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Semi-cubically hyponormal weighted shifts with recursive type
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Abstract. In this paper, we discuss the semi-cubic hyponormality of recursively generated weighted
shifts with weight a(x) : V7, (Va, Vb, Vo) to give a new bridge between cubically hyponormal and
quadratically hyponormal weighted shifts. Using weight sequences with first two equal weights, we
show that two notions of quadratic hyponormality and semi-cubic hyponormality are different one from
another. Moreover, we characterize the semi-cubic hyponormality of weighted shifts.

1. Introduction

Let H be a separable infinite dimensional complex Hilbert space and let L(H) be the algebra of all
bounded linear operators on H. A bounded operator T is said to be polynomially hyponormal if p(T) is
hyponormal for all complex polynomials p. An operator T in L(H) is weakly k-hyponormal if for every
polynomial p of degree k or less, p(T) is hyponormal ([4], [8], [9]). For a positive integer k, an operator
T € L(H) is called semi-weakly k-hyponormal if T + sT* is hyponormal for all s € C ([10]). It is obvious that
a weakly k-hyponormal operator is semi-weakly k-hyponormal. In particular, weak 2-hyponormality is
equivalent to semi-weak 2-hyponormality.

For A, B € L(H), we denote [A,B] := AB — BA. A k-tuple T = (T4, ..., Tx) of operators on H is called
hyponormal if the operator matrix ([T7, Ti])f,].:1 is positive on the direct sum of H &- - - @ H with k copies. Also
an operator T is said to be (strongly) k-hyponormal for each positive integer kif (I, T, ..., T¥) is hyponormal. The
Bram-Halmos criterion shows that an operator T is subnormal if and only if T is k-hyponormal for all k > 1
([1]). We note that k-hyponormality implies weak k-hyponormality for each positive integer k. The following
implications provide a bridge between subnormal and hyponormal operators: subnormal = polynomially
hyponormal = --- = weakly 3-hyponormal = weakly 2-hyponormal = hyponormal. However, one does
not know concrete examples about converse implications for n > 3 yet; see [7], [14] and [15] for weak 2- and
weak 3-hyponormalities. In particular, weakly 2-hyponormal (or weakly 3-hyponormal) is referred to as
quadratically hyponormal (or cubically hyponormal, resp.). In [8] and [9], Curto-Putinar proved that there exists
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an operator that is polynomially hyponormal but not 2-hyponormal. Although the existence of a weighted
shift which is polynomially hyponormal but not subnormal was established in [8] and [9], concrete example
of such weighted shifts has not been found yet.

J. Stampfli ([16]) proved that a subnormal weighted shift with two equal weights a, = a,+1 for some
nonnegative n has the flatness property, i.e.,, a1 = a, = ---. Stampfli’s result has been used to attempt
the construction of nonsubnormal polynomially hyponormal weighted shifts (cf. [2], [3], [10], [14]). In
[2], Choi proved that if a weighted shift W, is polynomially hyponormal with first two equal weights,
then W, has flatness. In [3], Curto obtained a quadratically hyponormal weighted shift with first two
equal weights but not satisfying flatness. Also in [14], they showed that a weighted shift W, with weights

a: \/g, \/g, 2 (n > 2) is not cubically hyponormal. However, the flatness of cubically hyponormal
weighted shifts has been not known well. Recently, in [10], it was proved that there exists a semi-cubically
hyponormal weighted shift W, with ag = a1 < a; but not 2-hyponormal.

In this paper we observe that semi-weak k-hyponormality can provide a new bridge between sub-
normality and hyponormality. For this study, we focus on the class of the weighted shift and study the
relations of a semi-cubic hyponormality and quadratic hyponormality. In Section 2 we recall some termi-
nology and notations concerning semi-cubically hyponormal weighted shifts. In Section 3 we characterize
the semi-cubic hyponormality of weighted shifts W, with weight sequence a(x) : Vx, (Va, Vb, vc)" for
0 <x <a < b <c. InSection 4, we characterize the semi-cubic hyponormality of weighted shift W, with
first two equal weights. Finally, using the results for the quadratic hyponormality in [6], we show that two
notions of quadratic hyponormality and semi-cubic hyponormality are different one from another.

Some of the calculations in this paper were aided by using the software tool Mathematica ([17]).

2. Preliminaries

We recall some standard terminology and definitions about semi-cubically hyponormal weighted shifts
(cf. [10]). Let @ = {a;}2, be a weight sequence in the positive real number R;. The weighted shift W,
acting on £?(Ny), with an orthonormal basis {ei}2,, is defined by W, (ej) = ajeji1 forall j € Ny := N U {0}. A
weighted shift W, is called semi-cubically hyponormal (or semi-weakly 3-hyponormal) if

[(W, +sW3)", W, +sW3] >0, s € C.

Let P, denote the orthogonal projection onto Vi {e}. For m € Ny, define Dyu(s) by

D,,(s) =P, [(Wa + sWOS()* W, + sWS,] P, foralls € C.

Then
qo 0 20 0 0
0 q1 0 Z1
D= * O ®» - 0 @1
0 Z_l . . . Zim—2
. 0
0 0 Zm—2 0 qm

where for all k € INj,

2 = 2_ 2
Gk = Uk + Oclsl®, zk = VWi, w = o — gy,

_ 292 2 2 o 9 22 2 2\
Uk = Qe Qg n = M 3oy, Wi = Qe (@, — @_q) 22)
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with a_3 = a_, = a_; = 0. It is obvious that W, is semi-cubically hyponormal if and only if D,,(s) > 0 for
every s € C and every m > 0.
By changing the basis of C"*}, it follows from [10, Lemma 2.1] that D,,(t) in (2.1) is unitarily equivalent

to DV(t) ® DP(#) for t := |s)? and 1 := [4], where

go zo O g1z 0
20 qz Zn 0 Z1 Q3 23 0
DOW=|0 = @ z | pPp=|0 - 05 z
0 Z4 ' ’ 0 Z5 ’
qzn . . i . ‘hn+(—1)’””

It is clear that if two matrices Dﬁ,l)(t) and D,(f)(t) are positive for all n > 0, then D,,(s) > 0 for m > 0 (cf. [10]).
We now recall some terminology in [5]. Consider the following matrix in [5] below:

M, (t) = . ’

=<

T n-1 i’/n—l
0 n—-1

Gn
where gy := iy + O, 1 = Vit (k> 0), and i > 0,9 > 0,0, 2 0, > 0. If we put d,, (t) for the determinant
of M, (t), then

n+1

di(t)=) cnit,

i=0
and some computations provide the following:
C(O/ 0) = ﬁOI C(O/ 1) = Z\501
c(1,0) = tiptiy, c(1,1) = 110y + ig01 — Wo, c(1,2) = V17,
c(n, i) =y,en—1,i)+0ycn—1,i— 1) — Wy_1c(n—2,i— 1), (2.3)
cn,n+1) =70y, ---0,, foralln>2,0<i<mn,

with c(-n, —i) := 0 for all n,i € IN. Observe that 11,0,+1 = W, (n > 2), which implies that

B ae(1,2), ifi=n+1,
N | duen=1,n)+79,---U3p, ifi=mn,
D)= el —1,n—1) + 5,037, ifi=n—1, 24)
tiye(n —1,19), f0<i<n-2,

for all n > 3, where

p :=0pc(1,1) = wy1c(0,1) and 7 := Vpc(1,0) — w1c(0, 0).
Recall that if c¢(n,n + 1) > 0 and c¢(n,7) > 0 for all n > 0 with 0 < i < n, then every matrix M,(t) is obviously
positive for all n > 0 and t > 0. To detect the positivity of D,,(t) for all t > 0 and m > 2, we adapt the above
method to D,(f)(t) (¢ =1,2). Denote

n+1

dO(t) := det DO(t) = Z ce(n, Dt

i=0
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for £ = 1,2. We may see that each coefficients of c/(n, i) (£ = 1, 2) satisfies (2.3) for all n > 0 (cf. [10]).
Now we recall a Stampfli’s method ([5], [16]) for the subnormal completion. For given numbers ay, a1, as
with 0 < ap < a1 < ap, define

ap =W+ ¥ foralln >3, (2.5)

an—l

2 202 2
_0‘0"‘1("‘2 a3)
a—ad

by (2.5), which is usually denoted by (ag, a1, a)"; for example, see [16]. It follows from [5] that

1
as /' L? :=§(\y1+ ,/\If§+4\yo) as n— oo,

which will be used frequently in this paper.

a?(a%-a? . . .
where W, = and V¥, = % Then we obtain a recursive weight sequence {a,},’ , generated

3. Recursive weighted shifts with Stampfli tail

In this section we characterize the semi-cubic hyponormality of weighted shifts W, with a recursive
weight a(x) : Vx, (Va, Vb, Vo)*. In particular, either 2 = b or b = ¢ forces the flatness of W, ([10]). To
avoid the trivial case, we assume x < a < b < ¢ throughout this section.

3.1. Technical lemmas. We give several lemmas for characterizing the semi-cubic hyponormality of
weighted shifts. Let x,a,b,c with x < a < b < ¢ be given. According to (2.5), we may produce a recursive

weight sequence {a,}%, such that a2 = Wy + (;5_0 (n>3),wheread =x, 02 =a, a3 =b, a5 =¢, ¥y = —%
n-1
and W, = b(b%’)
Lemma 3.1. Let a(x) : v, (\a, Vb, \c)" be as above. Then
UpOpio =W, (n>2). (3.1)

Proof. The case n = 2 in (3.1) follows easily from a direct computation. So we assume 1 > 3. Observe that

2 2 _ 2
a, a, = Via;, + Wy (3.2)
Using (3.2), we have
2 2 2 _ 2 2 _ (g2 2
Ay o Oy = (‘ylanu + ‘I’o) a, = (\I’l + \I’O) a;, + WV, (3.3)
which implies that
_ 2 2 2 2 22 _ (g2 2 2\ _ (g2
Un+2 = O Qa0 4 — O 1000 = (\Ij1 + WO) (O‘n+2 - an—l) = (\Ijl + \PO) (n + Unr + Uni2) .-
Since u, = a? — a2 | = -2y, _;, we obtain
n n n—-1 arzz—Zafz—l n-=1s
2 2
\IIO \Ijo \IIO \IIO
Up +Unt + Uppr = Uy — S Un+ 5 ——Up = |1 - 5—= + —————|uy,
anfla" an—la”arﬁl anfla” an—la”an+1

which implies that

(3.4)

v, w2
UyUpan = (\If% + \IJO) (1 -+ afaz U2,
n

an—laﬂ an—l n+1



C. Li et al. / Filomat 27:6 (2013), 1043-1056 1047

On the other hand, for n > 3, since

2
_ 2.2 2 2 _ 22 2
Wy = A, (an+2 - %-1) = apa, (g + Uy + Upi2)”, (3.5)

by (3.4) and (3.5), we can obtain

2
=21 Vo ‘IIO 2
UpUnsz =Wy = E|1 = ——— + ————|u,
Fy1%n F1%n %41
where
2
- Wy W
E=Wi+Wy-aZa? [1- + u .
az a2 a? ata?
n-1"n n-1"1""n+1

It follows from (3.3) that (W2 + Wy)a2_, = a2, a2a?_| — W, W, (n > 3), which induces that

n+l1-n

1
= _ 2 2 2 2 42 2 2 2
=T 2 2 ((\1/1 +Wo)ay,_yay — &y, + Woauas .y — Wo)
n-1-n
=l (W W £ Wt — w2
T2 A2 108, 04741 0):
n-1-n

By (3.2), obviously E = 0. Thus u,,v,42 = w,, (n > 3). Hence the proof is complete. O

We note from Lemma 3.1 that every coefficient c/(n,i) (0 <i <n + 1) of d,(f)(t) (¢ = 1,2) satisfies (2.4) for
alln >3. If n, := z— (n > 0), where the sequences {u,}’ , and {v,} ; are given in (2.2), then by Lemma 3.1,
the following result can be provided.

Lemma 3.2. Let a(x) : VX, (Va, Vb, )" be as above. Then for € > 2,

2
Z Ug

= et + 5 T
1+ nesot + NesaNeat? + -+ + NewaNess - - Nesokt

qe — 2
{42
de+2 —

22
RS o
where t = |s|> and k > 1.

Proof. Using Lemma 3.1 and z2 = wy|s|>, we obtain that for n > 2,

2

z Uy Vot u

o=y, 4ot — S o —
qn+2 Upto + Upyot 1+ Nn2t

Gn — (3.6)

For a large number #, it follows from (3.6) that

z5 ; Up—2
[ —— L N .
fn-2 Gn — Z " 1+n,t+ nnnn+2t2

qn+2

Similarly, we have
2

Z Up—4Up-ot
n-4 n-4Un-2
Gn-4 = 7, T Hnat U=
Gn-2 — —% n=28 T T e
e,
Up—4
= U4t + u

1+ Nn—2t + T]n—27]nt2 + 7]n—27]n77n+2t3 ’

Continuing this process in the mathematical induction with £ = n — 2(k — 1) (k > 1), we have this lemma. O
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Lemma 3.3. Let a(x) : V¥, (Va, Vb, \c)" be as above. Then
(i) Nus1 = Ny foralln > 4,

1 w2y)?
(i) limy ey = Q = ( 7 ) p4

Proof. 1t follows by the definition of 1, and (3.3) that for all n > 4,

2 2 _ 2 2 _ 2 2 _ 2
_ (\yl + \I’O) (a” a"—3) _ 2 T T S e g
Mn = 5 > =V +YW)|1+—F—F—+—F— .
O~ Xy Fn — Xy A~y
Using (2.5), we get
2 _ .2 2 2 2 _ 2 2 4 2
T i o S L |2 ) n2 " %3 &, &, % 3
2_,2 gy and —5——— = 2 ’
X — Ay 0 Fn — Ay Wa
which implies that
2 2 2 4 2
as as_ar o
17n=(\I’%+\I’0)1— n—1 ;12+ n—1 ;122 n-3 )
Yo w2

Since {a,},, is non-decreasing, Wy < 0 and W7 + W, > 0, we have 1, < 1,41 forall n > 4. Also, since a; — L?
(n — o) and L* = LW, + W, we can obtain

(1 ~ 4 I8 ] _ (\I/% + \po)Z L4

: _ (p2
lim n, = (‘I’l + ‘I’o) v, t gz 7
0 0

n—oo

Hence the proof is complete. O

For t(= |s]*) > 0 and for each n € IN, we define

qo 0 — Vwot 0 e 0

0 q1 0 - wlt
A =]~ Vwot 0 q2 0 . 0 ’ (3.7)
0 —Vwqt 0 q3 .= Wyt

: .. .. .. .. 0
0 . 0 — Vw2t 0 Gn
where the g; and w; are as in (2.2). Applying [15, Lemma 3.1] to the matrix D,(s) as in (2.1), we can see that

W, is semi-cubically hyponormal if and only if A,(f) > 0forallt > 0and n > 0.
We now consider the quadratic form for A,(t) at a vector x = (xg, ..., x,) in ]R’}:rl as follows:

Fo(x0, %1, -0y X, t) := (AL (D)X, X).

For n > 4, it follows from Lemma 3.1 that
1 3 1 n-2 )
Fu(x0, %1, e Xy t) = Z (uj + tv;) xl.2+t Z v,-xl-Z—Z \/ZZ VWixiXiso iy +unxﬁ+z ( Viuix; — Vtvi+2xi+2) .
i=0 i=2 i=0 =2

For our convenience, we denote f (xo, X1, X2, X3, t) as follows:

1 3 1
fz (x0, ..oy x3, ) := Z (u; + tv;) xiz + tz vixiz -2 \/EZ VWiXiXit2.
i=0 i=2 i=0
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Lemma 3.4. Let a(x) : Vx,(Va Vb, Vo) and n > 4. Then the following conditions are equivalent
n);

(i) Fu (x0, ..., X, t) 2 0 forany x;, t e R, (1=0,1
(ii) for any x;,t € R, (i=10,1,2,3)

fa(xo, x1, %2, %3, 1) + P(2; n)x% + P(3; n)xé >0

where for € > 2,
Up
.. T]f+2[(n—£)/2]t[(”_€)/2]

x3,1). Using definitions of g, and z,, in (2.2)

P(n) =
1+ Nesat + 77f+27h’+4t2 + o Nes2evd

Xn, t) and fz = fz(Xo, veey

Proof. For brevity, we write F,, := F(xo, ...,
we have
tw g tw
2 2 2
Fi=fo + + [ Vug + ¢ - + ( - )
4 f2 Usxs ( Uy + 104Xy m ) 2 Ua + 103 X5
2 2
=fr+ u3x3 (\/_x4 - —xz) + (uz - —2)x§. (3.8)
Substituting x, = ;—sz in (3.8), we get
2 3\ »
F4(X0, X4,t) 20:>f2+u3x3+ Mz—q— X5 > 0.
4
A similar method proves that
Fs=f,+ Z(\/_xz \/_xz 2) + (uz - q—4)x§ + (u3 - q—s]x3. (3.9)
If we take x4 = ;—sz and x5 = ;—ZXQ, in (3.9) again, then we have
3\, ) .,
F5ZO:>f2+ Uy — — x5 + M3—q— X3ZO.
5
Also, similarly we obtain
: Zip ’ z z
Fo=f+ Xi— ——=Xio| +|us— = |3+ - x4 - x3. (3.10
6= f ;(@z @12) [3 %)3 4 X x5. (3.10)
Since x4, x5 and x; in (3.10) are arbitrary, we may take
Xy = Z—zxz, X5 = 2x; and x = —2t—x, (‘ X1),
qa — 1 ds (114 - —)
so that we may have the following implication
z2 z2
Fe(xo, ..., %6,8) 2 0= fo +|ur - > x% + (Ll3 - —3]x§ > 0.
s — % g5
'3
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For n > 4 and ¢ = 2,3, if we continue the above processes [”2;[] times, then we may take the coefficients
P(£;n) of x7 such that

Fp(x0, vy X, 1) = 0 => fo(x0, ..., X3, ) + P(2;1)x5 + P(3;1)25 2 0,

where

2
P(C;n) = up — 4
de+2 —

qe+a—

)
Zes2[(n=-0)/2]1-2
9+21(1-0/21-2" Ggs2[(n-0/2]

Applying Lemma 3.2, it follows at once that

Ue
1+ Nesat + Nexateeat?® + -+ - + Nexallesa - Nes2n-o)2 OO0/ ’

P(6;n) =

For the converse implication, we note that F,(x, ..., X, t) for n > 4 can be expressed by sum of
falxo, ..., x3,1) + P(2; n)x% + P(3;n)x§ and other quadratic forms. Hence F,(xy, ..., X, t) > 0 for all x;,¢t € R,
(i=0,.,nm)andn>4. 0O

Applying the argument in [15] to the quadratic form of F, in Lemma 3.4 and using Lemma 3.3, we
obtain easily the following lemma.

Lemma 3.5. Supposen > 4. Tizen Fy(x0,x1, .., X, t) = 0 for any x; € Ry and t > é if and only if fo(xo, ..., x3,t) = 0

for any xo, ..., x3 € Ry and t > 3

To obtain the dominating number of x, we let

ab {(c —a)?(c-bQ+c (azbc — a?b? + a%c? + 2ab’c — 4abc? + bCS)}

Ty = min{ Va, \/@}, where © :=
’ a2be (b — a)* + (c — a)* (a2 + bc — 2ab) Q

4

for Q as in Lemma 3.3 (ii).

Lemma 3.6. sup{x: fo(xo,x1,%2,x3,) >0, t >1/Q} < (’ﬁ3)2.

Proof. Since the function f>(xy, ..., x3, t) is the quadratic form, the corresponding symmetric matrix Q (t) to
fo(xo, ..., x3, t) can be represented by

x + abxt 0 — Vtxab? 0

Q) = 0 a—x+ abct 0 —\Jtab (c — x)?

— Vitxab? 0 thea? 0 ’
0 — Jtab (c — x)? 0 t(caiaé - xub)
where

2 b(c* — 2ac + ab) W2 a(2c — a)b? + c(c? — 4ac + a*)b + a*c?
4 cb—a) O (b — a)(c? = 2ac + ab)
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We can easily see that det Q (t) = dy(t) - da(t), where

d (t)—det( X +abxt - Vixab? ) 4y (1) = det a— x + abct —m
1(8) = ) L () =

= Vixab®  theaj — \Jtab (c = x)*? t(caiag - xab)

A straightforward computation shows that

b2xt
b—a

di(t) = (abt(c2 —2ac +ab) + (a - c)2) >0 forallt> 0.

By a simple calculation, we have

_ bt (A@)t + B())

da (t) )

where
A(x) = abc (—a (b - a)* x — a®V? + a®bc + a2 + 2ab’c — 4abc® + bc3) ,
B(x) = (c — a)* (ab(c - b) + x(2ab - bc — a?)).

Note that dy(t) = 0 for all ¢ > é & A(x) 2 0 and —% < é From the assumption a < b < ¢, a direct

computation shows that A(x) > 0 for all x < a. Therefore, d,(t) > 0 for t > é © x<0O. Since0 < x <a, we
havex < (13)2. O

3.2. Characterization. The following is contained in main results of this paper.

Theorem 3.7. Let a(x) : v, (Va, Vb, Vo) withx < a < b < cand let W be the associated weighted shift. Then
the following assertions are equivalent:

(i) Waqy is semi-cubically hyponormal;

(if) Fy(xo, X1, ..., X, 1) 2 0 for all xo,x1, ..., Xy, t in Ry and all n > 2;

(iif) Fy(xo,x1, ..., xn, t) 2 0 for all xo,x1, ..., %, in Ry, t > 1/Q and all n > 4;

(iv) fa(xo, x1,x2,%3,1) = 0 for all xo, x1,x2,x3 in Ry and all t > 1/Q;

(V) \/; < hg.

Proof. (i) & (ii) and (ii) = (iii) It is obvious.
(iif) & (iv) and (iv) = (v) Use Lemma 3.5 and Lemma 3.6, respectively.
(v)= (i) Let 0 < vx < h3. To show the semi-cubic hyponormality of Wy, we will use the methods in Section
2 under the same notation, i.e., we will prove that every coefficient c/(#, 7) is nonnegative (n > 0,0 <i < n+1)
in polynomials of determinants fo) = D,(f)(t) (€=1,2) fort:=|s]* (s € C).

First of all, we can see from (2.3) that

cl(O, 1) = Zjo =709 = xab > 0 and C2(O, 1) = Zv)l =01 = abc > 0,

for 0 < x <a < b. Also we have c1(1,0) = 1, - - flg = Uppliou-1)---Up > 0 and c2(n,0) = uppprtiop—q---1u1 >0
forO<x <a.

Claim 1. Forn > 1,c1(n,i) > 0with1 <i<n+1.
A straightforward computation shows that for all x > 0,

bx (a(b —c)?+(c—a)b-a)(a+ c))
b—a

ab®(ab — 2ac + c*)x
b-a

a(1,1) = >0, ¢ (1,2) = > 0.
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Since 1l = Uy, U7 = v4 and W1 = w, in the matrix D,(}), we get

b3(a - c)? (ab2 +a?c + bc? - 3abc)2 x

c(a-b)?

P1= Z\jZCl (1, 1) - Z\chl (0/ 1) = > 0/

71 = 02¢1 (1,0) — W11 (0,0) = 0.
From (2.3), we have the following;:

C1(2, 1) = 112(,‘1(1, 1) >0, C1(2, 3) = Z72C1(1,2) >0,
c1(2,2) = tixc1(1,2) + Pac1(1,1) = 161(0,1) = 1ipc1(1,2) + p1 > 0.
Using (2.4) and the mathematical induction, we have ¢1(n,7) > 0 forx <gandalln >3 with1 <i<n+1.

Claim 2. Forn > 1, cy(n,i) > 0with1 <i<n+1.
From standard computations, it follows that

be® — a?b? + a2c? — 4abc? + 2ab%c + a*be

(a - Db)?

c>(1,2) = ab*c ax].

. A 3_ 2124422 2 2 2 . . . .
Write £ = o=t Ca(u‘f“bb"; t2betrle - For simple computations, we sometimes substitute b = a + h and

c=a+h+kforanyh, k> 0. A straightforward calculation shows that £ > g and & > ©, which implies that
c2(1,2) > 0 for 0 < x < (h3)%. So 2(2,3) = Bhca(1,2) > 0 and thus cy(n,n + 1) = ¥y, ---V3¢2(1,2) > 0 (n > 3).
Denote

xi:==sup{x >0:c(,i) >0} fori =1,2,3.

By some computations, we can obtain ® < x3 < x; (i = 1,2) (see Appendix for the detail), i.e., x; > (/h\3)2.
Hence c,(i,i) > 0 for i = 1,2,3 and x € (0, (13)?]. Since T, = ¥ycy(1,0) — w1c2(0,0) = 0, using (2.3) and (2.4),
we obtain that three coefficients c;(2, 1), c2(3,1) and c(3, 2) are positive. Since 1i, = us, ¥, = v5s and W; = ws
in the matrix D5,2), we have

p2 =Tac2(1,1) — W12 (0,1)

b (a—c)*(c-b) (ab2 + a?c + bc? — 3abc
(b — a)> (ab — 2ac + ?)

2
) (ab(c -b) - (a2 — 2ba + bc) x) .

Write
_ab(c-b)
a2 —2ab+bc’
By substitutionb =a+handc=a+h+k (b k > 0), we can have § < a and § < ®, which induces p, > 0 for

x€(0,8] and po < O forx € (3, (;1\3)2]. So we consider two cases below.
Now we consider 0 < x <3, i.e., p» > 0. Using (2.4) and c2(n,n + 1) > 0 (n > 2), we have

ca(n,n) = tlyca(n —1,n) + 0, -+ - U3pp > 0 (1 > 3).

Since 7, = 0 in (2.4), obviously cx(n,n — 1) 2 0 (n > 3). Using the mathematical induction in (2.4), we have
e(n,i)20(n=3;1<i<n-2)forallx € (0,3].

Next we suppose that § < x < (h3)?, ie., p2 < 0. We already obtained c;(n,7) > 0 for n = 1,2,3 with
1 <i<n+1, which is independent to the sign of p,. For all n > 4, using (2.4), we can see that

N

o . v o 0.
c2(1, 1) = Vg -+ Uty (0202(1,2) + ﬁ—"pz)-
n
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It follows from Lemma 3.3 that Z—Z /" Q (n — o). Hence, if Oy := 0pc2(1,2) + Qp2 = 0 for x € (§, (ﬁg)z], since
p2 < 0, we have cp(n,1) > 0 (n > 4). Observe that

N1 - Nzx
(b — a)5(ab — 2ac + c2)’

Q, = b*(c — b)(ab? + a*c + bc* — 3abe)?

where
Nj:=ab ((a —¢)*(c = b)Q + c(bc® - a®b? + a*c* — 4abc® + 2ab’c + azbc)) ,
N, := (c — a)*(a® — 2ab + bc)Q + a’be(b — a)?.

Sincea < b < ¢, we have Ny > 0 and N, > 0. Observe that ® = % This implies that O, > 0 for all
x € (8, (’}?3)2]. Furthermore, since cx(1,1) > 0 (n > 3) and 17, = 0, we get co(n,n — 1) = th,co(n—1,n-1) > 0
(n 2 3). And, by the mathematical induction we have c,(n,i) > 0 (n > 3;2 <i < n —1). Hence the proof is
complete. O

For a(x) : vV, (Va, Vb, Vo) with 0 < x <a < b < ¢, we denote

1
hy = (sup {lea(x) is positively quadratically hyponormal})2 ,

1
2
s

hy = (sup {lea(x) is quadratically hyponormal})

as in [5, Theorem 4.3]. Recall that the weighted shift W,y is positively quadratically hyponormal if and
only if it is quadratically hyponormal ([15, Theorem 4.1]). Then it follows from [5, Theorem 4.3] that

(3.11)

21,2 20 e\
h;:hzzmin{\/a,(abc+ab (c—a)K+ab(c-bK )}’

a3b +ab (c —a) K + (a? — 2ab + bc) K?

where K := —$—§L2.
We now give an example of a weighted shift with quadratic hyponormality but not semi-cubic hyponor-
mality.

A
Example 3.8. Let W, be a weighted shift with weight sequence a(x) : Vx, (1, V2, \/5) , where 0 <
x < 1. A straightforward computation shows that Wy = -2,W; = 4, K = 8V2 + 16 and Q= 49(\/5 +

2. So by (3.11), we obtain h, = (547(23043 - 3104V2))" ~ 0.85628 (cf. [5, Example 4.5]) and h3 =

1 —
%7 (ﬁ(108047 — 19208 \/E))Z ~ 0.82520. The interval (hs, h] is the range of +/x such that W is quadrati-
cally hyponormal but not semi-cubically hyponormal. In fact, we will prove that two notions of quadratic
hyponormality and semi-cubic hyponormality are different one from another (see Theorem 4.2 below).

4. Recursive weighted shifts with two equal weights

We first recall from [10] that there exists a nontrivial semi-cubically hyponormal weighted shift. So it is
worthwhile to discuss semi-cubically hyponormal weighted shifts with first two equal weights (cf. [3]). For
this purpose we consider a recursively generated weighted shift W, with weightsequence a : 1, (1, Vx, y/7)".
To avoid the trivial case we assume 1 < x < y in this section. Let us consider x =1+ hand y =1+ h + k for
allh, k > 0. Then

1

e (h® + 12 + hk + 21k + K> + hk2)?((h + 1)(h + k) + Sp)?,

Q=
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where Q as in Lemma 3.3 (ii) and Sy = (1 + 1) + K7 + (1 - b))

The following theorem comes immediately from Theorem 3.7.

Theorem 4.1. Leta: 1,(1, \/J_C, \/y)A and let W, be the associated weighted shift. Put x =1+handy=1+h+k
(h, k > 0). Then W, is semi-cubically hyponormal if and only if p3 (h, k) = Y0y &k < 0, where

S =20 (h+1)*, &=KQA6h+7)(h+1)°,

& = 40 (3h + 14K% + 141° = 1) (h + 1)°,

& = h° (h+1) (31 + 98K + 190K° + 1124* — 4),

&y = h* (2 + 109K2 + 3221° + 356/* + 140h° - 5),

&5 = 20 (h + 1) (5h + 46h* + 88h° + 56h* — 1),

£ = 1? (1 +1) (13] + 64h% + 1041° + 561" - 1),

& =12 (h+1) (344 + 421% + 16h° +9),

&g =20 (4h+ W +2)(h+1), and &g = (h+1)°

We exhibit the relationship between semi-cubic hyponormality and quadratic hyponormality of weighted
shift W, with a weight a : 1,(1, v, y/7)". Recall from [6] that W, is quadratically hyponormal if and only

if py (h,k) = Y., pik! < 0, where

po=H (n+2)(h+1)°, p1=h (16h+ 6k +7)(h+1),

p2 = h* (5h + 531% + 96h° + 66h* + 151 — 4),

ps = (1t + 1) (5h + 521 + 651° + 201* - 4),

ps = (8h +351% + 150> = 1) (h + 1),

ps =302 (6h +21% +3) (1 + 1), pe = h(i+5)(h +1)%, p7 = (h +1)°.
We now denote

Ry = {(h, k) : W, is quadratically hyponormal},

§3 = {(h, k) : W, is semi-cubically hyponormal},

and will see that the quadratic hyponormality and semi-cubic hyponormality of W, are different one from
another in the following theorem.

Theorem 4.2. Let W, be a weighted shift with weight sequence o : 1,(1, Vx, V)" Then R, \’733, ’753 \R, and R, 0%33
are all nonempty sets.

Proof. Letx =1+hand y = 1+ h+kwith h, k > 0. To show that the sets in the conclusion of this theorem are
nonempty, we take a proper number i = 11% (in fact, we may find a proper number using the Mathematica
computer program). We denote f(k) = p2(1/100, k) and g(k) = p3(1/100, k) for k > 0. Then

9
)=y ck and g(k) = Zdjkf,
j=0

7
i=0
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where ¢; = pilu=1/100 (0 <1 < 7) and d; = &jlu=1/100 (0 < j < 9) are the coefficients of polynomials f(k) and g(k),
respectively. Observe that

€0,¢1,¢5,¢6,¢7 >0 and ¢; <0 (i=2,3,4),

d(),dl,d7,d8,d9 >0 and dj <0 (] = 2,...,6).

Then it follows from Descartes’ rule of signs in calculus that each of polynomials f(k) and g(k) has two sign
changes. Hence each of f(k) and g(k) has at most two positive roots. We now consider the following sets

% ={k>0: f(k) <0} and Ks = {k > 0: g(k) <0},
which are the projections of R, and Rs, respectively. Since
f(0)>0, f(1/100) <0, f(1) > 0and f'(k) >0 forall k >1,

by a simple computation, f(k) has only two positive roots a; and a; in R, such that K, = [a1, a,]; in fact,
a1 = 0.000787776068 - - - and ap = 0.0422764016 - - -. Observe that

9(0) > 0, g(1/100) < 0, g(1) > 0and ¢'(k) > 0 forall k>1,

which implies that g(k) has only two positive roots $; and 8, in R; such that 7?3 = [B1,B2]; in fact,
B1 = 0.000786885627 - -- and B, = 0.0402782805---. Hence we obtain [ay, 2] = Ko NG, (B2, a2] = Ka\Ks
and [B1, 1) = K3\ K,, which prove that R, N R3, R2\Rs and R3\R, are nonempty. Hence the proof is

complete. O
Appendix

I. Proof of x3 > © in the proof of Theorem 3.7.
To simplify the computations, it is convenient to make the substitutionsb =a+h,c =a+h+k with b, k > 0.
Then

Q- (a+ h)(h(h + k)* + a(h® + hk + K2))?(a(h® + k?) + (h + k)(h? + hk + S))
- 2a2h4k2 ’
where S := +/(a + h)(ah? + h3 — 2ahk + 2h2k + ak® + hk2), which implies that

Yrank (@ +h+K)S + a?(k — ) — 2ah? — 1® - ahk — 2%k — ak? - hk?)

S 1% @ik (YounkS + Lo k) ,
where

V1ank i= KK+ k) (a + h + k)(ah? + B° + ahk + 21%k + ak? + hk?)*,

Vaank := (h+k)P(H* + ak + hk)(h(h + k)* + a(h® + hk + K))?,

10 :=h0%a +h)*, 11 =K@+ h)@® + 6ah + 10h?),

b1 = h(a + h)*(a* + 4ah + 25a*h* + 58al® + 45h*),

13 1= ho(a + h)(10a* + 62a°h + 187a%h* + 248ah” + 120h%),
P14 := 21°(5a° + 50a*h + 190a°h* + 349a*h° + 308ah* + 105K°),
O15 := h*(a + 2h)(8a* + 84a’h + 253a%h* + 301al’ + 126h%),
16 := I(4a® + 75a*h + 348a°h* + 684a°h° + 616ah* + 2101°),
$17 .= h*(a + h)(@* + 42a°h + 173a°h? + 248ah® + 120h%),

18 1= h*(a + h)*(194* + 58ah + 45h%),

19 1= 2h(a + h)>(3a +5h), 110 := (a+h),
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and
Poo =W+ h), ¢o1:=ha+h)*(a+3h)?,
B2 = ho(a + h)(2a* + 4a®h + 25a*h* + 52ak® + 36h*),
Pos := ho(11a* + 64a°h + 169a*h* + 196ah’® + 84h*),
Bo = 21°(7a* + 49a°h + 128a%h* + 147ah® + 63h*),
Ba5 = 2h*(8a* + 55a°h + 139a%h* + 154ah® + 63h*),
Boe = 7h(a + h)(a + 2h)*(2a + 3h), oy = 9P (a + h)*(a + 2h)?,
Bos = h(a+h)*(da +9h), ¢ao:=(a+h)*
Since
¢ (@*(h = k) + 2ah? + h® + ahk + 2h%k + ak? + hk?)? _ 4a%(a + h)K3 0
(a+h+k? (@a+h+k2 "7

we can obtain that x3 —® > O forall &, k > 0.

II. Proof of x; > x3 and x, > x3 in the proof of Theorem 3.7.
Ifweputb=a+h,c=a+h+kwithh k> 0 and follow the similar method in Appendix I, we may obtain
the following expressions

_alPk@+h+ k) L% gk

T (h+ K22 + ak + ) Y10 gk

BRI (@ + h)(h + K)*(@h? + 1® + ahk + 212k + ak? + hk2)*
Y2 g2k Yo g5k

X1 — X3

X2 — X3 =

7

where g;; are some polynomials with a and & such that all of the coefficients of g;; are strictly positive.
Hence x1 > x3 and x» > x3.
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