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Abstract. In this paper, we study a general system of variational inequalities with a hierarchical variational
inequality constraint for an infinite family of nonexpansive mappings. We introduce general implicit and
explicit iterative algorithms. We prove the strong convergence of the sequences generated by the proposed
iterative algorithms to a solution of the studied problems.

1. Introduction

Let X be a Banach space with its dual X∗. Let ∅ , C ⊂ X be a closed convex set. Let T : C → C be
a mapping. Fix(T) stands for the set of fixed points of T. Recall that T is nonexpansive if ‖Tu − Tv‖ ≤
‖u − v‖, ∀u, v ∈ C. T is said to be a contraction if there exists a constant % ∈ [0, 1) such that ‖Tu − Tv‖ ≤
%‖u − v‖, ∀u, v ∈ C. The normalized dual mapping J : X→ 2X∗ is defined as

J(x) := {φ ∈ X∗ : 〈x, φ〉 = ‖x‖2 = ‖φ‖2}, ∀x ∈ X,

where 〈·, ·〉 denotes the generalized duality pairing between X and X∗.
Let A,B : C → X be two mappings and $, ς be two positive real numbers. The general system of

variational inequalities (GSVI) is to find (x∗, y∗) ∈ C × C satisfying{
〈$Ay∗ + x∗ − y∗, J(x − x∗)〉 ≥ 0, ∀x ∈ C,
〈ςBx∗ + y∗ − x∗, J(x − y∗)〉 ≥ 0, ∀x ∈ C.

(1)

The system of variational inequalities plays a crucial tool in science, engineering and economics. Namely,
the practical problem can be formulated in the form of a system of variational inequalities; see e.g., [1, 2, 7–
9, 19] and the references therein.

Note that problem (1) can be reduced to the following classical variational inequality (VI) of finding
x∗ ∈ C such that

〈Ax∗, x − x∗〉 ≥ 0, ∀x ∈ C. (2)
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This problem is a fundamental problem in the variational analysis; in particular, in the optimization theory
and mechanics; see e.g., [10–13, 15, 17, 18, 23, 29–39] and the references therein. A large number of algorithms
for solving this problem are essentially projection algorithms.

In a Banach space setting and A = B, x∗ = y∗, the VI is defined by

〈Ax∗, J(x − x∗)〉 ≥ 0, ∀x ∈ C. (3)

Aoyama, Iiduka and Takahashi [3] proposed an iterative scheme to find the approximate solution of (3).
Let {Tk}

∞

k=1 be a sequence of nonexpansive self-mappings. Let {$k}
∞

k=1 be a sequence in [0, 1]. Qin, Cho, Kang
and Kang [21] considered the nonexpansive mapping Wk defined by

Uk,k+1 = I,
Uk,k = $kTkUk,k+1 + (1 − $k)I,
Uk,k−1 = $k−1Tk−1Uk,k + (1 − $k−1)I,
...

Uk,i = $iTiUk,i+1 + (1 − $i)I,
Uk,i−1 = $i−1Ti−1Uk,i + (1 − $i−1)I,
...

Uk,2 = $2T2Uk,3 + (1 − $2)I,
Wk = Uk,1 = $1T1Uk,2 + (1 − $1)I, ∀k ≥ 1,

(4)

and consequently, they proposed the following iterative algorithm
x0 = x ∈ C chosen arbitrarily,
yk = αkxk + (1 − αk)Wkxk,

xk+1 = ιku + (1 − ιk)yk, ∀k ≥ 0.
(5)

Under some mild assumptions, they derived the strong convergence of the sequence {xk} generated by (5)
to a common fixed point of an infinite family of nonexpansive self-mappings {Tk}

∞

k=1 on C in a reflexive and
strictly convex Banach space X.

Very recently, in order to solve GSVI (1), Ceng, Gupta and Ansari [7] proved the convergence of implicit
and explicit algorithms. For each t ∈ (0, 1), choose a number θt ∈ (0, 1) arbitrarily. Then the net {zt} defined
by zt = tQC(I −$A)QC(I − ςB)zt + (1 − t)QC(I − θtF)QC(I −$A)QC(I − ςB)zt converges in norm, as t→ 0+, to
the unique solution x∗ ∈ GSVI(C,A,B) to the following VI:

〈F(x∗), j(x − x∗)〉 ≥ 0, ∀x ∈ GSVI(C,A,B). (6)

In [5], Buong and Phuong introducd a mapping Vk, defined by

Vk = V1
k , Vi

k = TiTi+1
· · ·Tk, Ti = (1 − αi)I + αiTi, i = 1, 2, ..., k, (7)

where

αi ∈ (0, 1) and
∞∑

i=1

αi < ∞. (8)

Buong and Phuong presented the following iterations

xk = Vk(I − $kF)xk, ∀k ≥ 1, (9)
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and

xk = τk(I − $kF)xk + (I − τk)Vkxk, ∀k ≥ 1. (10)

The purpose of this paper is to find a solution of GSVI (1) with a HVI constraint for an infinite family
of nonexpansive mappings {Ti}

∞

i=1 in Banach spaces. We introduce general implicit and explicit iterative
algorithms, which are based on the viscosity approximation method, hybrid steepest-descent method and
Korpelevich’s extragradient method. Under some suitable control conditions on the parameter sequences
in [0, 1], we prove the strong convergence of the sequences generated by the proposed iterative algorithms
to a solution of the GSVI (1) with a HVI constraint by using new V-mappings instead of W-ones. Our
results improve and extend the corresponding results in [5, 7, 14].

2. Preliminaries and Algorithms

Let X be a real Banach space. A function % : [0,∞) → [0,∞) is called the modulus of smoothness of X:
for u, v ∈ X, %(τ) = sup{ 12 (‖u + v‖ + ‖u − v‖) − 1 : ‖u‖ = 1, ‖v‖ = τ}.

Lemma 2.1. ([26]) Let X be a q-uniformly smooth Banach space with 1 < q ≤ 2. Then

‖u + v‖q ≤ ‖u‖q + q〈v, Jq(u)〉 + 2‖κv‖q, ∀u, v ∈ X,

where Jq is the generalized duality mapping from X into 2X∗ defined by Jq(u) = {φ ∈ X∗ : 〈u, φ〉 = ‖u‖q, ‖φ‖ =
‖u‖q−1

}, ∀u ∈ X.

Lemma 2.2. ([26]) Let X be a real Banach space and J be the normalized duality map on X. Then, for any given
x, y ∈ X, the following inequality holds:

‖u + v‖2 ≤ ‖u‖2 + 2〈v, j(u + v)〉, ∀ j(u + v) ∈ J(u + v).

Let Q : C → D be a mapping where D ⊂ C be a set. Q is said to be sunny if Q[su + (1 − s)Q(u)] = Q(u),
whenever su + (1 − s)Q(u) ∈ C for u ∈ C and s ≥ 0.

Lemma 2.3. ([22]) Let C be a nonempty closed convex subset of a smooth Banach space X and ∅ , D ⊂ C. Let
Q : C→ D be a retraction. Then the following are equivalent

(i) Q is sunny and nonexpansive;
(ii) ‖Q(u) −Q(v)‖2 ≤ 〈u − v, J(Q(u) −Q(v))〉, ∀u, v ∈ C;

(iii) 〈u −Q(u), J(v −Q(u))〉 ≤ 0, ∀u ∈ C, v ∈ D.

Lemma 2.4. ([28]) Let X be a uniformly smooth Banach space, C be a nonempty closed convex subset of X, T : C→ C
be a nonexpansive mapping with Fix(T) , ∅, and f ∈ Ω. Then {ut} defined by ut = s f (ut) + (1 − s)Tut converges
strongly to a point in Fix(T) as s→ 0+.

Recall that a gauge ϕ : [0,∞)→ [0,∞) is a continuous strictly increasing function such that ϕ(0) = 0 and
ϕ(t)→∞ as t→∞. The duality map Jϕ : X→ 2X∗ is defined by

Jϕ(u) = {u∗ ∈ X∗ : 〈u,u∗〉 = ‖u‖ϕ(‖u‖), ‖u∗‖ = ϕ(‖u‖)}, ∀u ∈ X.

Lemma 2.5. ([20]) Assume that X has a weakly continuous duality map Jϕ with gauge ϕ.

(i) For all u, v ∈ X, we have Φ(‖u + v‖) ≤ Φ(‖u‖) + 〈v, Jϕ(u + v)〉.
(ii) Let the sequence (X 3)uk ⇀ u. Then,

lim sup
k→∞

Φ(‖uk − v‖) = lim sup
k→∞

Φ(‖uk − u‖) + Φ(‖v − u‖), ∀v ∈ X.
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Lemma 2.6. ([16]) Let X be a reflexive Banach space which have a weakly continuous duality map Jϕ with gauge ϕ.
Let ∅ , C ⊂ X be a closed convex set. Let T : C→ C be a nonexpansive mapping with Fix(T) , ∅, and let f : C→ C
be a contraction. Then ut defined by ut = s f (ut) + (1 − s)Tut converges strongly to a point in Fix(T) as s→ 0+.

A mapping F with domain D(F) and range R(F) in a real Banach space X is called

(i) ν-strongly accretive if for each u, v ∈ D(F), there exists j(u − v) ∈ J(u − v) such that

〈Fu − Fv, j(u − v)〉 ≥ ν‖u − v‖2 for some ν ∈ (0, 1).

(ii) υ-strictly pseudocontractive [4] if for each u, v ∈ D(F), there exists j(u − v) ∈ J(u − v) such that

〈Fu − Fv, j(u − v)〉 ≤ ‖u − v‖2 − υ‖u − v − (Fu − Fv)‖2 for some υ ∈ (0, 1).

It is easy to see that last inequality is equivalent to

〈(I − F)u − (I − F)v, j(u − v)〉 ≥ υ‖(I − F)u − (I − F)v‖2. (11)

Lemma 2.7. ([7]) Let C be a nonempty closed convex subset of a real smooth Banach space X. Let QC : X → be a
sunny nonexpansive retraction. Let A,B : C→ X be two nonlinear mappings and $, ς be two positive numbers. For
given u∗, v∗ ∈ C, (u∗, v∗) is a solution of the GSVI (1) if and only if u∗ ∈ GSVI(C,A,B) where GSVI(C,A,B) is the set
of fixed points of the mapping G := QC(I − $A)QC(I − ςB) and v∗ = QC(u∗ − ςBu∗).

Lemma 2.8. ([5]) Let C be a nonempty closed convex subset of a strictly convex Banach space X and let {Ti}
k
i=1, be

k nonexpansive self-mappings on C such that the set of common fixed points F :=
⋂k

i=1 Fix(Ti) , ∅. Let a, b and
αi, i = 1, 2, ..., k, be real numbers such that 0 < a ≤ αi ≤ b < 1, and let Vk be a mapping, defined by (7) for all k ≥ 1.
Then, Fix(Vk) = F .

Lemma 2.9. ([5]) Let C be a nonempty closed convex subset of a Banach space X and let {Ti}
∞

i=1 be an infinite family
of nonexpansive self-mappings on C such that the set of common fixed points F :=

⋂
∞

i=1 Fix(Ti) , ∅. Let Vk be a
mapping, defined by (7), and let αi satisfy (8). Then, for each x ∈ C and i ≥ 1, limk→∞ Vi

kx exists.

Lemma 2.10. ([5]) Let C be a nonempty closed convex subset of a strictly convex Banach space X and let {Ti}
∞

i=1 be an
infinite family of nonexpansive self-mappings on C such that the set of common fixed points F :=

⋂
∞

i=1 Fix(Ti) , ∅.
Let αi satisfy the first condition in (8). Then, Fix(V) = F .

Lemma 2.11. ([5]) Let C be a nonempty closed convex subset of a strictly convex and smooth Banach space X. Let
QC : X → C be a sunny nonexpansive retraction. Let A,B : C → X be two mappings and $, ς be two positive
numbers such that the mapping G : C → C is a nonexpansive mapping where G := QC(I − $A)QC(I − ςB). Let
{Ti}

∞

i=1 be an infinite family of nonexpansive self-mappings on C such that F :=
⋂
∞

i=1 Fix(Ti) ∩ GSVI(C,A,B) , ∅.
Let αi satisfy the first condition in (8). Then, Fix(V ◦ G) = F .

Lemma 2.12. ([6]) Let C be a nonempty closed convex subset of a real smooth Banach space X and F : C → X be a
mapping.

(a) If F is υ-strictly pseudocontractive, then F is Lipschitz continuous with constant 1 + 1
υ .

(b) If F is ν-strongly accretive and υ-strictly pseudocontractive with ν + υ > 1, then I − F is contractive with

constant
√

1−ν
υ ∈ (0, 1).

(c) If F is ν-strongly accretive and υ-strictly pseudocontractive with ν+υ > 1, then for any fixed number$ ∈ (0, 1),

I − $F is contractive with constant 1 − $(1 −
√

1−ν
υ ) ∈ (0, 1).

Recall that X satisfies Opial’s property provided, for each sequence uk ∈ X, the condition uk ⇀ u implies
lim supk→∞ ‖uk − u‖ < lim supk→∞ ‖uk − v‖, ∀v ∈ X, v , u. Denote by ωw(uk) the weak ω-limit set of {uk}, i.e.,

ωw(uk) = {ū ∈ X : uki ⇀ ū for some subsequence {uki } of {uk}}. (12)
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Lemma 2.13. ([25]) Let {ak} and {bk} be sequences of nonnegative real numbers such that
∑
∞

k=1 bk < ∞ and ak+1 ≤

ak + bk for all k ≥ 1. Then limk→∞ ak exists.

Lemma 2.14. ([27]) Assume that {ak} is a sequence of nonnegative real numbers satisfying the condition:

ak+1 ≤ (1 − ςk)ak + ςkνk + εk, ∀k ≥ 1,

where {ςk} ⊂ [0, 1], {νk} ⊂ R and {εk} ⊂ [0,∞) such that

(i)
∑
∞

k=1 ςk = ∞;
(ii) lim supk→∞ νk ≤ 0 or

∑
∞

k=1 |ςkνk| < ∞;
(iii)

∑
∞

k=1 εk < ∞.

Then, limk→∞ ak = 0.

Lemma 2.15. ([24]) Let {xn} and {zn} be bounded sequences in a Banach space X and let {αk} be a sequence in [0, 1]
such that 0 < lim infk→∞ αk ≤ lim supk→∞ αk < 1. Suppose that xk+1 = αkxk + (1 − αk)zk,∀k ≥ 1, and

lim sup
k→∞

(‖zk+1 − zk‖ − ‖xk+1 − xk‖) ≤ 0.

Then limk→∞ ‖zk − xk‖ = 0.

3. Main results

In this section, we introduce our iterative algorithms and give the convergence analysis.

Theorem 3.1. Let C be a nonempty closed convex subset of a reflexive and strictly convex Banach space X. Assume,
in addition, X either is uniformly smooth or has a weakly continuous duality map Jϕ with gauge ϕ. Let QC be a
sunny nonexpansive retraction from X onto C. Let A,B : C→ X be two nonlinear mappings and $, ς be two positive
numbers such that the mapping G : C → C is a nonexpansive mapping where G := QC(I − $A)QC(I − ςB). Let
F : C→ X be ν-strongly accretive and υ-strictly pseudocontractive with ν+υ > 1. Let Ti : C→ C be a nonexpansive
mapping for each i = 1, 2, ... such that F :=

⋂
∞

i=1 Fix(Ti) ∩GSVI(C,A,B) , ∅, and f ∈ Ω with contractive constant
% ∈ (0, 1). Let {Vk}

∞

k=1 be defined by (7) and (8). Given sequences {ιk}∞k=1, {τk}
∞

k=1 in [0, 1] and {$k}
∞

k=1 in (0, 1], the
following conditions are satisfied:

(C1) 0 < τk ≤ 1 − %, ∀k ≥ 1;
(C2) lim supk→∞ ιk < 1 and limk→∞(ιk$k)/τk = 0.

For given x0 ∈ C, define a sequence {xk} iteratively by{
yk = [(1 − ιk)Vk + ιkQC(I − $kF)]Gxk,

xk = τk f (xk) + (1 − τk)yk, ∀k ≥ 1.
(13)

Then,

xk → X† ∈ F ⇔ τk‖(I − f )xk‖ + ιk‖(I − G)xk‖ → 0.

(i) If X is uniformly smooth, then X† ∈ F solves the VI

〈(I − f )X†, J(X† − p)〉 ≥ 0, f ∈ Ω, p ∈ F ;

(ii) If X has a weakly continuous duality map Jϕ with gauge ϕ, then X† ∈ F solves the VI

〈(I − f )X†, Jϕ(X† − p)〉 ≥ 0, f ∈ Ω, p ∈ F .
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Proof. Without loss of generality, we assume that {ιk}∞k=1 ⊂ [0, b] ⊂ [0, 1). Note that limk→∞ ιk$k = 0. Let the
mapping Gk : C→ C be defined as Gkx := QC(I −$kF)x where 0 < $k ≤ 1. In terms of Lemma 2.12 we know

that Gk is a contraction with contractive constant 1 − $kτ, where τ = 1 −
√

1−ν
υ ∈ (0, 1). Then, (13) can be

rewritten as

xk = τk f (xk) + (1 − τk)[ιkGkGxk + (1 − ιk)VkGxk], ∀k ≥ 1. (14)

Define a mapping Ukx = τk f (x) + (1 − τk)[ιkGkGx + (1 − ιk)VkGx], ∀x ∈ C. Utilizing Lemma 2.12, we have

‖Ukx −Uky‖ ≤ τk‖ f (x) − f (y)‖ + (1 − τk)[ιk‖GkGx − GkGy‖ + (1 − ιk)‖VkGx − VkGy‖]
≤ τk%‖x − y‖ + (1 − τk)[ιk(1 − $kτ)‖Gx − Gy‖ + (1 − ιk)‖Gx − Gy‖]
= τk%‖x − y‖ + (1 − τk)(1 − ιk$kτ)‖Gx − Gy‖
≤ τk%‖x − y‖ + (1 − τk)‖x − y‖
= (1 − (1 − %)τk)‖x − y‖.

This means that Uk : C→ C is a contraction. Thus, the fixed point equation (14) has a unique solution xk ∈ C
for each k ≥ 1.

Let p ∈ F . Then, Gp = p and p = Vkp for all k ≥ 1. From Lemma2.12, it follows that for each k ≥ 1,

‖xk − p‖ ≤ τk‖ f (xk) − p‖ + (1 − τk)‖ιkGkGxk + (1 − ιk)VkGxk − p‖
≤ τk(%‖xk − p‖ + ‖ f (p) − p‖) + (1 − τk)[ιk‖GkGxk − Gkp + Gkp − p‖ + (1 − ιk)‖xk − p‖]
≤ τk(%‖xk − p‖ + ‖ f (p) − p‖) + (1 − τk)[(1 − ιk$kτ)‖xk − p‖ + ιk$k‖F(p)‖]
≤ τk(%‖xk − p‖ + ‖ f (p) − p‖) + (1 − τk)‖xk − p‖ + ιk$k‖F(p)‖
= (1 − (1 − %)τk)‖xk − p‖ + τk‖ f (p) − p‖ + ιk$k‖F(p)‖.

(15)

Therefore,

‖xk − p‖ ≤
‖ f (p) − p‖

1 − %
+
ιk$k

τk
·
‖F(p)‖
1 − %

,

which together with limk→∞(ιk$k)/τk = 0, implies that

lim sup
k→∞

‖xk − p‖ ≤
‖ f (p) − p‖

1 − %
.

This shows that {xk}
∞

k=1 is bounded. So, the sequences {F(Gxk)}∞k=1, {VkGxk}
∞

k=1, {GkGxk}
∞

k=1 and {yk}
∞

k=1, where
yk = ιkGkGxk + (1 − ιk)VkGxk, are also bounded.

Suppose that xk → X† ∈ F as k → ∞. Then X† = G(X†) and X† = VkX† for all k ≥ 1. It is clear that as
k→∞,

‖ιk(I − G)xk‖ ≤ ‖xk − Gxk‖ ≤ ‖xk − X†‖ + ‖Gxk − X†‖ ≤ 2‖xk − X†‖ → 0.

That is, limk→∞ ‖ιk(I − G)xk‖ = 0. From (13) and limk→∞ ιk$k = 0 it follows that

‖yk − X†‖ ≤ ιk‖GkGxk − X†‖ + (1 − ιk)‖VkGxk − X†‖

= ιk‖GkGxk − GkX† + GkX† − X†‖ + (1 − ιk)‖VkGxk − X†‖

≤ ιk[(1 − $kτ)‖xk − X†‖ + ‖(I − $kF)X† − X†‖] + (1 − ιk)‖xk − X†‖

≤ ιk[‖xk − X†‖ + $k‖F(X†)‖] + (1 − ιk)‖xk − X†‖

= ‖xk − X†‖ + ιk$k‖F(X†)‖ → 0 as k→∞,
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that is, limk→∞ ‖yk − X†‖ = 0. Again from (13) we obtain

‖τk( f (xk) − xk)‖ = ‖ − (1 − τk)(yk − xk)‖

≤ ‖yk − xk‖ ≤ ‖xk − X†‖ + ‖yk − X†‖ → 0 as k→∞,

that is, limk→∞ ‖τk(I − f )xk‖ = 0.
Conversely, suppose that ‖τk(I − f )xk‖ + ‖ιk(I − G)xk‖ → 0 as k→∞. From (13) we observe that

0 = τk( f (xk) − xk) + (1 − τk)(yk − xk),

and

yk − xk = ιk(GkGxk − xk) + (1 − ιk)(VkGxk − xk).

Then from ‖τk( f (xk) − xk)‖ → 0, ιk$k → 0 and 0 < τk ≤ 1 − % it follows that as k→∞,

%‖yk − xk‖ ≤ (1 − τk)‖yk − xk‖ = ‖τk( f (xk) − xk)‖ → 0,

and

(1 − b)‖VkGxk − xk‖ ≤ ‖(1 − ιk)(VkGxk − xk)‖
≤ ‖yk − xk‖ + ιk‖GkGxk − xk‖

≤ ‖yk − xk‖ + ιk‖(I − $kF)Gxk − Gxk‖ + ιk‖Gxk − xk‖

≤ ‖yk − xk‖ + ιk$k‖F(Gxk)‖ + ιk‖Gxk − xk‖ → 0.

That is,

lim
k→∞
‖yk − xk‖ = 0 and lim

k→∞
‖VkGxk − xk‖ = 0. (16)

Furthermore, we deduce that if D is a nonempty and bounded subset of C, then, for ε > 0, there exists
m0 > i such that for all k > m0

sup
x∈D
‖Vi

kx − Vi
∞x‖ ≤ ε. (17)

Set D = {Gxk : k ≥ 1}. From (17) we have

‖VkGxk − VGxk‖ ≤ sup
x∈D
‖Vkx − Vx‖ ≤ ε,

which immediately imply that

lim
k→∞
‖VkGxk − VGxk‖ = 0. (18)

Taking into account that ‖xk − VGxk‖ ≤ ‖xk − VkGxk‖ + ‖VkGxk − VGxk‖, from (16) and (18) we get

lim
k→∞
‖xk − VGxk‖ = 0. (19)

By virtue of Lemma 2.10, we know that Fix(V ◦ G) = F . Let zt be the unique fixed point of Tt given by
Ttx = t f (x) + (1 − t)VGx, t ∈ (0, 1). Define X† := limt→0+ zt and X† ∈ Fix(V ◦ G) = F . We consider two cases.

(i) X is uniformly smooth. By Lemma 2.4, X† solves the VI 〈(I − f )X†, J(X† − p)〉 ≤ 0, ∀p ∈ F . Next, we
show

lim sup
k→∞

〈 f (z) − z, J(xk − z)〉 ≤ 0, (20)
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where z = X†.
Applying Lemma 2.2 we derive

‖zt − xk‖
2
≤ (1 − t)2

‖VGzt − xk‖
2 + 2t〈 f (zt) − xk, J(zt − xk)〉

≤ (1 − t)2(‖VGzt − VGxk‖ + ‖VGxk − xk‖)2 + 2t〈 f (zt) − zt, J(zt − xk)〉 + 2t‖zt − xk‖
2

≤ (1 − t)2
‖zt − xk‖

2 + ak(t) + 2t〈 f (zt) − zt, J(zt − xk)〉 + 2t‖zt − xk‖
2,

where

ak(t) = ‖VGxk − xk‖(2‖zt − xk‖ + ‖Vxk − xk‖)→ 0 (due to (19))

The last inequality implies

〈zt − f (zt), J(zt − xk)〉 ≤
t
2
‖zt − xk‖

2 +
1
2t

ak(t).

It follows that

lim sup
k→∞

〈zt − f (zt), J(zt − xk)〉 ≤M
t
2
, (21)

where M > 0 is a constant such that M ≥ ‖zt − xk‖
2 for all k ≥ 1 and small enough t in (0, 1). Taking the

limsup as t→ 0+ in (21) and noticing the fact that the two limits are interchangeable due to the fact that the
duality map J is uniformly norm-to-norm continuous on any bounded subset of X, we obtain (20).

Note that

xk − z = τk( f (xk) − z) + (1 − τk)(1 − ιk)(VkGxk − z) + (1 − τk)ιk(GkGxk − z).

Then, applying Lemma 2.2, we get

‖xk − z‖2 ≤ ‖(1 − τk)(1 − ιk)(VkGxk − z) + (1 − τk)ιk(GkGxk − z)‖2 + 2τk〈 f (xk) − z, J(xk − z)〉

≤ [(1 − τk)(1 − ιk)‖VkGxk − z‖ + (1 − τk)ιk‖GkGxk − z‖]2 + 2τk〈 f (xk) − f (z), J(xk − z)〉
+ 2τk〈 f (z) − z, J(xk − z)〉

≤ [(1 − τk)(1 − ιk)‖xk − z‖ + (1 − τk)ιk(‖xk − z‖ + $k‖F(z)‖)]2 + 2τk%‖xk − z‖2 + 2τk〈 f (z) − z, J(xk − z)〉

≤ (1 − τk)2[‖xk − z‖2 + ιk$k‖F(z)‖(2‖xk − z‖ + ιk$k‖F(z)‖)] + 2τk%‖xk − z‖2 + 2τk〈 f (z) − z, J(xk − z)〉

≤ (1 − τk(1 − %))‖xk − z‖2 + ιk$k‖F(z)‖(2‖xk − z‖ + ιk$k‖F(z)‖) + 2τk〈 f (z) − z, J(xk − z)〉,

which immediately implies that

‖xk − z‖2 ≤
ιk$k

τk
·
‖F(z)‖(2‖xk − z‖ + ιk$k‖F(z)‖)

1 − %
+

2
1 − %

〈 f (z) − z, J(xk − z)〉. (22)

Since limk→∞(ιk$k)/τk = 0 and {xk} is bounded, we deduce from (20) and (22) that

lim sup
k→∞

‖xk − z‖2 ≤ 0.

That is, limk→∞ ‖xk − z‖ = 0.
(ii) X has a weakly continuous duality map Jϕ with gauge ϕ. By Lemma 2.6, X† solves the VI

〈(I − f )X†, Jϕ(X† − p)〉 ≤ 0, ∀p ∈ F . (23)

Let us show that

lim sup
k→∞

〈 f (z) − z, Jϕ(xk − z)〉 ≤ 0, (24)
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where z = X†. We take a subsequence {xki } of {xk} such that

lim sup
k→∞

〈 f (z) − z, Jϕ(xk − z)〉 = lim sup
i→∞

〈 f (z) − z, Jϕ(xki − z)〉. (25)

Since X is reflexive and {xk} is bounded, we may further assume that xki ⇀ x̄ for some x̄ ∈ C. Since Jϕ is
weakly continuous, utilizing Lemma 2.5 (ii), we have

lim sup
i→∞

Φ(‖xki − x‖) = lim sup
i→∞

Φ(‖xki − x̄‖) + Φ(‖x − x̄‖), ∀x ∈ X.

Set Γ(x) = lim supi→∞Φ(‖xki − x‖), ∀x ∈ X. It follows that Γ(x) = Γ(x̄) + Φ(‖x − x̄‖), ∀x ∈ X. From (19), we
have

Γ(VGx̄) = lim sup
i→∞

Φ(‖xki − VGx̄‖) = lim sup
i→∞

Φ(‖VGxki − VGx̄‖)

≤ lim sup
i→∞

Φ(‖xki − x̄‖) = Γ(x̄).
(26)

Furthermore, observe that

Γ(VGx̄) = Γ(x̄) + Φ(‖VGx̄ − x̄‖). (27)

Combining (26) with (27), we obtain Φ(‖VGx̄− x̄‖) ≤ 0. Hence, VGx̄ = x̄ and x̄ ∈ Fix(V ◦G) = F (by Lemma
2.11). Thus, from (23) and (25), it is easy to see that

lim sup
k→∞

〈 f (z) − z, Jϕ(xk − z)〉 = 〈 f (z) − z, Jϕ(x̄ − z)〉 ≤ 0.

Therefore, we deduce that (24) holds.
Applying Lemma 2.5, we obtain

Φ(‖yk − z‖) = Φ(‖ιk(GkGxk − Gkz) + (1 − ιk)(VkGxk − z) + ιk(Gkz − z)‖)
≤ Φ(‖ιk(GkGxk − Gkz) + (1 − ιk)(VkGxk − z)‖) + ιk〈Gkz − z, Jϕ(yk − z)〉
≤ Φ(ιk(1 − $kτ)‖xk − z‖ + (1 − ιk)‖xk − z‖) + ιk‖Gkz − z‖ϕ(‖yk − z‖)
≤ Φ(ιk‖xk − z‖ + (1 − ιk)‖xk − z‖) + ιk‖(I − $kF)z − z‖ϕ(‖yk − z‖)
= Φ(‖xk − z‖) + ιk$k‖F(z)‖ϕ(‖yk − z‖),

and hence

Φ(‖xk − z‖) = Φ(‖τk( f (yk) − f (z)) + (1 − τk)(yk − z) + τk( f (xk) − f (yk)) + τk( f (z) − z)‖)
≤ Φ(‖τk( f (yk) − f (z)) + (1 − τk)(yk − z)‖) + τk〈 f (xk) − f (yk), Jϕ(xk − z)〉

+ τk〈 f (z) − z, Jϕ(xk − z)〉
≤ (1 − (1 − %)τk)Φ(‖yk − z‖) + τk%‖xk − yk‖ϕ(‖xk − z‖) + τk〈 f (z) − z, Jϕ(xk − z)〉
≤ (1 − (1 − %)τk)[Φ(‖xk − z‖) + ιk$k‖F(z)‖ϕ(‖yk − z‖)] + τk%‖xk − yk‖ϕ(‖xk − z‖)

+ τk〈 f (z) − z, Jϕ(xk − z)〉
≤ (1 − (1 − %)τk)Φ(‖xk − z‖) + ιk$k‖F(z)‖ϕ(‖yk − z‖) + τk%‖xk − yk‖ϕ(‖xk − z‖)

+ τk〈 f (z) − z, Jϕ(xk − z)〉,

which immediately yields

Φ(‖xk − z‖) ≤
ιk$k

τk
·
‖F(z)‖ϕ(‖yk − z‖)

1 − %
+

%

1 − %
‖xk − yk‖ϕ(‖xk − z‖) +

1
1 − %

〈 f (z) − z, Jϕ(xk − z)〉,

Since limk→∞(ιk$k)/τk = 0 and the sequences {xk} and {yk} are bounded, we conclude from (16) and (24) that
limk→∞Φ(‖xk − z‖) = 0 which implies that limk→∞ ‖xk − z‖ = 0. This completes the proof.
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Theorem 3.2. Let C be a nonempty closed convex subset of a reflexive and strictly convex Banach space X. Assume,
in addition, X either is uniformly smooth or has a weakly continuous duality map Jϕ with gauge ϕ. Let QC be a
sunny nonexpansive retraction from X onto C. Let A,B : C→ X be two nonlinear mappings and $, ς be two positive
numbers such that the mapping G : C → C is a nonexpansive mapping where G := QC(I − $A)QC(I − ςB). Let
F : C→ X be ν-strongly accretive and υ-strictly pseudocontractive with ν+υ > 1. Let Ti : C→ C be a nonexpansive
mapping for each i = 1, 2, ... such that F :=

⋂
∞

i=1 Fix(Ti) ∩GSVI(C,A,B) , ∅, and f ∈ Ω with contractive constant
% ∈ (0, 1). Let {Vk}

∞

k=1 be defined by (7) and (8). Given sequences {ιk}∞k=1, {τk}
∞

k=1 in [0, 1] and {$k}
∞

k=1 in (0, 1], the
following conditions are satisfied:
(C1) 0 < τk ≤ 1 − %, ∀k ≥ k0 for some k0 ≥ 1, and

∑
∞

k=1 τk = ∞;
(C2) 0 < lim infk→∞ ιk ≤ lim supk→∞ ιk < 1;
(C3) limk→∞( τk+1

1−(1−τk+1)ιk+1
−

τk
1−(1−τk)ιk

) = 0;
(C4)

∑
∞

k=1 $k < ∞ or limk→∞ $k/τk = 0.

For an arbitrary x1 ∈ C, let {xk}
∞

k=1 be generated by{
yk = [ιkQC(I − $kF) + (1 − ιk)Vk]Gxk,

xk+1 = τk f (xk) + (1 − τk)yk, ∀k ≥ 1.
(28)

Then,

xk → X† ∈ F ⇔ τk‖(I − f )xk‖ + ‖(I − G)xk‖ → 0.

(i) If X is uniformly smooth, then X† ∈ F solves the VI

〈(I − f )X†, J(X† − p)〉 ≥ 0, f ∈ Ω, p ∈ F ;

(ii) If X has a weakly continuous duality map Jϕ with gauge ϕ, then X† ∈ F solves the VI

〈(I − f )X†, Jϕ(X† − p)〉 ≥ 0, f ∈ Ω, p ∈ F .

Proof. Without loss of generality, we assume that {ιk}∞k=1 ⊂ [a, b] ⊂ (0, 1). Observe that limk→∞ $k = 0. Define
Gkx := QC(I − $kF)x where 0 < $k ≤ 1. According to Lemma 2.12, Gk is a contraction with contractive

constant 1 − $kτ, where τ = 1 −
√

1−ν
υ ∈ (0, 1). Then, (28) can be rewritten as{

yk = ιkGkGxk + (1 − ιk)VkGxk,

xk+1 = τk f (xk) + (1 − τk)yk, ∀k ≥ 1.
(29)

Let p ∈ F . Then, p = Gp and p = Vkp for all k ≥ 1. Hence,

‖yk − p‖ ≤ ιk‖GkGxk − p‖ + (1 − ιk)‖VkGxk − p‖
≤ ιk‖GkGxk − Gkp + Gkp − p‖ + (1 − ιk)‖xk − p‖
≤ ιk[(1 − $kτ)‖xk − p‖ + ‖(I − $kF)p − p‖] + (1 − ιk)‖xk − p‖

≤ max{‖xk − p‖,
‖F(p)‖
τ
}.

By (28), we get

‖xk+1 − p‖ ≤ τk(‖ f (xk) − f (p)‖ + ‖ f (p) − p‖) + (1 − τk)‖yk − p‖

≤ τk(%‖xk − p‖ + ‖ f (p) − p‖) + (1 − τk) max{‖xk − p‖,
‖F(p)‖
τ
}

≤ τk%max{‖xk − p‖,
‖F(p)‖
τ
} + τk‖ f (p) − p‖ + (1 − τk) max{‖xk − p‖,

‖F(p)‖
τ
}

= (1 − %)τk
‖ f (p) − p‖

1 − %
+ (1 − (1 − %)τk) max{‖xk − p‖,

‖F(p)‖
τ
}

≤ max{‖xk − p‖,
‖ f (p) − p‖

1 − %
,
‖F(p)‖
τ
}.
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By induction, we have

‖xk − p‖ ≤ max{‖x1 − p‖,
‖ f (p) − p‖

1 − %
,
‖F(p)‖
τ
}, ∀k ≥ 1.

This implies that {xk}
∞

k=1 is bounded. So, the sequences {F(Gxk)}∞k=1, {VkGxk}
∞

k=1, {GkGxk}
∞

k=1 and {yk}
∞

k=1, where
yk = ιkGkGxk + (1 − ιk)VkGxk, are also bounded.

Suppose that xk → X† ∈ F as k → ∞. Then X† = G(X†) and X† = VkX† for all k ≥ 1. It is clear that
‖xk − Gxk‖ → 0. From (29), we deduce

‖yk − X†‖ ≤ ιk‖GkGxk − X†‖ + (1 − ιk)‖VkGxk − X†‖

≤ ιk[(1 − $kτ)‖xk − X†‖ + ‖(I − $kF)X† − X†‖] + (1 − ιk)‖xk − X†‖

≤ ‖xk − X†‖ + $k‖F(X†)‖ → 0 as k→∞,

that is, limk→∞ ‖yk − X†‖ = 0. Again from (29) we obtain that

‖τk( f (xk) − xk)‖ = ‖xk+1 − xk − (1 − τk)(yk − xk)‖
≤ ‖xk+1 − xk‖ + (1 − τk)‖yk − xk‖

≤ ‖xk+1 − xk‖ + ‖xk − X†‖ + ‖yk − X†‖ → 0.

Conversely, suppose that ‖τk(I− f )xk‖+ ‖(I−G)xk‖ → 0 as k→∞. Set νk = (1−τk)ιk, ∀k ≥ 1. Then, it follows
from (C1) and (C2) that ιk ≥ νk = (1 − τk)ιk ≥ (1 − (1 − %))ιk = %ιk, ∀k ≥ k0, and hence

0 < lim inf
k→∞

νk ≤ lim sup
k→∞

νk < 1. (30)

Without loss of generality, we assume that {νk}
∞

k=1 ⊂ [c, d] ⊂ (0, 1). Define zk by

xk+1 = νkxk + (1 − νk)zk. (31)

Observe that

zk+1 − zk =
xk+2 − νk+1xk+1

1 − νk+1
−

xk+1 − νkxk

1 − νk

= (
τk+1

1 − νk+1
−

τk

1 − νk
)( f (xk+1) − Vk+1Gxk+1) +

τk

1 − νk
( f (xk+1) − f (xk))

+
1 − νk − τk

1 − νk
(Vk+1Gxk+1 − VkGxk) +

νk+1(Gk+1Gxk+1 − xk+1)
1 − νk+1

−
νk(GkGxk − xk)

1 − νk
.

It follows that

‖zk+1 − zk‖ ≤ |
τk+1

1 − νk+1
−

τk

1 − νk
|‖ f (xk+1) − Vk+1Gxk+1‖ +

τk

1 − νk
‖ f (xk+1) − f (xk)‖

+
1 − νk − τk

1 − νk
‖Vk+1Gxk+1 − VkGxk‖ +

νk+1‖Gk+1Gxk+1 − xk+1‖

1 − νk+1
+
νk‖GkGxk − xk‖

1 − νk

≤ |
τk+1

1 − νk+1
−

τk

1 − νk
|(‖ f (xk+1)‖ + ‖Vk+1Gxk+1‖) +

%τk

1 − νk
‖xk+1 − xk‖ +

1 − νk − τk

1 − νk
(‖xk+1 − xk‖

+ αk+1‖Tk+1Gxk − Gxk‖) +
d($k+1‖F(Gxk+1)‖ + ‖(I − G)xk+1‖)

1 − d
+

d($k‖F(xk)‖ + ‖(I − G)xk‖)
1 − d

≤ ‖xk+1 − xk‖ + |
τk+1

1 − νk+1
−

τk

1 − νk
|(‖ f (xk+1)‖ + ‖Vk+1Gxk+1‖) + αk+1‖Tk+1Gxk − Gxk‖

+
d($k+1‖F(Gxk+1)‖ + ‖(I − G)xk+1‖)

1 − d
+

d($k‖F(Gxk)‖ + ‖(I − G)xk‖)
1 − d

.

(32)
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It follows that

lim sup
k→∞

(‖zk+1 − zk‖ − ‖xk+1 − xk‖) ≤ 0.

This together with Lemma 2.15 implies that limk→∞ ‖zk − xk‖ = 0. It follows from (30) and (31) that

lim
k→∞
‖xk+1 − xk‖ = lim

k→∞
(1 − νk)‖zk − xk‖ = 0.

Note that

%‖yk − xk‖ ≤ (1 − τk)‖yk − xk‖

= ‖xk+1 − xk − τk( f (xk) − xk)‖
≤ ‖xk+1 − xk‖ + ‖τk(I − f )xk‖.

Since xk+1 − xk → 0 and ‖τk(I − f )xk‖ → 0, we get

lim
k→∞
‖yk − xk‖ = 0. (33)

Observe that

yk − xk = ιk(GkGxk − xk) + (1 − ιk)(VkGxk − xk). (34)

So, (1 − b)‖VkGxk − xk‖ ≤ ‖yk − xk‖ + $k‖F(Gxk)‖ + ‖(I − G)xk‖ → 0. Consequently,

lim
k→∞
‖VkGxk − VGxk‖ = 0. (35)

Taking into account that ‖xk − VGxk‖ ≤ ‖xk − VkGxk‖ + ‖VkGxk − VGxk‖, from (35) we get

lim
k→∞
‖xk − VGxk‖ = 0. (36)

In the light of Lemma 2.11, we conclude that Fix(V ◦G) = F . Let zt be the unique fixed point of Tt given by
Ttx = t f (x) + (1 − t)VGx, t ∈ (0, 1). Set X† := limt→0+ zt and note that X† ∈ Fix(V ◦ G) = F . We consider two
cases.

(i) X is uniformly smooth. By Lemma 2.4, X† solves the VI 〈(I − f )X†, J(X† − p)〉 ≤ 0, ∀p ∈ F . Repeating
the same arguments as those of (20) in the proof of Theorem 3.1, we obtain

lim sup
k→∞

〈 f (z) − z, J(xk − z)〉 ≤ 0, (37)

where z = X†.
From (29), we have

‖yk − z‖2 ≤ ιk‖GkGxk − z‖2 + (1 − ιk)‖VkGxk − z‖2

≤ ιk[(1 − $kτ)‖xk − z‖ + ‖(I − $kF)z − z‖]2 + (1 − ιk)‖xk − z‖2

≤ ιk[(1 − $kτ)‖xk − z‖2 + $k
‖F(z)‖2

τ
] + (1 − ιk)‖xk − z‖2

≤ ‖xk − z‖2 + $k
‖F(z)‖2

τ
.

By Lemma 2.2, we derive

‖xk+1 − z‖2 ≤ (1 − τk)2
‖yk − z‖2 + 2τk〈 f (xk) − z, J(xk+1 − z)〉

≤ (1 − τk)2
‖xk − z‖2 + 2%τk‖xk − z‖‖xk+1 − z‖ + 2τk〈 f (z) − z, J(xk+1 − z)〉 + $k

‖F(z)‖2

τ

≤ (1 − τk)2
‖xk − z‖2 + %τk(‖xk − z‖2 + ‖xk+1 − z‖2) + 2τk〈 f (z) − z, J(xk+1 − z)〉 + $k

‖F(z)‖2

τ
.
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It follows that, for all k ≥ k0, we have

‖xk+1 − z‖2 ≤
1 − (2 − %)τk + τ2

k

1 − %τk
‖xk − z‖2 +

2τk

1 − %τk
〈 f (z) − z, J(xk+1 − z)〉 +

$k

1 − %τk

‖F(z)‖2

τ

≤ (1 −
(1 − %)τk

1 − %τk
)‖xk − z‖2 +

2τk

1 − %τk
〈 f (z) − z, J(xk+1 − z)〉 +

$k

1 − %τk

‖F(z)‖2

τ
.

Set ςk =
(1−%)τk
1−%τk

and νk = 2
1−% 〈 f (z) − z, J(xk+1 − z)〉. Then,

‖xk+1 − z‖2 ≤ (1 − ςk)‖xk − z‖2 + ςkνk + σk, ∀k ≥ k0, (38)

where σk = $k
1−%τk

‖F(z)‖2

τ . Applying Lemma 2.14 to (38), we conclude that xk → z.
(ii) X has a weakly continuous duality map Jϕ with gauge ϕ. By Lemma 2.6, X† solves the VI

〈(I − f )X†, Jϕ(X† − p)〉 ≤ 0, ∀p ∈ F . (39)

Repeating the same arguments as those of (24) in the proof of Theorem 3.1, we obtain

lim sup
k→∞

〈 f (z) − z, Jϕ(xk − z)〉 ≤ 0, (40)

where z = X†.
Note that

Φ(‖yk − z‖) = Φ(‖ιk(GkGxk − Gkz) + (1 − ιk)(VkGxk − z) + ιk(Gkz − z)‖)
≤ Φ(‖ιk(GkGxk − Gkz) + (1 − ιk)(VkGxk − z)‖) + ιk〈Gkz − z, Jϕ(yk − z)〉
≤ Φ(ιk(1 − $kτ)‖xk − z‖ + (1 − ιk)‖xk − z‖) + ιk‖(I − $kF)z − z‖ϕ(‖yk − z‖)
≤ Φ(‖xk − z‖) + ιk$k‖F(z)‖ϕ(‖yk − z‖).

and hence

Φ(‖xk+1 − z‖) = Φ(‖τk( f (yk) − f (z)) + (1 − τk)(yk − z) + τk( f (xk) − f (yk)) + τk( f (z) − z)‖)
≤ Φ(‖τk( f (yk) − f (z)) + (1 − τk)(yk − z)‖) + τk〈 f (xk) − f (yk), Jϕ(xk+1 − z)〉

+ τk〈 f (z) − z, Jϕ(xk+1 − z)〉
≤ (1 − (1 − %)τk)[Φ(‖xk − z‖) + ιk$k‖F(z)‖ϕ(‖yk − z‖)] + τk%‖xk − yk‖ϕ(‖xk+1 − z‖)

+ τk〈 f (z) − z, Jϕ(xk+1 − z)〉
≤ (1 − (1 − %)τk)Φ(‖xk − z‖) + τk%‖xk − yk‖ϕ(‖xk+1 − z‖) + τk〈 f (z) − z, Jϕ(xk+1 − z)〉

+ $k‖F(z)‖ϕ(‖yk − z‖).

Set ςk = (1 − %)τk and νk =
%

1−% ‖xk − yk‖ϕ(‖xk+1 − z‖) + 1
1−% 〈 f (z) − z, Jϕ(xk+1 − z)〉, ∀k ≥ 1. Then,

‖xk+1 − z‖2 ≤ (1 − ςk)‖xk − z‖2 + ςkνk + σk, ∀k ≥ 1, (41)

where σk = $k‖F(z)‖ϕ(‖yk − z‖).
Applying Lemma 2.14 to (41), we conclude that limk→∞Φ(‖xk − z‖) = 0, which implies that limk→∞ ‖xk −

z‖ = 0. This completes the proof.
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