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Abstract. In this paper we introduce the concept generalized weighted statistical convergence of double se-
quences. Some relations between weighted (A, u)—statistical convergence and strong (N w P4, &, f)—summablity

of double sequences are examined. Furthemore, we apply our new summability method to prove a Ko-
rovkin type theorem.

1. Introduction

The idea of statistical convergence was formerly defined under the name ”almost convergence” by
Zygmund [37] in the first edition of his celebrated monograph published in Warsaw in 1935. The concept
was formally introduced by Fast [14] and was reintroduced by Schonberg [35] and also, independently,
by Buck [3]. Later the idea was associated with summability theory by Connor [6], Cakalli [7], Et et al.
([10-12, 18]), Duman and Orhan [8], Fridy [15], Isik [19], Mohiuddine et al. ([1, 22-24]), Mursaleen et al.
([26-28]), Salat [32], Savas ([33, 34]) and many others.

Let IN be the set of all natural numbers, K € IN and K (1) = {k < n: k € K}. The natural density of K is
defined by 0 (K) = lizn % |K (n)|, if the limit exists. The vertical bars indicate the number of the elements in

enclosed set. A sequence x = (xi) is said to be statistically convergentto Lif theset K (¢) = {k <n : [x; — L| > €}
has natural density zero. A sequence x = (xx) is said to be statistically Cauchy sequence if for every ¢ > 0
there exist a number N = N (&) such that

o1
Im—|k<n:|x—xn|>¢el=0.
non

The notion of weighted statistical convergence was introduced by Karakaya and Chishti [20] as follows:
Let (p.) be a sequence of positive real numbers such that P, = po+p1 +...+p, = c0asn — oo and p, # 0,
po > 0. A sequence x = (xx) is said to be weighted statistical convergent if for every € > 0

n—oo

1
lim o |{k <7 piclic = Ll 2 e} = 0.
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In this case we write Si; — lim x = L. We shall denote the set of all weighted statistical convergent sequences
by Sg. Mursaleen et al. [27] was modified the definition of weighted statistical convergence such as:
A sequence x = (i) is said to be weighted statistical convergent if for every ¢ > 0

lim — (k< Py : pe b — Ll > el = 0.
P,

n—oo

Recently Ghosal [17] was added to the definition of weighted statistical convergence the condition
liminfp, > 0.

n S—
Lett, = pl Y.pexi,n=0,1,2,3... . The sequence x = (xi) is said to be (N, p,,) —summable to L if lim £, = L.
n k=0 n—oo

A sequence x = (xi) is said to be (N, pn) —statistically summable to L if st— lim f, = L [25]. In this case we

n—oo
write N (sf) — limx = L.
A double sequence x = (xjk)jk:O is said to be convergent in the Pringsheim sense if for every ¢ > 0 there
exists N € IN such that )xjk - L| < &, whenever j, k > N. In this case we write P — limx = L [31].

A double sequence x = (xjk)oo is bounded if there exists a positive number M such that (xjk( < M for

jk=0
all i, j € N. We denote the set of all bounded double sequence by 2.
Let K € N xIN and K (m,n) = {(j, k) : j < m, k < n}. The double natural density of K is defined by

1
0 (K) = P —lim — |K (m, n)|, if the limit exists.
mn Mn

A double sequence x = (xjk) is said to be statistically convergent to L if for every ¢ > 0 the set

{( jk),j<mandk<n: |xjk - L| > e} has double natural density zero [28]. In this case we write st,—limx = L
and we denote the set of all statistically convergent double sequence by st,. A convergent double sequence
is also st—convergent, but the converse is not true general. Also a st—convergent double sequence need not

be bounded. For this consider a sequence x = (x jk) defined by

7

~_ | jk if jand k are square
E1 otherwise

thenst, —limx =1, butx = (xjk) neither convergent nor bounded.

Letp = {pj};:o and q = {qi},., be sequences of non-negative numbers that are not all zero and let

Qn=qi+q+q3+..+qu,q1 >0and P, = p1 +p2 + ... + pm, p1 > 0. The weighted mean t‘,ffn was defined by

1 m n
11 _ . .
o = g Dy D PR

=0 k=0
m n
po _ Ly oo o Ly
mn = p PjXjn, mn_Q qkXmk
m 25 n 4=

where m,n > 0 and (a,8) = (1,1),(1,0) or (0,1). If tﬁfn convergent to L as min (1, 1) — oo then; we say that

a double sequence x = (xjk) is (N, p.qa, ,8) —summable to L and we show that lim ti“; = L. In this case we
Mm,n— o0

write x;; — L(N, p, 4, a, ) ([4115])-

2. Main Results

In this section we generalize the concept of weighted statistical convergence for double sequences.
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Definition 2.1. Let K be a subset of IN X IN. We define the double weighted density of K by

1
oy, (K) = lim 5—-[Kn,q, (m,

mmn m

, provided the limit exists,

where Kp, o, (m,n) = {(j,k),j < Pyandk < Qy :pjgk ‘x]-k - L| > e},lim infp, > 0, liminfg, > 0. We say that

a double sequence x = (xjk) is said to be weighted statistically convergent (or S§, — convergent) to L if for
every ¢ >0

|{(],k) j<Ppand k< Q,: P]qk|x]k L|>é}| 0.

m
m,n— oo P

In this case we write Sﬁz —limx=L.

Definition 2.2. Let A = (A,,) and p = (,) be two non-decreasing sequences of positive real numbers such
that each tending to co and

A1 <Ay+1, A1 =0
Pne1 S +1, 1 =0

Letp = (p]-) and q = (gx) be two sequence of non-negative numbers such that py > 0,4¢ > 0 and

P/\m :Zm—)oom—)oo
JEIm

QMZqu—)OOn—)OO

kel,

where, J,, = [m — Ay, +1,m], I, = [n — u, + 1,n] and we define generalized weighted mean

mn = P Qy,, ZZP]Qkx]k

j€m kel

1
= ijx]n/ Omn = Q Z iXmi
Am €Jm Hn Jep

A double sequence x = (x]-k) is said to be (NML,p, q,a, ﬁ) —summable to L, if Lim a% = L, where
(a,p)=(1,1),(1,0) or (0,1).

Definition 2.3. A doublesequencex = (x ]-k) issaid to be strongly (NA wiq,Q, ﬁ) —summable (or [ﬁA w g, a, ﬁ]
-summable) to L, if

lim
m,n— o0 P/\

. Pk — L.

Qu j€)m kel

In this case we write xjx > L [N,\#, v.qq, ﬁ] .

If we take p; = 1and gx = 1 forall j, k € N in the above definition (ITIML, p.q ﬁ) —summability reduces to
(V, A, u) —summability which were studied Mursaleen et al. [29]. Also if we takep; = 1,q, = 1forall j k € N
and A, =m, u, =nforalln,m € N, then; (ﬁ/\y, p.qq, ﬁ) —summability reduces to (C, 1, 1) —summability.
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Definition 2.4. A double sequence x = (x]-k) is said to be weighted (A, ) —statistically convergent (or SN oo

convergent) to L if for every € > 0

lim
m,n—oo Am

{805 < Pas and k< Qa1 2 ¢ =0

In this case we write Sf(\ .- limx = L. We denote the set of all weighted (A, ) —statistically convergent
A

double sequences by SN(\

Definition 2.5. A double sequence x = (xjk) is said to be (Kliy,p, q, a,ﬁ) —statistically summable to L if

sty — lim aaﬁ = L. In this case we write N /\
m,n—oo B

(st) —limx = L.

Theorem 2.6. Let pjq |x]-k - L| < M for all j, k € N. If a double sequence x = (x]-k) is Sﬁ(‘ )—convergent to L then;
Au

P e ., .

it is (N Aw Prdr ﬂ) —statistically summable, but the converse is not true.

Proof. Let pjqx |x]-k - L| <Mforall jke Nandx = (x]-k) is SN(\ )—convergent to L and set
Au

Ky, (€)= {(K); j < Pa, and k< Qu, : pjac|x — L| > €).

Then, we can write

|y PR

]E]m kG[
< Y ) L]+ Y ) pielri-1f
Pa, Q“" T kel Pay Q“" T kel
(]'k)EKP,\m Qun (€) (]'k)ﬂq’,\m Qun (€)

M
< K . )
= P, Qu Kp,,q,, (@) +e—e+0

as m,n — oo which implies that ai[j, — L.
For the converse, consider a sequence defined by x = (xjk) = ((—1)7) forallk e N.Letp; =1,q, =1,y =

m, i, = n for all j, k,n,m € N. Then, the sequence x = (xjk) is (Nj Wb, ﬁ) —statistically summable to zero,

but x = (x jk) is not SN(/W) —convergent. [J

Definition 2.7. A double sequence x = (x]-k) is said to be [K], v.qa, ﬁ]r —summable to L if

m}rilr_r)lmﬁzz“p]qﬂx]k—q =0, (0<r<oo)

j=1 k=1

and we write x;; = L [ZT], p.qa, ﬁ]r .

Theorem 2.8. If lim 1nf( A’”Q"”) > 0, then; S , C Sy Nowy'
,p



M. Cinar, M. Et / Filomat 30:3 (2016), 753-762 757

Proof. Letx = (xjk) be S5 —convergent to L. We may write

1 1
5o (0491 % Puand k < Qu: piaches —L| 2 ol
1 .
> 5o {Gi0); j < Pa, and k< Qu, e i L] 2
PrQu. 1 L
=5 Q: PO '{(],k); j <Py, and k< Qy : pjge i - L] 2 S}' _

. . . Py Q‘Lm : CE _ — i =
Since hr%rllnf (—Pm o ) > 0, taking limit as m, n — oo, we get SN(/W limx=L O

Au

Theorem 2.9. If a double sequence x = (x]-k) is [NML,p, q,q, ﬁ] —summable to L, then; it is Sﬁ(\ )—statistically

convergent to L and the inclusion is strict.

Proof. Letx = (x jk) be [ZTIAH, p.qa, ﬁ] —summable to L. Then, for € > 0 we have

PAW,QW Z Z pidi |xi — L|

j€Im kel

PMQH»: Z‘Z‘ p]qklxjk L| Py, QH ZZ P14k|xﬂ<—L‘

j€Jm kel j€Jm kel
(ik)eKe, 0y, (©) (k2K Quy (&)
|
> k), j<Py,and k< Q. :pigk|xjx—L Ze|
o 100, o P = L] 2 ¢

and this implies that SN(A - limx = L.
M

To show the inclusion is strict consider the following example:
Let Ay, = m, yu, =n,p; = j,qr = kforall j, k,n,m € N and define a sequence by

X = { \/_k j and k square

otherwise

n

and so we have

#Qn '{(i/k)/]’ < Pyand k < Qy : pjqe |xjx — 0] > g}|

1
S —_—
m(m+1) n(n+1)
2 2
1 m n
PO Z ZPMk el = co.
=1 k=1

— Qasm,n — oo,

but
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Theorem 2.10. Let pjg |xjk - L| < Mforall jk € N. If a double sequence x = (xjk) is weighted (A, ) —statistically
convergent to L ,then; it is [ﬁw,p, q,q, ﬁ] summable to L, hence x = (xjk) is (N, P49, ﬁ) —summable to L.

Proof. The first implication is obvious. On the other hand, we have

1 m n
PO ; L Pidk |xfk - L'
m—Ay N—Un
)xJk - L| P Q Z Zpﬂk |xﬂ< - L)
j=1 k=1 J€Im kely
m—Ay N—Hn

D )il ~ 1]

< Z pife e = L] +
P/\mQ,un =1 k P mQ,Un ]elm kel,

=1

Z 2 vyt i = 1|

J€Im kel

_ P/\m Q,Un

Hence x is (N, p.q ., ﬁ)-summable toL. O

Definition 2.11. A double sequence x = (xjk) is said to be strongly weighted (A, i), —convergent if

ZZP}qk|x]k—L| =0, (0<r<o).

Am Hn ]Elm kel,

hm

In this case we write xjx > L [N,W,p, q,a, ﬁ]r .

Theorem 2.12. Let a double sequence x = (x]-k) is strongly weighted (A, i), —convergent to L. If the following

conditions are provided, then; x = (xjk) is weighted (A, u) —statistically convergent to L.

Casel :0<r<1and |xjk—L|<1

Ca562:1§r<ooand1s|xjk—L)<oo

Proof. Since p;qi (x]-k - L|r = pjdk |xjk - L( for Casel and Case2 then we can write

ZZPMk e L[ 2 P, Q Zzpﬂk‘xﬂf—q

JE€Im kel tn JEIm kel

2.2, Pkl -1

j€Im kel
(Fk)EKP,,, 0 (©)

P/\m Q,Un

PAm Q}in

= P/\mQMn | P Qun (€)|

Taking limitasm, n — oo, wegetx = (x jk) isweighted (A, 1) —statistically convergentto L, where Kp, o, (€) =
{(],k),] €Jnandkel,: Piqk ‘xjk - Ll > 6}. |

Theorem 2.13. Let a double sequence x = (x]-k) is weighted (A, ) —statistically convergent to L and p qx (x]-k - L| <
M. If the following cases are provided then; x = (xjk) is [NM, p.qa, ﬁ]y —summable to L.
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Casel :0<r<landl <M< o
Case2:1<r<ocoand0<M<1

Proof. Suppose that x = (x]-k) is weighted (A, u) —statistically convergent to L . Since p;g |xjk - L| <Mwe

can write
Y Y piaelxi -]
P/\mQ,Un ]E]m kel,
Y'Y pachge-Lf + YN pacge-1f
P/\,,,QW T kel PA,” Qu G
(] k)EKP\m QHH( ) ('I k)EKP’s Qp ( )
Z Z pide | — L] + Z Z pidk e — |
/\,,zQy,, j€Im kely P Q j€Jm kel,
(] k)EKPAm Qun (&) (] k)EK["\ , Quin )
M |KP\ Q (€)| €
< inisl H (e)‘ —0 asm,n— oo,
PAW, Q}ln P/\m Q‘un P/\m Q}‘n

where K, ey (e) = {(], k),j€Jmand k€I, : pigk ‘x]k - L| < é} Hencex = (x]k)ls [N,\ Wb, ﬁ] —summable

to limit L O

3. Applications

Let C[a, b] be the space of all functions f continuous on [a,b]. We know that C[a, b] is a Banach space
with norm ||f||Oo =
x€la,b]

follows [21]:

Suppose that (T,) be a sequence positive linear operators from C [, b] into C|a, b] .
Then, lim [T, (f;x) - f ()|, = 5x)— i), =0fori=0,1,2,
where fo (x) = 1, f1 (x) = xand f, (x) = 2.

By C(K) we denote the space of all continuous real valued functions on any compact subset of the
real two dimensional space. This space is equipped with the supremum norm || f “ cw =

X, y eK
f € C(K). Let L be a linear operator from C (K) into C (K). Then, as usual we say that L is positive linear
operator provided that f > 0 implies Lf > 0. Also we denote the value of Lf ata point(x, y) € Kby L (f;x, ).
Recently Korovkin type approximation theorems have been studied in ([2],[9],[13],[16],[22],[27],[30]).

Theorem 3.1. Let {T,,} is a double sequence of positive linear operators from C (K) into C (K) . Then, forall f € C (K)

Ny 58) = Hm [T f = fllogy = 0 (3.1)
if and only if
Ny, (st) - tim [T fi = fill gy = 0 (3.2)

(i=0,1,2,3), where fo (x,y) =1, fi(x,y) =x, fo(x,y) = yand f5(x,y) = x> + y*.
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Proof. Since each f; € C(K) (i =0, 1,2,3) condition (3.1) follows immediately (3.2) . Assume that (3.2) holds.
Let f € C(K) we can write | f(x, y)| < MwhereM = “ f ” R Since f is continuous on K for every ¢ > 0, there

is 6 > 0 such that |f (,0) — f (%, y)) < ¢ for all (u,v) € K satisfying |u —

< 6. Hence we get

|f(u v) - f(x, y)| <e + {(u X+ (0 -y) } (3.3)
Since Ty, is linear and positive and by (3.3) we obtain

|Tmn (£ y) - fx ]/)|
= |Ton (f w,0) = £ (5, 9) ;% 9) = £ (& Y) Town (fos %, ) = fo (x, )|
< T ( 3%,Y) + M|Ton (o5 %, y) = fo (x, )|

Ty (e+—{<u—x> +(@-y’}; x/y)‘+MiTmn<fo;x/y>—fo<xfy>|

<

<e+M+ % (A2 + B) [T (for %, 9) = fo (5, )|
A|Tm,, (frx ) = fi (o y)| + B|Tmn (fr, ) = f2(x, )|
g |Tmn (fix,y) - fr(x,y)| +¢
where A = max|x|, B = max | yl . Taking supremum over (x, y) € K we have

”Tm"f _f“C(K) < R{HT'””fO _fOHC(K) + ”Tm”fl - fl”c(K) + ”Tman - f2||c(1<) * ||Tm”f3 - f3||c(1<)} te

where

R= max{e +M+ %(AZ +BZ),%A,%B,%}.
Hence
3
T (326, 9) Pt = £ G | < €+ R Y [ Town (52, 9) i = i (59 (3.4)
i=0

Now replace Ty (; x, y) Pmdn DY

Linn (-; X, ]/) =

Y, T (xy)pudn

(m n)ejm XI

/\m Q[Jn
in (3.4) . For a given r > 0 choose ¢” > 0 such that ¢’ < r. Define the following sets
D ={(m,m) € N* : |[Lynf = fll o 2 7}
&’

{(m n) € N : Lo fi = Fill o = ;R } i=0,1,2,3.

3
Then, D ¢ |J D; and so 6 (D) < 6 (Dp) + 6 (D1) + 6 (D3) + 6 (D3) . Therefore, using conditions (3.4) we get
i=0

K]iy (st) - 1,}}2 ”T"’”f - f”C(K) =0

This completes the proof. O
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Corollary 3.2. Let {Ly,,} be a sequence of positive linear operators acting from C(K) into itself. Then, for all
feCK),

P - 1311:111'1‘|Lmnf _f“C(K) =0
if and only if

P =t || fi = fifl o =0.G=0,1,2,3),

where fo(x,y) =1, fi(x,y) =x, fo(x,y) = yand f3(x,y) = x> + y* [36].

Remark 3.3. We now construct an example of sequence of positive linear operators of two variables satis-
fying the conditions of Theorem 3.1, but that does not satisfy the conditions of the Korovkin Theorem. For
this claim, we consider the following Brenstein operators defined as follows

m n k 7 _ . nei
Bun (f;%,9) = Y, Zf(—, i)C’;xk A-x0""*Cy a-y)"’,
k=0j=0" \M 1

where (x, y) € [0,1] X [0,1].

Let

B (fo;x,y) =1
Buu (fi;%,y) =x
Bun (f2;%,y) =y
2

-2 Y-y
n

Bm,n (f3;x1 y) = x2 + y2 +

Then by Corllary 3.2 we can write for all f € C(K)

P- 1,%‘“’3%/’ - f”cao =0

Let the sequence T, : C(K) = C(K) with Ty (f;x,y) = (1 + thn) Bun (f; x, y) where 1, = (=1)" for all
m. Letpy, =1,49, =1, Ay = m, yu, = n. The double sequence (u,,,) is neither P—convergent nor statistically

—2
convertgent, but (u,,,) is statistically summable (N AwPrdr e, ﬁ) to zero.

Bun (1;%,Y) =1, Buu (x;%,¥) = X, By (¥;%,Y) = Y, B (x2 + 1%, y) =x2+y?+ X‘T"Z + %ﬁ and the double
sequence T, , satisfies condition (3.2) for i = 0,1, 2, 3. Hence we have

—2 .
Ny, () = 1,}}{,‘ ”T’"”f - f”cao =0.
On the other hand, we get T}, ,, (f,0,0) = (1 + t4n) Bu (f50,0) since B, (f;0,0) = f(0,0) and hence

”Tmn (fixy) - f(x V)”C(K) = |Tmn (fxy) - f(x ]/)| 2 Um,n |f(0/ 0)|

We see that (T},,) does not satisfy classical Korovkin type theorem since lim u,,, and st2 — lim u,,,, do not
exists this proves the claim.
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