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Abstract. The aim of this paper is to obtain general univalence conditions and quasiconformal exten-
sions to C" of holomorphic mappings defined on the Euclidian unit ball B. The asymptotical case of the
quasiconformal extension results is also presented. We extend several results obtained by Hamada and
Kohr(2011) in [15] to a more general case. In particular our results improve certain univalence criteria and
quasiconformal extension results previously obtained by Pfaltzgraff [21], [22], Curt and Pascu [8], Curt [5],
Hamada and Kohr [16], Curt and Kohr [6], [7] and Rdducanu [24]. As applications we present general
forms of the n-dimensional version of the well-known univalence criterion due to Lewandowski [19] and
its quasiconformal extension.

1. Introduction

In 1972, Becker [2] showed that if ¢ € [0,1) and if f is a holomorphic function on the open unit disk
which satisfies the inequality

Zf”(Z)
f@

then f is univalent in U and can be extended to a quasiconformal homeomorphism of R? onto itself.

A generalization of the univalence criterion given in (1) was obtained by Becker in [3]. He proved the
following result.

Let a(t) be an absolutely continuous function on [0, o) with a(0) = 1, R[a’(t)/a(t)] > 0 a.e. on [0, o0) and
tlgg a(t) = co. Let f be a normalized holomorphic function on the open unit disk. Suppose that

(1~ 2P

'szeu 1)

=t 2@ a ) —at)
El=et | a’(t) +a(t) f'(z) a'(t)+a(t)

Then

<g, aet>0zel ()

2010 Mathematics Subject Classification. Primary 32H02; Secondary 30C45

Keywords. biholomorphic mapping, Loewner differential equation, subordination chain, univalence criterion, quasiregular map-
ping, quasiconformal mapping, quasiconformal extension

Received: 06 November 2013; Accepted: 12 April 2014

Communicated by H. M. Srivastava

Paula Curt has been supported by a Grant of the Romanian National Authority for Scientific Research, CNCS-UEFISCD], project
number PN-II-ID-PCE-2011-3-0899

Email addresses: paula.curt@econ.ubbcluj.ro (Paula Curt), draducanu@unitbv.ro (Dorina Raducanu)



P. Curt, D. Riducanu / Filomat 29:8 (2015), 1879-1892 1880

(i) If g =1 the function f is univalent in U.
(ii) If g < 1 the function f extends to a quasiconformal homeomorphism of R? onto itself.

During the time, various extensions of the univalence criterion due to Becker ([2], [3]) have been obtained
(see [1], [25], [20], [26], [11], [27], [9]).

Recently, Hamada and Kohr [15] used the Loewner chains theory to obtain the n-dimensional version
of the above result due to Becker. In the same paper the authors also considered the asymptotical case of
their quasiconformal extension result.

In this paper we extend several results obtained in [15] to a more general case. In particular our
results improve certain univalence criteria and quasiconformal extension results previously obtained by
Pfaltzgraff [21], [22], Curt [5], Hamada and Kohr [16], Curt and Kohr [6], [7] and Raducanu [24]. As
applications we present general forms of the n-dimensional version of the well-known univalence criterion
due to Lewandowski [19] and its quasiconformal extension.

More results related to the problem of quasiconformal extensions for quasiregular holomorphic map-
pings on the unit ball of C" can be found in [4], [14], [16], [22].

2. Preliminary Results

Let C" denote the space of n-complex variables z = (zy,...,z,) with the usual inner product (z, w) =
n

Z zjw;j and Euclidean norm ||z|| = (z, )2 Let B={z € C": ||z|| < 1} be the open unit ball in C" and Bbe the
j=1
closed unit ball. In the case of one complex variable B will be denoted by U. Also denote by R™ = R" U {co}
the one point compactification of R™.

Let L(C") be the space of continuous linear operators from C" into C" with the standard norm

Al = sup {llAz]] : llzll =1}, A € L(C") 3)

and let I be the identity in £(C").
Denote by H(B) the class of holomorphic mappings f from B into C".
If f € H(B), let Df(z) denotes the Fréchet derivative of f atz € B given by

(9]?(2))
1<jk<n '

pse) = (%4 @

A mapping f € H(B) is said to be locally biholomorphic in B if Df(z) is nonsingular at each point of B.
Also, we say that f € H(B) is normalized if f(0) = 0 and Df(0) = I.

The second Fréchet derivative of f € H(B) at z € B, denoted by D?f(z) is a symmetric bilinear operator
from C" x C" into C". Clearly, D*f(z)(z, .) is the linear operator obtained by restricting D? f(z) to {z} X C" and
has the matrix representation

- P fi(2)
D*f(2)(z, ) = [ > f S : (5)
= 9%i%%k ,
m=1 1<jk<n
Definition 2.1. Let k > 1. A mapping f € H(B) is said to be k-quasireqular if
Ipf@" < kI, z € B (6)

where J¢(z) = det Df(z) is the complex jacobian determinant of f at z € B.
If f € H(B) is k-quasiregular for some k > 1, then it is called quasiregular.

It is known that quasiregular holomorphic mappings are locally biholomorphic.
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Definition 2.2. Let G and G’ be two damains in R™. A homeomorphism f : G — G’ is said to be k-quasiconformal
(k > 0) if it is differentiable a.e., absolutely continuous on lines (ACL) and

IDf@)|" < kidetDf(x)| ae., x € G 7)

where D f(x) is the real jacobian matrix of f.

Note that k-quasiregular biholomorphic mappings are k?-quasiconformal.
A mapping v € H(B) is called Schwarz mapping if |[o(z)|| < ||z|| for all z € B. If f, g € H(B) we say that f
is subordinate to g, written f < g, if there exists a Schwarz mapping v such that f(z) = g(v(z)), z € B.

Definition 2.3. A mapping L : B X [0, 00) — C" is called a subordination chain if the following two conditions are
satisfied:

(i) L(0,t) = 0and L(.,t) € H(B) forall t > 0.
(ii) L(z,s) < L(z,t) whenever 0 < s <t < oo,

If a subordination chain L(z, t) is such that L(., t) is biholomorphic on B for all t > 0 then, L(z, t) is called
a univalent subordination chain or a Loewner chain. In this case, there exists a biholomorphic Schwarz
mapping v = v(z, 5, t) such that

L(z,s) = L(v(z,s,t),t), z€ B, 0 <s <t < o0. (8)

The Schwarz mapping v = v(z, 5, t) is called the transition mapping associated with L(z, t).
A univalent subordination chain L(z, t) is said to be normalized if DL(0, t) = €'I.
The following two families of holomorphic mappings on B play an important role in our investigation:

N ={heHB):h0)=0, R{z),z) >0, ze B\ {0}
M={he N, Dh(0) =1}.

The next proposition was proved in [18], (see also [15]). Particular cases of it were obtained in [12], [13],
[22] and [23].

Proposition 2.1. ([18]) Let co(t) : [0,00) — C be a measurable function which is bounded a.e. on each interval

[0, T(T > 0) with Reo(t) > 0 a.e on [0, 00) and

f Rep(t)dt = oo.
0

Also let h = h(z,t) : B x [0, 00) — C" be a mapping which satisfies the following conditions:
(i) h(.,t) e N, Dh(0, ) = co(t) for t = 0;
(ii) h(z,.) is measurable on [0, o) for z € B.

Then, for each s > 0 and z € B, the initial value problem

I
ot

has a unique solution v(z,s,t) such that v(.,s,t) is a univalent Schwarz mapping, v(z,s,.) is locally absolutely

= -h(v,t), ae. t >s, v(z,5,5) =z 9)

continuous on [0, 00), locally uniform with respect to z € B, Dv(0,s,t) = exp (— fs ' Co(’[)d’[) Ifort>s>0and

* loz,s, )| . Il
or (fo CO(T)dT) ATtz s, 2 = P (fo CO(T)dT) (1 = |lzl)2’ (10)
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In addition, the limit

lim efo[ CO(T)dTZ)(Z, s,t) = f(z,5) (11)

t—oo

exists locally uniformly on B for each s > 0. Moreover, f(z,t) is a univalent subordination chain such that

¢
{exp (—L Co(T)dT)f(Z, t)}t20

¢
Df(0,t) = exp (j(; C()(T)dT)I

and f(z,s) = f(v(z,s,t),t) forz € B, 0 <s <t < oo. Also, f(z,.) is locally absolutely continuous on [0, o0), locally
uniformly with respect to z € B and satisfies

af
ot
Definition 2.4. ([15])

is a normal family,

(z,t) = Df(z, t)h(z,t) a.e. t 20, z € B. (12)

(i) A mapping h(z,t) which satisfies the assumptions (i) and (ii) of Proposition 2.1 is called generating vector field
(cf. [101 ).

(ii) The univalent subordination chain f(z, t) given by (11) is called the canonical solution of the Loewner differential
equation (12).

(iii) Let g : B x [0,00) — C" be a mapping such that g(.,t) € H(B), g(0,t) = 0 for t > 0 and g(z,.) is locally
absolutely continuous on [0, 00), locally uniformly with respect to z € B. Assume that g(z,t) satisfies the
Loewner differential equation (12). Then, the mapping g(z,t) is called standard solution of the Loewner
differential equation (12).

A sufficient condition for a standard solution g(z, t) to be a canonical solution of the Loewner differential
equation (12) is provided in the next theorem.

Theorem 2.1. ([15]) Let co(t) : [0,00) — C be a measurable function which is bounded a.e. on each interval
[0, TI(T > 0), Reo(t) > 0a.e. [0, 00) and

f Reo(Hdt = oo.
0

Let h(z, t) be a generating vector field such that Dh(0, t) = co(t)], t > 0. Then, the Loewner differential equation (12)
has a unique standard solution g(z, t) such that

Dg(0,t) = exp (f(; Co(T)dT)I

t
{exp (—j(; CO(T)dT) 9(z, t‘)}t20

In the following result is given a sufficient condition for a univalent subordination chain to be extended
to a quasiconformal homeomorphism of R?" onto itself. This result was obtained in [[15], Theorem2] (see
also [7]).

and the family

is a normal family.
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Theorem 2.2. ([15]) Let a : [0, c0)) — C be an absolutely continuous function such that a(0) = 1, R(a’(t)/a(t)) > 0
a.e., lim;_, a(t) = co and a’(t)/a(t) is bounded a.e. on each interval [0, T|(T > 0). Also, let h = h(z,t) : BX[0,0) —
C" be a mapping such that Dh(0,t) = (a’(t)/a(t))] a.e. on [0, oo) and h(z, .) is a measurable on [0, o) for z € B.

Let f(z,t) = a(t)z + ... be a univalent subordination chain such that f(z,.) is locally absolutely continuous on
[0, 00), locally uniformly with respect to z € B and f(z, t) satisfies the differential equation

of
ot
Suppose that the following conditions hold:

(z,t) =Df(z,t)h(z,t) a.e. t € [0,00), z € B.

(i) There exist some constants M > 0 and « € [0, 1) such that

M
|Df 1| < % z€B, te[0,0);

(ii) There exists a constant ¢; > 0 such that

R (h(z,1),2) > c1 2>, z € B, ae. t €[0,00);

(iii) There exists a constant ¢, > 0 such that

Ih(z, )| < 2, z € B, a.e. t € [0, );

(iv) There exists a constant k > 0 such that f(.,t) is k-quasiregular for each t € [0, 00).
Then, there exists a quasiconformal homeomorphism F of R*" onto itself such that g = f(.,0).
The asymptotical case of Theorem 2.2 was obtained in [[15], Theorem 3](see also [7]).

Theorem 2.3. ([15]) Let co(t) : [0, T] — C be a measurable function such that it is bounded and Rcy(t) > € > 0 a.e.
on [0, TI(T > 0). Also, let h = h(z,t) : BXx [0, T] — C" be a mapping such that Dh(0, t) = co(t)] for t € [0, T] and
h(z,.) is measurable on [0, T] for z € B.

Let f(z,1) = a(t)z + ... be a mapping such that f(.,t) € H(B), f(0,t) =0, Df(0,#) = exp I co(t)dr)I and
f(z,.) is locally absolutely continuous on [0, T, locally uniformly with respect to z € B. Suppose that h(z, t) satisfies
the differential equation

of

E(z, t) = Df(z,t)h(z,t)a.e. t € [0,T], z € B.
Assume that f(.,0) is continuous and injective on B. Also, assume that the following conditions hold:

(i) There exist some constants M > 0 and « € [0, 1) such that

IDf )| < % z€B, te[0,T];

(ii) There exists a constant ¢; > 0 such that

R (h(z,1),z) > 1 ||zI*, z€ B, ae t€[0,T];

(iii) There exists a constant ¢, > 0 such that

[|h(z, )| < co, z€ B, ae. t €[0,T];

(iv) There exists a constant k > 0 such that f(.,t) is k-quasiregular for each t € [0, T].

Then, there exists a constant © € (0, T) such that f(.,t) is continuous and injective on B for t € [0, t] and there
exists a quasiconformal homeomorphism F of R?" onto itself such that ¥ |g = f(.,0).
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3. Main Results

The main object of this section is to obtain a general sufficient condition for a normalized quasiregular
mapping on B to be extended to a quasiconformal homeomorphism of R*" onto itself. The asymptotical
case will be also considered. These results generalize the results obtained in [15], [8], [7] and [24].

Definition 3.1. Let F = F(u,v) : BX C" — C" be a mapping of class C' with F(0,0) = 0 and let y > 0. Also let
a = a(t) be an absolutely continuous complex valued function on [0, o) such that a(0) = 1. We say that the conditions
(P,) are satisfied if the following assumptions hold:

(i) F(e7"'z,a(t)z) € H(B) forall t > 0;
(ii) Foreach t € [0, oo) there exists a complex number ay(t) > 0, with a;(0) = 1 such that
e "D, F(0,0) + a(t)D,F(0,0) = ay(t)I (13)
where D,,F(u,v) (DyF(u,v)) is the n X n matrix for which the (i, j) entry is given by
g_i;(ur v) (3_5;(”, U)),‘ (14)
(iii) D,F(u,v) is invertible for all (u,v) € B x C".

In the next theorem we give a sufficient condition for the univalence of the mapping F(z,z), where
F(u,v) satisfies (P,) conditions. Our result generalizes the result obtained in [15] for the function F(u,v) =
f(u) + G(u)(v — u), where G(u) is a nonsingular n X n matrix, holomorphic as a function of u € B such that
G(0) = I, and y = 1. Moreover, when y = 1 and a(t) = ¢’ the next result is an improvement of Theorem 1 in

[8].

Theorem 3.1. Let F = F(u,v) : BX C" — C" and let a(t) : [0,00) — C be functions that satisfy (P,) conditions.
Suppose that a(t) = a’(t)/a(t) is bounded a.e. on each interval [0, T] (T > 0) and tlim la(t)] = oo. Also, let y > 0. If

Q(SZ SHO,D - ZEZ R ZI <laet>0 (15)
and
max 14 H(z,t) - o) - 7/IH <laet>0 (16)
lzl=1 || () + ¥ a(t) +vy
where
H(z t) = % [Dz,l-"(e‘)’tz,a(t‘)z)]_1 D.F(e™"'z,a(t)z), z€ B, t >0 (17)

then, F(z, z) is a univalent mapping on B.
Proof. Consider the mapping f : B x [0, 0) — C" given by
f(z,t) = Fe"z,a(t)z). (18)

We will prove that the mapping f(z, t) is a standard solution of a Loewner differential equation. Since
the conditions (P,) are satisfied it follows that f(.,t) € H(B), f(0,t) = F(0,0) = 0 and a1(t)] = Df(0, f), where
a1(t) : [0,00) — C, with a;(0) = 1. Due to the fact that the mapping F = F(u,v) is of class C! on B x C" we
obtain that f(z,.) is locally absolutely continuous on [0, o), locally uniformly with respect to z € B.

From the absolute continuity of the function a(t) on [0, o) it follows that a(t) is a.e. differentiable and
thus, there exists a set N C [0, o) of measure zero such that a(t) is differentiable on [0, o0) \ N.
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Making use of (18) we obtain that
Df(z,t) = e "'D,F(e™"'z,a(t)z) + a(t)D,F(e""z, a(t)z)

= a()D,F(e "z, a(t)2) “(2; Y

[I - E(z,1)] (19)
where for each f € (0,0) \ N and z € B, E(z, t) is a linear operator defined by

a(t) - Y, 2y

Eed =y " ah+y

H(z, t). (20)

In the sequence we will show that I — E(z, t) is an invertible operator for each t € (0, 0) \ N. It is easy to
see that E(., 1) : B — L(C") is holomorphic for t € (0, 0) \ N . From (20) and (15) we deduce that

IEQ, )| = H H(©, 1 - 20~ 71" <1, te(0,00)\N. 1)
)+ a(t) +y
Moreover, in view of the weak maximum modulus theorem (see [17]), we have
IE(z, Bl < 2 Hw, ty - 202 yIH <1, te(0,00)\N,z€B. (22)
et [|a®) + a(t) +y

Hence, in virtue of (20) and (21), we obtain that ||[E(z,f)|| < 1 for all z € B and t € (0,00) \ N and this
proves that I — E(z, t) is invertible.
By using elementary computations, we have

?9—];(2, ) = [~ye " DuF(e 'z, a(t)2) + a' (D, F(e 'z, a(t)2)] (2)

a(t) +y
2

=a(t)D,F(e™"'z,a(t)z) [I+E(z, 1] (2). (23)

It follows that f(z, t) satisfies the Loewner differential equation

%(z, f) = Df(z, Hh(z t), t € (0,00)\ N, z€ B,

where
_ [ yI-E@OII+E@EH](@), te(0,0)\N,z€B

hz, ) = { cz, teN,zeB (24)

with ¢ a positive constant.
The mapping h(z, t) defined by (24) is measurable and holomorphic, with /(0, t) = 0 and

Dh(0,£) = y [I - E(0,H] ' [I + E(0, )] = 12 ;1 = co(H)I (25)

for each t € (0, 0) \ N. Moreover,
I TIELI N LI NI

and thus, R (h(z, t),z) > 0. It follows that the mapping (z, t) is a generating vector field.
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In the sequence, we will prove that the function co(t) = a](t)/a1(t) satisfies the conditions of Theorem 2.1.

First, from (25) we get that
) (a0

and thus,
4O |60
ar ()| |a(b)
t
which shows that ‘R% > 0 fort e (0,00)\ N.
M
We also have that
foo Ryt = im R [ 1 )
c = lim )
o = Jy ai(s)

Since |a1(£)] > la(t)l|ID.F(0, 0)I - y ID4F(0, 0)| and lim [a(#)] = co it follows that lim |ay(f)| = co and therefore

f Reo(t)dt = oo
0

It remains to prove that the function co(f) is bounded a.e. on [0, T], T > 0. Differentiating with respect
to t the equality
a1 ()] = e7'D,F(0,0) + a(t)D,F(0,0)

we obtain
a,(t) = —ye"'D,F(0,0) + a’(t)D,F(0, 0).

Dividing the last equality by a;(t), we have

a1(t)

a’(t)
a(t)

a(t)

<Y 2
ay(t)

~ ()]

ID.F(0, 0)I| +

‘ ID,E(0, 0)f -

Since the function a1 (t) is continuous on [0, T] and does not vanish on [0, co) we obtain that is bounded

1
la1 (£)]
on [0, T]. From the hypothesis, we have that the mapping F(u, v) is of class C! on B X [0, o0) and a’(t)/a(t) is
bounded a. e. on [0, T]. Therefore, it follows that the function ¢y(t) is bounded a. e. on [0, T].

In conclusion, the mapping f(z,t) is a standard solution of the Loewner differential equation (12).
Making use of Theorem 2.1, we obtain that the mapping f(z,t) is also a canonical solution and therefore
f(z,t) is a univalent subordination chain. In particular F(z,z) = f(z,0) is univalent. [

The next result provides a general quasiconformal extension of a normalized holomorphic mapping on
B to R*". Our result generalizes the result obtained in [15] for the function F(u,v) = f(u) + G(u)(v — u),
where G(u) is a nonsingular n X n matrix, holomorphic as a function of u € B such that G(0) =, and y = 1.
Moreover, when y = 1 and a(t) = ¢’ the next result is an improvement of Theorem 4.1 in [7].

Theorem 3.2. Letg € (0,1). Let F = F(u,v) : BXC" = C", v > 0,and a(t) : [0, 00) — C be such that the conditions
(P,) given in Definition 3.1 are satisfied. Assume that
a) .

(1) 11m la(t)] = oo and a(t) = 0 is bounded a. e. on each interval [0, T] (T > 0);

(ii)

2y at)—y
alt)+y a(t) +

where H(z, t) is defined by (17);

I

H(z,t) — <g<l,aet>0 (26)

IIZII 1
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(iii) There exist some constants M > 0, k > 1 and o € [0, 1) such that

M
<" n
[IDuF(u, )| < Az ueB veC (27)
and
[IDuF(u,v)|| < k|det D,F(u,v)|, u € B, ve C". (28)

Then, the mapping f : B — C" given by f(z) = F(z, z) extends to a quasiconformal homeomorphism of R*" onto itself.

Proof. Itis easy to see that the inequality (26) imply the inequalities (15) and (16). As in the proof of Theorem
3.1 we obtain that the mapping f(z,t) = F(e 7'z, a(t)z) is a univalent subordination chain which satisfies the
Loewner differential equation (12), where E(z,t) and h(z, t) are defined by (19) and (23) respectively. Also,
in the proof of Theorem 3.1 we showed that the function

a1(t) = e77'D,F(0,0) + a(t)D,F(0, 0)

satisfies all the required conditions of Theorem 2.2.

Our result will follow from Theorem 2.2 if we prove that the conditions (i)-(iii) of the theorem are
satisfied.

In view of (19), (27) and (28) we have

IDf Gz, 1)|| < lar@)I I = E©, O] || [IDF©, 001 7|| |DoF(e ™'z, at)2)| I - EGz, DI

- M |ay ()]
[D,F0,0] || < ——2, a.e.t>0, z€B.
OO = Gy
Since Df(z, t) is continuous with respect to the variable ¢, the last estimate holds true for all ¢ > 0. Thus,
the proof of (i) in Theorem 2.2 is completed.
The mapping E(z, t) is holomorphic in the variable z with E(0,¢) = 0 and ||E(z, #)|| < 1. Then, in view of

1+g M
<o q|a1(t>| e I

satisfies the conditions

1—
Remark 2.3 from [6] it follows that the mapping h(z, t) defined by (24) with ¢ = o Z

(ii) and (iii) of Theorem 2.2.
In the sequence we will prove that the mapping f(., t) is k*-quasiregular, where k" is a positive constant.
In view of (19) and (28) we have

n

SO Y 1= Bz, I [DoFe 2, a2

[pre ol <tawr| =5

a(t

< la(®)" %’ Il - Ez, B)|I" k |det D.F(e 'z, a(t)z)|

Il - E(z tI"

= KdetDf G Ol G o=z, 1l

1+4g\""
< k(l—_Z) |detDf(z,t)| = k'|detDf(z,t)l, a. e.t >0, z € B.

The last inequality was obtained by using the following estimation from the linear operator theory.
If A: C" — C"is a linear operator such that [|A|| < g < 1 then,

A _(1+q\"
|detAl “\1—-¢q '
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Since Df(z, t) is continuous with respect to the variable t, the estimate (iv) of Theorem 2.2 holds true for
1+ q n—-1
=1
From the above arguments we can conclude that the mapping f(z, t) satisfies all the assumptions of
Theorem 2.2 and thus f(z,0) = F(z,z) extends to a quasiconformal homeomorphism of IR?>" onto itself, as
desired. [

all t > 0 with k* :k(

Making use of Theorem 2.3, we obtain the following asymptotical case of Theorem 3.2. This is a
generalization of the result obtained in [15] for the function F(u,v) = f(u) + G(u)(v — u), where G(u) is a
nonsingular n X n matrix, holomorphic as a function of u € B such that G(0) = I, andy = 1. Moreover, when
y = 1and a(t) = ¢’ the next result is an improvement of Theorem 5.1 in [7].

Theorem 3.3. Let F = F(u,v) : BXC" — C", ¥ > 0and a(t) : [0, T] — C be such that the conditions (P,) given in
Definition 3.1 are satisfied. Assume that the mapping F(z,z) is continuous and injective on B. Suppose that

. _a .
(i) at) = 0 is bounded a. e. on [0, T);
(ii) max || —2~ H@ﬁ—“@_VﬂSq<L¢a0<tgrze3umanH@ntemJ}zeBs
IzI=1 [l a(t) +y a(t) +y
defined by (17).

Moreover, suppose that there exist some constants M > 0, k > 0 and o € [0, 1) such that the conditions (27) and
(28) hold. L
Then, the mapping F(z, z) extends to a quasiconformal homeomorphism of R?" onto itself.

Proof. By the same reasoning as in the proof of Theorem 3.2 and by making use of Theorem 2.3, the result
in our theorem follows. [

4. Applications

As aplications of Theorems 3.1, 3.2 and 3.3, we obtain the next results which are direct generalizations
of Theorem 4 and Theorem 8 in [15].

Theorem 4.1. Letg € (0,1]anda : [0, 00) — C bean absolutely continuous function such thata(0) = 1, R[a’(t)/a(t)] >
Oae t>0, tlim la(t)] = oo and a’(t)/a(t) is bounded a.e. on each interval [0, T] (T > 0). Let G(z) be a nonsingular

n X n matrix, holomorphic as a function of z € B normalized by G(0) = L and let y > 0. If f : B — C" is a normalized
holomorphic mapping which satisfies:

2y
a'(t) + ya(t)

{IZ11G@) ' DF @) - 1+ (@(®) - I2I)(G(2) ' D*G()(, )

max
||zll=e~7*

a'(t) — ya(t)
—m[" < q, a.e. t>0,

then the followings are true:
(i) If g =1, the mapping f is biholomorphic on B;

(ii) If g < 1 and if there exist some constants k > 1 and a € (0,1) such that |G(z)l| = O((1 - |lzI)™) and
IG@)I" < k|detG(z)|, z € B, hold then f is quasiregular on B and extends to a quasiconformal homeomorphism
of R?" onto itself.
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Proof. The results follow from Theorems 3.1 and 3.2 with
F(u,v) = f(u) + Gu)(v —u), u=e""z, v=a(t)z.
0

Theorem 4.2. Letg € (0,1)anda : [0, T] — Cbean absolutely continuous function such thata(0) = 1, R[a’(t)/a(t)] =
€ > 0 and a’(t)/a(t) is bounded a.e. on [0,T] (T > 0). Let G(z) be a nonsingular n X n matrix, holomorphic as a

function of z € B normalized by G(0) = I and let y > 0. If f : B — C" is a normalized holomorphic mapping which
is continuous and injective on B and satisfies:

2y
a'(t) + ya(t)

Jele {IlzI[(G@) ' Df(2) - 11 + (@(®) - IzIN(G(2) ' D*G(2)(z, )}
a'(t) - ya(t)
_WIH <g,ae0<t<T,

then the following statement is true:
If there exist some constants k > 1 and o € (0, 1) such that [|G(z)|| = O (1 — ||z|))™*) and [|IG)||* < k|detG(z)|,z €
B, hold then f is quasiregular on B and extends to a quasiconformal homeomorphism of R*" onto itself.

Proof. The result follows from Theorem 3.3 with
F(u,0) = f(u) + Gw)(v —u), u=e""z, v =a(t)z.
O

Note that for y = 1 Theorem 4.1 reduces to Theorem 4 in [15] and Theorem 4.2 reduces to Theorem 8 in
[15].

In the sequence, by using Theorems 3.1, 3.2 and 3.3, we obtain the next results which are general
n-dimensional versions of the well-known univalence criterion due to Lewandowski [19].

Theorem 4.3. Let g € (0,1] and let f : B — C" be a normalized holomorphic mapping. Let a : [0, 00) — C be an
absolutely continuous function such that a(0) = 1, R[a’(t)/a(t)] > 0 ae. t >0, tlirn la(t)] = oo and a’(t)/a(t) is

bounded a.e. on each interval [0, T] (T > 0). Suppose that p is a complex valued holomorphic mapping on B with
p(0) = 1 and Fréchet derivative denoted by p’(z). Let y > 0. If

p'(2)(z)
1+p@)

max
llzll=e"

a'(t) + ya(t) +p(2)

e g+ 00 = 1 [ £ S+ s o

() - ya()
a’(t) + ya(t)
then, the followings are true:

IHSq,u.e.t>O,zeB (29)

(i) If g =1, the mapping f is biholomorphic on B;
(ii) If g <1 and if there exist some constants M > 0, k > 1 and « € [0, 1) such that

2 M
Iprel < b= =< 0

and

,z€B (31)

" 22n
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then, the mapping f is quasiregular on B and extends to a quasiconformal homeomorphism of R*" onto itself.

Proof. The result follows from Theorems 3.1 and 3.2 with

P()

F(u,v) = f(u) + Df( w(w—u), u=e"z v=al):z

O

If we consider y = 1 in Theorem 4.3, we obtain the following result.

Theorem 4.4. Let g € (0,1] and let f : B — C" be a normalized holomorphic mapping. Let a : [0, 00) — C be an
absolutely continuous function such that a(0) = 1, R[a’(t)/a(t)] > 0ae. > 0, tlim la(t)| = oo and a’(t)/a(t) is

bounded a.e. on each interval [0, T] (T > 0). Also, let p be a complex valued holomorphic mapping on B with p(0) = 1
and Fréchet derivative denoted by p’(z). Assume that:

2 1-p@), PEE
max | {uzqu() +a®) - Iz ||>[ G+ D) DA, )]}
_a'(t) —a(t) —a(t) H
a (t +a(t)

a.e. t >0, z € B. Then, the followings are true:
(i) If g =1, the mapping f is biholomorphic on B;

(ii) If g <1 and if there exist some constants M > 0, k > 1 and o € [0, 1) such that (30) and (31) hold then, f is
quasiregular on B and extends to a quasiconformal homeomorphism of R*" onto itself.

If we take a(f) = ¢! in Theorem 4.4, we obtain the next result which is the n-dimensional version of the
well-known univalence criterion due to Lewandowski [19] and its quasiconformal extension.

Corollary 4.1. Let q € (0,1] and let f : B — C" be a normalized holomorphic mapping. Let p be a complex valued
holomorphic mapping on B with p(0) = 1. Assume that:

1-p@), P
Hu F it 1D g

[+(DfE)'D*f(2)(z, .)] <q

a.e. t >0, z € B. Then, the followings are true:
(i) If g =1, the mapping f is biholomorphic on B;

(i) If g < 1 and if there exist some constants M > 0, k > 1 and a € [0, 1) such that (30) and (31) hold then, f is
quasiregular on B and extends to a quasiconformal homeomorphism of R*" onto itself.

Various generalizations of the Lewandowski’s n-dimensional univalence criterion, given in Corollary
4.1, can be obtained by specializing the function a(t) in Theorem 4.4.
If we consider a(t) = e® D, 5 € C and R > 1 then, we have the next result.

Corollary 4.2. Let g € (0,1] and let 6 € C with R > 1. Let f : B — C" be a normalized holomorphic mapping and
let p be a complex valued holomorphic mapping on B with p(0) = 1. Assume that:

pe) p()()
H I < )1+<1 14| T

a.e. t >0, z € B. Then, the followings are true:

0

Troe! T Of DR ]}+%1 <q

(i) If g =1, the mapping f is biholomorphic on B;
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(ii) If g < 1 and if there exist some constants M > 0, k > 1 and a € [0, 1) such that (30) and (31) hold then, f is
quasiregular on B and extends to a quasiconformal homeomorphism of R*" onto itself.

Note that for 6 = 2, Corollary 4.2 reduces to Corollary 4.1.
Another particular case of Theorem 4.4 is obtained for

e+cet

a(t) =
Corollary 4.3. Let q € (0,1] and let ¢ € C with |C| <1, ¢ # -1 Let f: B — C" be a normalized holomorphic
mapping and let p be a complex valued holomorphic mapping on B with p(0) = 1. Assume that:
1+2c-p(z)

p()()
1+p(z)

+p(2)
a.e. t >0, z € B. Then, the followings are true:

Ll <1, c# -1,

[l [+ (1 =z0P)

o T Of@) D f()(, )]

(i) If g =1, the mapping f is biholomorphic on B;

(ii) If q < 1 and if there exist some constants M > 0, k > 1 and a € [0, 1) such that (30) and (31) hold then, f is
quasiregular on B and extends to a quasiconformal homeomorphism of R*" onto itself.

Note that for ¢ = 0, Corollary 4.3 reduces to Corollary 4.1.
Another generalization of the Lewandowski’s n-dimensional univalence criterion follows from Theorem

4.4 with
a(t) = et + be!
C bte’

Corollary 4.4. Letg € (0,1]andletb € Cwith|b—1| <2, 1 <|2b+1|. Let f : B — C" be a normalized holomorphic
mapping and let p be a complex valued holomorphic mapping on B with p(0) = 1. Assume that:

H” 2 p@, . 1 — |Iz1* [P’(Z)(Z)I

b-11<2,1<2b+1].

+(Df(@) " D*f(2)(z, )

1+P) b+|zI? |1+p@)
_gb—lmmz b+ 2]zl +blzlI*
@ + I1zI%)? ® + l1zI»)?

a.e. t >0, z € B. Then, the followings are true:
(i) If g =1, the mapping f is biholomorphic on B;

(ii) If g < 1 and if there exist some constants M > 0, k > 1 and a € [0, 1) such that (30) and (31) hold then, f is
quasiregular on B and extends to a quasiconformal homeomorphism of R*" onto itself.

Note that for b = 1, Corollary 4.4 reduces to Corollary 4.1.
Finally we give the asymptotical case of Theorem 4.3.

Theorem 4.5. Let q € (0,1) and let f : B — C" be a normalized holomorphic mapping which is continuous and
injective on B. Leta:[0,T] - C bean absolutely continuous function such that a(0) = 1, R[a’(t)/a(t)] <€ > 0a.e.

on [0, T] and a’(t)/a(t) is bounded a.e. on [0, T]. Suppose that p is a complex valued holomorphic mapping on B with
p(0) = 1. Let y > 0. Assume that:

2 {u 12229y -z ||>[ B | D)y D e, )]}

IIgﬁI:?:Zf'f a’(t) + ya(t) +7p(2) )
a’'(t) — ya(t)
—m <g<1l,ae0<t<T z€B.

If there exist some constants M > 0, k > 1 and o € [0, 1) such that the conditions(30) and (31) are satisfied then, the
mapping f is quasiregular on B and extends to a quasiconformal homeomorphism of R?" onto itself.
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Proof. The result follows from Theorem 3.3 with

O

p(u) +1

> Df(u)(v—u), u=e"z v=a(t):z

F(u,v) = f(u) +

References

(1]
[2]

13
[4]

[5]
[6]

[7]
(8]
191
[10]

[11]
[12]

[13]
[14]
[15]
[16]

[17]
[18]
[19]
[20]

[21]
[22]

[23]
[24]
[25]
[26]
[27]

Ahlfors, L. V.:Sufficient conditions for quasiconformal extension. Ann. Math. Studies., 79, 23-29(1974).

Becker, J.: Lownersche differentialgleichung und quasikonform fortsetzbare schlichte funktionen. J. Reine Angew. Math., 255,
23-43(1972).

Becker, J.: Uber die Losungsstruktur einer Differentialgleichung in der konformen Abbildung. J. Reine Angew. Math., 285,
66-74(1976).

Curt, P.: Sufficient conditions for quasiconformal extensions in several complex variables. Mathematica(Cluj), 45(68), 137-
142(2003).

Curt, P.: Quasiconformal extensions of holomorphic maps in C*. Mathematica(Cluj), 46(69), 55-60(2004).

Curt, P, Kohr, G.: The asymptotical case of certain quasiconformal extension results for holomorphic mappings in C". Bull. Belg.
Math. Soc. Simon Stevin, 14(4), 653-667(2007).

Curt, P, Kohr, G.: Some remarks concerning quasiconformal extensions in several complex variables. J. Inequal. Appl. 2008, Art.
ID690932, 16 pp(2008).

Curt, P, Pascu. N.: Loewner chains and univalence criteria for holomorphic mappings in C". Bulletin of the Malaysian Mathe-
matical Society,18, 4548(1995).

Deniz, E., Orhan, H., Srivastava, H. M.:Some sufficient conditions for univalence of certain families of integral operators involving
generalized Bessel functions. Taiwanese J. Math., 15(2), 883-917(2011).

Duren, P., Graham, 1., Hamada, H., Kohr, G.: Solutions for the generalized Loewner differential equation in several complex
variables. Math. Ann., 347, 411-435(2010).

Frasin, B. A.: Univalence of two general integral operators. Filomat 23:3, 223-229(2009).

Graham, 1., Hamada, H., Kohr, G.: Parametric representation of univalent mappings in several complex variables. Can. J. Math.,
54, 324-351(2002).

Graham, 1., Hamada, H., Kohr, G., Kohr, M.: Asymptotically spirallike mappings in several complex variables. J. Anal. Math.,
105, 267-302(2008).

Hamada, H., Kohr, G.: Quasiconformal extension of biholomorphic mappings in several complex variables. ]. Anal. Math., 96,
269-282(2005).

Hamada, H., Kohr, G.: Univalence criterion and quasiconformal extension of holomorphic mappings. Manuscripta Math.,
141(1-2), 195-209(2013).

Hamada, H., Kohr, G.: Loewner chains and quasiconformal extension of holomorphic mappings. Ann. Polon. Math., 81, 85-
100(2003).

Hille, E., Phillips, R. S.: Functional Analysis and Semigroups. Amer. Math. Soc. Collog. Publ., 31(1975).

Kohr, G.: Subordination chains and solutions of the Loewner differential equation in C". Mathematica(Cluj), 47(70), 77-88(2005).
Lewandowski, Z.: On a univalence criterion. Bull. Acad. Polon. Sci. Ser., Sci. Math., 29(3-4), 123-126(1981).

Pascu, N. N.: On a univalence criterion. Itinerar Seminar on Functional Equation Approximation and Convexity, Cluj-Napoca,
Preprint 6, 153-155(1985).

Pfaltzgraff, J. A.: Subordination chains and univalence of holomorphic maps in C". Math. Ann.,210, 55-68(1974).

Pfaltzgraff, ]. A.: Subordination chains and quasiconformal extension of holomorphic mappings in C"*. Ann. Acad. Sci. Fenn. Ser.
A IMath.,, 1, 13-25(1975).

Poreda, T.: On generalized differential equations in Banach spaces. Diss. Math.,310, 1-50(1991).

Rdducanu, D.: On univalence of holomorphic mappings in C". Demonstratio Math., 34(4), 789-793(2001).

Ruscheweyh, S.: An extension of Becker’s univalence condition. Math. Ann., 220, 285-290(1976).

Sing, V., Chichra, P. N.: An extension of Becker’s univalence criterion for univalence. J. Indian Math. Soc., 41, 353-361(1977).
Ularu, N., Breaz, D.: Univalence criterion for two integral operators. Filomat, 25:3, 105-110(2011).



