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Abstract. In this paper, we state a new form of fixed point theorems on metric spaces and 2-metric spaces
which unifies and generalizes many results in the literature. Examples are given to illustrate the results.

1. Introduction and Preliminaries

There were many kinds of fixed point theorems in the literature. To unify these results, some authors
used certain implicit relations. In 2008, Akram et al. [3] introduced the class of A-contractions in a metric
space which includes the contractions studied in [6], [20]. Also, several results in [1], [7], [16] and some
others were extended to the A-contractions. In 2010, Saha and Dey [23] proved some fixed point theorems
for A-contractions in a 2-metric space. Also in 2010, Akinbo et al. [2] generalized the main results in [3] for
four self-maps on a metric space. In 2012, Gupta and Kaur [14] proved some common fixed point theorems
for A-contractions on 2-metric spaces. In 2013, Dey and Saha [10] established a common fixed point theorem
for four self-maps of a complete 2-metric space using the weak commutativity condition and A-contraction
type condition and then extended the theorem for a class of self-maps. The key of these results is the class
A of three-variable functions α : R3

+ −→ R+ satisfying

1. α is continuous on the set R3
+.

2. There exists k ∈ [0, 1) such that if y ≤ α(x, x, y) or y ≤ α(x, y, x) or y ≤ α(y, x, x) then y ≤ kx for all
x, y ∈ R+.

In this paper, we generalize the classA to a class B of nine-variable functions. By using the class B, we
state some general fixed point theorems on metric spaces and 2-metric spaces which unify and generalize
many results in the literature. Examples are given to illustrate the results.

Now, we recall notions and lemmas which are useful in what follows. As a generalization of a metric
space, the concept of a 2-metric space was introduced by Gähler in [13].

Definition 1.1 ([13]). Let X be non-empty and σ : X × X × X −→ R be a map satisfying the following.

1. For every a, b ∈ X with a , b there exists c ∈ X such that σ(a, b, c) , 0.
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2. If at least two of a, b, c ∈ X are the same, then σ(a, b, c) = 0.
3. The symmetry: σ(a, b, c) = σ(a, c, b) = σ(b, c, a) = σ(b, a, c) = σ(c, a, b) = σ(c, b, a) for all a, b, c ∈ X.
4. The rectangle inequality: σ(a, b, c) ≤ σ(a, b, d) + σ(b, c, d) + σ(c, a, d) for all a, b, c, d ∈ X.

Then σ is called a 2-metric on X and (X, σ) is called a 2-metric space which will be sometimes denoted by X if there
is no confusion. Every member x ∈ X is called a point of X.

Definition 1.2 ([15]). Let (X, σ) be a 2-metric space.

1. A sequence {xn} is called convergent to x in (X, σ), written as lim
n→∞

xn = x, if for every a ∈ X, lim
n→∞

σ(xn, x, a) = 0.

2. A sequence {xn} is called Cauchy in (X, σ) if for every a ∈ X, lim
n,m→∞

σ(xn, xm, a) = 0, that is, for each ε > 0 and

a ∈ X, there exists n0 such that σ(xn, xm, a) < ε for all n,m ≥ n0.
3. (X, σ) is called complete if every Cauchy sequence is a convergent sequence.

Definition 1.3 ([13]). Let (X, σ) be a 2-metric space and a, b ∈ X, r ≥ 0. The set

B(a, b, r) = {x ∈ X : σ(a, b, x) < r}

is called a 2-ball centered at a and b with radius r. The topology generated by the collection of all 2-balls as a subbasis
is called a 2-metric topology on X.

Lemma 1.4 ([17], Lemma 4). lim
n→∞

xn = x in a 2-metric space (X, σ) if and only if lim
n→∞

xn = x in the 2-metric
topological space X.

For fixed point theorems on 2-metric spaces, readers may refer to [4], [11], [12], [18] and references
therein.

Definition 1.5 ([3], [23]). A map T : X −→ X on a metric space (X, d) is called an A-contraction if

d(Tx,Ty) ≤ α(d(x, y), d(x,Tx), d(y,Ty))

for all x, y ∈ X and some α ∈ A.
A map T : X −→ X on a 2-metric space (X, σ) is called an A-contraction if

σ(Tx,Ty,u) ≤ α(σ(x, y,u), σ(x,Tx,u), σ(y,Ty,u))

for all x, y,u ∈ X and some α ∈ A.

Lemma 1.6 ([13]). If lim
n→∞

xn = x in a 2-metric space (X, σ), then lim
n→∞

σ(xn, y, z) = σ(x, y, z) for all x, y, z ∈ X.

Lemma 1.7 ([17], Lemma 5). Let f : X −→ Y be a continuous map from a 2-metric space X into a 2-metric space
Y. If lim

n→∞
xn = x in X, then lim

n→∞
f (xn) = f (x) in Y.

Lemma 1.8 ([24]). Let {yn} be a sequence in a complete 2-metric space (X, σ). If there exists h ∈ (0, 1) such that
σ(yn, yn+1, a) ≤ hσ(yn−1, yn, a) for all n ≥ 1 and a ∈ X, then {yn} converges to a point in X.

The main results of the paper are presented in two following sections. Section 2 is devoted to some
general fixed point theorems on metric spaces and 2-metric spaces. In section 3, we give some examples
and compare our results with known ones to show that our fixed point theorems are generalizations of
some results in [3], [21], [23] and are better than some known results.
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2. General fixed Point Theorems on Metric Spaces and 2-Metric Spaces

In this section, we investigate some general fixed point theorems on metric spaces and 2-metric spaces.
First, we extend the classA in [3] to the class B of nine-variable functions β : R9

+ −→ R+ satisfying
1. β is continuous on the set R9

+.
2. For all x, y, z ∈ R+,

(a) If x ≤ β(0, 0, x, x, 0, 0, 0, 0, x) or x ≤ β(x, 0, 0, x, x, 0, 0, x, x), then x = 0.
(b) There exists k ∈ [0, 1) such that y ≤ kx provided z ≤ x + y and

y ≤ β(x, x, y, z, 0, z, y, y, 0) or y ≤ β(x, y, x, z, 0, z, y, y, 0) or y ≤ β(y, x, x, z, 0, z, y, y, 0).

By using the class B, we set up a general fixed point theorem on metric spaces as follows.

Theorem 2.1. Let (X, d) be a complete metric space and T : X −→ X be a map such that

d(Tx,Ty) ≤ β
(
d(x, y), d(x,Tx), d(y,Ty), d(x,Ty), d(y,Tx), d(T2x, x), d(T2x,Tx), d(T2x, y), d(T2x,Ty)

)
(1)

for all x, y ∈ X and some β ∈ B. Then T has a unique fixed point x∗ and lim
n→∞

Tnx = x∗ for all x ∈ X.

Proof. For each x ∈ X, put x0 = x and xn = Txn−1 for all n ≥ 1.
Step 1. We prove that lim

n→∞
xn = x∗ for some x∗ in (X, d). For all n ≥ 1, from (1), we have

d(xn, xn+1) = d(Txn−1,Txn)

≤ β
(
d(xn−1, xn), d(xn−1,Txn−1), d(xn,Txn), d(xn−1,Txn), d(xn,Txn−1),

d(T2xn−1, xn−1), d(T2xn−1,Txn−1), d(T2xn−1, xn), d(T2xn−1,Txn)
)

= β
(
d(xn−1, xn), d(xn−1, xn), d(xn, xn+1), d(xn−1, xn+1), d(xn, xn),

d(xn+1, xn−1), d(xn+1, xn), d(xn+1, xn), d(xn+1, xn+1)
)

= β
(
d(xn−1, xn), d(xn−1, xn), d(xn, xn+1), d(xn−1, xn+1), 0,

d(xn−1, xn+1), d(xn, xn+1), d(xn, xn+1), 0
)
.

Since β ∈ B and d(xn−1, xn+1) ≤ d(xn−1, xn) + d(xn, xn+1), there exists k ∈ [0, 1) such that d(xn, xn+1) ≤ kd(xn−1, xn)
for all n ≥ 1. It implies d(xn, xn+1) ≤ knd(x0, x1). So, for n > m, we have

d(xm, xn) ≤ d(xm, xm+1) + . . . + d(xn−1, xn) (2)
≤ (km + . . . + kn−1)d(x0, x1)

≤
km

1 − k
d(x0, x1).

Taking the limit as n,m → ∞ in (2), we get lim
n,m→∞

d(xm, xn) = 0. This proves that {xn} is a Cauchy sequence

in the complete metric space (X, d). Then there exists x∗ ∈ X such that

lim
n→∞

xn = x∗. (3)

Step 2. We prove that x∗ is a fixed point of T. By using (1) again, for all n ∈N, we have

d(x∗,Tx∗) ≤ d(x∗,Txn) + d(Txn,Tx∗) (4)

≤ d(x∗, xn+1) + β
(
d(xn, x∗), d(xn,Txn), d(x∗,Tx∗), d(xn,Tx∗), d(x∗,Txn),

d(T2xn, xn), d(T2xn,Txn), d(T2xn, x∗), d(T2xn,Tx∗)
)

= d(x∗, xn+1) + β
(
d(xn, x∗), d(xn, xn+1), d(x∗,Tx∗), d(xn,Tx∗), d(x∗, xn+1),

d(xn+2, xn), d(xn+2, xn+1), d(xn+2, x∗), d(xn+2,Tx∗)
)
.
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Note that β is continuous, taking the limit as n→∞ in (4) and using (3), we get

d(x∗,Tx∗) ≤ d(x∗, x∗) + β
(
d(x∗, x∗), d(x∗, x∗), d(x∗,Tx∗), d(x∗,Tx∗), d(x∗, x∗), d(x∗, x∗), d(x∗, x∗), d(x∗, x∗), d(x∗,Tx∗)

)
= β

(
0, 0, d(x∗,Tx∗), d(x∗,Tx∗), 0, 0, 0, 0, d(x∗,Tx∗)

)
.

Since β ∈ B, d(x∗,Tx∗) = 0. Then Tx∗ = x∗, that is, x∗ is a fixed point of T.
Step 3. We prove that the fixed point of T is unique. Let x∗, y∗ ∈ X such that Tx∗ = x∗,Ty∗ = y∗. By

using (1) again, we have

d(x∗, y∗)
= d(Tx∗,Ty∗)

≤ β
(
d(x∗, y∗), d(x∗,Tx∗), d(y∗,Ty∗), d(x∗,Ty∗), d(y∗,Tx∗), d(T2x∗, x∗), d(T2x∗,Tx∗), d(T2x∗, y∗), d(T2x∗,Ty∗)

)
= β

(
d(x∗, y∗), d(x∗, x∗), d(y∗, y∗), d(x∗, y∗), d(y∗, x∗), d(x∗, x∗), d(x∗, x∗), d(x∗, y∗), d(x∗, y∗)

)
= β

(
d(x∗, y∗), 0, 0, d(x∗, y∗), d(x∗, y∗), 0, 0, d(x∗, y∗), d(x∗, y∗)

)
.

Since β ∈ B, d(x∗, y∗) = 0. Then x∗ = y∗. This proves that the fixed point of T is unique.
Step 4. For each x ∈ X, we prove that lim

n→∞
Tnx = x∗. By using (3), lim

n→∞
Tnx = lim

n→∞
xn = x∗.

Next, we prove a technical lemma on 2-metric spaces.

Lemma 2.2. Let (X, σ) be a 2-metric space and T : X −→ X be a map such that

σ(Tx,Ty,u) ≤ β
(
σ(x, y,u), σ(x,Tx,u), σ(y,Ty,u), σ(x,Ty,u), σ(y,Tx,u), (5)

σ(T2x, x,u), σ(T2x,Tx,u), σ(T2x, y,u), σ(T2x,Ty,u)
)

for all x, y,u ∈ X and some β ∈ B. Then σ(x,Tx,T2x) = 0. Also,

σ(x,T2x,u) ≤ σ(x,Tx,u) + σ(Tx,T2x,u)

for all x, y,u ∈ X.

Proof. For each x ∈ X, by choosing u = x and y = Tx in (5), we have

σ(Tx,T2x, x) ≤ β
(
σ(x,Tx, x), σ(x,Tx, x), σ(Tx,T2x, x), σ(x,T2x, x), σ(Tx,Tx, x),

σ(T2x, x, x), σ(T2x,Tx, x), σ(T2x,Tx, x), σ(T2x,T2x, x)
)

= β(0, 0, σ
(
T2x,Tx, x), 0, 0, 0, σ(T2x,Tx, x), σ(T2x,Tx, x), 0

)
.

Since β ∈ B, there exists k ∈ [0, 1) such that σ(Tx,T2x, x) ≤ k0 = 0. This proves σ(Tx,T2x, x) = 0.
Now, for each u ∈ X, we have

σ(x,T2x,u) ≤ σ(x,Tx,u) + σ(Tx,T2x,u) + σ(x,Tx,T2x).

It implies that σ(x,T2x,u) ≤ σ(x,Tx,u) + σ(Tx,T2x,u).

The following is an analogue of Theorem 2.1 for self-maps on 2-metric spaces.

Theorem 2.3. Let (X, σ) be a complete 2-metric space and T : X −→ X be a map such that

σ(Tx,Ty,u) ≤ β
(
σ(x, y,u), σ(x,Tx,u), σ(y,Ty,u), σ(x,Ty,u), σ(y,Tx,u), (6)

σ(T2x, x,u), σ(T2x,Tx,u), σ(T2x, y,u), σ(T2x,Ty,u)
)

for all x, y,u ∈ X and some β ∈ B. Then T has a unique fixed point x∗ and lim
n→∞

Tnx = x∗ for all x ∈ X.
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Proof. For each x ∈ X, put x0 = x and xn = Txn−1 for all n ≥ 1.
Step 1. We prove that lim

n→∞
xn = x∗ for some x∗ in (X, σ). For each u ∈ X, from (6), we have

σ(xn, xn+1,u) = σ(Txn−1,Txn,u)

≤ β
(
σ(xn−1, xn,u), σ(xn−1,Txn−1,u), σ(xn,Txn,u), σ(xn−1,Txn,u), σ(xn,Txn−1,u),

σ(T2xn−1, xn−1,u), σ(T2xn−1,Txn−1,u), σ(T2xn−1, xn,u), σ(T2xn−1,Txn,u)
)

= β
(
σ(xn−1, xn,u), σ(xn−1, xn,u), σ(xn, xn+1,u), σ(xn−1, xn+1,u), σ(xn, xn,u),

σ(xn+1, xn−1,u), σ(xn+1, xn,u), σ(xn+1, xn,u), σ(xn+1, xn+1,u)
)

= β
(
σ(xn−1, xn,u), σ(xn−1, xn,u), σ(xn, xn+1,u), σ(xn−1, xn+1,u), 0,

σ(xn−1, xn+1,u), σ(xn, xn+1,u), σ(xn, xn+1,u), 0
)
.

Note that, by Lemma 2.2,

σ(xn−1, xn+1,u) = σ(xn−1,TTxn−1,u)
≤ σ(xn−1,Txn−1,u) + σ(Txn−1,TTxn−1,u)
= σ(xn−1, xn,u) + σ(xn, xn+1,u).

Then, since β ∈ B, there exists k ∈ [0, 1) such that

σ(xn, xn+1,u) ≤ kσ(xn−1, xn,u). (7)

From (7), by using Lemma 1.8, there exists x∗ ∈ X such that

lim
n→∞

xn = x∗. (8)

Step 2. We prove that x∗ is a fixed point of T. By using (6) again, we have

σ(x∗,Tx∗,u) ≤ σ(x∗,Tx∗, xn+1) + σ(Tx∗,u, xn+1) + σ(u, x∗, xn+1) (9)
= σ(Tx∗, xn+1, x∗) + σ(Txn,Tx∗,u) + σ(u, x∗, xn+1)

≤ σ(Tx∗, xn+1, x∗) + β
(
σ(xn, x∗,u), σ(xn,Txn,u), σ(x∗,Tx∗,u), σ(xn,Tx∗,u),

σ(x∗,Txn,u), σ(T2xn, xn,u), σ(T2xn,Txn,u), σ(T2xn, x∗,u), σ(T2xn,Tx∗,u)
)

+σ(u, x∗, xn+1)

= σ(Tx∗, xn+1, x∗) + β
(
σ(xn, x∗,u), σ(xn, xn+1,u), σ(x∗,Tx∗,u), σ(xn,Tx∗,u),

σ(x∗, xn+1,u), σ(xn+2, xn,u), σ(xn+2, xn+1,u), σ(xn+2, x∗,u), σ(xn+2,Tx∗,u)
)

+σ(u, x∗, xn+1).

By the proof of Lemma 1.8, {xn} is a Cauchy sequence in the complete 2-metric space (X, σ). Then we have

lim
n→∞

σ(xn, xn+1,u) = lim
n→∞

σ(xn, xn+2,u) = 0. (10)

Note that β is continuous, using Lemma 1.6 and (10) and taking the limit as n→ ∞ in (9), we have

σ(x∗,Tx∗,u) = σ(Tx∗, x∗, x∗) + β
(
σ(x∗, x∗,u), σ(x∗, x∗,u), σ(x∗,Tx∗,u), σ(x∗,Tx∗,u),

σ(x∗, x∗,u), σ(x∗, x∗,u), σ(x∗, x∗,u), σ(x∗, x∗,u), σ(x∗,Tx∗,u)
)

+ σ(u, x∗, x∗)

= β
(
0, 0, σ(x∗,Tx∗,u), σ(x∗,Tx∗,u), 0, 0, 0, 0, σ(x∗,Tx∗,u)

)
.

Since β ∈ B, σ(x∗,Tx∗,u) = 0. Then σ(x∗,Tx∗,u) = 0 for all u ∈ X. So we have Tx∗ = x∗, that is, x∗ is a fixed
point of T.
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Step 3. We prove that the fixed point of T is unique. Let x∗, y∗ ∈ X such that Tx∗ = x∗,Ty∗ = y∗. By
using (6) again, we have

σ(x∗, y∗,u) = σ(Tx∗,Ty∗,u)

≤ β
(
σ(x∗, y∗,u), σ(x∗,Tx∗,u), σ(y∗,Ty∗,u), σ(x∗,Ty∗,u), σ(y∗,Tx∗,u),

σ(T2x∗, x∗,u), σ(T2x∗,Tx∗,u), σ(T2x∗, y∗,u), σ(T2x∗,Ty∗,u)
)

= β
(
σ(x∗, y∗,u), σ(x∗, x∗,u), σ(y∗, y∗,u), σ(x∗, y∗,u), σ(y∗, x∗,u),

σ(x∗, x∗,u), σ(x∗, x∗,u), σ(x∗, y∗,u), σ(x∗, y∗,u)
)

= β
(
σ(x∗, y∗,u), 0, 0, σ(x∗, y∗,u), σ(x∗, y∗,u), 0, 0, σ(x∗, y∗,u), σ(x∗, y∗,u)

)
.

Since β ∈ B, σ(x∗, y∗,u) = 0. This proves that x∗ = y∗. Then the fixed point of T is unique.
Step 4. For each x ∈ X, we prove that lim

n→∞
Tnxn = x∗. For each u ∈ X, by using (8), we have

lim
n→∞

σ(Tnx, x∗,u) = lim
n→∞

σ(xn, x∗,u) = 0.

This proves that lim
n→∞

Tnx = x∗.

3. Examples and Comparison with Known Results

In this section, we give some examples and compare our results with known ones to show that our fixed
point theorems are generalizations of some results in [3], [21], [23] and are better than some known results.

The following lemma is easy to prove.

Lemma 3.1. 1. If α ∈ A and

β(x1, x2, x3, x4, x5, x6, x7, x8, x9) = α(x1, x2, x3)

for all x1, x2, x3, x4, x5, x6, x7, x8, x9 ∈ R+, then β ∈ B.
2. If β ∈ B and α(x, y, z) = β(x, y, z, 0, 0, 0, 0, 0, 0) for all x, y, z ∈ R+, then α ∈ A.

By using Lemma 3.1.(1), Theorem 2.1 and Theorem 2.3, we get following corollaries.

Corollary 3.2 ([3], Theorem 5). Let T be an A-contraction on a complete metric space X. Then T has a unique fixed
point in X such that the sequence {Tnx} converges to the fixed point for any x ∈ X.

Corollary 3.3 ([23], Theorem 2.1). Let T be an A-contraction on a complete 2-metric space X. Then T has a unique
fixed point in X.

In 2010, Popa et al. [19] proved some common fixed point theorems in 2-metric spaces for two pairs
of weakly compatible mappings satisfying an implicit relation where every 2-metric was assumed to be
continuous, see [19, page 106]. This assumption was used in the proof of [19, Lemma 4.3]. To show the
difference between the above results and the main results in [19], we give the following example.

Example 3.4. Let X =
{
0, 1,

1
2
, . . . ,

1
n
, . . .

}
and

σ(x, y, z) =

 1 if x, y, z are distinct and
{1
n
,

1
n + 1

}
⊂ {x, y, z} for some n ≥ 1

0 otherwise.

Then (X, σ) is a complete 2-metric space and σ is not continuous, see [18, Example 0.1].
Define T,S : X −→ X by Tx = Sx = 0 for all x ∈ X. Then Theorem 2.3 is applicable to T,S. Since σ is not

continuous, the main results of [19] are not applicable to T,S.
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The following example is easy to prove.

Example 3.5. Let

β(x1, x2, x3, x4, x5, x6, x7, x8, x9) = k max
{
x1, x2, x3, x4, x5, x6, x7, x8, x9

}
for all x1, x2, x3, x4, x5, x6, x7, x8, x9 ∈ R+ and some k ∈

[
0,

1
2

)
. Then β ∈ B. Moreover, if x4 = x5 = x6 = 0, then

β ∈ B for some k ∈ [0, 1).

Recall that there were many fixed point theorems on metric spaces. For a self-map T on a metric
space (X, d), contraction conditions in the literature usually contained at most five values d(x, y), d(x,Tx),
d(y,Ty), d(x,Ty), d(y,Tx), see [5], [9], [21], [22] for example. By using Theorem 2.1 and Example 3.5, we get
Corollary 3.6 which is exactly a new form of fixed point theorems in metric spaces.

Corollary 3.6. Let (X, d) be a complete metric space and T : X −→ X be a map such that

d(Tx,Ty) (11)

≤ k max
{
d(x, y), d(x,Tx), d(y,Ty),

d(x,Ty) + d(y,Tx)
2

,
d(T2x, x) + d(T2x,Ty)

2
, d(T2x,Tx), d(T2x, y), d(T2x,Ty)

}
for all x, y ∈ X and some k ∈ [0, 1). Then T has a unique fixed point x∗ and lim

n→∞
Tnx = x∗ for all x ∈ X.

Proof. Let

β(x1, x2, x3, x4, x5, x6, x7, x8, x9) = k max
{
x1, x2, x3,

x4 + x5

2
,

x6 + x9

2
, x7, x8, x9

}
for all x1, x2, x3, x4, x5, x6, x7, x8, x9 ∈ R+. Then β is continuous.

If x ≤ β(0, 0, x, x, 0, 0, 0, 0, x) = k max
{
0, 0, x,

x
2
,

x
2
, 0, 0, x

}
= kx, then x = 0.

If y ≤ β(x, x, y, z, 0, z, y, y, 0) = k max
{
x, x, y,

z + 0
2
,

z + 0
2
, y, y, 0

}
and z ≤ x + y, then y ≤ k max{x, y}. It

implies that y ≤ kx.
The remaining is proved similarly. Then β ∈ B and note that the condition (11) becomes the condition (1).

Then, by using Theorem 2.1, we get the conclusion.

As similar as the proof of Corollary 3.6, we get the following.

Corollary 3.7. Let (X, σ) be a complete 2-metric space and T : X −→ X be a map such that

σ(Tx,Ty,u) ≤ k max
{
σ(x, y,u), σ(x,Tx,u), σ(y,Ty,u),

σ(x,Ty,u) + σ(y,Tx,u)
2

, (12)

σ(T2x, x,u) + σ(T2x,Ty,u)
2

, σ(T2x,Tx,u), σ(T2x, y,u), σ(T2x,Ty,u)
}

for all x, y,u ∈ X and some k ∈ [0, 1). Then T has a unique fixed point x∗ and lim
n→∞

Tnx = x∗ for all x ∈ X.

Note that Corollary 3.6 is a generalization of the following well-known result, where the contraction
condition (13) is the contraction condition (19”) in [21].

Corollary 3.8. Let (X, d) be a complete metric space and T : X −→ X be a map such that

d(Tx,Ty) ≤ k max
{
d(x, y), d(x,Tx), d(y,Ty),

d(x,Ty) + d(y,Tx)
2

}
(13)

for all x, y ∈ X and some k ∈ [0, 1). Then T has a unique fixed point x∗ and lim
n→∞

Tnx = x∗ for all x ∈ X.
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The following example shows the validity of Corollary 3.6 in comparison with Corollary 3.8, also with
Ćirić fixed point theorem, see [8, Theorem 1].

Example 3.9. Let X = {−2,−1, 0, 1, 2} and let d be defined by

d(x, y) =


0 if x = y
2 if (x, y) ∈

{
(−2, 1), (−2, 2), (1,−2), (2,−2)

}
1 otherwise.

Then (X, d) is a complete metric space. Let T : X −→ X be defined by

T(−2) = T(−1) = T0 = −2,T1 = −1,T2 = 0.

We have

d(Tx,Ty) = d(−2,−2) = 0 if x, y ∈ {−2,−1, 0}
d(T(−2),T1) = d(T(−1),T1) = d(T0,T1) = d(−2,−1) = 1
d(T(−2), 1) = d(T(−1), 1) = d(T0, 1) = d(−2, 1) = 2
d(T(−2),T2) = d(T(−1),T2) = d(T0,T2) = d(−2, 0) = 1
d(T(−2), 2) = d(T(−1), 2) = d(T0, 2) = d(−2, 2) = 2
d(T1,T2) = d(−1, 0) = 1
d(1, 2) = d(1,T1) = d(2,T2) = d(1,T2) = d(2,T1) = 1
d(T21, 1) = d(T(−1), 1) = d(−2, 1) = 2.

The above calculations show that condition (13) and condition (B) in [8, Definition 1] do not hold for x = 1, y = 2

but (11) holds for all x, y ∈ X and some q ∈
[1
2
, 1

)
. Then Corollary 3.8 and [8, Theorem 1] are not applicable to T and

(X, d) while Corollary 3.6 is applicable to T and (X, d).
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