φ′ (t) ≤

(
ε +

ε
4δ
− 1

) (
‖uxt‖

2 + ‖uxxt‖
2
)

+ ε ‖ut‖
2
− ε ‖uxxx‖

2

+ε (δ − 1)
(
‖ux‖

2 + ‖uxx‖
2
)

+ ε

∫
Ω

u2
x log |ux|

k dx. (48)
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Adding and subtracting εθE (t) into (48) where 0 < θ < 1 is a positive constant, we obtain

Φ′ (t) ≤ −εθE (t) +
(
εθ
2

+ ε −
ε

4δ
− 1

) (
‖uxt‖

2 + ‖uxxt‖
2
)

+ε
(
1 +

θ
2

)
‖ut‖

2 + ε
(
θ
2
− 1

)
‖uxxx‖

2

+ε
(
θ
2

+ δ − 1
) (
‖ux‖

2 + ‖uxx‖
2
)

+ε
θk
4
‖ux‖

2 + ε
(
1 −

θ
2

) ∫
Ω

u2
x log |ux|

k dx. (49)

If we take 0 < θ < 2 and using of (5) to the last term of the (49) and because of Sobolev embedding theorems;
we can edit (49)

Φ′ (t) ≤ −εθE (t) +
(
εθ
2

+ ε −
ε

4δ
− 1

) (
‖uxt‖

2 + ‖uxxt‖
2
)

+ε
(
1 +

θ
2

)
‖ut‖

2 + ε
(
θ
2
− 1

)
‖uxxx‖

2

+ε
(
θ
2

+ δ − 1
) (
‖ux‖

2 + ‖uxx‖
2
)

+ε
θk
4
‖ux‖

2 + ε
(
1 −

θ
2

)
k
[
α2

2π

∥∥∥u2
xx

∥∥∥ − (
1 + logα

)
2

‖ux‖
2 + log ‖ux‖

2
‖ux‖

2
]
,

≤ −εθE (t) +
[(
εθ
2

+ ε −
ε

4δ
− 1

)
(1 + C0) + C1

(
1 +

θ
2

)] (
‖uxt‖

2 + ‖uxxt‖
2
)

+ε
(
θ
2
− 1

)
‖uxxx‖

2 + ε

[(
θ
2

+ δ − 1
)

+
(
1 −

θ
2

) kα2

2π

] (
‖uxx‖

2
)

+ε

[(
θ
2

+ δ − 1
)
−

(
1 −

θ
2

)
k
(
1 + logα

)
2

+
(
1 −

θ
2

)
k log ‖ux‖

2 +
θk
4

]
‖ux‖

2 . (50)

Because of 0 < θ < 2 we note 1 − θ
2 > 0 also we know from (8)

J(u) >
k
4
‖ux‖

2 ,

log
4J(u)

k
> log ‖ux‖

2 . (51)

If we write (51) in (50) we have

Φ′ (t) ≤ −εθE (t) +
[(
εθ
2

+ ε −
ε

4δ
− 1

)
(1 + C0) + C1

(
1 +

θ
2

)] (
‖uxt‖

2 + ‖uxxt‖
2
)

+ε
(
θ
2
− 1

)
‖uxxx‖

2 + ε

[(
θ
2

+ δ − 1
)

+
(
1 −

θ
2

) kα2

2π

] (
‖uxx‖

2
)

+ε

[(
θ
2

+ δ − 1
)
−

(
1 −

θ
2

)
k
(
1 + logα

)
2

+
(
1 −

θ
2

)
k log

4J(u)
k

+
θk
4

]
‖ux‖

2 (52)

Because of our accept in Theorem 5.1, we know 0 < θ < 2 and J(u) < E (0) < αk
4 r2 < d, taking of α according

k4α4 2π
k e2 < α2 < 2π

k , where α is suitable by the assumption in Theorem 5.1 and choose δ > 0 small enough,
such that

θ
2
− 1 < 0,
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θ
2

+ δ − 1
)

+
(
1 −

θ
2

) kα2

2π
< 0,(

θ
2
− 1

) (
1 −

kα2

2π

)
< 0,(

1 −
kα2

2π

)
> 0,

(
θ
2

+ δ − 1
)
−

(
1 −

θ
2

)
k
( (

1 + logα
)

2
− log

4J(u)
k

)
+
θk
4
< 0,

so that we have,

Φ′ (t) ≤ −εθE (t) +
[(
εθ
2

+ ε −
ε

4δ
− 1

)
(1 + C0) + C1

(
1 +

θ
2

)] (
‖uxt‖

2 + ‖uxxt‖
2
)
. (53)

If we take ε > 0 small enough such that(
εθ
2

+ ε −
ε

4δ
− 1

)
(1 + C0) + C1

(
1 +

θ
2

)
< 0,

1 + C0 > 0
C0 > −1,

Consequently, inequlatiy (53) becomes

Φ′ (t) ≤ −εθE (t) .

By (45), we write

Φ′ (t) ≤ −εθγ2Φ (t) (54)

setting η = εθγ2 > 0 and integrating (54) between (0, t) gives the following estimate

Φ (t) ≤Me−ηt

Consequently, by using (45) once again. This completes the proof.
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