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ON SOME WEIGHTED INTEGRAL INEQUALITIES
FOR CONVEX FUNCTIONS RELATED
TO FEJER’S RESULT

K.-L. Tseng*, Shiow-Ru Hwang and S. S. Dragomir

Abstract

In this paper, we introduce some functionals associated with weighted
integral means for convex functions. Some new Fejér-type inequalities are

obtained as well.

1 Introduction

Throughout this paper, let f : [a,b] — R be convex, ¢ : [a,b] — [0, 00) be integrable

and symmetric to “TH’. We define the following mappings on [0, 1] that are associated

with the well known Hermite-Hadamard inequality [1]

155 s 5t [ 1@< LETI0 -y

namely

G(t)—;[f(ta—f—(l—t)a;b)+f<tb+(1—t)a;b>};
Q1) = 5 [F (tat (1= 0)b) + f (tb+ (1~ ) a)];

H(t) = — /abf(t:z:+(1t)a;rb>dx;

b—a

a+b

Hg(t):/abf<tx+(1—t) )g(x)dm;
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I(t):/ab; {f(tx_;a—k(l—t)a;b)
+f(tx+b+(1—t)a+b)]g(m)dx;

2 2

- [3(CE)e (55
()00 (59 ()
w0 3 (ero-025)s{ov0-023 o

b
Q(bl_a)/ [f (ta+ (1 —t)ax) + f (tb+ (1 —t) x)] dz;

L(t) =

b
Lg(t):f/ [Ftat (1= 1))+ f(th+ (1—t)2)] g (x) da

Sg(t):zll/ab [f<ta+(1—t)x;a)+f(ta+(1—t)I;Lb>
o (02025 1 (w00 27 o

Remark 1. We note that H=Hy =1,P=P; =N and L =L, =S, on [0,1] as
1

9(z) = 3= (z € [a,b]).

For some results which generalize, improve, and extend the famous Hermite-
Hadamard integral inequality, see [2] — [19].

In [8], Fejér established the following weighted generalization of the Hermite-
Hadamard inequality (1.1) :

Theorem A. Let f,g be defined as above. Then

f(ajb) /abg<x>dstbf<m>g<m>dxsW/abgwx. (1.2)
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In [11], Tseng et al. established the following Fejér-type inequalities.

Theorem B. Let f, g be defined as above. Then we have

f(a;b) /abg(a:)dm< f(M)Jrf(@) /abg(x)dx (1.3)

<ai{(““) 753 )
A3+ 242] oo
<J2rf/ag(x)dfv~

In [2], Dragomir established the following Hermite-Hadamard-type inequality
which refines the first inequality of (1.1).

Theorem C. Let f, H be defined as above. Then H is convez, increasing on [0,1],
and for all t € [0,1], we have

b
f(a—21—5>:H(O)gH(t)gH(l):bia/af(x)dm. (1.4)

In [15], Yang and Hong obtained the following Hermite-Hadamard-type inequal-
ity which is a refinement of the second inequality in (1.1).

Theorem D. Let f, P be defined as above. Then P is convez, increasing on [0,1],
and for all t € [0,1], we have

1 b

5 / f(x)dx:P(O)gP(t)gP(l):f. (1.5)
—aJq

Yang and Tseng [16] and Tseng et al. [11] established the following Fejér-type

inequalities which are weighted generalizations of Theorems C — D.

Theorem E ([16]). Let f,g, Hy, Py be defined as above. Then Hgy, P, are convec,
increasing on [0,1], and for all t € [0,1], we have

(450) [ owar =m0 <0< 1,0 (16)
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Theorem F ([11]). Let f,g,I, N be defined as above. Then I,N are convez, in-
creasing on [0,1], and for all t € [0,1], we have

f(a;b>/abg(x)dx:1(0)<I(t)<I(1) (1.7)
=/ H ( ) 1(557) s
=N(0) <N (t (1)

In [7], Dragomir et al. established the follovvlng Hermite-Hadamard-type in-
equality.

Theorem G. Let f, H,G, L be defined as above. Then G is convez, increasing on
[0,1], L is convex on [0,1], and for all t € [0,1], we have

HH <G <L _;:i/f Yo+ L@ f()gf(“);f(b). (1.8)

In [12] — [13], Tseng et al. obtained the following theorems related to Fejér’s
result which in their turn are weighted generalizations of the inequality (1.8).

Theorem H ([12]). Let f,g,G,Hy, Ly be defined as above. Then Ly is convex,
increasing on [0,1], and for all t € [0,1], we have

b
H, (1) < G (1) / g (@) da (1.9)

b
l—t/f x)dr+t- M/g(x)dx

SfQ)/a g () daz.

Theorem I ([13]). Let f,g9,G,I,Sy be defined as above. Then Sy is convez, in-
creasing on [0,1], and for all t € [0,1], we have

=6 [ g (@)dz < S, () (1.10)
<<1—t>/ab; () (5] s
+t-f()_2|—f()/abg(a:)dx

<f(a)+f(b)/bg(z)dx.
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In this paper, we provide some new Fejér-type inequalities related to the map-
pings G,Q, Hy, P;,I,N, Ly, S, defined above. They generalize known results ob-
tained in relation with the Hermite-Hadamard inequality and therefore are useful
in obtaining various results for means when the convex function and the weight take
particular forms.

2 Main Results

The following lemmae are needed in the proofs of our main results:

Lemma 2 (see [9]). Let f be defined as above and let a < A< C <D< B<b
with A+ B = C + D. Then

fO+ D)< f(A)+f(B).
The assumptions in Lemma 2 can be weakened as in the following lemma:

Lemma 3. Let f be defined as above and let a < A< C < B<banda <A<
D <B<bwithA+B=C+D. Then

O +frD)<fA)+f(B).
Lemma 4 (see [14]). Let f,G,Q be defined as above. Then Q) is symmetric about
%, Q@ is decreasing on [0, %] and increasing on [é, 1],

cenzan (efol]).

G(2t) > Q1) (fe B;D
G(2(1—-1)>Q(1) (te Bi])

and 3
G2(1-1t)<Q@® (tG [4,1}> .
Now, we are ready to state and prove our results.
Theorem 5. Let f,9,G,Hy, Py, Ly, S, be defined as above. Then:
1. The inequality
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holds.

2. The inequalities

Ly (1) < P, (1)

§fa2/a g (z)dx

and

fla)+ f(b)

b b
ogN(t)—G(t)/ g(x)dng/ g(z)dz — N (£)

hold for allt € [0,1].

3. If f is differentiable on [a,b], then we have the inequalities

Ogtlb_la/abf(a:)d:cf<a;rb>

,of g (z)

4
! — f'(a —a b
0< P, (1) Lq(t)g(f (b) f4( ) (b )/a g (2)do
05 py (0 - 1,0 < LOZLLNOZ [y )
/ — f'(a —a b
o< N 1< O f4( ) (b )/ag(””dx

forallt €10,1].

b a b
<=0 [ f@gwar+e LD i
(@) +f() [°
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Proof. (1) By using simple integration techniques and the hypothesis of g, we have
the following identities

/ab f)g (@) de= 2/ / )+ fla+b—w)]g(x)dide; (2.11)

3a+b
7 b

2 l/ f(x)g 2z —a)dx + f(x)g(2x —b) dx] (2.12)

a+3b

3a+b

:2/“ [f @)+ fa+b—2)]g (2 — a)du

] () ()
/Olpg(t)dt:/aa;b /Olf(ta-l-(l—t)x)g(x)dtdx (2.13)
+/ab+b /1f(tb+(1—t)$)g(:c)dtdx

/Hb/ f(ta+ (1 —t)z) g (z)dtdx

+/ / fb+ (1 —=t)(a+b+2x))g(x)dtde

/ / flz+ 1 —=t)a)+ f({ta+ (1 —t)x)] g (z)dtdx

/ / fb+(1—t)(a+b—x))

t(a+b—x)+ (1—1t)b)]g(z)dtde

[/f d:c—i—();—f(b)/bg(a:)dx]

+b

/ (x) dtdx

/ / fla+b—x)+ f(b)]g(x)dtds. (2.14)

and

By Lemma 2, the following inequalities hold for all ¢ € [0, 1] and z € [a, %E2].

P farb-o) < g (55) 47 () (2.15)
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holdswhenA:a*%,C:m,D:a—l—b—xandB:%inLemmaQ.

F(*55) <51t +a-00+ fa+ 00 (210

holds when A =tz + (1 —t)a, C =D = %% and B =ta+ (1 — t) 2 in Lemma 2.

a+2b—x
(=3

<-[f+A-t)(a+b—a)+f{ta+b—xz)+ (1 —-2t)b)] (2.17)

N =N

holds when A=tb+ (1—t)(a+b—=2),C =D ="“2= and B=t(a+b—x)+
(1 —1t)bin Lemma 2.

F@E @)y

[f (tx+ (L —t)a) + f(ta+ (1 —t)2)] < :

1
2

holds when A =a, C =tz + (1 —t)a, D =ta+ (1 —t)x and B = x in Lemma 2.

[f@b+(1—=t)(a+b—2)+f({t(a+b—x)+ (1 —1t)D)]

flatb—xz)+[f(b)
2

DO =

<

(2.19)

holdsas A=a+b—2, C=tb+(1—-t)(a+b—2),D=t(a+b—2a)+(1—-1t)b

and B = b in Lemma 2. Multiplying the inequalities (2.15) — (2.19) by g (z) and

integrating them over ¢ on [O, %] , Over x on [a, a—“’] and using identities (2.11) —

2
(2.14), we derive (2.1).

(2) Using substitution rules for integration and the hypothesis of g, we have the
following identities

a+b
2

P, (t) = / flta+ (1 —t)z)g(r)de (2.20)

’ b
+/L+bf(tb+(l—t)x)g(x)d:r
:/ i [f (ta+(1—t)x)
+ ftb+(1—t)(a+b—1x))]g(x)dx
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and

l/ T fltat(1-ta)g(e)de (2.21)

b
+/ bf(thr(lt)x)g(z)dx]

2
+

b
/ Flta+(1— 1)) g(x)dz

+/f(tb+(1—t)x)g(as)dx]

a+b
1

:%Pg(t)—{—i/a S f(ta+ (1=t (a+b—2))

+ fb+(1—t)x)g(x)dx

for all t € [0,1].

If we choose A=ta+(1—t)z,C=ta+(1—-t)(a+b—2), D=tb+(1—-t)x
and B=tb+ (1 —t)(a+b— z) in Lemma 3, then the inequality

flta+(1—t)(a+b—xz)+ f(th+ (1 —1t)x)
<flta+t(Q—t)a)+fb+(1—t)(at+b—x) (2.22)

holds for all t € [0,1] and = € [a, ‘%H’] Multiplying the inequality (2.22) by g (z),

integrating both sides over z on [a, %F%] and using identities (2.20) — (2.21), we
derive the first inequality of (2.2) . The second and third inequalities of (2.2) can be

obtained by the convexity of f and (1.2). This proves (2.2).

Again, using substitution rules for integration and the hypothesis of g, we have
the following identity

N(t)/ab; [f(ta+(1t)m;ra>

+f<tb+(1—t)a+2;_z>}g(x)dx
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a+b

:/ U ltat (1-t)a)
+ ftb+(1—=t)(a+b—2x))]g(2r—a)dx (2.23)

3a+b
4

:/ f (ta+ (1— 1) 2)

a +f(ta+(1—t)(3“2+b—x>>
+f(tb+(1—t) (b;CL—i—x))

+fb+(1—-t)(a+bdb—2x))]g(2x—a)dx (2.24)

for all ¢ € [0,1]. By Lemma 2, the following inequalities hold for all ¢ € [0, 1] and

€ [a, 22

f(ta+(1—t)x)+f<ta+(1—t)<3a;b—x)>
a+b

<t@e+f(mra-0"5") @)
holds when A = a, C = ta+ (1—t)z, D = ta+ (1—1t) (342 —2) and B =

ta+ (1 —t) %2 in Lemma 2.

f(tb+(1—t) <b_2a+x>) S+ (1—t) (a+b—x))

<r(wra-05)+r0). @2

holds when A = tb+(1 —t) %2, C = th+(1 —t) (552 4+ z), D = th+(1 — t) (a + b — z)

and B = b in Lemma 2. Multiplying the inequalities (2.25) — (2.26) by ¢ (2z — a)

and integrating them over z on [a, 2%t2] and using (2.24), we have

N() <t [M +G(t)} /bg(az) dz (2.27)

=2 2

for all ¢ € [0,1]. Using (2.27), we derive the second inequality of (2.3).
Again, using Lemma 2, we have

f(ta—&—(l—t)a;b)+f<tb+(1—t)a;_b>
< flat(L—0a)+fb+1—1)(at+b—z)) (228)

for all t € [0,1] and z € [a, ‘17'”’] . Multiplying the inequality (2.28) by g (2z — a),
integrating both sides over z on |a, ‘%rb] and using (2.23), we derive the first in-
equality of (2.3).
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This proves (2.3).
(3) Integrating by parts, we have

a+b

/2 (a—2)f (2) + (@ —a) f (a+b—2)]de

zb_la/abf(x)dx—f(a;b)~ (2.29)

Using substitution rules for integration, we have the following identity

1
b—a

a+b

_a/ fla b_a @)+ fa+b—a)]da. (2.30)

Now, using the convexity of f and g (z) > 0 on [a, b], the inequality
[f(ta+ (1 —t)x) = f(2)]g ()
T+ A —-t)(at+b—2))— fla+b—1x)g(2)
(a—z)f'(z)g(z) +t(z—a) f(a+b—2)g(x)

>t
=t(x—a)[f (a+b-x)— f(2)]g(2)
>t(x—a)[f (a+b—=z)—f'(z)] inf g()

z€Ja,b]

holds for all ¢ € [0,1] and = € [a, 2F2]. Integrating the above inequality over z on
[a, “£2], dividing both sides by (b — a) and using (1.1), (2.20), (2.29) and (2.30),
we derive (2.4) .

On the other hand, we have

W/ab (z)dx < ; (a—a;b> f’(a)/abg(x)dl“

and

and taking their sum we obtain:

HOLIO ()] [N

/ — ' (a —a b
(f" (b) f4( ) (b )/a g(z)de. (2.31)

<
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Finally, (2.5) — (2.10) follow from (1.6), (1.7), (1.9), (1.10), (2.2) and (2.31).
This completes the proof. |

Let g(z) = 7= (z €[a,b]). Then the following Hermite-Hadamard-type in-

a
equalities, which are also given in [14], are natural consequences of Theorem 5.

Corollary 6. Let f,G,H, L, P be defined as above. Then:

1. The inequality

1 b 2
z)d d
[ fade < = iy g | O

1
d
S/O P (t)dt
b a b
S;lbia/ F@ydas LOTI0)
holds.
2. The inequalities
Lt)<P ;:t/ Y A )+f()§f(a);f(b)

and

0< P -G < WSO
hold for all t € [0,1].

3. If f is differentiable on [a,b], then we have the inequalities

4 )
0<L{t)—H(@) < (f () — f’4(a)) (b— a)’
0<P) L <O f’4( ) (b— a)

and

for allt € ]0,1].
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Remark 7. In Theorem 5, the inequality (2.1) gives a new refinement of the Fejér
inequality (1.2).

Remark 8. In Theorem 5, the inequality (2.2) refines the Fejér-type inequality
(1.9).

In the next theorem, we point out some inequalities for the functions G, Q, Hy, Py, S,
considered above:

Theorem 9. Let f,9,G,Q, Hgy, Py, S, be defined as above. Then:

1. The inequalities

and

hold for all t € [0,1].

2. The inequality

b
0<8,(t) —G(t)/ g (x)dx
a b
<1 [f”jf(b) 1Q <t>] [ a@az=s,0 (2.34)

holds for all t € ]0,1] .

Proof. (1) We discuss the following two cases.
Case 1. t € [0, 3]

Using substitution rules for integration and the hypothesis of g, we have the
following identity

a+b

H(t):/a : {f(tm—&—(l—t)a;b)
a+b

—i—f(t(a—i—b—x)—i—(l—t) . )}g(m)dm. (2.35)
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If we choose A = (1—t)a+th, C=te+(1—t) L. D=t(a+b—x)+(1—t) %>
and B =ta+ (1 —¢)b in Lemma 2, then the inequality

f(m”l—t)a;b)+f(t(a+b_x)+(1_t)“;b>

<F(L—t)atth)+ f(tat(1—1)b) (2.36)

holds for all t € [0, 3] and = € [a, ‘%rb} Multiplying the inequality (2.36) by g (),

integrating both sides over x on [a, QT'H’] and using identity (2.35), we derive the

first inequality of (2.32) . From Lemma 4, we have

[@)+ /()

sup Q (1) = 4

tef0,1]
Then the second inequality of (2.32) can be obtained. This proves (2.32).

Case 2. t € [%,1] .

If we choose A =ta+ (1—t)a, C =ta+ (1—-t)b, D = (1 —t)a + tb and
B=tb+ (1 —t)(a+b—x)in Lemma 3, then the inequality

flla+(1—-t)b)+ f(tb+(1—t)a)
<fla+(Q—-t)z)+ fb+1—-t)(a+b—2x)) (2.37)

holds for all ¢t € [%, 1] and x € [a, “7“’} Multiplying the inequality (2.37) by g (z),
integrating both sides over z on [a, %“’] and using identity (2.20), we obtain the

second inequality of (2.33). From Lemma 4, we have

inf Q(t)—f<a+b>.

te[4,1] 2

Then the first inequality of (2.33) can be obtained. This proves (2.33).

(2) Using substitution rules for integration and the hypothesis of g, we have the
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following identity

a+b
2

25, (1) = / Fltat(—ta)+ f(th+(1—t)a)g(2e—a)de  (2.38)

+/1+b [flla+Q—=-t)z)+ fb+(1—-t)x)] g2z —b)dx

2

a+b
2

:/ [f(ta+(1—t)z) + f(th+ (1 —t)x)

+ fta+(1—-t)(a+b—2)+ f@tb+ (1—1)(a+b—1))]
X g2z —a)dx

o {f(tawL(lt)x)Jrf(er(lt) (3a;bz>)

+f<ta+(1—t) (b_2a+x>)+f(ta+(1—t)(a+b—x))

+f(tb+(1—t)$)+f(tb+(1_t) <3a2+b _:C))

+f<tb+(1—t)<b;a+x>) +f(tb+(1—t)(a+b—x))]

X g2z —a)dx

for all t € [0,1].
By Lemma 2, the following inequalities hold for all ¢ € [0,1] and = € [a, B‘ITH’}.

f(ta+(1—t)x)+f<ta+(1—t) <3a2+b —x))

gf(a)+f(ta+(1—t)a+b

5 ) (2.39)

holds when A = a, C = ta+ (1—t)z, D = ta+ (1—1t) (342 —2) and B =
ta+ (1 —1t) %2 in Lemma 2.

f<ta+(1t)<b2

a+x>) +f(tat+ (1—t)(a+b—x))
<

“;b> +fltat (1—1)b) (2.40)

f(ta—l—(l—t)

holds when A = ta+(1 —t) 22, C = ta+(1 —t) (5% +2), D =ta+(1 —t) (a + b — )



140 K.-L. Tseng, Shiow-Ru Hwang and S. S. Dragomir

and B=ta+ (1 —¢)bin Lemma 2.

f(tb+(1—t)x)+f<tb+(1—t) <3“2+b —x>>

gf(tb+(1—t)a)+f<tb+(1—t)

a+b

) (2.41)

holds when A =th+ (1 —t)a, C =tb+ (1 —t)z, D =tb+ (1 —t) (34 — z) and
B=tb+ (1—t) %" in Lemma 2.

f(tb+(1t) <b_2a+x>) +f(tb4+(1—t)(a+b—1x))

a+b

<f (tb +(1—-1) 2> + f(b) (2.42)

holds when A = tb+(1 —t) %2, C = th+(1 —t) (%52 + ), D = th+(1 — t) (a + b — x)
and B = b in Lemma 2. Multiplying the inequalities (2.39) — (2.42) by g (2x — a),
integrating them over x on [a, B‘IT“’] and using identity (2.38), we have

b b
25,(t) <G (t)/ g (x)dx + % {f(a);Lf(b) +Q (t)} / g (z)dz (2.43)

for all ¢ € [0,1]. Using (1.10) and (2.43), we derive (2.34). This completes the
proof.

Let g(z) = 7~ (¢ € [a,b]). Then the following Hermite-Hadamard-type in-

equalities, which are given in [14], are natural consequences of Theorem 9.

Corollary 10. Let f,G,H, L, P be defined as above. Then:

1. The inequalities

and

hold for allt € [0,1].

2. The inequality
0<L({t)-G(t) <

holds for all t € [0,1].
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The following Fejér-type inequalities are natural consequences of Theorems A —
B, E -1, 5, 9 and Lemma 4 and we shall omit their proofs.

Theorem 11. Let f,9,G,Hy, Py, 1,Ly, S, be defined as above.
a+b b b
f g(x)de < Hg () <G(t) [ g(x)dr < Sg(t)

2
<(1—t)/ab; [f(x;r“) +f<x;b>}g(x)dw

2
_f(a);rf(b)/abg(z)dx
and
43 fromsroson s
Ly (t) (t)
(1-1) / f@)g@)yde+t- f(a);f(b)/abg(x)dx

gff/ g () da.

Theorem 12. Let f,9,G,Q, Hgy, I be defined as above. Then, for allt € [O, %] , we
have

f(“")[ﬂ@dmm(t) < H, (21) se<2t>/abg<z>dx

2
b b
SQ(t)/ g(m)dxéw/ g(z)dz

and

f(a;b) /abg(x)dxgl(t)gl(%)§G(2t)/abg(x)dz
b b
<@ [ gwar< IO [0

Theorem 13. Let f,9,G,Q, Hy, Py, Ly, Sy be defined as above. Then, for allt €
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[%, %] , we have

(4 [swar<mo<en [swa<ae [(y@a

< I, (20) < P, (2)
b b
§(1—2t)/ f(x)g(x)dx—k%-w/ g(z)do
fla)+f) [

Sf/a g (z)dx

and

f(a;b) /abgm)deHQ(t) s@(t)/abg@)d:c

< G(2t) /bg(m) dz < Sy (2t)

g(l—?t)/ab; {f<x3a>+f(x;b>}g(x)dx

b
+2t.f(a);f(b)/a g(x)dx

b
Sf(a);f(b)/ag(x)dx_

N[
il

Theorem 14. Let f,9,G,Q, Py, Ly, S, be defined as above. Then, for allt € [%,
we have

(45 [swaszewn [(ywa

b
<Gt [ g()de <L, (20) < Py (20

C b
S(l—?t)/ f(m)g(x)dx—FZt-M/g(x)daj
f@)+f) [°

—335—*lsﬂ@d%

<
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(45 [swaszen [ywa

<G(2t)/abg(x)dx<5g (2t)
§(1—2t)/ab; [f <x;“>+f($;bﬂg(:c)dx
+2t-f(a);f(b)/abg($)dw

Sw/bg(x)dx

2
and
f(“gb)/abgm)dxw()/b () de < P, (1) < P, (21)
(1-21) / F(x)g(z)de+2t- f(a);rf(b)/abg(x)dx
Sf(Q/ag(x)dﬂf-

Theorem 15. Let f,9,G,Q, Py, Ly, Sy be defined as above. Then, for allt € [%, %} ,
we have

a+b b b ,
f( 5 >/ag(a:)deQ(t)/ag(x)dng(zut))/ag(x)dl,
<Ly(2(1—1) < Py(2(1—1t))

(2t -1 / fl@)g(x)de+2(1—-1t)- f(a);_f(b)/bg(x)dx

< f(2/a g (z)dx
and

f(a;b) /abg(w)deQ(t)/abg(fc)dx

b
<GeO-1) [ g@dr<s,20-0)

<(2t—1)/ab; {f(x;a>+f(x;b>]g(x)dx

b
R L

2

b
Sf(a);f(b)/a g(:c)d:l:.
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Theorem 16. Let f,g9,G,Q,Hy, Py, Ly, Sy be defined as above. Then, for allt €

[%, %] , we have

(45 [swar<an [ owas

b
§G(2(1—t))/ g (z)dx
b a
<G [ g@dr<L,(0) <P,
<a-nf
)+ f

b b
f(x)g(m)dx+t~w/ g (x)dx
b
DI g,

and
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su—t)/ab; (5) 1 (55| s

a b
RRCELLCY g

b
< W/a g(m)dx.

Theorem 17. Let f,9,G,Q,Hy, Py, 1,5, be defined as above. Then, for all t €
[%, 1] , we have

f<a§b> ng<x>deHg<z<1t>> sc:(zat))/abg(x)dx

2
g@(t)/abgw)dxspg (t
< ;:; abf(x)g(a;)dx+t-W/abg(x)dw
< [0 / (@) de.
Let g(z) = 5% (z €[a,b]). Then the following Hermite-Hadamard-type in-

equalities are natural consequences of Theorems 11 — 17, which are given in [14].

Corollary 18. Let f,Q,G, H, P, L be defined as above. Then we have:

1. Forallt € [O, %] one has the inequality

fla)+ f(b)
: :

f(a;—b) <SHMO<HER)<G@2)<Q) <
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2. Forallt e [i, %] one has the inequality

f(a—i—b) <HM®) <Q@) <G (2t) <L(2t) < P(21)

3. Forallt e [%, %] one has the inequalities

f(‘”") <Q) <G <Lt < P

2
< 1_2t/bf(g:)dx+2t-f(a);f(b)

_ @ f)
- 2

and

1(5) sew<ro<ren

2
< b_a/f )dz + 2t - Hf()
_f@+f0)

- 2

4. For allt € [%, %] one has the inequality

f(a;b> <QM)<GERI-1)SLE1-1)<PR1-1)

2t — 1 f(a)+ f(b)
2

< P /(lbf(x)d;v—&-?(l—t)-

fla) + f(b)
> :

<

5. Forallt € [%, ﬂ one has the inequality

f(a+b) SQMSGREA-N)GH<LEH<PW)
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6. For allt € [%, 1] one has the inequality

f(““’)<H<2 1) <CGERA-1)<Q) <P

2
—;:é/f )dz +t- fla)+ f(b)gf(a);f(b).
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