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Abstract. For a graph G, let 2(G) be the set of all strong orientations of G. The orientation number of G is

d_)(G) = min{d(D)|D € 2(G)}, where d(D) denotes the diameter of the digraph D. In this paper, we determine
the orientation number for some complete tripartite graphs.

1. Introduction

Let G be a finite undirected simple graph with vertex set V(G) and edge set E(G). For v € V(G), the
eccentricity of v is eg(v) = max {dg(v, x)|x € V(G)}, where d¢(v, x) denotes the length of a shortest (v, x}path
in G. The diameter of G is d(G) = max{eg(v)|v € V(G)}.

Let D be a digraph with vertex set V(D) and arc set A(D) which has no loops and no two of its arcs have
same tail and same head. The notions ep(v), for v € V(D), and d(D) are defined as in the undirected graph.

An orientation of a graph G is a digraph D obtained from G by assigning a direction to each of its edge. A
vertex v is reachable from a vertex u of a digraph D if there is a directed path in D from u to v. An orientation
D of G is strong if any pair of vertices in D are mutually reachable in D. Robbins” one-way street theorem
[7] states that a connected graph G has a strong orientation if and only if G is 2-edge-connected. For a
2-edge-connected graph G, let Z(G) denote the set of all strong orientations of G. The orientation number of G
is d(G) = min {d(D)|D € 2(G)}. Any orientation D in 2(G) with d(D) = d(G) is called an optimal orientation
of G.

Given positive integers 1, p1,p2, . . ., P, let K, denote the complete graph of order n, and K(p1,p2, - . -, Pn)
denote the complete n-partite graph having p; vertices in the i partite set,i € {1,2,...,n}. The n partite sets
of K(p1,p2,...,pn) aredenoted by V1, Vs, ..., Vysothat|Vi| = p;,i € {1,2,...,n).lfp1 =pp = ... = pu = p,
denote K(p1,p2, ..., pn) by Ku(p).

Boesch and Tindell [2] and independently Maurer [5] proved that: d_ZKn) = 2ifn > 3andn # 4,and
d(Ks) = 3. Soltés [8] proved that d_)(Kp,q) is3if2 <p<g< (L’g J) and itis 4if g > (Lg J), where | x] denotes

the greatest integer not exceeding the real x.
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A pair {p, g} of integers is called a co-pairif 1 < p < g < (LgJ) orl <g<p< (LgJ). A multiset {p, g, r} of
positive integers is called a co-triple if {p, q} and {p, r} are co-pairs.

Koh and Tan proved, in [3], that:

o if {p,q} is a co-pair withg > p > 2, then d_ZK(Z, p,q) =2

o if {p,q,r}is a co-triple withg > p > r > 2, then d_fK(Z, p,q.n) =2;

eif k> 2, {p;, q} is a co-pair for eachi € {1,2,...,k} and (k, p1,p2) # (2,1,1), then

d_)(K(Pl/ q1,P2,92, - -, Pks Qk)) = 2/ and/
e if k> 2, {p;, q:} is a co-pair for eachi € {1,2,...,k} and {r, p} is a co-pair for some h € {1,2,...,k},

then d_zK(pl,ql,pz,qz, e Pl Grs 1)) = 2;
and, in [4], that:

o2 < d(K(p1,pa,...,pn) < 3ifn > 3;
o d(K,(p)) = 2ifn > 3andp > 2;

o ——
o d(K(p,p, .. ,p,q)) =2ifp > 3,r 23and1 < g < 2p;and
ewithh = Z pi,n > 3,ifp; > (,, )for somei € {1,2,...,n}, thend_fK(pl,pz, . Pn) = 3.
In [4], Koh and Tan mentioned that the problem of determining whether a given G = K(p1,p2,...,Pn)

is such that d(G) = 2or d(G) = 3 is very difficult. In this paper, we shall extend the known results on the

computation of d_ZK(pl, P2,P3))-
The subdigraph of a digraph D induced by A C V(D) is denoted by D[A]. We refer to [1] for notations
and terminology not described here.

2. Results

Recall that known results on d_zK(pl, P2, p3)) are:

2 < d(K(py, p2,p) < 3;

d(Ks(p) = 2 i

if {p, q} is a co-pair withg > p > 2 then d(K(2,p,9)) = 2;and

withh = p1+p2+ps, ifpi > ( o )for some i € {1,2,3}, then d(K(pl,pz,pg)) = 3.
The results obtained in this paper are the following.

Theorem 2.1. Forp > 2andq > 2,d(K(1,p,q)) = 3.
Theorem 2.2. Forp > 3, d_zK(2, 2,p)) = 3.
Theorem 2.3. Forp > 4, d_zK(2, 3,p) = 3.

Theorem 2.4. Forp > 4and4 < g < 2p, d?K(p,p,q)) =2.

3. Proofs

Proof of Theorem 2.1. Let Vi = {x}, V2 = {y1,Y2,..., yp}and V3 = {z1,2,,..., 24} be the partite sets of K(1, p, ),
where p > 2 and q > 2. Suppose K(1,p, q) has an orientation D with d(D) = 2, then we consider the fol-
lowing four exhaustive cases to obtain the required contradiction.
Case1. yi — zj = yiforsomeik € {1,2,...,ptand j € {1,2,...,q}.

dp(zj,yi) < 2implies thatz; — x — y;, and so dp(yx, z;) = 3, a contradiction.
Case2. zi — y; — ziforsomej € {1,2,...,p}and i,k € {1,2,...,q}.

Similar to Case 1.
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Case 3. Vo, — V3.

Foranyi € {1,2,...,ptand j € {1,2,...,q}, dp(zj,y;) < 2 implies that z; - x — ;. Consequently,
dp(y1,y2) = 3, a contradiction.
Case4. V3 — V.

Similar to Case 3.

This completes the proof. |

Proof of Theorem 2.2. Let V1 = {x1,x2}, V2 = {y1,y2} and V3 = {z1,2y, ..., z,} be the partite sets of K(2,2,p),
where p > 3. Suppose K(2,2,p) has an orientation D with d(D) = 2, then we consider the following four
exhaustive cases to obtain the required contradiction.

Casel.xy = y1 = X2 = Yo — X1.

dp(y1,x1) < 2,dp(y2,x2) < 2,dp(x1,y2) < 2, and dp(xz, 1) < 2 implies, respectively, that y1 — z; —
X1, Y2 = Zj = X2, X1 = Z — lYp,and x; — z¢ — y; forsome i, jk, ¢ € {1,2,...,p}. Note that i may be
equal to j, k may be equal to £, but {i, j} N {k,{} = ¢. We consider three subcases.

Subcase1.1. i = jand k = ¢.

Suppose for some m € {1,2,...,p} \ {i,k}, zmw — x1 holds. Then dp(x1,z,) < 2 implies that y1 — zy;
and hence dp(zy,, z;) < 2 implies that z,, — y2. Now dp(y2,z,) > 3, a contradiction.

Consequently, for every m € {1,2,...,p}\ {i,k}, x1 = zu. dp(zm,x1) < 2 implies that z,, — y,; and
hence dp(z, z,n) < 2 implies that y1 — z,,. Now dp(z,,, y1) = 3, a contradiction.

Subcase 1.2. i # j.

dp(zi,x2) < 2 implies that z; — x»; and dp(y1,z;) < 2 implies that y1 — z;. Now dp(zj,z;) = 3, a

contradiction.
Subcase 1.3. k # ¢.

Similar to Subcase 1.2.

Case 2. X1 — Vz and Y1 — X2 — Yo

Fori € {1,2,...,p}, dp(zi,x1) £ 2 and dp(y2,z;) < 2 implies, respectively, that z; — x; and y» — z;.
dp(xz,x1) < 2 implies that x, — z; for some i € {1,2,...,p}. Forany j € {1,2,...,p}\ {i}, dp(z;,z}) < 2
implies thatz; — y; — zj,and thereforedp(zj,z;) < 2impliesthatz; — x;. Thusforji,j» € {1,2,...,p}\{i}
with j1 # j»,dp(zj,,2j,) > 3, a contradiction.

Case 3. x1 —» V — x,.

Fori € {1,2,...,p}, dp(zi,x1) < 2 and dp(xp,z;) < 2 implies, respectively, that z; — x; and x, — z;.
dp(y1,¥2) < 2 and dp(y2,y1) < 2 implies, respectively, that y; — z; —» y>and y» — z; — y; for some
i,j € {1,2,...,p} Clearly, i # j. Fork € {1,2,...,p} \ {i,j}, dp(zx,zj) < 2 implies that zx — y,. Now
dp(zi,zx) = 3, a contradiction.

Case4. V1 — V.

Fori,j € {1,2}and k € {1,2,...,p}, dp(yj,zx) < 2 and dp(z,x;) < 2 implies, respectively, that y; — z
and zy — x;. Now dp(y1,¥2) = 3, a contradiction.

This completes the proof. |

Proof of Theorem 2.3. Let V1 = {x1,x2}, Vo = {y1,y2,¥3}, V3 = {z1,22, ..., 2} be the partite sets of K(2,3,p),
wherep > 4. Suppose K(2, 3, p) has an orientation D with d(D) = 2, then we consider the following exhaus-
tive cases to obtain the required contradiction. Without loss of generality assume that one of the following
holds: (1) x1 — Vo, Q) y1 = x1 = {y2,y3}, 3) {y2, y3} — x1 — y1, (4) Vo — x1. As the subdigraphs (3)
and (4) are, respectively, the converse subdigraphs of (1) and (2), we consider (1) and (2) only. In each of
(1) and (2) one of the following holds: (a) x, = V3, (b) y1 — x2 = {y2,y3}, (©) y2 — x2 — {y1,y3}, (d)
ys = x2 = {y1,y2) (@) {y2, y3) = x2 =y, Dy, y3) = x2 = v, (@) {y,y2) = x2 = ys, () Vo - x
Case 1a. V1 — Vs

For every i € {1,2,...,p}, dp(zi,x1) < 2 and dp(zi,x2) < 2 implies, respectively, that z; — x; and
zi — xp. Now dp(x1,x2) = 3, a contradiction.
Case 2a. Y1 = xp — {yz, yg} and Xy — Vz or Case 2b. Yy — V1 g {yz,yg,}.

For every i € {1,2,...,p}, dp(y2,z)) < 2 and dp(ys,z;) < 2 implies, respectively, that y» — z; and
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y3 — zi. Now dp(y2,y3) = 3, a contradiction.
Case 2c. y1 — x1 = {y2, ystand yo — x2 = {y1, y3}.

dp(ys, y1) < 2implies that y3 — z; — y; forsomei € {1,2,...,p}. dp(y1,z)) < 2 implies thatx; — z;,
dp(zi, y3) < 2 implies thatz; — x5, and dp(z;, y2) < 2 implies that z; — y,. Now dp(y2,z;) = 3, a contra-
diction.

Case 2e. x1 = {y2,y3} = x2 = y1 = x1.

dp(y2, y3) < 2implies that y» — z; — ysz forsomei € {1,2,...,p}. dp(ys,z)) < 2 implies thatx, — z,
dp(zi, y2) < 2 implies thatz; — x;, and dp(z;, y1) < 2 implies that z; — y1. Now dp(y1,z;) = 3, a contra-
diction.

Case 2f. y1 — x1 = {y2, y3} and {y1, 3} = %2 = 1o.

Foreveryi € {1,2,...,p}, dp(zi, y1) < 2 implies that z; — y; and dp(y2,z;)) < 2 implies that y, — z;.
dp(xz,x1) < 2 implies that x, — z; — x1 for some i € {1,2,...,p}. dp(ys3,y1) < 2 implies that y3 — z;
for some j € {1,2,...,p}. If i # j, then dp(zj,y3) < 2 implies that z; — x;, and dp(zj,z;)) < 2 implies
that z; — xp; consequently, dp(y1,z;) > 3, a contradiction. Thus i = j. For every k € {1,2,...,p} \ {i},
dp(zi,zx) < 2 implies that x; — 2z, dp(zr, y3) < 2 implies that zx — y3, and dp(ys,z¢) < 2 implies that
X2 = zx. Now dp(z, y2) = 3, a contradiction.

Case 1h. x; — Vo — xo.

For every i € {1,2,...,p}, dp(x2,z;)) < 2 and dp(zi,x1) < 2 implies, respectively, that x, — z; and
zi = x1.dp(y1,y2) < 2and dp(y2,y1) < 2 implies, respectively, that y; — z; — y2and vy, — z; — y; for
somei,j € {1,2,...,p} withi # j. dp(y1,y3) < 2 implies that either z; — yz or y1 — zx — y3 for some
kef{l,2,...,p0\ (i}

Firstassumethatz; — y3.Foranyk € {1,2,...,p}\{i, j},dp(zk, z;) < 2impliesthatzy — y1,dp(zj,zx) < 2
implies thatz; — y3 — z, and dp(z,z;) < 2 implies thatzy — y2. Now forky, ko € {1,2,...,p}\ {i, j} with
ki # ko, dp(zx,, z,) 2 3, a contradiction.

Next assume that y; — zx — y3 for some k € {1,2,...,p}\ {i, j}. dp(zr, zi)) < 2 implies that y3 — z;,
dp(zi,zx) < 2implies that y» — 2z, and dp(zx, zj) < 2 implies that y3 — z;. Choose € € (1,2,...,p}\ {i, j, k}.
dp(zi,z¢) < 2 implies that y» — z¢, dp(zj,z¢) < 2 implies that y1 — z¢, and dp(zx,z¢) < 2 implies that
Y3 — z¢. Now dp(z¢,zj) > 3, a contradiction.

Case 2h. Y1 — X1 — {yz, y3} and Vz — Xo.

For every i € {1,2,...,p}, dp(x2,z;)) < 2 and dp(z;, 1) < 2 implies, respectively, that x, — z; and
zi — y1. dp(x1,y1) < 2 implies that x; — z; for some i € {1,2,...,p}. dp(zi,y2) < 2 implies that
zi = Yz, and dp(zi, y3) < 2 implies that z; — ys3. For every j € {1,2,...,p} \ {i}, dp(zj,z;) < 2 implies
that z; — x1.dp(y2,x1) < 2 and dp(ys,x1) < 2 implies, respectively, that y» — z; and y3 — z for some
k€ {1,2,...,pI\{i}.If ] = k, thenforany ¢ € {1,2,...,p}\{i, j},dp(zj,z¢) = 3,acontradiction. Hence j # k.
dp(zx,zj) < 2implies thatzy — y,anddp(zj, zx) < 2impliesthatz; — ys.Forevery ¢ € {1,2,...,p}\{i, j k},
dp(zj,z¢) < 2implies that y3 — z,. Now dp(z¢, zx) 2> 3, a contradiction.

Case 1b. y1 — x2 — {2, y3tand x; — V.
Similar to Case 2a. Permute x1 and x5.
Case Ic. y = x2 — {y1,ys}and x; — V.

Similar to Case 2a. Apply the permutation (x1, x2)(y1, y2).
Case 1d. Yz — Xo — {yl,yz} and X1 — Vz.

Similar to Case 2a. Apply the permutation (x1, x2)(y1, y3).
Case 1e. {y2,y3} = x2 = yr1andx; — Vs

Similar to Case 2h. Permute x; and x,, and consider the converse digraph.
Case lf {yl,y3} — X2 & 2 and X1 — Vz.

Similar to Case le. Permute y; and y».

Case 1g. {y1, 2} — x2 = yzandx; — Vs,

Similar to Case le. Permute y; and ys.

Case2d. y1 — x1 = {y2, ystand y3 — x2 = {11, y2}.

Similar to Case 2c. Permute y, and y3.

Case 2g. y1 — x1 = {y2,y3tand {y1, 2} = x2 = 3.

Similar to Case 2f. Permute y, and ys.
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This completes the proof.

Proof of Theorem 2.4. Let V1 = {x1,x2,...,%p}, V2 = {y1, ¥2,..., yp}, and V3 = {z1, 20,
of K(p,p,q),p = 4and 4 < q < 2p. Orient K(p, p, 9) as follows:
(i)Fori € {1,2,...,p},

i, v} = xi = [VoMyi, yinll;
(ii) Fori €{1,2,...,q} and i is odd,

frw} U [Va\ywl] = zi = {yw) U [Vi\{xwl];
(iif) Fori €{1,2,...,q} and i is even,

b U Vil = zi = x

i U [Va\{y2]l;

1685

O

...,Z4} be the partite sets

where suffixes under x and y are reduced modulo p with residues 1,2,...,p—1,pinstead of 1,2,...,p-1,0
and that of z are reduced modulo g with residues 1,2,...,4 — 1,q instead of 1,2,...,4 — 1,0. (Note that

Xo = Xp, Yo = Ypand zg = z;.)
Let D be the resulting digraph. See Fig. 1. Now, we verify that d(D) = 2.

2
%)
Z3
Z4
Z5
Z6
Z7
Zg
29
210

Z11

Z12

Fig. 1. The optimal orientation D described in the proof of Theorem 2.4 for Kg 12.

Missing arcs, of Fig. 1:
from V7 to V; are of the form x; — yj;

from V7 to V3 are of the form x; — z; when jis evenand z; — x; when j is odd;
from V; to V3 are of the form y; — z; when jis odd and z; — y; when j is even.

Claim 1. For every distinct i,j € {1,2,...,p}, dp(xi, x;) < 2.

Leti € {1,2,...,p} be arbitrary. The existence of the paths x; — y; — x;forj € {1,2,...,p}\{i,i + 1} (for

i=p,i+1=1),andx; > Y2 — X1, in D, proves Claim 1.
Claim 2. For every distincti,j € {1,2,...,p}, dp(yi, yj) < 2.
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Leti € {1,2,...,p} be arbitrary. The existence of the paths y; — x; — y;forj € {1,2,...,p}\{i,i+ 1} (for
i=p,i+1 =1),andy; = xi-1 = Y41, in D, proves Claim 2.
Claim 3. For every distinct i, j € {1,2,...,q}, dp(z;,z;) < 2.
If i, j are both odd, the existence of the path z; — Ym - zj, in D, proves Claim 3.
If 7, j are both even, the existence of the path z; — X = zj, in D, proves Claim 3.
If i is odd and j is even, the existence of the paths:
zi > x1 — zjfori # land j # 2,
z1 = xp — zjforj # 4,
21 ™ X3 7 Z4,
Zi = Xp — zpfori # 3,
Z3 — X3 — Z,
in D, proves Claim 3.
If i is even and j is odd, the existence of the paths:
zi > y1 — zjfori # 4dand j # 1,
zg — Y2 — zjforj # 3,
Z4 = Y3 — Z3,
zi = Yo = zifori # 6andg > 6,
ze = Y3 — z1forg > 6,
zi = Yo — z1forq € {4,5},
in D, proves Claim 3.
Claim 4. For everyi,j € {1,2,...,p},dp(x;, yj) < 2.
Leti € {1,2,...,p} be arbitrary. For j € {1,2
together with the existence of the paths:
xi = z4 — yifori ¢ {1,2},
X1 — 21 = Y1,
X2 — Zp — Yo,
Xi = za — Yy fori ¢ {2,p},
X2 = 23 — Y3,
Xp — 22 — Y1,
in D, proves Claim 4.
Claim 5. For everyi,j € {1,2,...,p}, dp(yi, xj) < 2.
The existence of the paths:
yi = z1 — xjfori, j € {2,3,...,p},
y1 — z3 — xjforj # 2,
Y1 — 24 — X,
yi = z3 — xyfori # 2,
and the arc y, — x1,in D, proves Claim 5.
Claim 6. Foreveryi € {1,2,...,ptand j € {1,2,...,q},dp(x;,zj) < 2.
Leti € {1,2,...,p} be arbitrary.
First assume that j is odd. The existence of the paths:
xi = y1 — zjfori¢ {l,plandj # 1,
x1 — y3 — zjforeitherq = 4orgq > 5andj # 5,
X1 = Y4 = zsforg > 5,
Xp = Y2 — zjforj#3,
Xp = Y3 — Z3,
Xi = yo — zy fori¢{l,2},
X1 = Yp1 = 21, and
X2 = Yq4 & 27,
in D, proves Claim 6.

,---,PI\{i,1 + 1}, the existence of the arc x; — y;, in D,

Next assume that j is even. The existence of the arc x; — z; fori # % and the existence of the path
X; = Y2 — zj,in D, proves Claim 6.
2 2
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Claim 7. Foreveryi € {1,2,...,qtand j € {1,2,...,p},dp(z;, xj) < 2.

Letj € {1,2,...,p} be arbitrary

First assume that i is odd. For j # '” , the existence of the arcz; — x;, in D, together with the existence
of thepathz; — yu — xi,inD, proves Claim 7.

Next assume that i is even. For j # 5£ 2 the existence of the pathz; — y; — xj,in D, together with the
existence of the path z; — yi = X2, in D proves Claim 7.
Claim 8. For everyz € {1,2,...,p} and j€{1,2,...,q9%dp(yi zj) <

Leti € {1,2,...,p} be arbitrary.

First assume that jisodd. Fori # - L, the existence of the arc yi — zj,in D, together with the existence
of the path yn i - X i — zj,inD, proves Claim 8.

Next assume that j is even. Fori # 3 the existence of the path y; — x; — z;, in D, together with the
existence of the pathy; — x;2 — zj,in D proves Claim 8.
Claim 9. For every i € 2{1,2,...2,11} andj € {1,2,...,p},dp(zi,yj) <2

Letj € {1,2,...,p} be arbitrary.

First assume that i is odd. For j mod p ¢ mod p, 5> mod p}, the existence of the path z; —
X = Yj, in D, together with the existence of the paths z; —> Xiz = Yi and z; — Xz = Yus, in D,

{ﬂ i+5

proves Claim 9.

Next assume that i is even. For j # 52, the existence of the arcz; — v, in D, together with the existence
of the pathz; — x; — yi2,in D, proves Clalrn 9.
By Claims 1-9, d(D) = 2. |

4. Conclusion

Based on the results of Koh and Tan, Theorems 2.2 and 2.3, and the result “forp > 7, d_zK(2, 4,p)) = 3"
of [6], we conjecture that d(K(2,p,)) = 3 whenp > 5and g > (L )-
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