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Abstract. For a group π, the objective of this paper is to construct a class of quasitriangular Hopf π-
coalgebra. We first shall present the new tool called a group unified coprocut, followed by a classification
result for π-unified coproducts in virtue of an algebra lazy 1-π-cycle which is the dual to that defined by
Bichon and Kassel. Then, we discuss when a π-unified coproduct has a quasitriangular structure. Finally,
some applications of our main results are considered.

1. Introduction

For a group π, Turaev[8] introduced the notion of a crossed π-category and showed that such a category
gives rise to a three-dimensional homotopy quantum field theory with target space K(π, 1). Virelizier[11]
used crossed π-categories to construct Hennings-type invariants of principal π-bundles over complements
of links in the 3-sphere. The crossed π-categories become quite delicate algebraic objects. Exploring a few
general methods producing such categories is an interesting research subject. Recently, several new results
are reported in constructions of crossed π-categories (cf. [10], [6], [14] and [15]).

Hopf π-coalgebra was introduced by [8] as the prototype algebraic structure. A systematic algebraic
study of these new structures has been carried out in recent papers (cf.[5], [8, 9], [11], [12, 13] and [16].
etc). Quasitriangular semi-Hopf π-coalgebras (or Hopf π-coalgebras) are fundamental in the theory of
Hopf π-coalgebras, which is a remarkable tool for constructing crossed π-categories and studying the
quantum Yang-Baxter equation. Constructing a class of quasitriangular semi-Hopf π-coalgebras (or Hopf
π-coalgebras) is the starting point of this paper.

In this paper, we shall introduce a new coproduct named π-unified coproduct as the generalization of
unified coproduct introduced by the second author in [4] which is the dual of unified product introduced
in [1] as an answer to the restricted extending structures problem for Hopf algebras. Then we discuss the
its classification and quasitriangular stuctures.

The paper is organized as follows.
In Section 2, we recall some knowledge about Hopfπ-coalgebras, quasitriangular semi-Hopfπ-coalgebras

(or Hopfπ-coalgebras). We shall introduce the notion of a coextendingπ-datum and construct theπ-unified
coproduct in Section 3. In Section 4, we shall prove the classification theorem for π-unified coproduct.
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In Section 5, the notions of a generalized right (resp.left) dual compatible π-pair and a weak qua-
sitriangular structure are constructed. It is shown that there exists an equivalence between the set of
all quasitriangular stuctures on the π-unified coproduct A oπ H and the set of all quadruples (P,Q,U,V)
satisfying some compatibility conditions. Some applications of our results are discussed in Section 6.

2. Preliminaries

Throughout the article, we let π be a discrete group with unit e and k a field. All (co)algebras are
supposed to be over k. All maps are k-linear. The tensor product ⊗ = ⊗k is always assumed to be over k. If
U and V are vector spaces, TU,V : U ⊗ V → V ⊗U will denote the flip map.

2.1. π-coalgebras

We recall from [8] that a π-coalgebra is a family of k-spaces C = {Cα}α∈π together with a family of linear
maps ∆ = {∆α,β : Cαβ → Cα ⊗ Cβ}α,β∈π (called a comultiplication) and a linear map εe : Ce → k (called a counit)
such that ∆ is coassociative in the sense that, for all α, β ∈ π,

(∆α,β ⊗ id) ◦ ∆αβ,γ = (id ⊗ ∆β,γ) ◦ ∆α,βγ,

(id ⊗ εe) ◦ ∆α,e = id = (εe ⊗ id) ◦ ∆e,α.

Following the Sweedler’s notation for π-coalgebras, for any α, β ∈ π and c ∈ Cαβ, one writes

∆α,β(c) = c(1,α) ⊗ c(2,β).

Note that (Ce,∆e,e, εe) is a coalgebra in the usual sense of the word

2.2. Hopf π-coalgebras

Recall from [8] that a semi-Hopf π-coalgebra is a π-coalgebra H = ({Hα},∆, εe) such that the following
conditions hold:

- Each Hα is an algebra with multiplication mα and unit 1α ∈ Hα,
- For all α, β ∈ π, ∆α,β and εe : He → k are algebra maps.

A semi-Hopf π-coalgebra H = ({Hα,mα, 1α},∆, εe) is called a Hopf π-coalgebra, if there exists a family of
linear maps S = {Sα : Hα → Hα−1 }α∈π (called an antipode) such that

mα ◦ (id ⊗ Sα−1 ) ◦ ∆α,α−1 = εe1α = mα ◦ (Sα−1 ⊗ id) ◦ ∆α−1,α.

A crossed Hopf π-coalgebra is a Hopf π-coalgebra with a family of algebra isomorphisms ϕ = {ϕβ :
Hα → Hβαβ−1 }α,β∈π satisfying the following conditions: for any α, β, γ ∈ π,

- ϕ is multiplicative, i.e., ϕβ ◦ ϕγ = ϕβγ. it follows that ϕe|Hα = id,
- ϕ is compatible with ∆, i.e.,

(ϕβ ⊗ ϕβ) ◦ ∆α,γ = ∆βαβ−1,βγβ−1 ◦ ϕβ,

- εe ◦ ϕβ = εe.
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2.3. Quasitriangular Hopf π-coalgebras

Recall from [8] that a quasitriangular Hopfπ-coalgebra is a crossed Hopfπ-coalgebra H = ({Hα},∆, ε,S, ϕ)
endowed with a family of elements R = {Rα,β = R1,α

⊗ R2,β
∈ Hα ⊗Hβ}α,β∈π such that

(Q1) For any α, β ∈ π and x ∈ Hαβ,

Rα,β · ∆α,β(x) = τβ,α ◦ (ϕα−1 ⊗ id) ◦ ∆αβα−1,α(x) · Rα,β,

where τβ,α denotes the flip map Hβ ⊗Hα → Hα ⊗Hβ,
(Q2) For all α, β, γ ∈ π,

(id ⊗ ∆β,γ)(Rα,βγ) = (Rα,γ )1β3 · (Rα,β )12γ,

(Q3) For all α, β, γ ∈ π,
(∆α,β ⊗ id)(Rαβ,δ) = [(id ⊗ ϕβ−1 )(Rα,βγβ−1 )]1β3 · (Rβ,γ)α23,

(Q4) For all α, β, γ ∈ π,
(ϕβ ⊗ ϕβ)(Rα,γ) = Rβαβ−1,βγβ−1 ,

where, for vector spaces P, Q and r =
∑

j p j ⊗ q j, we set r12γ = r ⊗ 1γ ∈ P ⊗Q ⊗Hγ, rα23 = 1α ⊗ r ∈ Hα ⊗ P ⊗Q
and r1β3 =

∑
j p j ⊗ 1β ⊗ q j ∈ P ⊗Hβ ⊗Q. Note that Re,e is a quasitriangular structure for the Hopf algebra He.

Let (H,R) be a quasitriangular Hopf π-coalgebra. Then the following identities hold:

(a) (εe ⊗ id)(Re,α)) = 1α = (id ⊗ εe)(Rα,e),
(b) R−1

α,β = (Sα−1 ◦ ϕα ⊗ id)(Rα−1,β).

3. π-unified Coproducts

In this section, we shall introduce the π-unified coproduct as the natural generalization of unified
coproduct introduced by the second author in [4]. First, a coextending π-datum is introduced as follows.

Definition 3.1. Let A be a bialgebra. A coextending π-datum of A is a system Ω(A) = (H, ρ, %, ω) where:
(i) H = ({Hα,∆α,β, εe},∆, εe) is a family of vector spaces over the field k such that, for any α ∈ π, each Hα is an

associative algebra with the unit 1α, ({Hα,∆α,β, εe}) is a π-coalgebra which is not necessarily coassociative, such that

εe(h1) = εe(h)εe(1) (3.1)

for all h, 1 ∈ He.
(ii) A family linear maps ρ = {ρα : Hα → Hα⊗A}α∈π, % = {%α : A→ Hα⊗A}α∈π,ω = {ωα,β : A→ Hα⊗Hβ}α,β∈π

are morphisms of algebras such that the following conditions hold:

εA(h〈0,α〉)h〈−1,α〉 = h, εe(a[−1,e])a[0,e] = a, (3.2)

εe(1〈−1,e〉)1〈0,e〉 = εe(h)1A, εA(a[0,α])a[−1,α] = εA(a)1H, (3.3)

εe(ωe,α(a)(1,e))ωe,α(a)(2,α) = εA(a)1α = ωα,e(a)(1,α)εe(ωα,e(a)(2,e)) (3.4)

for all a ∈ A, 1 ∈ He and h ∈ Hα withα ∈ π. Here we adopt the notations: ρα(h) = h〈−1,α〉⊗h〈0,α〉, %α(a) = a[−1,α]⊗a[0,α]
and ωα,β(a) = ωα,β(a)(1,α)

⊗ ωα,β(a)(2,β) for all a ∈ A and h ∈ Hα with α, β ∈ π.

Let A be a bialgebra and Ω(A) = (H, ρ, %, ω) a coextending π-datum of A. We denote by A oπ H a family of
vector spaces {A ⊗Hα}α∈π together with the comultiplication

∆̄α,β(a o h) = a(1) o a(2)[−1,α]ωα,β(a(3))(1,α)
〈−1,α〉h(1,α)〈−1,α〉 (3.5)

⊗a(2)[0,α]ωα,β(a(3))(1,α)
〈0,α〉h(1,α)〈0,α〉 o ωα,β(a(3))(2,β)h(2,β).
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Definition 3.2. Let A be a bialgebra and Ω(A) = (H, ρ, %, ω) a coextending π-datum of A. The object A oπ H
introduced above is called the π-unified coproduct of A and Ω(A), if A oπ H is a semi-Hopf π-coalgebra with the
comultiplication (3.5), the counit

ε̄e(a o h) = εA(a)εe(h) (3.6)

for all e ∈ He and a ∈ A and the algebra structure given by the tensor product of algebras, i.e.,

(a o h)(b o 1) = ab o h1 (3.7)

for all a, b ∈ A and h, 1 ∈ Hα with α ∈ π. In this case, the coextending π-datum Ω(A) = (H, ρ, %, ω) is called a
semi-Hopf π-coalgebra coextending structure of A. A crossed semi-Hopf π-coalgebra coextending structure of A is a
semi-Hopf π-coalgebra coextending structure Ω(A) = {H, ρ, %, ω} satisfying that H has a crossing ϕ.

Theorem 3.3. Let A be a bialgebra and Ω(A) = (H, ρ, %, ω) a coextending π-datum of A. The following
statements are equivalent:

(1) A oπ H is a π-unified coproduct,
(2) The following conditions hold:

(i) ∆α,β : Hαβ → Hα ⊗Hβ and εe : He → k are algebra maps,
(ii) For all α, β, γ ∈ π and a, b ∈ A, we have

(a1) ωα,β(b)(1,α)h(1,α) ⊗ ωα,β(b)(2,β)h(2,β)

= h(1,α)ωα,β(b)(1,α)
⊗ h(2,β)ωα,β(b)(2,β), all h ∈ Hαβ,

(a2) b[−1,α]h〈−1,α〉 ⊗ b[0,α]h〈0,α〉 = h〈−1,α〉b[−1,α] ⊗ h〈0,α〉b[0,α], all h ∈ Hα,
(a3) h(1,αβ)(1,α) ⊗ h(1,αβ)(2,β) ⊗ h(2,γ)

= h(1,α)〈−1,α〉 ⊗ ωβ,γ(h(1,α)〈0,α〉)(1,β)h(2,βγ)(1,β) ⊗ωβ,γ(h(1,α)〈0,α〉)(2,γ)h(2,βγ)(2,γ), all h ∈ Hαβγ,
(a4) h〈−1,α〉 ⊗ h〈0,α〉(1) ⊗ h〈0,α〉(2) = h〈−1,α〉〈−1,α〉 ⊗ h〈−1,α〉〈0,α〉 ⊗ h〈0,α〉, all h ∈ Hα,
(a5) h〈−1,αβ〉(1,α) ⊗ h〈−1,αβ〉(2,β) ⊗ h〈0,αβ〉

= h(1,α)〈−1,α〉 ⊗ h(1,α)〈0,α〉[−1,β]h(2,β)〈−1,β〉 ⊗ h(1,α)〈0,α〉[0,β]h(2,β)〈0,β〉,
all h ∈ Hαβ,

(a6) a[−1,α] ⊗ a[0,α](1) ⊗ a[0,α](2)= a(1)[−1,α]a(2)[−1,α]〈−1,α〉 ⊗ a(1)[0,α]a(2)[−1,α]〈0,α〉 ⊗ a(2)[0,α],
(a7) ωα,β(a(1))(1,α)a(2)[−1,αβ](1,α) ⊗ ωα,β(a(1))(2,β)a(2)[−1,αβ](2,β) ⊗ a(2)[0,αβ]

= a(1)[−1,α][ωα,β(a(2))(1,α)]〈−1,α〉 ⊗a(1)[0,α][−1,β][ωα,β(a(2))(1,α)]〈0,α〉[−1,β][ωα,β(a(2))(2,β)]〈−1,β〉

⊗a(1)[0,α][0,β][ωα,β(a(2))(1,α)]〈0,α〉[0,β][ωα,β(a(2))(2,β)]〈0,β〉,
(a8) ωα,β(a(1))(1,α)[ωαβ,γ(a(2))(1,αβ)](1,α) ⊗ωα,β(a(1))(2,β)[ωαβ,γ(a(2))(1,αβ)](2,β) ⊗ ωαβ,γ(a(2))(2,γ)

= a(1)[−1,α][ωα,βγ(a(2))(1,α)]〈−1,α〉 ⊗ωβ,γ(a(1)[0,α][ωα,βγ(a(2))(1,α)]〈0,α〉)(1,β)[ωα,βγ(a(2))(2,βγ)](1,β)

⊗ωβ,γ(a(1)[0,α][ωα,βγ(a(2))(1,α)]〈0,α〉)(2,γ)[ωα,βγ(a(2))(2,βγ)](2,γ).

Proof. First, we prove that ε̄e given by (3.6) is an algebra map if and only if εe : He → k is an algebra
map. Observe that, for all a, b ∈ A and h, 1 ∈ He, we have

ε̄e((a o h)(b o 1)) = ε̄e(ab o h1)
= εA(ab)εe(h1)

(3.1)
= εA(a)εA(b)εe(h)εe(1)
= ε̄e(a o h)ε̄e(b o 1)

and 1 = ε̄e(1A o 1H) = εe(1e). Thus εe is an algebra map by considering a = b = 1A in the obove equation.
Conversely, suppose that εe is an algebra map, we can easily check that ε̄e is an algebra map.

If each ∆̄α,β is an algebra map, we have

1A o 1e(1,e)〈−1,e〉 ⊗ 1e(1,e)〈0,e〉 o 1e(2,e) = ∆̄e,e(1A o 1e) = 1A o 1e ⊗ 1A o 1e.
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Applying εA ⊗ id ⊗ εA ⊗ id to both side of the above equation, we have

∆e,e(1e) = 1e ⊗ 1e.

For all h, 1 ∈ Hαβ with α, β ∈ π, we observe that

∆̄α,β((1A o h)(1A o 1)) = ∆̄α,β(1A o h)∆̄α,β(1A o 1),

we have

1A o (h1)(1,α)〈−1,α〉 ⊗ (h1)(1,α)〈0,α〉 o (h1)(2,β)

= 1A o h(1,α)〈−1,α〉1(1,α)〈−1,α〉 ⊗ h(1,α)〈0,α〉1(1,α)〈0,α〉 o h(2,β)1(2,β).

Applying εA ⊗ id ⊗ εA ⊗ id to both sides of the above equation, it follows that

(h1)(1,α) ⊗ (h1)(2,β) = h(1,α)1(1,α) ⊗ h(2,β)1(2,β).

Thus each ∆α,β is an algebra map. Observe that ε̄e is the counit of A oH by (i) and (3.4).
For all b ∈ A and h ∈ Hαβ with α, β ∈ π, since

∆̄α,β((1A o h)(b o 1αβ)) = ∆̄α,β(1A o h)∆̄α,β(b o 1αβ),

we have

b(1) o b(2)[−1,α][ωα,β(b(3))(1,α)]〈−1,α〉h(1,α)〈−1,α〉

⊗b(2)[0,α][ωα,β(b(3))(1,α)]〈0,α〉h(1,α)〈0,α〉 o ωα,β(b(3))(2,β)h(2,β)

= b(1) o h(1,α)〈−1,α〉b(2)[−1,α][ωα,β(b(3))(1,α)]〈−1,α〉

⊗h(1,α)〈0,α〉b(2)[0,α][ωα,β(b(3))(1,α)]〈0,α〉 o h(2,β)ωα,β(b(3))(2,β).

The relations (a1) can be obtained by applying εA ⊗ id ⊗ εA ⊗ id to both sides of the above equation. By
applying εA ⊗ id ⊗ id ⊗ εe to both sides of the above equation for β = e, it yields relation (a2).

Assume that each ∆α,β is an algebra map and relations (a1) and (a2) hold. For all a, b ∈ A and h, 1 ∈ Hαβ

with α, β ∈ π, we compute as follows:

∆̄α,β((a o h)(b o 1))

= a(1)b(1) o a(2)[−1,α]b(2)[−1,α][ωα,β(a(3)b(3))(1,α)]〈−1,α〉h(1,α)〈−1,α〉

1(1,α)〈−1,α〉 ⊗ a(2)[0,α]b(2)[0,α][ωα,β(a(3)b(3))(1,α)]〈0,α〉h(1,α)〈0,α〉

1(1,α)〈0,α〉 o ωα,β(a(3)b(3))(2,β)h(2,β)1(2,β)

= a(1)b(1) o a(2)[−1,α]b(2)[−1,α][ωα,β(a(3))(1,α)]〈−1,α〉

[ωα,β(b(3))(1,α)]〈−1,α〉h(1,α)〈−1,α〉1(1,α)〈−1,α〉

⊗a(2)[0,α]b(2)[0,α][ωα,β(a(3))(1,α)]〈0,α〉[ωα,β(b(3))(1,α)]〈0,α〉h(1,α)〈0,α〉

1(1,α)〈0,α〉 o ωα,β(a(3))(2,β)ωα,β(b(3))(2,β)h(2,β)1(2,β)

(a1),(a2)
= a(1)b(1) o a(2)[−1,α][ωα,β(a(3))(1,α)]〈−1,α〉h(1,α)〈−1,α〉

b(2)[−1,α][ωα,β(b(3))(1,α)]〈−1,α〉1(1,α)〈−1,α〉

⊗a(2)[0,α][ωα,β(a(3))(1,α)]〈0,α〉h(1,α)〈0,α〉b(2)[0,α][ωα,β(b(3))(1,α)]〈0,α〉
1(1,α)〈0,α〉 o ωα,β(a(3))(2,β)h(2,β)ωα,β(b(3))(2,β)1(2,β)

= ∆̄α,β(a o h)∆̄α,β(b o 1).

Thus, each ∆α,β is an algebra map.
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Assume that ∆ = {∆α,β} given by (3.5) is coassociative, that is,

(id ⊗ ∆̄β,γ) ◦ ∆̄α,βγ = (∆̄α,β ⊗ id) ◦ ∆̄αβ,γ.

For all h ∈ Hαβγ with α, β, γ ∈ π, from

(id ⊗ ∆̄β,γ) ◦ ∆̄α,βγ(1A o h) = (∆̄α,β ⊗ id) ◦ ∆̄αβ,γ(1A o h),

it follows that

1A ⊗ h(1,α)〈−1,α〉 ⊗ h(1,α)〈0,α〉(1)

⊗h(1,α)〈0,α〉(2)[−1,β][ωβ,γ(h(1,α)〈0,α〉(3))(1,β)]〈−1,β〉

h(2,βγ)(1,β)〈−1,β〉 ⊗ h(1,α)〈0,α〉(2)[0,β]

[ωβ,γ(h(1,α)〈0,α〉(3))(1,β)]〈0,β〉h(2,βγ)(1,β)〈0,β〉

⊗ωβ,γ(h(1,α)〈0,α〉(3))(2,γ)h(2,βγ)(2,γ)

= 1A ⊗ h(1,αβ)〈−1,αβ〉(1,α)〈−1,α〉 ⊗ h(1,αβ)〈−1,αβ〉(1,α)〈0,α〉

⊗h(1,αβ)〈−1,αβ〉(2,β) ⊗ h(1,αβ)〈0,αβ〉 ⊗ h(2,γ).

Then applying εA ⊗ id ⊗ εA ⊗ id ⊗ εA ⊗ id to both sides of the obove equation yields relation (a3). Applying
εA ⊗ id⊗ id⊗ εe ⊗ id⊗ εe to both sides of the same equation above for β = γ = e, we get relation (a4). Relation
(a5) can be seen by applying εA ⊗ id ⊗ εA ⊗ id ⊗ id ⊗ εe to it again for γ = e.

For all a ∈ A and α, β, γ ∈ π, from the relation

(id ⊗ ∆̄β,γ) ◦ ∆̄α,βγ(a o 1αβγ) = (∆̄α,β ⊗ id) ◦ ∆̄αβ,γ(a o 1αβγ),

we have

a(1) ⊗ a(2)[−1,α][ωα,βγ(a(3))(1,α)]〈−1,α〉 ⊗ a(2)[0,α](1)[ωα,βγ(a(3))(1,α)]〈0,α〉(1)

⊗a(2)[0,α](2)[−1,β][ωα,βγ(a(3))(1,α)]〈0,α〉(2)[−1,β]

[ωβ,γ(a(2)[0,α](3)[ωα,βγ(a(3))(1,α)]〈0,α〉(3))(1,β)]〈−1,β〉

[ωα,βγ(a(3))(2,βγ)](1,β)〈−1,β〉

⊗a(2)[0,α](2)[0,β][ωα,βγ(a(3))(1,α)]〈0,α〉(2)[0,β]

[ωβ,γ(a(2)[0,α](3)[ωα,βγ(a(3))(1,α)]〈0,α〉(3))(1,β)]〈0,β〉
[ωα,βγ(a(3))(2,βγ)](1,β)〈0,β〉

⊗ωβ,γ(a(2)[0,α](3)[ωα,βγ(a(3))(1,α)]〈0,α〉(3))(2,γ)[ωα,βγ(a(3))(2,βγ)](2,γ)

= a(1) ⊗ a(2)[−1,α][ωα,β(a(3))(1,α)]〈−1,α〉a(4)[−1,αβ](1,α)〈−1,α〉

[ωαβ,γ(a(5))(1,αβ)]〈−1,αβ〉(1,α)〈−1,α〉

⊗a(2)[0,α][ωα,β(a(3))(1,α)]〈0,α〉a(4)[−1,αβ](1,α)〈0,α〉

[ωαβ,γ(a(5))(1,αβ)]〈−1,αβ〉(1,α)〈0,α〉

⊗ωα,β(a(3))(2,β)a(4)[−1,αβ](2,β)[ωαβ,γ(a(5))(1,αβ)]〈−1,αβ〉(2,β)

⊗a(4)[0,αβ][ωαβ,γ(a(5))(1,αβ)]〈0,αβ〉 ⊗ ωαβ,γ(a(5))(2,γ).

By considering β = γ = e in the above equation and applying εA ⊗ id ⊗ id ⊗ εe ⊗ idA ⊗ εe to both sides of the
resulting equation, we can get relation (a6). Applying εA ⊗ id ⊗ εA ⊗ id ⊗ id ⊗ εe to the equation above for
γ = e yields relation (a7) and (a8) can be seen by applying εA ⊗ idH ⊗ εA ⊗ id ⊗ εA ⊗ id to both sides of the
same equation again.
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Assume that relations (a1)-(a8) hold. Now we check that ∆ is coassociative. Indeed, we compute as
follows:

(∆̄α,β ⊗ id)∆̄αβ,γ(a o h)

= ∆̄α,β(a(1) o a(2)[−1,αβ][ωαβ,γ(a(3))(1,αβ)]〈−1,αβ〉h(1,αβ)〈−1,αβ〉)

⊗a(2)[0,αβ][ωαβ,γ(a(3))(1,αβ)]〈0,αβ〉h(1,αβ)〈0,αβ〉 o ωαβ,γ(a(3))(2,γ)h(2,γ)

= a(1) o a(2)[−1,α][ωα,β(a(3))(1,α)]〈−1,α〉

a(4)[−1,αβ](1,α)〈−1,α〉[ωαβ,γ(a(5))(1,αβ)]〈−1,αβ〉(1,α)〈−1,α〉

h(1,αβ)〈−1,αβ〉(1,α)〈−1,α〉︸                 ︷︷                 ︸⊗a(2)[0,α][ωα,β(a(3))(1,α)]〈0,α〉

a(4)[−1,αβ](1,α)〈0,α〉[ωαβ,γ(a(5))(1,αβ)]〈−1,αβ〉(1,α)〈0,α〉 h(1,αβ)〈−1,αβ〉(1,α)〈0,α〉︸                ︷︷                ︸
oωα,β(a(3))(2,β)a(4)[−1,αβ](2,β)[ωαβ,γ(a(5))(1,αβ)]〈−1,αβ〉(2,β) h(1,αβ)〈−1,αβ〉(2,β)︸           ︷︷           ︸
⊗a(4)[0,αβ][ωαβ,γ(a(5))(1,αβ)]〈0,αβ〉 h(1,αβ)〈0,αβ〉︸     ︷︷     ︸oωαβ,γ(a(5))(2,γ)h(2,γ)

(a5)
= a(1) o a(2)[−1,α][ωα,β(a(3))(1,α)]〈−1,α〉

a(4)[−1,αβ](1,α)〈−1,α〉[ωαβ,γ(a(5))(1,αβ)]〈−1,αβ〉(1,α)〈−1,α〉

h(1,αβ)(1,α)〈−1,α〉〈−1,α〉︸                ︷︷                ︸⊗a(2)[0,α][ωα,β(a(3))(1,α)]〈0,α〉

a(4)[−1,αβ](1,α)〈0,α〉[ωαβ,γ(a(5))(1,αβ)]〈−1,αβ〉(1,α)〈0,α〉 h(1,αβ)(1,α)〈−1,α〉〈0,α〉︸               ︷︷               ︸
oωα,β(a(3))(2,β)a(4)[−1,αβ](2,β)[ωαβ,γ(a(5))(1,αβ)]〈−1,αβ〉(2,β)

h(1,αβ)(1,α)〈0,α〉[−1,β]︸              ︷︷              ︸ h(1,αβ)(2,β)〈−1,β〉 ⊗ a(4)[0,αβ][ωαβ,γ(a(5))(1,αβ)]〈0,αβ〉

h(1,αβ)(1,α)〈0,α〉[0,β]︸             ︷︷             ︸ h(1,αβ)(2,β)〈0,β〉 o ωαβ,γ(a(5))(2,γ)h(2,γ)

(a4)
= a(1) o a(2)[−1,α][ωα,β(a(3))(1,α)]〈−1,α〉

a(4)[−1,αβ](1,α)〈−1,α〉[ωαβ,γ(a(5))(1,αβ)]〈−1,αβ〉(1,α)〈−1,α〉

h(1,αβ)(1,α)〈−1,α〉︸          ︷︷          ︸⊗a(2)[0,α][ωα,β(a(3))(1,α)]〈0,α〉

a(4)[−1,αβ](1,α)〈0,α〉[ωαβ,γ(a(5))(1,αβ)]〈−1,αβ〉(1,α)〈0,α〉 h(1,αβ)(1,α)〈0,α〉(1)︸           ︷︷           ︸
oωα,β(a(3))(2,β)a(4)[−1,αβ](2,β)[ωαβ,γ(a(5))(1,αβ)]〈−1,αβ〉(2,β)

h(1,αβ)(1,α)〈0,α〉(2)[−1,β]h(1,αβ)(2,β)〈−1,β〉︸                                   ︷︷                                   ︸⊗a(4)[0,αβ][ωαβ,γ(a(5))(1,αβ)]〈0,αβ〉

h(1,αβ)(1,α)〈0,α〉(2)[0,β]h(1,αβ)(2,β)〈0,β〉︸                                ︷︷                                ︸oωαβ,γ(a(5))(2,γ)h(2,γ)

(a3)
= a(1) o a(2)[−1,α][ωα,β(a(3))(1,α)]〈−1,α〉

a(4)[−1,αβ](1,α)〈−1,α〉[ωαβ,γ(a(5))(1,αβ)]〈−1,αβ〉(1,α)〈−1,α〉

h(1,α)〈−1,α〉〈−1,α〉︸           ︷︷           ︸⊗a(2)[0,α][ωα,β(a(3))(1,α)]〈0,α〉

a(4)[−1,αβ](1,α)〈0,α〉[ωαβ,γ(a(5))(1,αβ)]〈−1,αβ〉(1,α)〈0,α〉 h(1,α)〈−1,α〉〈0,α〉(1)︸            ︷︷            ︸
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oωα,β(a(3))(2,β)a(4)[−1,αβ](2,β)[ωαβ,γ(a(5))(1,αβ)]〈−1,αβ〉(2,β)

h(1,α)〈−1,α〉〈0,α〉(2)[−1,β]︸                  ︷︷                  ︸[ωβ,γ(h(1,α)〈0,α〉︸   ︷︷   ︸)(1,β)]〈−1,β〉h(2,βγ)(1,β)〈−1,β〉

⊗a(4)[0,αβ][ωαβ,γ(a(5))(1,αβ)]〈0,αβ〉 h(1,α)〈−1,α〉〈0,α〉(2)[0,β]︸                ︷︷                ︸
[ωβ,γ(h(1,α)〈0,α〉︸   ︷︷   ︸)(1,β)]〈0,β〉h(2,βγ)(1,β)〈0,β〉

oωαβ,γ(a(5))(2,γ)ωβ,γ(h(1,α)〈0,α〉)(2,γ)h(2,βγ)(2,β)

(a3)
= a(1) o a(2)[−1,α][ωα,β(a(3))(1,α)]〈−1,α〉

a(4)[−1,αβ](1,α)〈−1,α〉[ωαβ,γ(a(5))(1,αβ)]〈−1,αβ〉(1,α)〈−1,α〉

h(1,α)〈−1,α〉 ⊗ a(2)[0,α][ωα,β(a(3))(1,α)]〈0,α〉
a(4)[−1,αβ](1,α)〈0,α〉[ωαβ,γ(a(5))(1,αβ)]〈−1,αβ〉(1,α)〈0,α〉h(1,α)〈0,α〉(1)

oωα,β(a(3))(2,β)a(4)[−1,αβ](2,β)[ωαβ,γ(a(5))(1,αβ)]〈−1,αβ〉(2,β)

h(1,α)〈0,α〉(2)[−1,β][ωβ,γ(h(1,α)〈0,α〉(3))(1,β)]〈−1,β〉h(2,βγ)(1,β)〈−1,β〉

⊗a(4)[0,αβ][ωαβ,γ(a(5))(1,αβ)]〈0,αβ〉h(1,α)〈0,α〉(2)[0,β]

[ωβ,γ(h(1,α)〈0,α〉(3))(1,β)]〈0,β〉h(2,βγ)(1,β)〈0,β〉

oωαβ,γ(a(5))(2,γ)ωβ,γ(h(1,α)〈0,α〉(3))(2,γ)h(2,βγ)(2,β).

and

(id ⊗ ∆̄β,γ)∆̄α,βγ(a o h)

= a(1) o a(2)[−1,α][ωα,βγ(a(3))(1,α)]〈−1,α〉h(1,α)〈−1,α〉 ⊗

∆̄β,γ(a(2)[0,α][ωα,βγ(a(3))(1,α)]〈0,α〉h(1,α)〈0,α〉 o ωα,βγ(a(3))(2,βγ)h(2,βγ))

= a(1) o a(2)[−1,α]︸  ︷︷  ︸[ωα,βγ(a(3))(1,α)]〈−1,α〉h(1,α)〈−1,α〉

⊗ a(2)[0,α](1)︸   ︷︷   ︸[ωα,βγ(a(3))(1,α)]〈0,α〉(1)h(1,α)〈0,α〉(1)

o a(2)[0,α](2)[−1,β]︸         ︷︷         ︸[ωα,βγ(a(3))(1,α)]〈0,α〉(2)[−1,β]h(1,α)〈0,α〉(2)[−1,β]

[ωβ,γ(a(2)[0,α](3)︸          ︷︷          ︸[ωα,βγ(a(3))(1,α)]〈0,α〉(3)h(1,α)〈0,α〉(3))(1,β)]〈−1,β〉

[ωα,βγ(a(3))(2,βγ)](1,β)〈−1,β〉h(2,βγ)(1,β)〈−1,β〉

⊗ a(2)[0,α](2)[0,β]︸       ︷︷       ︸[ωα,βγ(a(3))(1,α)]〈0,α〉(2)[0,β]h(1,α)〈0,α〉(2)[0,β]

[ωβ,γ(a(2)[0,α](3)︸   ︷︷   ︸[ωα,βγ(a(3))(1,α)]〈0,α〉(3)h(1,α)〈0,α〉(3))(1,β)]〈0,β〉

[ωα,βγ(a(3))(2,βγ)](1,β)〈0,β〉h(2,βγ)(1,β)〈0,β〉

oωβ,γ(a(2)[0,α](3)︸   ︷︷   ︸[ωα,βγ(a(3))(1,α)]〈0,α〉(3)h(1,α)〈0,α〉(3))(2,γ)

[ωα,βγ(a(3))(2,βγ)](2,γ)h(2,βγ)(2,γ)

(a6)
= a(1) o a(2)[−1,α]a(3)[−1,α]〈−1,α〉[ωα,βγ(a(4))(1,α)]〈−1,α〉︸                 ︷︷                 ︸ h(1,α)〈−1,α〉
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⊗a(2)[0,α](1)a(3)[−1,α]〈0,α〉(1) [ωα,βγ(a(4))(1,α)]〈0,α〉(1)︸                   ︷︷                   ︸ h(1,α)〈0,α〉(1)

oa(2)[0,α](2)[−1,β]a(3)[−1,α]〈0,α〉(2)[−1,β]

[ωα,βγ(a(4))(1,α)]〈0,α〉(2)[−1,β]︸                        ︷︷                        ︸ h(1,α)〈0,α〉(2)[−1,β]

[ωβ,γ(a(3)[0,α][ωα,βγ(a(4))(1,α)]〈0,α〉(3)︸                  ︷︷                  ︸ h(1,α)〈0,α〉(3))(1,β)]〈−1,β〉

[ωα,βγ(a(4))(2,βγ)](1,β)〈−1,β〉h(2,βγ)(1,β)〈−1,β〉

⊗a(2)[0,α](2)[0,β]a(3)[−1,α]〈0,α〉(2)[0,β][ωα,βγ(a(4))(1,α)]〈0,α〉(2)[0,β]︸                       ︷︷                       ︸ h(1,α)〈0,α〉(2)[0,β]

[ωβ,γ(a(3)[0,α][ωα,βγ(a(4))(1,α)]〈0,α〉(3)︸                  ︷︷                  ︸ h(1,α)〈0,α〉(3))(1,β)]〈0,β〉

[ωα,βγ(a(4))(2,βγ)](1,β)〈0,β〉h(2,βγ)(1,β)〈0,β〉

oωβ,γ(a(3)[0,α][ωα,βγ(a(4))(1,α)︸          ︷︷          ︸]〈0,α〉(3)h(1,α)〈0,α〉(3))(2,γ)

[ωα,βγ(a(4))(2,βγ)](2,γ)h(2,βγ)(2,γ)

(a4)
= a(1) o a(2)[−1,α]a(3)[−1,α]〈−1,α〉[ωα,βγ(a(4))(1,α)]〈−1,α〉〈−1,α〉h(1,α)〈−1,α〉

⊗a(2)[0,α](1)a(3)[−1,α]〈0,α〉(1)[ωα,βγ(a(4))(1,α)]〈−1,α〉〈0,α〉h(1,α)〈0,α〉(1)

oa(2)[0,α](2)[−1,β]a(3)[−1,α]〈0,α〉(2)[−1,β]

[ωα,βγ(a(4))(1,α)]〈0,α〉(1)[−1,β]h(1,α)〈0,α〉(2)[−1,β]

[ωβ,γ(a(3)[0,α][ωα,βγ(a(4))(1,α)]〈0,α〉(2)h(1,α)〈0,α〉(3))(1,β)]〈−1,β〉

[ωα,βγ(a(4))(2,βγ)](1,β)〈−1,β〉h(2,βγ)(1,β)〈−1,β〉

⊗a(2)[0,α](2)[0,β]a(3)[−1,α]〈0,α〉(2)[0,β][ωα,βγ(a(4))(1,α)]〈0,α〉(1)[0,β]h(1,α)〈0,α〉(2)[0,β]

[ωβ,γ(a(3)[0,α][ωα,βγ(a(4))(1,α)]〈0,α〉(2)h(1,α)〈0,α〉(3))(1,β)]〈0,β〉
[ωα,βγ(a(4))(2,βγ)](1,β)〈0,β〉h(2,βγ)(1,β)〈0,β〉

oωβ,γ(a(3)[0,α][ωα,βγ(a(4))(1,α)]〈0,α〉(2)h(1,α)〈0,α〉(3))(2,γ)

[ωα,βγ(a(4))(2,βγ)](2,γ)h(2,βγ)(2,γ)

(a4)
= a(1) o a(2)[−1,α]a(3)[−1,α]〈−1,α〉[ωα,βγ(a(4))(1,α)]〈−1,α〉〈−1,α〉〈−1,α〉h(1,α)〈−1,α〉

⊗a(2)[0,α](1)a(3)[−1,α]〈0,α〉(1)[ωα,βγ(a(4))(1,α)]〈−1,α〉〈−1,α〉〈0,α〉h(1,α)〈0,α〉(1)

oa(2)[0,α](2)[−1,β]a(3)[−1,α]〈0,α〉(2)[−1,β]

[ωα,βγ(a(4))(1,α)]〈−1,α〉〈0,α〉[−1,β]h(1,α)〈0,α〉(2)[−1,β]

[ωβ,γ(a(3)[0,α][ωα,βγ(a(4))(1,α)]〈0,α〉h(1,α)〈0,α〉(3))(1,β)]〈−1,β〉︸                                                            ︷︷                                                            ︸
[ωα,βγ(a(4))(2,βγ)](1,β)〈−1,β〉h(2,βγ)(1,β)〈−1,β〉

⊗a(2)[0,α](2)[0,β]a(3)[−1,α]〈0,α〉(2)[0,β][ωα,βγ(a(4))(1,α)]〈−1,α〉〈0,α〉[0,β]h(1,α)〈0,α〉(2)[0,β]

[ωβ,γ(a(3)[0,α][ωα,βγ(a(4))(1,α)]〈0,α〉h(1,α)〈0,α〉(3))(1,β)]〈0,β〉︸                                                          ︷︷                                                          ︸
[ωα,βγ(a(4))(2,βγ)](1,β)〈0,β〉h(2,βγ)(1,β)〈0,β〉

oωβ,γ(a(3)[0,α][ωα,βγ(a(4))(1,α)]〈0,α〉h(1,α)〈0,α〉(3))(2,γ)︸                                                   ︷︷                                                   ︸
[ωα,βγ(a(4))(2,βγ)](2,γ)h(2,βγ)(2,γ)

= a(1) o a(2)[−1,α]a(3)[−1,α]〈−1,α〉[ωα,βγ(a(4))(1,α)]〈−1,α〉〈−1,α〉〈−1,α〉h(1,α)〈−1,α〉

⊗a(2)[0,α](1)a(3)[−1,α]〈0,α〉(1)[ωα,βγ(a(4))(1,α)]〈−1,α〉〈−1,α〉〈0,α〉h(1,α)〈0,α〉(1)

oa(2)[0,α](2)[−1,β]a(3)[−1,α]〈0,α〉(2)[−1,β][ωα,βγ(a(4))(1,α)]〈−1,α〉〈0,α〉[−1,β]h(1,α)〈0,α〉(2)[−1,β]
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[ωβ,γ(a(3)[0,α][ωα,βγ(a(4))(1,α)]〈0,α〉)(1,β)]〈−1,β〉[ωβ,γ(h(1,α)〈0,α〉(3))(1,β)]〈−1,β〉︸                         ︷︷                         ︸
[ωα,βγ(a(4))(2,βγ)](1,β)〈−1,β〉h(2,βγ)(1,β)〈−1,β〉

⊗a(2)[0,α](2)[0,β]a(3)[−1,α]〈0,α〉(2)[0,β][ωα,βγ(a(4))(1,α)]〈−1,α〉〈0,α〉[0,β]h(1,α)〈0,α〉(2)[0,β]

[ωβ,γ(a(3)[0,α][ωα,βγ(a(4))(1,α)]〈0,α〉)(1,β)]〈0,β〉[ωβ,γ(h(1,α)〈0,α〉(3))(1,β)]〈0,β〉︸                       ︷︷                       ︸
[ωα,βγ(a(4))(2,βγ)](1,β)〈0,β〉︸                     ︷︷                     ︸ h(2,βγ)(1,β)〈0,β〉

oωβ,γ(a(3)[0,α][ωα,βγ(a(4))(1,α)]〈0,α〉)(2,γ) ωβ,γ(h(1,α)〈0,α〉(3))(2,γ)︸                  ︷︷                  ︸
[ωα,βγ(a(4))(2,βγ)](2,γ)︸                 ︷︷                 ︸ h(2,βγ)(2,γ)

(a1)
= a(1) o a(2)[−1,α]a(3)[−1,α]〈−1,α〉[ωα,βγ(a(4))(1,α)]〈−1,α〉〈−1,α〉〈−1,α〉h(1,α)〈−1,α〉

⊗a(2)[0,α](1)a(3)[−1,α]〈0,α〉(1)[ωα,βγ(a(4))(1,α)]〈−1,α〉〈−1,α〉〈0,α〉h(1,α)〈0,α〉(1)

oa(2)[0,α](2)[−1,β]a(3)[−1,α]〈0,α〉(2)[−1,β]

[ωα,βγ(a(4))(1,α)]〈−1,α〉〈0,α〉[−1,β]h(1,α)〈0,α〉(2)[−1,β]

[ωβ,γ(a(3)[0,α][ωα,βγ(a(4))(1,α)]〈0,α〉)(1,β)]〈−1,β〉[ωα,βγ(a(4))(2,βγ)](1,β)〈−1,β〉

[ωβ,γ(h(1,α)〈0,α〉(3))(1,β)]〈−1,β〉h(2,βγ)(1,β)〈−1,β〉

⊗a(2)[0,α](2)[0,β]a(3)[−1,α]〈0,α〉(2)[0,β][ωα,βγ(a(4))(1,α)]〈−1,α〉〈0,α〉[0,β]h(1,α)〈0,α〉(2)[0,β]

[ωβ,γ(a(3)[0,α][ωα,βγ(a(4))(1,α)]〈0,α〉)(1,β)]〈0,β〉[ωα,βγ(a(4))(2,βγ)](1,β)〈0,β〉

[ωβ,γ(h(1,α)〈0,α〉(3))(1,β)]〈0,β〉h(2,βγ)(1,β)〈0,β〉

oωβ,γ(a(3)[0,α][ωα,βγ(a(4))(1,α)]〈0,α〉)(2,γ)[ωα,βγ(a(4))(2,βγ)](2,γ)

ωβ,γ(h(1,α)〈0,α〉(3))(2,γ)h(2,βγ)(2,γ)

(a4)
= a(1) o a(2)[−1,α]a(3)[−1,α]〈−1,α〉〈−1,α〉[ωα,βγ(a(4))(1,α)]〈−1,α〉〈−1,α〉〈−1,α〉h(1,α)〈−1,α〉

⊗a(2)[0,α](1)a(3)[−1,α]〈−1,α〉〈0,α〉[ωα,βγ(a(4))(1,α)]〈−1,α〉〈−1,α〉〈0,α〉h(1,α)〈0,α〉(1)

oa(2)[0,α](2)[−1,β]a(3)[−1,α]〈0,α〉[−1,β]

[ωα,βγ(a(4))(1,α)]〈−1,α〉〈0,α〉[−1,β]h(1,α)〈0,α〉(2)[−1,β]

[ωβ,γ(a(3)[0,α][ωα,βγ(a(4))(1,α)]〈0,α〉)(1,β)]〈−1,β〉[ωα,βγ(a(4))(2,βγ)](1,β)〈−1,β〉

[ωβ,γ(h(1,α)〈0,α〉(3))(1,β)]〈−1,β〉h(2,βγ)(1,β)〈−1,β〉

⊗a(2)[0,α](2)[0,β]a(3)[−1,α]〈0,α〉[0,β][ωα,βγ(a(4))(1,α)]〈−1,α〉〈0,α〉[0,β]h(1,α)〈0,α〉(2)[0,β]

[ωβ,γ(a(3)[0,α][ωα,βγ(a(4))(1,α)]〈0,α〉)(1,β)]〈0,β〉[ωα,βγ(a(4))(2,βγ)](1,β)〈0,β〉

[ωβ,γ(h(1,α)〈0,α〉(3))(1,β)]〈0,β〉h(2,βγ)(1,β)〈0,β〉

oωβ,γ(a(3)[0,α][ωα,βγ(a(4))(1,α)]〈0,α〉)(2,γ)[ωα,βγ(a(4))(2,βγ)](2,γ)

ωβ,γ(h(1,α)〈0,α〉(3))(2,γ)h(2,βγ)(2,γ)

(a8)
= a(1) o a(2)[−1,α][ωα,β(a(3))(1,α)]〈−1,α〉〈−1,α〉

[ωαβ,γ(a(4))(1,αβ)](1,α)〈−1,α〉〈−1,α〉h(1,α)〈−1,α〉

⊗a(2)[0,α](1)[ωα,β(a(3))(1,α)]〈−1,α〉〈0,α〉[ωαβ,γ(a(4))(1,αβ)](1,α)〈−1,α〉〈0,α〉h(1,α)〈0,α〉(1)

oa(2)[0,α](2)[−1,β][ωα,β(a(3))(1,α)]〈0,α〉[−1,β]

[ωαβ,γ(a(4))(1,αβ)](1,α)〈0,α〉[−1,β]h(1,α)〈0,α〉(2)[−1,β]

[ωα,β(a(3))(2,β)]〈−1,β〉[ωαβ,γ(a(4))(1,αβ)](2,β)〈−1,β〉

[ωβ,γ(h(1,α)〈0,α〉(3))(1,β)]〈−1,β〉h(2,βγ)(1,β)〈−1,β〉
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⊗a(2)[0,α](2)[0,β][ωα,β(a(3))(1,α)]〈0,α〉[0,β][ωαβ,γ(a(4))(1,αβ)](1,α)〈0,α〉[0,β]h(1,α)〈0,α〉(2)[0,β]

[ωα,β(a(3))(2,β)]〈0,β〉[ωαβ,γ(a(4))(1,αβ)](2,β)〈0,β〉

[ωβ,γ(h(1,α)〈0,α〉(3))(1,β)]〈0,β〉h(2,βγ)(1,β)〈0,β〉

oωαβ,γ(a(4))(2,γ)ωβ,γ(h(1,α)〈0,α〉(3))(2,γ)h(2,βγ)(2,γ)

(a6)
= a(1) o a(2)[−1,α]a(3)[−1,α]〈−1,α〉[ωα,β(a(4))(1,α)]〈−1,α〉〈−1,α〉

[ωαβ,γ(a(5))(1,αβ)](1,α)〈−1,α〉〈−1,α〉h(1,α)〈−1,α〉

⊗a(2)[0,α]a(3)[−1,α]〈0,α〉[ωα,β(a(4))(1,α)]〈−1,α〉〈0,α〉

[ωαβ,γ(a(5))(1,αβ)](1,α)〈−1,α〉〈0,α〉h(1,α)〈0,α〉(1)

oa(3)[0,α][−1,β][ωα,β(a(4))(1,α)]〈0,α〉[−1,β]

[ωαβ,γ(a(5))(1,αβ)](1,α)〈0,α〉[−1,β]h(1,α)〈0,α〉(2)[−1,β]

[ωα,β(a(4))(2,β)]〈−1,β〉[ωαβ,γ(a(5))(1,αβ)](2,β)〈−1,β〉

[ωβ,γ(h(1,α)〈0,α〉(3))(1,β)]〈−1,β〉h(2,βγ)(1,β)〈−1,β〉

⊗a(3)[0,α][0,β][ωα,β(a(4))(1,α)]〈0,α〉[0,β][ωαβ,γ(a(5))(1,αβ)](1,α)〈0,α〉[0,β]h(1,α)〈0,α〉(2)[0,β]

[ωα,β(a(4))(2,β)]〈0,β〉[ωαβ,γ(a(5))(1,αβ)](2,β)〈0,β〉

[ωβ,γ(h(1,α)〈0,α〉(3))(1,β)]〈0,β〉h(2,βγ)(1,β)〈0,β〉

oωαβ,γ(a(5))(2,γ)ωβ,γ(h(1,α)〈0,α〉(3))(2,γ)h(2,βγ)(2,γ)

(a2)
= a(1) o a(2)[−1,α]a(3)[−1,α]〈−1,α〉[ωα,β(a(4))(1,α)]〈−1,α〉〈−1,α〉

[ωαβ,γ(a(5))(1,αβ)](1,α)〈−1,α〉〈−1,α〉h(1,α)〈−1,α〉

⊗a(2)[0,α]a(3)[−1,α]〈0,α〉[ωα,β(a(4))(1,α)]〈−1,α〉〈0,α〉

[ωαβ,γ(a(5))(1,αβ)](1,α)〈−1,α〉〈0,α〉h(1,α)〈0,α〉(1)

oa(3)[0,α][−1,β][ωα,β(a(4))(1,α)]〈0,α〉[−1,β][ωα,β(a(4))(2,β)]〈−1,β〉

[ωαβ,γ(a(5))(1,αβ)](1,α)〈0,α〉[−1,β]

h(1,α)〈0,α〉(2)[−1,β][ωαβ,γ(a(5))(1,αβ)](2,β)〈−1,β〉

[ωβ,γ(h(1,α)〈0,α〉(3))(1,β)]〈−1,β〉h(2,βγ)(1,β)〈−1,β〉

⊗a(3)[0,α][0,β][ωα,β(a(4))(1,α)]〈0,α〉[0,β][ωα,β(a(4))(2,β)]〈0,β〉
[ωαβ,γ(a(5))(1,αβ)](1,α)〈0,α〉[0,β]

h(1,α)〈0,α〉(2)[0,β][ωαβ,γ(a(5))(1,αβ)](2,β)〈0,β〉

[ωβ,γ(h(1,α)〈0,α〉(3))(1,β)]〈0,β〉h(2,βγ)(1,β)〈0,β〉

oωαβ,γ(a(5))(2,γ)ωβ,γ(h(1,α)〈0,α〉(3))(2,γ)h(2,βγ)(2,γ)

(a7)
= a(1) o a(2)[−1,α][ωα,β(a(3))(1,α)]〈−1,α〉a(4)[−1,αβ](1,α)〈−1,α〉

[ωαβ,γ(a(5))(1,αβ)](1,α)〈−1,α〉〈−1,α〉h(1,α)〈−1,α〉 ⊗ a(2)[0,α][ωα,β(a(3))(1,α)]〈0,α〉a(4)[−1,αβ](1,α)〈0,α〉

[ωαβ,γ(a(5))(1,αβ)](1,α)〈−1,α〉〈0,α〉h(1,α)〈0,α〉(1)

oωα,β(a(3))(2,β)a(4)[−1,αβ](2,β)[ωαβ,γ(a(5))(1,αβ)](1,α)〈0,α〉[−1,β]

h(1,α)〈0,α〉(2)[−1,β][ωαβ,γ(a(5))(1,αβ)](2,β)〈−1,β〉

[ωβ,γ(h(1,α)〈0,α〉(3))(1,β)]〈−1,β〉h(2,βγ)(1,β)〈−1,β〉

⊗a(4)[0,αβ][ωαβ,γ(a(5))(1,αβ)](1,α)〈0,α〉[0,β]

h(1,α)〈0,α〉(2)[0,β][ωαβ,γ(a(5))(1,αβ)](2,β)〈0,β〉

[ωβ,γ(h(1,α)〈0,α〉(3))(1,β)]〈0,β〉h(2,βγ)(1,β)〈0,β〉

oωαβ,γ(a(5))(2,γ)ωβ,γ(h(1,α)〈0,α〉(3))(2,γ)h(2,βγ)(2,γ)
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(a2)
= a(1) o a(2)[−1,α][ωα,β(a(3))(1,α)]〈−1,α〉a(4)[−1,αβ](1,α)〈−1,α〉

[ωαβ,γ(a(5))(1,αβ)](1,α)〈−1,α〉〈−1,α〉h(1,α)〈−1,α〉 ⊗ a(2)[0,α][ωα,β(a(3))(1,α)]〈0,α〉a(4)[−1,αβ](1,α)〈0,α〉

[ωαβ,γ(a(5))(1,αβ)](1,α)〈−1,α〉〈0,α〉h(1,α)〈0,α〉(1) o ωα,β(a(3))(2,β)a(4)[−1,αβ](2,β)[ωαβ,γ(a(5))(1,αβ)](1,α)〈0,α〉[−1,β]

[ωαβ,γ(a(5))(1,αβ)](2,β)〈−1,β〉h(1,α)〈0,α〉(2)[−1,β][ωβ,γ(h(1,α)〈0,α〉(3))(1,β)]〈−1,β〉h(2,βγ)(1,β)〈−1,β〉

⊗a(4)[0,αβ][ωαβ,γ(a(5))(1,αβ)](1,α)〈0,α〉[0,β]

[ωαβ,γ(a(5))(1,αβ)](2,β)〈0,β〉h(1,α)〈0,α〉(2)[0,β][ωβ,γ(h(1,α)〈0,α〉(3))(1,β)]〈0,β〉h(2,βγ)(1,β)〈0,β〉

oωαβ,γ(a(5))(2,γ)ωβ,γ(h(1,α)〈0,α〉(3))(2,γ)h(2,βγ)(2,γ)

(a5)
= a(1) o a(2)[−1,α][ωα,β(a(3))(1,α)]〈−1,α〉

a(4)[−1,αβ](1,α)〈−1,α〉[ωαβ,γ(a(5))(1,αβ)]〈−1,αβ〉(1,α)〈−1,α〉

h(1,α)〈−1,α〉 ⊗ a(2)[0,α][ωα,β(a(3))(1,α)]〈0,α〉
a(4)[−1,αβ](1,α)〈0,α〉[ωαβ,γ(a(5))(1,αβ)]〈−1,αβ〉(1,α)〈0,α〉h(1,α)〈0,α〉(1)

oωα,β(a(3))(2,β)a(4)[−1,αβ](2,β)[ωαβ,γ(a(5))(1,αβ)]〈−1,αβ〉(2,β)

h(1,α)〈0,α〉(2)[−1,β][ωβ,γ(h(1,α)〈0,α〉(3))(1,β)]〈−1,β〉h(2,βγ)(1,β)〈−1,β〉

⊗a(4)[0,αβ][ωαβ,γ(a(5))(1,αβ)]〈0,αβ〉h(1,α)〈0,α〉(2)[0,β]

[ωβ,γ(h(1,α)〈0,α〉(3))(1,β)]〈0,β〉h(2,βγ)(1,β)〈0,β〉

oωαβ,γ(a(5))(2,γ)ωβ,γ(h(1,α)〈0,α〉(3))(2,γ)h(2,βγ)(2,β).

This ends the proof. �

4. The Classification of π-unified Coproducts

In this section, we shall prove the classification theorem for π-unified coproducts which is the dual
result of [1] for the trivial group.

Let Ω(A) = (H, ρ, %, ω) be a semi-Hopf π-coalgebra coextending structures of A. The π-unified coproduct
A oπ H is a right H-module via the action: for all a ∈ A, h, 1 ∈ Hα with α ∈ π,

(a o h) C 1 = a o h1,

and a left A-comodule via the coaction

a o h 7→ a(1) ⊗ a(2) o h.

From now on, the Hopf algebra structure on A and the algebra structure on H will be set. First, we need
the following result.

Lemma 4.1. Let A be a Hopf algebra, Ω(A) = (H, ρ, %, ω) and Ω(A) = (H, ρ′, %′, ω′) two semi-Hopf π-coalgebra
coextending structures of A. The a family of linear maps

ϕ = {ϕα : A oHα → A o′ Hα}α∈π

is a left A-comodule, a right H-module and an algebra morphism if and only if there exists a family of algebra
morphisms ϑ = {ϑα : A→ Hα}α∈π such that ϑα(A) ⊆ C(Hα) (center of Hα) and ϕα is given by

ϕα(a o h) = a(1) o
′ ϑα(a(2))h, (4.1)

for all a ∈ A and h ∈ Hα with α ∈ π. Furthermore, any such morphism ϕ is an isomorphism with the inverse
ψ = {ψα}α∈π given by

ψα : A o′ Hα → A oHα, ψ(a o′ h) = a(1) o ϑα(SA(a(2)))h

for all a ∈ A and h ∈ Hα.
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Proof. “ =⇒ ” Since each ϕα is a right Hα-module, we have

ϕα(a o h) = ϕα(a o 1α) C 1 = aA o′ aHα1,

where we adopt the notation
ϕα(a o 1α) = aA o′ aHα

for all a ∈ A and h ∈ Hα. From ϕα being a left A-comodule map, we have

(aA)(1) ⊗ (aA)(2) ⊗ aHαh = a(1) ⊗ (a(2))A
⊗ (a(2))Hαh

for all a ∈ A and h ∈ Hα. Applying id ⊗ εA ⊗ id to the above equality, we obtain

ϕα(a o h) = a(1) o
′ εA((a(2))A)(a(2))Hαh.

Now, we define
ϑα : A→ Hα, ϑα(a) = εA(aA)aHα

for all a ∈ A, it follows that (4.1) holds. Notice that ϑα(1A) = 1Hα followed from ϕα(1A o 1α) = 1A o′ 1α.
Considering that ϕα is an algebra morphism yields

a(1)b(1) ⊗ ϑα(a(2)b(2))h1 = a(1)b(1) ⊗ ϑα(a(2))hϑα(b(2))1, (4.2)

for all a, b ∈ A and h, 1 ∈ Hα. Applying εA ⊗ id to (4.2) for a = 1A, 1 = 1α, one implies ϑα(A) belongs to the
center of Hα. Considering h = 1 = 1α in (4.2) and applying εA ⊗ id yields ϑα(ab) = ϑα(a)ϑα(b). Thus, ϑα is an
algebra morphism.

“⇐= ” With ϕ given by (4.1). Assume that ϕα(A) ∈ C(Hα) and ϑα is an algebra morphism. Then we can
check that each ϕα is an algebra morphism in a direct way. Notice that that ϕ and ψ are the inverse of each
other.

This ends the proof.

Definition 4.2. Let A be a Hopf algebra, Ω(A) = (H, ρ, %, ω) a semi-Hopf coalgebra coextending structures of A.
A family of algebra morphisms u = {ϑα : A → Hα}α∈π is called an algebra lazy 1-π-cycle, if εe ◦ ϑe = εA and
ϑα(A) ⊆ C(Hα) for each α ∈ π. We denote by H1,π

l (H,A) the group of all algebra lazy 1-π-cycles of H with coefficients
in A.

H1,π
l (H,A) is a group with respect to the convolution product. We have to prove that if u and v ∈

H1,π
l (H,A), then u ∗ v ∈ H1,π

l (H,A). Indeed, for all a, b ∈ A and α ∈ π, we have

ϑα ∗ vα(ab) = ϑα(a(1)b(1))vα(a(2)b(2))
= ϑα(a(1))ϑα(b(1))vα(a(2))vα(b(2))
= ϑα(a(1))vα(a(2))ϑα(b(1))vα(b(2))
= (ϑα ∗ vα(a))(ϑα ∗ vα(b)).

Notice that ϑα ∗ vα(1A) = 1α. Thus, ϑα ∗ vα is an algebra morphism. It is straightforward to prove that
ϑα ∗ vα(A) ⊆ C(A). For all a ∈ A, we have

εe ◦ (ϑe ∗ ve)(a) = εe(ϑe(a(1)))εe(ve(a(2)))
= εA(a(1))εA(a(2)) = εA(a).

This shows that εe ◦ (ϑe ∗ ve) = εA.
Now, we shall give the main theorem in this section.
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Theorem 4.3. Let A be a Hopf algebra, Ω(A) = (H, ρ, %, ω) and Ω(A) = (H, ρ′, %′, ω′) two semi-Hopf π-coalgebra
coextending structures of A. Then there exists a family of linear map

ϕ = {ϕα : A oHα → A o′ Hα}α∈π

a left A-comodule, a right H-module and a semi-Hopf π-coalgebra map if and only if ρ = ρ′ and there exists an algebra
lazy 1-π-cycle u ∈ H1,π

l (H,A) such that:

h(1,α)′ ⊗ h(2,β)′ = h(1,α)〈−1,α〉 ⊗ ϑβ(h(1,α)〈0,α〉)h(2,β), (4.3)

a[−1,α]′ ⊗ a[0,α]′ = ϑα(a(1))a(2)[−1,α]ϑα(SA(a(3)))〈−1,α〉 ⊗ a(2)[0,α]ϑα(SA(a(3)))〈0,α〉, (4.4)

ω′α,β(a)(1,α)
⊗ ω′α,β(a)(2,β) = ϑα(a(1))a(2)[−1,α][ωα,β(a(3))(1,α)]〈−1,α〉ϑαβ(SA(a(4)))(1,α)′ (4.5)

⊗ϑβ(a(2)[0,α][ωα,β(a(3))(1,α)]〈0,α〉)ωα,β(a(3))(2,β)ϑαβ(SA(a(4)))(2,β)′ ,

for all a ∈ A and h ∈ Hαβ. In this case, ϕ is given by (4.1) and is an isomorphism.

Proof. “ =⇒ ” From Lemma 4.1, there exists an algebra lazy 1-π-cycle u ∈ H1,π
l (H,A) with ϑ−1

α = ϑα ◦ SA.
Since ϕ is a coalgebra morphism,

a(1) ⊗ ϑα(a(2))a(3)[−1,α][ωα,β(a(4))(1,α)]〈−1,α〉h(1,α)〈−1,α〉

⊗a(3)[0,α](1)[ωα,β(a(4))(1,α)]〈0,α〉(1)h(1,α)〈0,α〉(1)

⊗ϑβ(a(3)[0,α](2)[ωα,β(a(4))(1,α)]〈0,α〉(2)h(1,α)〈0,α〉(2))ωα,β(a(4))(2,β)h(2,β)

= a(1) ⊗ a(2)[−1,α]′ [ω′α,β(a(3))(1,α)]〈−1,α〉′ϑαβ(a(4))(1,α)′〈−1,α〉′h(1,α)′〈−1,α〉′

⊗a(2)[0,α]′ [ω′α,β(a(3))(1,α)]〈0,α〉′ϑαβ(a(4))(1,α)′〈0,α〉′h(1,α)′〈0,α〉′

⊗ω′α,β(a(3))(2,β)ϑαβ(a(4))(2,β)′h(2,β)′ .

Applying εA ⊗ id ⊗ εA ⊗ id to both sides of the equation above for a = 1A , we obtain relation (4.3). Also,
by considering a = 1A, β = e and applying εA ⊗ id ⊗ id ⊗ εe to both sides of the resulting equation, we have
ρ = ρ′. If we apply εA ⊗ id ⊗ id ⊗ εe to the same equation obove for h = 1e, it yields relation (4.4). Relation
(4.5) can be seen by applying εA ⊗ id ⊗ εA ⊗ id to the equality above for h = 1αβ respectively.

“ ⇐= ” Suppose that there exists an algebra lazy 1-π-cycle ϑ such that relations (4.3)-(4.5) are fulfilled.
Then we shall check that ϕ is a coalgebra morphism. As a matter of fact, for all a ∈ A and h ∈ Hαβ, we have

a(1) ⊗ a(2)[−1,α]′ [ω′α,β(a(3))(1,α)]〈−1,α〉′ϑαβ(a(4))(1,α)′〈−1,α〉′h(1,α)′〈−1,α〉′

⊗a(2)[0,α]′ [ω′α,β(a(3))(1,α)]〈0,α〉′ϑαβ(a(4))(1,α)′〈0,α〉′h(1,α)′〈0,α〉′

⊗ω′α,β(a(3))(2,β)ϑαβ(a(4))(2,β)′h(2,β)′

= a(1) ⊗ ϑα(a(2))a(3)[−1,α] ϑα(SA(a(4)))〈−1,α〉ϑα(a(5))〈−1,α〉︸                              ︷︷                              ︸
a(6)[−1,α]〈−1,α〉[ωα,β(a(7))(1,α)]〈−1,α〉〈−1,α〉

ϑαβ(SA(a(8)))(1,α)′〈−1,α〉ϑαβ(a(9))(1,α)′〈−1,α〉︸                                           ︷︷                                           ︸ h(1,α)′〈−1,α〉

⊗a(3)[0,α] ϑα(SA(a(4)))〈0,α〉ϑα(a(5))〈0,α〉︸                           ︷︷                           ︸ a(6)[−1,α]〈0,α〉

[ωα,β(a(7))(1,α)]〈−1,α〉〈0,α〉 ϑαβ(SA(a(8)))(1,α)′〈0,α〉ϑαβ(a(9))(1,α)′〈0,α〉︸                                        ︷︷                                        ︸
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h(1,α)′〈0,α〉 ⊗ ϑβ(a(6)[0,α][ωα,β(a(7))(1,α)]〈0,α〉)ωα,β(a(7))(2,β)

ϑαβ(SA(a(8)))(2,β)′ϑαβ(a(9))(2,β)′︸                              ︷︷                              ︸ h(2,β)′

= a(1) ⊗ ϑα(a(2)) a(3)[−1,α]a(4)[−1,α]〈−1,α〉︸                   ︷︷                   ︸[ωα,β(a(5))(1,α)]〈−1,α〉〈−1,α〉

h(1,α)′〈−1,α〉 ⊗ a(3)[0,α]a(4)[−1,α]〈0,α〉︸                ︷︷                ︸[ωα,β(a(5))(1,α)]〈−1,α〉〈0,α〉

h(1,α)′〈0,α〉 ⊗ ϑβ(a(4)[0,α]︸ ︷︷ ︸[ωα,β(a(5))(1,α)]〈0,α〉)ωα,β(a(5))(2,β)h(2,β)′

(a6)
= a(1) ⊗ ϑα(a(2))a(3)[−1,α][ωα,β(a(4))(1,α)]〈−1,α〉〈−1,α〉︸                      ︷︷                      ︸ h(1,α)′〈−1,α〉

⊗a(3)[0,α](1) [ωα,β(a(4))(1,α)]〈−1,α〉〈0,α〉︸                      ︷︷                      ︸ h(1,α)′〈0,α〉

⊗ϑβ(a(3)[0,α](2) [ωα,β(a(4))(1,α)]〈0,α〉︸               ︷︷               ︸)ωα,β(a(4))(2,β)h(2,β)′

(a4)
= a(1) ⊗ ϑα(a(2))a(3)[−1,α][ωα,β(a(4))(1,α)]〈−1,α〉 h(1,α)′〈−1,α〉︸     ︷︷     ︸
⊗a(3)[0,α](1)[ωα,β(a(4))(1,α)]〈0,α〉(1) h(1,α)′〈0,α〉︸    ︷︷    ︸
⊗ϑβ(a(3)[0,α](2)[ωα,β(a(4))(1,α)]〈0,α〉(2))ωα,β(a(4))(2,β) h(2,β)′︸︷︷︸

(4.3)
= a(1) ⊗ ϑα(a(2))a(3)[−1,α][ωα,β(a(4))(1,α)]〈−1,α〉 h(1,α)〈−1,α〉〈−1,α〉︸           ︷︷           ︸
⊗a(3)[0,α](1)[ωα,β(a(4))(1,α)]〈0,α〉(1) h(1,α)〈−1,α〉〈0,α〉︸         ︷︷         ︸
⊗ϑβ(a(3)[0,α](2)[ωα,β(a(4))(1,α)]〈0,α〉(2))ωα,β(a(4))(2,β)ϑβ(h(1,α)〈0,α〉︸   ︷︷   ︸)h(2,β)

(a4)
= a(1) ⊗ ϑα(a(2))a(3)[−1,α][ωα,β(a(4))(1,α)]〈−1,α〉h(1,α)〈−1,α〉

⊗a(3)[0,α](1)[ωα,β(a(4))(1,α)]〈0,α〉(1)h(1,α)〈0,α〉(1)

⊗ϑβ(a(3)[0,α](2)[ωα,β(a(4))(1,α)]〈0,α〉(2))ωα,β(a(4))(2,β)ϑβ(h(1,α)〈0,α〉(2))h(2,β)

= a(1) ⊗ ϑα(a(2))a(3)[−1,α][ωα,β(a(4))(1,α)]〈−1,α〉h(1,α)〈−1,α〉

⊗a(3)[0,α](1)[ωα,β(a(4))(1,α)]〈0,α〉(1)h(1,α)〈0,α〉(1)

⊗ϑβ(a(3)[0,α](2)[ωα,β(a(4))(1,α)]〈0,α〉(2))ϑβ(h(1,α)〈0,α〉(2))ωα,β(a(4))(2,β)h(2,β)

This is what we exactly show. The proof is now finished.

5. Quasitriangular Structures of the π-Unified Coproducts

In this section, we shall study the quasitriangular structures on the π-unified coproduct A oπ H.
In what follows, we always let A be a Hopf algebra and Ω(A) = (H, ρ, %, ω) a crossed semi-Hopf π-

coalgebra coextending structure of A with the crossing ϕ. First, we introduce some new definitions which
are both the group version of the concepts of [4] and also the dual concepts of Definition 2.1, 2.2 and 2.4 in
[2].
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Definition 5.1. Let (A,P) be a quasitriangular Hopf algebra. We say that (A,H,U) is a generalized right dual
compatible π-pair, if there exists a family of elements U = {Uα = U1,α

⊗U2,α
∈ A ⊗Hα}α∈π satisfying the following

conditions: for all α, β ∈ π,

(R1) ∆A(U1,α) ⊗U2,α = U1,α
⊗ u1,α

⊗U2,αu2,α,
(R2) U1,αβP1

⊗ ωα,β(P2)(1,α)[U2,αβ](1,α) ⊗ ωα,β(P2)(2,β)[U2,αβ](2,β)

= U1,βu1,α
⊗ u2,α

⊗U2,β,
(R3) εA(U1,α)U2,α = 1α, εe(U2,e)U1,e = 1A,
(R4) U1,α

⊗ ϕβ(U2,α) = U1,βαβ−1
⊗U2,βαβ−1 .

Definition 5.2. Let (A,P) be a quasitriangular Hopf algebra. We say that (H,A,V) is a generalized left dual
compatible π-pair, if there exists a family of elements V = {Vα = V1,α

⊗ V2,α
∈ Hα ⊗ A}α∈π satisfying the following

conditions: for any α, β ∈ π,

(L1) ωα,β(P1)(1,α)[V1,αβ](1,α) ⊗ ωα,β(P1)(2,β)[V1,αβ](2,β) ⊗ P2V2,αβ

= V1,α
⊗ v1,β

⊗ V2,αv2,β,
(L2) V1,α

⊗ ∆A(V2,α) = V1,αv1,α
⊗ v2,α

⊗ V2,α,
(L3) εe(V1,e)V2,e = 1A, εA(V2,α)V1,α = 1α,
(L4) ϕβ(V1,α) ⊗ V2,α = V1,βαβ−1

⊗ V2,βαβ−1 .

Definition 5.3. Let (A,P) be a quasitriangular Hopf algebra, (A,H,U) a generalized right dual compatible π-pair
and (H,A,V) a generalized left dual compatible π-pair. We say that (H,Q) is a weak quasitriangular structure, if
there exists a family of elements Q = {Qα,β = Q1,α

⊗Q2,β
∈ Hα ⊗Hβ}α,β∈π satisfying the following conditions: for all

α, β, γ ∈ π, h ∈ Hαβ,

(W1) Q1,αh(1,α) ⊗Q2,βh(2,β) = h(2,α)Q1,α
⊗ ϕα−1 (h(1,αβα−1))Q2,β,

(W2) ωα,β(U1,γ)(1,α)[Q1,αβ](1,α) ⊗ ωα,β(U1,γ)(2,β)[Q1,αβ](2,β) ⊗U2,γQ2,γ

= Q1,α
⊗ q1,β

⊗ ϕβ−1 (Q2,βγβ−1
)q2,γ,

(W3) Q1,αq1,α
⊗ q2,β

⊗Q2,γ

= Q1,αV1,α
⊗ ωβ,γ(V2,α)(1,β)[Q2,βγ](1,β) ⊗ ωβ,γ(V2,α)(2,γ)[Q2,βγ](2,γ),

(W4) εe(Q1,e)Q2,α = Q1,αεe(Q2,e) = 1α,
(W5) ϕβ(Q1,α) ⊗ ϕβ(Q2,γ) = Q1,βαβ−1

⊗Q1,βγβ−1 .

Remark 5.4. If ω is trivial, i.e., ωα,β(a) = εA(a)1α ⊗ 1β. Then weak quasitriangular structure is just the ordinary
quasitriangular structure in Hopf π-coalgebra setting. Also, Definitions (5.1)-(5.2) take the following forms:

(a) We say that (A,H,U) is a right dual compatible π-pair, if there exists a family of elements U = {Uα =
U1,α
⊗U2,α

∈ A ⊗Hα}α∈π satisfying the following conditions: for all α, β ∈ π,
(R1) ∆A(U1,α) ⊗U2,α = U1,α

⊗ u1,α
⊗U2,αu2,α,

(R2) U1,αβ
⊗ [U2,αβ](1,α) ⊗ [U2,αβ](2,β) = U1,βu1,α

⊗ u2,α
⊗U2,β,

(R3) εA(U1,α)U2,α = 1α, εe(U2,e)U1,e = 1A,
(R4) U1,α

⊗ ϕβ(U2,α) = U1,βαβ−1
⊗U2,βαβ−1 .

(b) We say that (H,A,V) is a left dual compatibleπ-pair, if there exists a family of elements V = {Vα = V1,α
⊗V2,α

∈

Hα ⊗ A}α∈π satisfying the following conditions: for any α, β ∈ π,
(L1) [V1,αβ](1,α) ⊗ [V1,αβ](2,β) ⊗ V2,αβ = V1,α

⊗ v1,β
⊗ V2,αv2,β,

(L2) V1,α
⊗ ∆A(V2,α) = V1,αv1,α

⊗ v2,α
⊗ V2,α,

(L3) εe(V1,e)V2,e = 1A, εA(V2,α)V1,α = 1α,
(L4) ϕβ(V1,α) ⊗ V2,α = V1,βαβ−1

⊗ V2,βαβ−1 .
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In what follows, we shall investigate when A oπ H forms a quasitriangular Hopf π-coalgebra.
For any α, β ∈ π, Let

Rα,β = R1,α
⊗ R2,α

⊗ R3,β
⊗ R4,β

∈ A oπ Hα ⊗ A oπ Hβ,

we will use the following notations:

P = P1
⊗ P2 = R1,eεe(R2,e) ⊗ R3,eεe(R4,e) ∈ A ⊗ A,

Qα,β = Q1,α
⊗Q2,β = R2,αεA(R1,α) ⊗ R4,βεA(R3,β) ∈ Hα ⊗Hβ,

Uα = U1,α
⊗U2,α = R1,eεe(R2,e) ⊗ R4,αεA(R3,α) ∈ A ⊗Hα,

Vα = V1,α
⊗U2,α = R2,αεA(R1,α) ⊗ R3,eεe(R4,e) ∈ Hα ⊗ A.

Let (A oπ H,R) be a quasitriangular Hopf π-coalgebra. Then we have the following results.

Proposition 5.5. With the notations as above. We have

(A1) εA(P1)P2 = 1A = P1εA(P2),
(A2) εe(Q1,e)Q2,α = Q1,αεe(Q2,e) = 1α, ϕβ(Q1,α) ⊗ ϕβ(Q2,γ) = Q1,βαβ−1

⊗Q1,βγβ−1 ,

(A3) εA(U1,α)U2,α = 1α, εe(U2,e)U1,e = 1A, U1,α
⊗ ϕβ(U2,α) = U1,βαβ−1

⊗U2,βαβ−1 ,

(A4) εe(V1,e)V2,e = 1A, εA(V2,α)V1,α = 1α, ϕβ(V1,α) ⊗ V2,α = V1,βαβ−1
⊗ V2,βαβ−1 .

Proposition 5.6. With the notations as above. Then:

(B1) The quasitriangular Rα,β is given by

Rα,β = U1,βP1
⊗Q1,αV1,α

⊗ P2V2,α
⊗U2,βQ2,β

(B2) (A,P) is a quasitriangular Hopf algebra,
(B3) (A,H,U) is a generalized right dual compatible π-pair,
(B4) (H,A,V) is a generalized left dual compatible π-pair,
(B5) (H,Q) is a weak quasitriangular structure.

Proof. By the definition of a quasitriangular Hopf π-coalgebra, we have the above results (B2)-(B5).
For (B1), let R = {Rα,β}α,β∈π be a quasitriangular structure on A oπ H. For all α, β, γ, δ ∈ π, by equations

(Q2) and (Q3), we compute as follows

(∆̄α,β ⊗ ∆̄γ,δ)(R1,αβ
⊗ R2,αβ

⊗ R3,γδ
⊗ R4,γδ)

= (R1,αβ)(1) ⊗ (R1,αβ)(2)[−1,α][ωα,β((R1,αβ)(3))(1,α)]〈−1,α〉(R2,αβ)(1,α)〈−1,α〉

⊗(R1,αβ)(2)[0,α][ωα,β((R1,αβ)(3))(1,α)]〈0,α〉(R2,αβ)(1,α)〈0,α〉

⊗ωα,β((R1,αβ)(3))(2,β)(R2,αβ)(2,β)

⊗(R3,γδ)(1) ⊗ (R3,γδ)(2)[−1,γ][ωγ,δ((R3,γδ)(3))(1,γ)]〈−1,γ〉(R4,γδ)(1,γ)〈−1,γ〉

⊗(R3,γδ)(2)[0,γ][ωγ,δ((R3,γδ)(3))(1,γ)]〈0,γ〉(R4,γδ)(1,γ)〈0,γ〉

⊗ωγ,δ((R3,γδ)(3))(2,δ)(R4,γδ)(2,δ)

and

(∆̄α,β ⊗ ∆̄γ,δ)(R1,αβ
⊗ R2,αβ

⊗ R3,γδ
⊗ R4,γδ)

= R1,αR̃1,α
⊗ R2,αR̃2,α

⊗ r1,βr̃1,β
⊗ r2,βr̃2,β

⊗ R̃3,βγβ−1
r̃3,γ

⊗ϕβ−1 (R̃4,βγβ−1
)r̃4,γ
⊗ R3,βγβ−1

r3,δ
⊗ ϕβ−1 (R4,βδβ−1

)r4,δ.
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Applying id ⊗ εe ⊗ εA ⊗ id ⊗ id ⊗ εe ⊗ εA ⊗ id to the equalities above for α = e and γ = e, we can obtain

R1,β
⊗ R2,β

⊗ R3,δ
⊗ R4,δ

= R1,eεe(R2,e)R̃1,eεe(R̃2,e) ⊗ εA(r1,β)r2,βεA(r̃1,β)r̃2,β

⊗R̃3,eεe(R̃4,e)r̃3,eεe(r̃4,e) ⊗ εA(R3,βδβ−1
)ϕβ−1 (R4,βδβ−1

)εA(r3,δ)r4,δ

= U1,βδβ−1
P1
⊗Q1,βV1,β

⊗ P2V2,β
⊗ ϕβ−1 (U2,βδβ−1

)Q2,δ

(A3)
= U1,δP1

⊗Q1,βV1,β
⊗ P2V2,β

⊗U2,δQ2,δ.

This is exactly what we have to show.

Proposition 5.7. Suppose that (A oπ H,R) has a quasitriangular structure with

Rα,β = U1,βP1
⊗Q1,αV1,α

⊗ P2V2,α
⊗U2,βQ2,β

for all α, β ∈ π. Then, for all α, β ∈ π, a ∈ A and h ∈ Hα we have
(C1) a[0,α]U1,α

⊗ a[−1,α]U2,α = U1,αa ⊗U2,α,
(C2) V1,α

⊗ aV2,α = V1,αa[−1,α] ⊗ V2,αa[0,α],
(C3) h〈0,α〉U1,α

⊗ h〈−1,α〉U2,α = U1,α
⊗U2,αh,

(C4) hV1,α
⊗ V2,α = V1,αh〈−1,α〉 ⊗ V2,αh〈0,α〉,

(C5) ωαβα−1,α(a)(2,α)Q1,α
⊗ ϕα−1 (ωαβα−1,α(a)(1,αβα−1))Q2,β

= Q1,αωα,β(a)(1,α)
⊗Q2,βωα,β(a)(2,β),

(C6) (P1)[−1,α](V1,α)〈−1,α〉 ⊗ (P1)[0,α](V1,α)〈0,α〉 ⊗ P2V2,α

= V1,α
⊗ P1

⊗ V2,αP2,
(C7) (U1,β)[−1,α](Q1,α)〈−1,α〉 ⊗ (U1,β)[0,α](Q1,α)〈0,α〉 ⊗U2,βQ2,β

= Q1,α
⊗U1,β

⊗Q2,βU2,β,
(C8) Q1,αV1,α

⊗ (V2,α)[−1,β](Q2,β)〈−1,β〉 ⊗ (V2,α)[0,β](Q2,β)〈0,β〉
= V1,αQ1,α

⊗Q2,β
⊗ V2,α,

(C9) U1,αP1
⊗ P2

[−1,α](U
2,α)〈−1,α〉 ⊗ P2

[0,α](U
2,α)〈0,α〉 = P1U1,α

⊗U2,α
⊗ P2.

Proof. Since R satisfies (Q1), then for all a ∈ A, h ∈ Hαβ with α, β ∈ π, we have

a(2)[0,αβα−1][ωαβα−1,α(a(3))(1,αβα−1)]〈0,αβα−1〉h(1,αβα−1)〈0,αβα−1〉U1,βP1
⊗ ωαβα−1,α(a(3))(2,α)h(2,α)Q1,αV1,α (5.1)

⊗ a(1)P2V2,α
⊗ ϕα−1 (a(2)[−1,αβα−1])ϕα−1 ([ωαβα−1,α(a(3))(1,αβα−1)]〈−1,αβα−1〉)ϕα−1 (h(1,αβα−1)〈−1,αβα−1〉)U2,βQ2,β

= U1,βP1a(1) ⊗Q1,αV1,αa(2)[−1,α][ωα,β(a(3))(1,α)]〈−1〉h(1,α)〈−1,α〉⊗

P2V2,αa(2)[0,α][ωα,β(a(3))(1,α)]〈0,α〉h(1,α)〈0,α〉 ⊗U2,βQ2,βωα,β(a(3))(2,β)h(2,β).

Moreover, since R also fulfills (Q2), we have

(U1,γ)(1)P1
(1) ⊗ (U1,γ)(2)[−1,α]P1

(2)[−1,α][ωα,β(U
1,γ
(3) P1

(3))
(1,α)]〈−1,α〉 (5.2)

Q1,αβ
(1,α)〈−1,α〉(V

1,αβ)(1,α)〈−1,α〉 ⊗U1,γ
(2)[0,α]P

1
(2)[0,α][ωα,β(U

1,γ
(3) P1

(3))
(1,α)]〈0,α〉

Q1,αβ
(1,α)〈0,α〉V

1,αβ
(1,α)〈0,α〉 ⊗ ωα,β(U

1,γ
(3) P1

(3))
(2,β)Q1,αβ

(2) V1,αβ
(2,β) ⊗ P2V2,αβ

⊗U2,γQ2,γ

= U1,βγβ−1
P1
⊗Q1,αV1,α

⊗ u1,γp1
⊗ q1,βv1,β

⊗ P2V2,αp2v2,β
⊗ ϕβ−1 (U2,βγβ−1

Q2,βγβ−1
)u2,γq2,γ.

Furthermore, by (Q3), we have

U1,βγP1
⊗Q1,αV1,α

⊗ P2
(1)V

2,α
(1) (5.3)

⊗ P2
(2)[−1,β]V

2,α
(2)[−1,β][ωβ,γ(P2

(3)V
2,α
(3) )(1,β)]〈−1,β〉U

2,βγ
(1,β)〈−1,β〉Q

2,βγ
(1,β)〈−1,β〉

⊗ P2
(2)[0,β]V

2,α
(2)[0,β][ωβ,γ(P2

(3)V
2,α
(3) )(1,β)]〈0,β〉U

2,βγ
(1,β)〈0,β〉Q

2,βγ
(1,β)〈0,β〉 ⊗ ωβ,γ(P2

(3)V
2,α
(3) )(2,γ)U2,βγ

(2,γ)Q
2,βγ
(2,γ)

= U1,γP1u1,βp1
⊗Q1,αV1,αq1,αv1,α

⊗ p2v2,α
⊗ u2,βq2,β

⊗ P2V2,α
⊗U2,γQ2,γ.
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By considering h = 1αβ in (5.1) and applying id⊗ εe⊗ εA⊗ id and εA⊗ id⊗ id⊗ εe to both sides of the resulting
equation respectively, we get the relations (C1) and (C2). If we let a = 1A in (5.1) and apply id ⊗ εe ⊗ εA ⊗ id
and εA ⊗ id ⊗ id ⊗ εe to both sides, we get the relations (C3) and (C4). Applying εA ⊗ idH ⊗ εA ⊗ idH to (5.1)
for h = 1αβ yields (C5). We apply εA ⊗ id ⊗ id ⊗ εe ⊗ id ⊗ εe and εA ⊗ id ⊗ id ⊗ εe ⊗ εA ⊗ id to (5.3) and obtain
relations (C6) and (C7). (C8) and (C9) can be easily obtained by applying εA ⊗ id ⊗ εA ⊗ id ⊗ id ⊗ εH and
id ⊗ εe ⊗ εA ⊗ id ⊗ id ⊗ εe to (5.2).

By Propositions (5.5)-(5.7), we have the main result of this section.

Theorem 5.8. Let A be a Hopf algebra and Ω(A) = (H, ρ, %, ω) a crossed semi-Hopfπ-coalgebra coextending structure
of A with the crossing ϕ. The following statements are equivalent:

(a) A oπ H has a quasitriangular structure R, where

Rα,β = U1,βP1
⊗Q1,αV1,α

⊗ P2V2,α
⊗U2,βQ2,β

for all α, β ∈ π,
(b) There exist a set of quadruples (P,Q,U,V), where P = P1

⊗P2
∈ A⊗A, U = {Uα = U1,α

⊗U2,α
∈ A⊗Hα}α∈π,

V = {Vα = V1,α
⊗ V2,α

∈ Hα ⊗ A}α∈π and Q = {Qα,β = Q1,α
⊗ Q2,β

∈ Hα ⊗ Hβ}α,β∈π such that (A,P)
is a quasitriangular Hopf algebra, (A,H,U) is a generalized right dual compatible π-pair and (H,A,V) is a
generalized left dual compatible π-pair and (H,Q) is a weak quasitriangular structure and the compatibilities
conditions (C1)-(C9) hold.

6. Applications

In this section, we shall consider applications of our main results in the previous sections, which lead to
the group versions of bicrossed coproduct and crossed coproduct.

6.1. Group Bicrossed Coproducts
By considering ω(a) = εA(a)1H ⊗ 1H, we can get a new coproduct named π-bicrossed coproduct which will

be denoted by A ./π H, from Theorem 3.3, we have

Theorem 6.1. Let H be a crossed Hopf π-coalgebra and A a bialgebra. If H is a right π-A-comodule algebra and A
is a left π-H-comodule algebra. Then the following statements are equivalent:

(i) The π-bicrossed coproduct A ./π H is a semi-Hopf π-coalgebra via the coproduct and the counit given by

∆̄α,β(a ./ h) = a(1) ./ a(2)[−1,α]h(1,α)〈−1,α〉 ⊗ a(2)[0,α]h(1,α)〈0,α〉 ./ h(2,β),

ε̄e(a ./ 1) = εA(a)εe(1)

for all a ∈ A and h ∈ Hαβ, 1 ∈ He, and the usual tensor product algebra structure.
(ii) The following conditions are satisfied: for all a, b ∈ A and h, 1 ∈ H,

(a) b[−1,α]h〈−1,α〉 ⊗ b[0,α]h〈0,α〉 = h〈−1,α〉b[−1,α] ⊗ h〈0,α〉b[0,α],
(b) h〈−1,αβ〉(1,α) ⊗ h〈−1,αβ〉(2,β) ⊗ h〈0,αβ〉 = h(1,α)〈−1,α〉 ⊗ h(1,α)〈0,α〉[−1,β]h(2,β)〈−1,β〉 ⊗ h(1,α)〈0,α〉[0,β]h(2,β)〈0,β〉,
(c) a[−1,α] ⊗ a[0,α](1) ⊗ a[0,α](2) = a(1)[−1,α]a(2)[−1,α]〈−1,α〉 ⊗ a(1)[0,α]a(2)[−1,α]〈0,α〉 ⊗ a(2)[0,α].

If H is a Hopf π-coalgebra and A a Hopf algebra with the antipodes S = {Sα} and SA, respectively, then the π-bicrossed
coproduct is also a Hopf π-coalgebra with the antipode given by

S̄α(a ./ h) = SA(a[0,α]h〈0,α〉) ./ Sα(a[−1,α]h〈−1,α〉)

for all a ∈ A and h ∈ Hα with α ∈ π.

The following result that characterizes the quasitriangular structures on a π-bicrossed coproduct can be
obtained from Theorem 5.8 by considering ωα,β(a) = εA(a)1α ⊗ 1β.
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Theorem 6.2. Let H be a crossed Hopf π-coalgebra and A a bialgebra. If H is a right π-A-comodule algebra and A
is a left π-H-comodule algebra. The following statements are equivalent:

(a) A ./π H has a quasitriangular structure R, where

Rα,β = U1,βP1
⊗Q1,αV1,α

⊗ P2V2,α
⊗U2,βQ2,β

for all α, β ∈ π,
(b) There exist a set of quadruples (P,Q,U,V), where P = P1

⊗P2
∈ A⊗A, U = {Uα = U1,α

⊗U2,α
∈ A⊗Hα}α∈π,

V = {Vα = V1,α
⊗ V2,α

∈ Hα ⊗ A}α∈π and Q = {Qα,β = Q1,α
⊗ Q2,β

∈ Hα ⊗ Hβ}α,β∈π such that (A,P) is a
quasitriangular Hopf algebra, (A,H,U) is a right dual compatible π-pair and (H,A,V) is a left dual compatible
π-pair and (H,Q) is a quasitriangular structure and the compatibilities conditions hold:
(D1) a[0,α]U1,α

⊗ a[−1,α]U2,α = U1,αa ⊗U2,α,
(D2) V1,α

⊗ aV2,α = V1,αa[−1,α] ⊗ V2,αa[0,α],
(D3) h〈0,α〉U1,α

⊗ h〈−1,α〉U2,α = U1,α
⊗U2,αh,

(D4) hV1,α
⊗ V2,α = V1,αh〈−1,α〉 ⊗ V2,αh〈0,α〉,

(D5) (P1)[−1,α](V1,α)〈−1,α〉 ⊗ (P1)[0,α](V1,α)〈0,α〉 ⊗ P2V2,α = V1,α
⊗ P1

⊗ V2,αP2,
(D6) (U1,β)[−1,α](Q1,α)〈−1,α〉 ⊗ (U1,β)[0,α](Q1,α)〈0,α〉 ⊗U2,βQ2,β = Q1,α

⊗U1,β
⊗Q2,βU2,β,

(D7) Q1,αV1,α
⊗ (V2,α)[−1,β](Q2,β)〈−1,β〉 ⊗ (V2,α)[0,β](Q2,β)〈0,β〉 = V1,αQ1,α

⊗Q2,β
⊗ V2,α,

(D8) U1,αP1
⊗ P2

[−1,α](U
2,α)〈−1,α〉 ⊗ P2

[0,α](U
2,α)〈0,α〉 = P1U1,α

⊗U2,α
⊗ P2

for all a ∈ A and h ∈ Hα.

Let A be a Hopf algebra and H a crossed Hopf π-coalgebra and T = {Tα = T1,α
⊗ T2,α

∈ Hα ⊗ A}α∈π a left
dual compatible pair with the inverse T−1 = {T−1

α = (T−1)1,α
⊗ (T−1)2,α

∈ Hα ⊗ A}α∈π. Define the following
coactions:

ρα : Hα → Hα ⊗ A, ρα(h) = (T−1)1,αhT1,α
⊗ (T−1)2,αT2,α

%α : A→ Hα ⊗ A, ρα(a) = (T−1)1,αT1,α
⊗ (T−1)2,αaT2,α.

It is easily checked that H is a right π-A-comodule algebra and A is a left π-H-comodule algebra. Then the
corresponding π-bicrossed coproduct is denoted by A oπT H. As a special case of Theorem 6.2, we get

Corollary 6.3. Let A be a Hopf algebra and H a crossed Hopf π-coalgebra and T = {Tα = T1,α
⊗ T2,α

∈ Hα ⊗ A}α∈π
a left dual compatible pair. The following statements are equivalent:

(a) A oπT H has a quasitriangular structure, where

Rα,β = U1,βP1
⊗Q1,αV1,α

⊗ P2V2,α
⊗U2,βQ2,β

for all α, β ∈ π,
(b) There exist a set of quadruples (P,Q,U,V), where P = P1

⊗P2
∈ A⊗A, U = {Uα = U1,α

⊗U2,α
∈ A⊗Hα}α∈π,

V = {Vα = V1,α
⊗ V2,α

∈ Hα ⊗ A}α∈π and Q = {Qα,β = Q1,α
⊗ Q2,β

∈ Hα ⊗ Hβ}α,β∈π such that (A,P) is a
quasitriangular Hopf algebra, (A,H,U) is a right dual compatible π-pair and (H,A,V) is a left dual compatible
π-pair and (H,Q) is a quasitriangular structure and the compatibilities conditions hold:
(E1) (T−1)2,αaT2,αU1,α

⊗ (T−1)1,αT1,αU2,α = U1a ⊗U2,α,
(E2) V1,α

⊗ aV2,α = V1,α(T−1)1,αT1,α
⊗ V2,α(T−1)2,αaT2,α,

(E3) (T−1)2,αT2,αU1,α
⊗ (T−1)1,αhT1,αU2,α = U1,α

⊗U2,αh,
(E4) hV1,α

⊗ V2,α = V1,α(T−1)1,αhT1,α
⊗ V2,α(T−1)2,αT2,α,

(E5) (T−1)1,αV1,αT1,α
⊗ (T−1)2,αP1T2,α

⊗ P2V2,α = V1,α
⊗ P1

⊗ V2,αP2,
(E6) (T−1)1,αQ1,αT1,α

⊗ (T−1)2,αU1,βT2,α
⊗U2,βQ2,β = Q1,α

⊗U1,β
⊗Q2,βU2,β,

(E7) Q1,αV1,α
⊗ (T−1)1,βQ2,βT1,β

⊗ (T−1)2,βV2,αT2,β = V1,αQ1,α
⊗Q2,β

⊗ V2,α,
(E8) U1,αP1

⊗ (T−1)1,αU2,αT1,α
⊗ (T−1)2,αP2T2,α = P1U1,α

⊗U2,α
⊗ P2.

for all α, β ∈ π, a ∈ A and h ∈ Hα.
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Corollary 6.4. Let (A,P) be a coquasitriangular Hopf algebra and H a quasitriangular Hopf π-coalgebras and
T = {Tα = T1,α

⊗ T2,α
∈ Hα ⊗ A}α∈π a left dual compatible pair. Then A oπT H is a quasitriangular Hopf π-coalgebra

with the quasitriangular structure given by

Rα,β = T̃2,β−1
P1
⊗Q1,αT1,α

⊗ P2T2,α
⊗ Sβ−1 (T̃1,β−1

)Q2,β.

As a consequence, we shall derive the necessary and sufficient conditions for A oπT H to be a quasitrian-
gular Hopf π-coalgebra.

Corollary 6.5. Let (A,P) be a Hopf algebra and H a crossed Hopfπ-coalgebras and T = {Tα = T1,α
⊗T2,α

∈ Hα⊗A}α∈π
a left dual compatible π-pair. Then A oπT H is a quasitriangular Hopf π-coalgebra if and only if A and H are
quasitriangular.

Example 6.6. Let GL2(k) be the group of invertible 2× 2-matrices with coefficients in k. Recall from Virelizier in [9]
that a crossed Hopf GL2(k)-coalgebra structure of the family of k-algebras H = {Hα}α∈GL2(k) is given by

∆α,β(1) = 1 ⊗ 1, ε(1) = 1, Sα(1) = 1,
∆α,β(xi) = 1 ⊗ xi +

∑2
k=1 bkixk ⊗ 1, ε(xi) = 0, Sα(xi) =

∑2
k=1 ak,i1xk,

∆α,β(yi) = yi ⊗ 1 + 1 ⊗ yi, ε(yi) = 0, Sα(yi) = −1yi,
ϕα(1) = 1, ϕα(xi) =

∑2
k=1 ak,ixk, ϕα(yi) =

∑2
k=1 ãi,kyk,

for any α = (ai j), β = (bi j) ∈ GL2(k) and 1 ≤ i ≤ 2, where (ãi,i) = α−1 and Hα is the k-algebra generated by 1, x1, x2,
y1, y2 subject to the following relation:

12 = 1, x2
1 = x2

2 = 0, 1xi = −xi1, x1x2 = −x2x1,
y2

1 = y2
2 = 0, 1yi = −yi1, y1y2 = −y2y1,

xiy j − y jxi = (a ji − δi j)1,

for α = (ai j) ∈ GL2(k) and 1 ≤ i, j ≤ 2. The Hopf algebra H = {Hα}α∈GL2(k) is a quasitriangular Hopf π-coalgebra,
for any α = (ai j), β = (bi j) ∈ GL2(k),

Qα,β =
1
2

(x1 ⊗ y1 + x1 ⊗ 1y1 + 1x1 ⊗ y1 − 1x1 ⊗ 1y1

+ x2 ⊗ y2 + x2 ⊗ 1y2 + 1x2 ⊗ y2 − 1x2 ⊗ 1y2

+ x1x2 ⊗ y1y2 + x1x2 ⊗ 1y1y2 + 1x1x2 ⊗ y1y2 − 1x1x2 ⊗ 1y1y2).

Let A be the group algebra kZ2 with the obvious Hopf algebra structure and let σ be a generator of Z2 in
multiplicative notation. We have a quasitriangular structure P given by

P =
1
2

(1A ⊗ 1A + 1A ⊗ σ + σ ⊗ 1A − σ ⊗ σ).

Let T = {Tα = 1
2 (1 ⊗ 1A + 1 ⊗ σ + 1 ⊗ 1A − 1 ⊗ σ) ∈ Hα ⊗ A}. Observe that T is a left dual compatible π-pair.

From Corollary 6.5, A oπT H is a quasitriangular Hopf π-coalgebra with the structure R given by

Rα,β =
1

16
(1A ⊗ 1 ⊗ 1A ⊗ 1 + σ ⊗ 1 ⊗ 1A ⊗ 1 + 1A ⊗ 1 ⊗ 1A ⊗ 1 − σ ⊗ 1 ⊗ 1A ⊗ 1)

× (1A ⊗ 1 ⊗ 1A ⊗ 1 + 1A ⊗ 1 ⊗ σ ⊗ 1 + σ ⊗ 1 ⊗ 1A ⊗ 1 − σ ⊗ 1 ⊗ σ ⊗ 1)
× (1A ⊗ x1 ⊗ 1A ⊗ y1 + 1A ⊗ x1 ⊗ 1A ⊗ 1y1

+ 1A ⊗ 1x1 ⊗ 1A ⊗ y1 − 1A ⊗ 1x1 ⊗ 1A ⊗ 1y1

+ 1A ⊗ x2 ⊗ 1A ⊗ y2 + 1A ⊗ x2 ⊗ 1A ⊗ 1y2

+ 1A ⊗ 1x2 ⊗ 1A ⊗ y2 − 1A ⊗ 1x2 ⊗ 1A ⊗ 1y2

+ 1A ⊗ x1x2 ⊗ 1A ⊗ y1y2 + 1A ⊗ x1x2 ⊗ 1A ⊗ 1y1y2

+ 1A ⊗ 1x1x2 ⊗ 1A ⊗ y1y2 − 1A ⊗ 1x1x2 ⊗ 1A ⊗ 1y1y2)
× (1A ⊗ 1 ⊗ 1A ⊗ 1 + 1A ⊗ 1 ⊗ σ ⊗ 1 + 1A ⊗ 1 ⊗ 1A ⊗ 1 − 1A ⊗ 1 ⊗ σ ⊗ 1).
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6.2. π-crossed Coproducts
Let A be a Hopf algebra and H a crossed Hopf π-coalgebra. Assume that A is a left π-H-comodule

algebra with the coaction structure %. If there exists a family of algebra maps ω = {ωα,β : A→ Hα ⊗Hβ}α,β∈π

such that the following conditions hold:

εe(ωe,α(a)(1,e))ωe,α(a)(2,α) = εA(a)1α = ωα,e(a)(1,α)εe(ωα,e(a)(2,e))

for all α, β ∈ π and a ∈ A. Then we have a coextenting π-datum Ω(A) = (H, ρ, %, ω), where ρ = {ρα}α∈π is
given by ρα(h) = h ⊗ 1A for all h ∈ Hα. The special π-unified coproduct is called π-crossed coproduct. By
Theorem 3.3, we have

Theorem 6.7. Under the above assumption, the following statements are equivalent:

(i) π-crossed coproduct A oπ H is a semi-Hopf π-coalgebra via the coproduct and the counit given by

∆̄α,β(a o h) = a(1) o a(2)[−1,α]ωα,β(a(3))(1,α)h(1,α) ⊗ a(2)[0,α] o ωα,β(a(3))(2,β)h(2,β).

ε̄e(a o 1) = εA(a)εe(1)

for all a ∈ A and h ∈ Hαβ, 1 ∈ He and the usual tensor product algebra structure.
(ii) The following conditions hold: for all α, β, γ ∈ π, a, b ∈ A,

(a) ωα,β(b)(1,α)h(1,α) ⊗ ωα,β(b)(2,β)h(2,β) = h(1,α)ωα,β(b)(1,α)
⊗ h(2,β)ωα,β(b)(2,β), all h ∈ Hαβ,

(b) b[−1,α]h ⊗ b[0,α] = hb[−1,α] ⊗ b[0,α], all h ∈ Hα,
(c) a[−1,α] ⊗ a[0,α](1) ⊗ a[0,α](2) = a(1)[−1,α]a(2)[−1,α] ⊗ a(1)[0,α] ⊗ a(2)[0,α],
(d) ωα,β(a(1))(1,α)a(2)[−1,αβ](1,α) ⊗ ωα,β(a(1))(2,β)a(2)[−1,αβ](2,β) ⊗ a(2)[0,αβ]

= a(1)[−1,α]ωα,β(a(2))(1,α)
⊗a(1)[0,α][−1,β]ωα,β(a(2))(2,β)

⊗a(1)[0,α][0,β],
(e) ωα,β(a(1))(1,α)[ωαβ,γ(a(2))(1,αβ)](1,α) ⊗ωα,β(a(1))(2,β)[ωαβ,γ(a(2))(1,αβ)](2,β) ⊗ ωαβ,γ(a(2))(2,γ)

= a(1)[−1,α]ωα,βγ(a(2))(1,α)
⊗ωβ,γ(a(1)[0,α])(1,β)[ωα,βγ(a(2))(2,βγ)](1,β)

⊗ωβ,γ(a(1)[0,α])(2,γ)[ωα,βγ(a(2))(2,βγ)](2,γ).

Theorem 6.8. The following statements are equivalent:

(a) A oπ H has a quasitriangular structure R, where

Rα,β = U1,βP1
⊗Q1,αV1,α

⊗ P2V2,α
⊗U2,βQ2,β

for all α, β ∈ π,
(b) There exist a set of quadruples (P,Q,U,V), where P = P1

⊗P2
∈ A⊗A, U = {Uα = U1,α

⊗U2,α
∈ A⊗Hα}α∈π,

V = {Vα = V1,α
⊗ V2,α

∈ Hα ⊗ A}α∈π and Q = {Qα,β = Q1,α
⊗ Q2,β

∈ Hα ⊗ Hβ}α,β∈π such that (A,P)
is a quasitriangular Hopf algebra, (A,H,U) is a generalized right dual compatible π-pair and (H,A,V) is a
generalized left dual compatible π-pair and (H,Q) is a weak quasitriangular structure and the compatibilities
conditions hold: for all α, β ∈ π, a ∈ A and h ∈ Hαβ,
(F1) a[0,α]U1,α

⊗ a[−1,α]U2,α = U1,αa ⊗U2,α,
(F2) V1,α

⊗ aV2,α = V1,αa[−1,α] ⊗ V2,αa[0,α],
(F3) U1,α

⊗ hU2,α = U1,α
⊗U2,αh,

(F4) hV1,α
⊗ V2,α = V1,αh ⊗ V2,α,

(F5) ωαβα−1,α(a)(2,α)Q1,α
⊗ ϕα−1 (ωαβα−1,α(a)(1,αβα−1))Q2,β = Q1,αωα,β(a)(1,α)

⊗Q2,βωα,β(a)(2,β),
(F6) (P1)[−1,α]V1,α

⊗ (P1)[0,α] ⊗ P2V2,α = V1,α
⊗ P1

⊗ V2,αP2,
(F7) (U1,β)[−1,α]Q1,α

⊗ (U1,β)[0,α] ⊗U2,βQ2,β = Q1,α
⊗U1,β

⊗Q2,βU2,β,
(F8) Q1,αV1,α

⊗ (V2,α)[−1,β]Q2,β
⊗ (V2,α)[0,β] = V1,αQ1,α

⊗Q2,β
⊗ V2,α,

(F9) U1,αP1
⊗ P2

[−1,α]U
2,α
⊗ P2

[0,α] = P1U1,α
⊗U2,α

⊗ P2.

ACKNOWLEDGEMENT
The authors sincerely thank the referee for his/her numerous very valuable comments and suggestions

on this article.



Juan Tang, Quan-guo Chen and Yong Fang / Filomat 29:8 (2015), 1729–1751 1751

References

[1] A. L. Agore, G. Militaru, Extending structures II: The quantum version, J Algebra 336(2011) 321-341.
[2] A. L. Agore, Coquasitriangular structures for extensions of Hopf algebras. Applications, Glasgow Math J 55(2013) 201-215
[3] T. S. Ma, Y. N. Song, Hopf π-crossed biproduct and related coquasitriangular structures, Rend Sem Mat Univ Padova 130 (2013)

127-145.
[4] Q. G. Chen, D. G. Wang, Constructing Quasitriangular Hopf algebras, Comm Algebra 43 (2015) 1698–1722.
[5] S. Caenepeel, M. De Lombaerde, A categorical approach to Turaev’s Hopf group coalgebras, Comm Algebra 34 (2006) 2631-2657.
[6] F. Panaite, M. D. Staic, Generalized (anti) Yetter-Drinfeld modules as components of a braided T-category, Israel J Math 158 (2007)

349-366.
[7] M. E. Sweedler, Hopf Algebras, Benjamin New York 1969.
[8] V. G. Turaev, Homotopy field theory in dimension 3 and crossed group-categories, Preprint GT/0005291.
[9] V. G. Turaev, Homopology Quantum Field Theorey, EMS Tracks in Math No.10 Eur Math Soc 2010.

[10] A. Van Daele, S. H. Wang, New braided crossed categories and Drinfeld quantum double for weak hopf group coalgebras, Comm
Algebra 36 (2008) 2341-2386.

[11] A. Virelizier, Hopf group-coalgebras, J Pure Appl Algebra 171(1) (2002) 75-122.
[12] S. H. Wang, Group twisted smash products and Doi-Hopf modules for T-coalgebras, Comm Algebra 32 (2004) 3417-3436.
[13] S. H. Wang, Coquasitriangular Hopf group algebras and Drinfeld codoubles, Comm Algebra 35 (2007) 77-101.
[14] S. H. Wang, New Turaev braided group categories over entwining structures, Comm Algebra 38 (2010) 1019-1049.
[15] T. Yang, S. H. Wang, Constructing new braided T-categories over regular multiplier Hopf algebras, Comm Algebra 39 (2011)

3073-3089.
[16] M. Zunino, Double construction for crossed Hopf coalgebras, J Algebra 278(2004) 43-75.


