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NOTES ON CONSTANT MEAN CURVATURE
SURFACES AND THEIR GRAPHICAL

PRESENTATION

Marija Ćirić

Abstract

In this paper graphical presentation some of the constant mean curvature
surfaces (CMC surfaces) is given. This work is an extension of the results [3].
Interesting shapes and complicate structures of CMC surfaces obtained using
Mathematica computer program are given.

1 Introduction

Let M be a 2-dimensional manifold and f : M −→ R3 an immersion with at
least C2 differentiability. The Euclidean metrics on R3 induces a metrics ds2 :
TP M × TP M −→ R, where TP M is the tangent space at P ∈ M . That generates
the complex structure of the Riemann surface M .

We can choose the coordinates (u, v) on M so that ds2 is a conformal metrics.
This means that the vectors fu and fv are ortogonal and of equal positive length
in R3 at every point f(P ). Under such parametrization, which we call conformal,
the first fundamental form is given by the matrix

(1.1) g = (gij) = 4e2û

(

1 0
0 1

)

,

where û : M −→ R.
The eigenvalues of the matrix g−1b, where b is a matrix of the second funda-

mental form of f , are the principal curvatures k1 and k2. This gives the following
expressions for the mean and Gaussian curvatures

(1.2) H =
k1 + k2

2
=

1

2
tr(g−1b),
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(1.3) K = k1k2 = det(g−1b).

If the mean curvature of a surface is identically zero, one speaks about minimal
surfaces and the study of these surfaces is a field for itself. If the mean curvature
is constant, but not zero, the surfaces are called CMC surfaces, which we are now
considering.

The spheres and round cylinders are the first few examples of CMC surfaces.
Much latter Delaunay classified all revolutional CMC surfaces and called them De-
launay surfaces. For some time, no new CMC surfaces were found. The question
was opened whether there are any compact CMC surfaces other then the spheres.
1986. Wente was proved that must exist the CMC tori and futhermore there exist
infinitely many constant mean curvature tori. Moreover, for each integer g ≥ 2,
there is a compact constant mean curvature surface of genus g.

The CMC surfaces can be regarded as interface surfaces in nature. Particulary,
the interface shape is described by a constant mean curvature surface that satisfies
some particular conditions. The interface shape separates a gas layer within a
superhydrophic surface consisting of a square lattice of posts from a pressurized
liquid above the surface.

2 Visualization of some CMC surfaces using

Mathematica computer program

Based on the results from [3], [5], [8] and [10], we get interesting examples of the
CMC surfaces. We use Mathematica computer program to present the structure of
these surfaces.

2.1 Sphere

The sphere is the simplest example of the surfaces of nonzero mean curvature. It is
easely shown to be the next parametrization with constant mean curvature H = 1

2
.

sphere[u_,v_]:={2Cos[u]Cos[v],2Cos[u]Sin[v],2Sin[u]}

ParametricPlot3D[sphere[u,v], {u,-Pi/2,Pi/2},{v,0,2Pi},

PlotPoints->27]

2.2 Cylinder

The second simple example of CMC surfaces is the round cylinder. The next pro-
gram consists two parametrizations: the first which is conformal and the second
which is uncorfomal. Both of them gives the cylinder of radius 1 and of main
curvature H = 1

2
.

<<Graphics‘ParametricPlot3D‘

cylinder1[u_, v_] :={-4u,-Sin[4v],-Cos[4v]}

p=ParametricPlot3D[cylinder1[u,v],{v,0,2Pi,Pi/72},{u,0,1,1},
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Figure 1: A sphere

ViewPoint->{1,1,1}, Boxed->False,Axes->False,

DisplayFunction->Identity]

cylinder2[u_,v_]:={Cos[v],Sin[v],u};

q=ParametricPlot3D[cylinder2[u,v],{v,0,2Pi,Pi/24},{u,0,2,2},

ViewPoint->{1,2,-2}, Boxed->False,Axes->False,

DisplayFunction->Identity]

Show[GraphicsArray[{p,q}],DispalayFunction->$DisplayFunction]

Figure 2: The cylinders

2.3 Delaunay surfaces

The locus of an ellipse as the point of contact rolls along a straight line in a plane
is called the undulary. The locus of a focus of a hyperbola as the point of contact
rolls along a straight line in a plane forms the curve which we call the nodary.
Rotating each of the roulettes about its axis of rolling produces five types of surfaces
with constant mean curvature in Euclidean space R3, called Delaunay surfaces:
the catenoids (by rolling a parabola which are the minimal surfaces), unduloids,
nodoids, right circular cylinders (which are unduloids made by rolling a circle), and
spheres (by rolling a degenerate ellipse of eccentricity 0).
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2.3.1 Unduloid

Let the ellipse be given by the next equation x2

a2 + y2

b2 = 1, where a > b > 0. The
parametric equation of the curve in the plane-undulary is

(2.3.1.1) undulary(u) = (x(u), y(u)),

where

(2.3.1.2) x(u) =

∫ u

0

√

a2 sin2 φ + b2 cos2 φdφ+
(a +

√
a2 − b2 cos u)

√
a2 − b2 sinu

√

a2 sin2 φ + b2 cos2 φ
,

(2.3.1.3) y(u) =
b(a +

√
a2 − b2 cos u)

√

a2 sin2 u + b2 cos2 u
.

The unduloid comes by rotation of the undulary about the axe of rotation and has
a equation:

(2.3.1.4) unduloid(u, v) = (x(u), y(u) cos v, y(u) sin v).

The next program gives an undulary and unduloid for a = 1, 5 and b = 1 and the
functions x and y like (2.3.1.2) and (2.3.1.3).

<<Graphics‘ParametricPlot3D‘

undulary[u_]:={x,y}

unduloid[u_,v_]:={x, y Cos[v], y Sin[v]}

ParametricPlot[undulary[u],{u,0,4Pi},PlotRegion->{{0.1,0.8},

{0.2,0.8}},PlotStyle->RGBColor[1,0,0]]

p=ParametricPlot3D[unduloid[u,v],{u, Pi,4Pi,Pi/12},

{v, - Pi / 2, Pi /2,Pi/12}, PlotPoints->{40,20},

Boxed->False,Axes->False,DisplayFunction->Identity];

q=ParametricPlot3D[unduloid[u,v],{u, Pi,4Pi,Pi/12},

{v, - Pi / 2,3Pi / 2,Pi/12}, PlotPoints->{40,20},

Boxed->False,Axes->False,DisplayFunction->Identity];

Show[GraphicsArray[{p,q}],DisplayFunction->$DisplayFunction]

2.3.2 Nodoid

Let the hyperbola be given by the next equation x2

a2 − y2

b2 = 1, where a > b > 0.
The parametric equation of the curve in the plane-nodary is

(2.3.2.1) nodary(u) = (x(u), y(u)),

where

(2.3.2.2) x(u) = a(1 − cos u +

∫ u

0

sin2 φ
√

sin2φ + b2/a2
dφ),

(2.3.2.3) y(u) = a(sin u +
√

sin2u + b2/a2).
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Figure 3: An undulary, half and all of an unduloid

The nodoid comes by rotation of the nodary about the axe of rotation and has the
parametric equation

(2.3.2.4) nodoid(u, v) = (x(u), y(u) cos v, y(u) sin v).

For a = 1, 5, b = 1 and (2.3.2.2), (2.3.2.3) we have the program:

<<Graphics‘ParametricPlot3D‘

nodary[u_]:={x,y}

nodoid[u_,v_]:={x,y*Cos[v],y*Sin[v]}

p=ParametricPlot[nodary[u],{u,0,4Pi},AspectRatio->Automatic,

PlotStyle->RGBColor[1,0,0]]

q=ParametricPlot3D[nodoid[u,v],{u, - 5Pi / 2, 2Pi,Pi/12},

{v, - Pi/2, Pi/2,Pi/12 },PlotPoints->{40,20},

Boxed->False,Axes->False,DisplayFunction->Identity]

r=ParametricPlot3D[nodoid[u,v],{u, - 5 Pi / 2, 2Pi,Pi/12},

{v, - Pi,Pi,Pi/12 },PlotPoints->{40,20},Boxed->False,

Axes->False,DisplayFunction->Identity]

Show[GraphicsArray[{q,r}],DisplayFunction->$DisplayFunction]

2.4 Wente tori

The conformal parametrization of a torus is given by an immersion

f : C/Γ → R3,

where Γ is a 2-dimensional lattice. The simplest CMC tori were found by Wente
and analytically stadied by Abresch and Walter. Walter proved that the set of all
symetric tori which found by Wente are in one-to-one correspodence with the set
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Figure 4: A nodary, half and all of a nodoid

of reduced fractions l/n ∈ (1, 2). For each l/n we call the corresponding symetric
Wente torus Wl/n.

The parametric equation of the torus is:

(2.4.1) torus(u, v) = (Z cos(w − j) +
cos w

2H
,Z sin(w − j) +

sin w

2H
,x3),

where

Z =

√

2

H

1

ᾱ2
·
((ᾱ2 − b)γ2 cos2 u + p)γ̄ cos v − (pγ2 cos2 u + (ᾱ2 + b))γ cos u

√

p − 2bγ2 cos2 u − pγ4 cos4 u · (1 − T cos u cos v)
,

w =
√

H
2

α

∫ u

0

1 + T 2 cos2 t

1 − T 2 cos2 t

dt
√

1 − k2 sin2 t
,

j = tan−1(
α

2
√

H
tan u

√

1 − k2 sin2 u) + (m − 1)π,
(2m − 3)π

2
≤ u <

(2m − 1)π

2
,

m ∈ N,

x3 =
1

ᾱ
√

H
· (2T

cos u sin v
√

1 − k̄2 sin2 v

1 − T cos u cos v
+

1

γ̄

∫ v

0

1 − 2k̄2 sin2 t
√

1 − k̄2 sin2 t
dt),

T = γγ̄,

γ =
√

tan θ, γ̄ =
√

tan θ̄,

α =

√

4H
sin 2θ̄

sin 2(θ + θ̄)
, ᾱ =

√

4H
sin 2θ

sin 2(θ + θ̄)
,
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θ̄ = 65.354955◦.

Some values of θ are given in the next table:

Wl/n θ
W4/3 12.7898◦

W3/2 17.7324◦

W6/5 8.0983◦

W5/3 21.4807◦

Table 1: The values of θ

More values of θ one can find in [8].
For different values of θ we compute number g which present the number of the

fundamental pieces. When l is odd (resp. l is even), Wl/n consists of the union of
2n (resp. n) fundamental pieces. The number g determine the range of u.

In the sequel we give some Wente tori with their cut-aways using the next
program:

<<Graphics‘ParametricPlot3D‘

ParametricPlot3D[{Z*Cos[w-j]+Cos[w]/(2H), Z*Sin[w-j]+Sin[w]/(2H),x3},

{u,U1,U2,Pi/24},{v,-Pi,Pi,Pi/24},

Boxed->False,Axes->False,ViewPoint->{Vx,Vy,Vz}]

We use the value H = 1/2. By variation of the range of u and v and the change
of ViewPoint, (table 2.), we make the pictures which enable to perceive the structure
of tori.

Figure range of u range of v ViewPoint

5.a (−π/2, 5π/2) (−π, π) (−1, 1, 1)
5.b (−π, 5π) (−π/6, π/6) (−1, 3, 5)
5.c (−π/3, 5π/3) (−π/3, π/3) (−1, 1, 1)
5.d (−2π/3, 4π) (−π, π/24) (−1, 1, 1)
5.e (−π/3, 5π/3) (−π, π/24) (−1, 1,−1)
5.f (−π/3, 5π/3) (−π, π/24) (0,−1,−1)
6.a (−π/2, 7π/2) (−π, π) (−1,−1, 1)
6.b (0, 7π/2) (−π/4, π) (−1,−1, 1)
6.c (−π/2, 7π/2) (−π/2, π/32) (−1,−1, 1)
6.d (−π/3, 7π/3) (−π/3, π/3) (−1,−1, 1)
6.e (−π, 7π) (−π/2, π/24) (−1,−1, 1)
7.a (−π/2, 9π/2) (−π, π) (−1, 1, 1)
7.b (−π, 9π) (−π/8, π/8) (−1,−1, 1)
7.c (−π/2, 9π/2) (−π/2, π/16) (−1,−1, 1)
7.d (−π/3, 3π) (−π/2, π/16) (−1,−1, 1)
8.a (−π/2, 15π/2) (−π, π) (−1, 1,−3)
8.b (−π/2, 15π/2) (−π, π) (−1, 1, 1)

Table 2: The range of u and v and ViewPoint
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Figure 5(a-f): A Wente torus W4/3 with cut-aways



Notes on Constant Mean Curvature Surfaces and Their Graphical Presentation105

Figure 6(a-e): A Wente torus W3/2 with cut-aways
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Figure 7(a-d): A Wente torus W6/5 with cut-aways

Figure 8(a-b): Cut-aways of Wente torus W5/4
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