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Abstract. On an N-dimensional manifold with non-symmetric connection Li
jk four kinds of covariant

derivative (1.1) are defined, and four curvature tensors are obtained. In the present paper specially the 3rd

and the 4th kind of covariant derivative are studied, particularly their application on δ-symbols.

1. Introduction

Consider N-dimensional manifold MN with local coordinates xi(i = 1, . . . ,N). If we introduce non-
symmetric affine connection Li

jk onMN, one obtains a space LN as a structure LN = (MN,Li
jk).

Because of non-symmetry, it is possible to define four kinds of covariant derivative. For example, for a
tensor ti

j we have

ti
j |
1
2
3
4
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mp
pm
mp

tp
j − Lp

jm
mj
mj
jm

ti
p, (1.1)

where ti
j,m =

∂
∂xm ti

j. From here we obtain more Ricci-type identities. For example,
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where

Ti
jk = Li

jk − Li
k j,
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mnTi
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2. The case when δ-symbols are not under covariant derivatives

2.1 In the case of the 1st and the 2nd kind of derivative, we have δi
j |
θ
m = 0, based on which, in the case of total

contraction with respect of contra- and covariant indices the partial derivative of invariant quantity is
obtained. It is not so, if we use the 3rd and the 4th kind of derivative and we will study this matter in
detail. Here we will engage specially in the 3rd kind, because for the 4th kind the matter is similar. The
obtained structure will be denoted as (LN, |

3
).

First of all, for vectors ui, vi on the base of (1.1) is

ui
|
3
m = ui

|
1
m, ui

|
4
m = ui

|
2
m, vi |

3
m = vi |

2
m, vi |

4
m = vi |

1
m. (2.1)

For the 3rd kind of derivative the Leibniz rule is valid, because, for example, for a vector ui and a
covector v j we have:

(uiv j) |
3
m =

(1.1)
(uiv j),m +Li

pmupv j − Lp
mju

ivp = (ui
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1
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and, based on (2.1):
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Analogously it is generally, e.g.

(ai j
k vl) |

3
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k |
3
mvl + ai j

k vl |
3
m, (2.3)

where a is some tensor of the type (2,1), v-a covector.
2.2 As we will see in the following exposition, δ-symbol can not be introduced under the sign of derivative
|
3

without of influence to the result. So, we have e. g.

δi
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from where, after exchanging some mute indices,
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On the other hand, starting from (1.1) and puting j = i, we obtain

(uivi) |
3
m = (uivi),m + Li

pmupvi − Lp
miu

ivp

= (uivi),m + Ti
pmupvi

and we have

δi
j(u

jvi) |
3
m = (uivi) |

3
m = (uivi),m + Ti

jmu jvi. (2.5)

Consider now the next example. With respect of (2.3) is
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For a tensor ti
j, from (1.1) is
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from where, by corresponding exchanging of indices:
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Further, we have
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Generally, the following theorem, that we will prove by total induction, is valid.
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Proof. For n = 1, 2 the equation (2.9) is valid on the base of (2.6,2.8). Suppose that it is valid also for n− 1
factors. With respect of Leibniz rule, for the left side in (2.9) is obtained
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Exchanging in the last term in → i, jn → j, we get the right side in (2.9).
2.3 Similarly to Theorem 2.1 it can be proved the next theorem.
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, . . . , δin
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3. The case when δ-symbols are under covariant derivatives

3.1 It is easy to see that δi
j |
1
m = δi
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2
m = 0. But, we have
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In the same manner is

δi
j |
4
m = Ti

mj = −δi
j |
3
m (3.2)

The equation (3.1) is an important result in the structure (LN, |
3
), if δ-symbol is under derivative. For

example
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In the same way
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Let us consider some more cases when δ-symbols are under derivatives.
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ju

jvi) |
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Further, we have
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imvq) =

= (uivi),m + Ti
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and after exchanging some mute indices
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It is interesting to compare (3.5,6) with (2.4). Analogically to the case (2.7), we have
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j
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3
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3
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Let us examine the case that corresponds to (2.8).
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l
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3
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=
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= (ai
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k
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k
k + 2Tk

jmai
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k
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l
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3
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k
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jm(a j
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k
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i a
k
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which we can compare with (2.8).
The next theorem is related to the some general case when δ-symbols are under derivative |

3
.

Theorem 3.1. Covariant derivative of the 3rd kind ( |
3
) for δ-symbol is given with (3.1), i. e. it is expressed by

the torsion. Generally is
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Proof. Based on (3.7,8), the equation (3.9) is valid for n = 1, 2 and the proof can be realized by total
induction. �
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4. Conditions for vanishing the term with torsion

We saw that by application of the 3rd and the 4th kind of covariant derivative on total contraction in
(LN, |

3
) it appears the term containing the torsion. The task is to consider the question when that term vanish,

i. e. one obtains partial derivative of scalar quantity.
Let us start from (2.4), that is

δi
j(u

jvi) |
3
m = (uivi) |

3
m = (uivi),m + Ti

jmu jvi (4.1)

and examine when will be

Ti
jmu jvi = 0 (4.2)

Here we have the addition in relation to i, j, and m determines the number of equations. Because in
LN i, j,m = 1, 2, . . . ,N, we have in (4.2) N equations with

Sm = N
(
N
2

)
,

unknowns having in mind that wrt j,m it exists an antisymmetry. As the rank of this system is r ≤ N, it can
be determined mostly N unknowns Ti

jm, the rest N
(N

2
)
− r ≥ N

(N
2
)
− N can be taken arbitrary, i. e. they do

not have to be zero. So, it be T , 0 and in the same time (4.2) will be satisfied.

Example 4.1. For N = 2 the equation (4.2) gives

T1
21u2v1 + T2

21u2v2 = 0, T1
21u1v1 + T2

12u1v2 = 0,

which is reduces to one equation

T1
12v1 + T212v2 = 0 ⇔ T2

12 = T1
21

v1

v2
,

where T1
21 is arbitrary. Therefore, T , 0. Here S2 = 2, r = 1.

Example 4.2. For N = 3 from (4.2) for m = 1, 2, 3 we get

T1
21u2v1 + T1

31u3v1 + T2
21u2v2 + T2

31u3v2 + T3
21u2v3 + T3

31u3v3 = 0

T1
12u1v1 + T1

32u3v1 + T2
12u1v2 + T2

32u3v2 + T3
12u1v3 + T3

32u3v3 = 0

T1
13u1v1 + T1

23u2v1 + T2
13u1v2 + T2

23u2v2 + T3
13u1v3 + T3

23u2v3 = 0

(4.3)

To obtain the rank of this system, we have for its matrix

M =

−u2v1 −u3v1 0 −u2v2 0 −u2v3 −u3v3 0
u1v1 0 −u3v1 u1v2 0 −u3v2 u1v3 0 −u3v3

0 u1v1 u2v1 0 u1v2 u2v2 0 u1v3 u2v3


∼

 u2v1 u3v1 0 u2v2 u3v2 0 u2v3 u3v3 0
0 u1v1 u2v1 0 u1v2 u2v2 0 u1v3 u2v3
0 0 0 0 0 0 0 0 0


So, reduced system is

u2v1T1
12 + u3v1T1

13 + u2v2T2
12 + u3v2T2

12 + u2v3T3
12 + u3v3T3

13 = 0

u1v1T1
13 + u2v1T1

23 + u1v2T2
13 + u2v2T2

23 + u1v3T3
13 + u2v3T2

23 = 0
(4.4)

The rank of the system (4.3) is r = 2, and from (4.4) we can find two unknowns, e. g. T1
12,T

1
13, while the rest 7

quantities Ti
jm can be taken arbitrary, that is they can be , 0 and then T , 0 and in (2.4) (uivi) |

3
m = (uivi),m.
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5. Commentary

Two connections are used in the works of many authors. In the work of T. Otsuki [1] and others
two connections are used: ′Γ-for contravariant, and ′′Γ for covariant indices. These connections are not
obligatory to be symmetric and are related by so named Otsuki relation ([1], eq. (3.13))

Pi
j,k +′′ Γi

pkPp
j −
′ Γ

p
jkPi

p = 0, (5.1)

where P is a tensor field of the type (1.1) (det Pi
j , 0). In Otsuki space so called basic differentiation is

defined e. g. as follows

ti
j|m = ti

j,m +′ Γi
pmtp

j −
′′ Γ

p
jmti

p, (5.2)

and we have

δi
j|m =′ Γi

jm −
′′ Γi

jm (5.3)

Obviously, in our case is

Li
jm =′ Γi

jm, Li
mj =′′ Γi

jm (5.4)

and we have
′Li

jm = Li
jm =′ Γi

jm
′′Li

jm = Li
mj =′ Γi

mj

 ⇒
′′Li

jm =′ Li
mj,

which corresponds to (5.1).
By a choice of a connection covariant derivative is defined. Here we see that the contrary is valid: by

choice of covariant derivative ( |
3
, |

4
) the connection is defined. As we have proved in [7], eq.(2.14), in the

structure (LN, |
3
, |

4
) the induced connection of a submanifold is symmetric.

This paper is initiated on the base of personal communication with Irena Hinterleitner and I thank her.
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