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Abstract. Recently, many mathematicians (Karande and Thakare [6], Ozarslan [14], Ozden et. al. [15],
El-Deouky et. al. [5]) have studied the unification of Bernoulli, Euler and Genocchi polynomials. They
gave some recurrence relations and proved some theorems. Mahmudov [13] defined the new g-Apostol-
Bernoulli and g-Apostol-Euler polynomials. Also he gave the analogous of the Srivastava-Pintér addition
theorems. Kurt [8] gave the new identities and some relations for these polynomials. In this work, we give
some recurrence relations for the unified g-Apostol-type polynomials related to multiple sums. By using
generating functions we derive many new identities and recurrence relations associated with the g-Apostol-

type Bernoulli, the g-Apostol-type Euler and the g-Apostol-type Genocchi polynomials and numbers and
also the generalized Stirling type numbers of the second kind.

1. Introduction, Definitions and Notations

Throughout this paper, we always make use of the following notation; IN denotes the set of natural

numbers, INy denotes the set of nonnegative integers, R denotes the set of real numbers and C denotes the
set of complex numbers.

We use notations and definition related to g-calculus which are given by Kac and Cheung [7].
The g-numbers and g-factorial are defined by

1-g°
O
a, g=1

if g € C then |q| <1,ifg € Rthen 0 < g < 1. In limit case linll[a]L7 = aand [n],! = [n], [n - 1],---[2],[1],,
q—)
where [O]q! =1 and n € IN. The g-binomial coefficient is defined by

[n] __ @
ko @ @ur@: 9k
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The g-analogue of the function (x + y); is defined by
(x+y)y = Z[ v ] s
k=0 q
The g-binomial formula is known as
n-1 4 LR -
(1-a) :H(l—qm)zkzﬂ‘[ i L (-1)ka.

In the standard approach to the g-calculus two exponential functions are used

1
e,(2) = Z[n]q H(l (1 Y <|q|<1,|z|<—|1_q|

and
Eq(z) = anm z H1+(1—q)qkz),0<|q(<1,zeC.
k=0

From this form, we easily see that ¢;(z)E;(—z) = 1. The g-derivative and the derivative of the product of
two functions and the derivative of the division of two functions are given by the following equation in [7]
respectively

D, () = lim XS (&): 962)D; (f () ~ f@2)Dyg ) o

=1 qx—1) "\ g(z) 9(z)9(gz)

D, (f(2)9(2)) = f(q2)Dy9(2) + 9(z)Dy f (2)-

Recently, many mathematicians studied the unification of the Bernoulli and Euler polynomials. Firstly,
Karande et. al. in [6] introduced and generalized the multiplication formula. Ozden et. al. in [15] defined
the unified Apostol-Bernoulli, Apostol-Euler and Apostol-Genocchi polynomials. Lastly, El-Desoukly B.

S.in [5] defined and investigated a unified family pr (x,k, a,) of generalized Apostol-Bernoulli, Euler and
Genocchi polynomials. He proved some recurrence relations and the addition formula for these unified
family Mg) (x, k, ay). Finally, Ozarslan in [14] introduced and proved some relations for the uniform form of
the Apostol-Bernoulli, Euler and Genocchi polynomials Pff‘; (x,k,a,b).

We introduce the unified g-Apostol-Bernoulli, Euler and Genocchi polynomials. We give some relations
and theorems.
The generalized g-Apostol-Bernoulli polynomials B(“)(x ¥, A), the generalized g-Apostol-Euler polyno-

mials 8(“) 2(x, ¥, A) and the generalized g-Apostol-Genocchi polynomials Q(“) (x, y, A) are defined by Mahmu-
dov in [13]. He defined the generalized g-Apostol-Bernoulli polynomials Bn,q (x,y,A) as:

(e8]

. t )
Y 80, y,A)[ e =( Aeq(t)_l) eq(t)Eq(ty), (

n=0

<2m, 1% = 1)

where a and A are arbitrary real or complex parameters and x € IR.
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The following unified Apostol-Bernoulli, Euler and Genocchi polynomials of order a are defined by
Ozarslan in [14] as

« 21k \? «
f;/b)(x,'t,a,b) = (ﬁbe'-‘ —ab) ZS"< )(x k,a, b)

t+ blog(g)

We define the unified g-Apostol-Bernoulli, Euler and Genocchi polynomials of order « as:

<2n,x€R ke Ng,a,beR", BeC|. ()

Definition 1.1. We define the following unified q-Apostol-Bernoulli, Euler and Genocchi polynomials of order « as:

- () t 21—ktk a
HZ:O Pn,ﬁr‘i (x/ Y, k/ a, b) F = (W) eq(tx)Eq(ty), (3)
k € NoyabeR\{0},a peC.

We take the limit for § = 1 and y = 0 in (3). This definition reduces to (2) as follow

m 21—k ¢k a
: (a) — xt
}grllg Pnﬁqukab)[]‘—(ﬁhet_ab)e.

We obtain Ozarslan’s definition.
We have

P(a (x v1,1,1)= B (x y;A), SD(“) (x 1;0,-1,1) = 8(“) (x,y;)\),?oialq(x,y;l,—%,l) (“) 2 (Y A)

and

N @ N @ (27N )
qll)nl‘l_ L Pnﬁq(x/y/k/ﬂ/b) [n]q! - ;P 1(x y’k a, b) (ﬁbet € '

hmP(a) , Ly 1L L) B (x+7v), hmP (x ¥;0,-1,1) = E9 (x + v),

lim P (x, v, —%, 1) G@W (x+y).

q—1- A,

Proposition 1.2. Unified g-Apostol-Bernoulli, Euler and Genocchi polynomials satisfy the following relations:

a - n a
Piéq(x,y;k/ﬂ/bF;[ 1 ] Pl 0. 0;ka,b) (x + y),, @
a = [ n D)y
Py, vk ab) = [l]q Pl (0 07k, b) "™, )
1=0 q
- n a n—
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Proof. Proof of (4): From (3); we write as:

R (a) tn zl—ktk a
;Pn,ﬁ/q(x/%k/a/b)[n_]q! = (W) eq(t)Ey(ty)

ZPnﬁq(OOkab)[ oK ;;( +y)q[]'

Using Cauchy product and comparing the coefficients of £, we have (4).
Proof of (5): From (3); we write as:

= P ol-kpk \@ .
;0 nﬁq(x YK [ ], = W eq(tx)E4(ty)

- 1w "
PO (v, 0k ab)—— Y g7 y'——.
E n,’B,q (x, 0/ ,a, ) [n]q! mZ:O q y [m]q'

Comparing of the coefficients of £

n!/

Remark 1.3. From (5);

n

pff;q(x,uk,a,b) - Z[ ’; ] py;;q (x,0;k, a,b).
1=0 q

From (6);

n

n (=) (nll) a
Potq (Ly:kab) = Z[ I Lq Py, 0. y:k,a,b).

1=0

Corollary 1.4. Tukingg — 1" andk =a =b = 1in (7), we have

Bgla) x+1) = i (TIZ)B;“) (x).

1=0
Corollary 1.5. Takingg — 1" andk =0,a = -1, b =1 in (8), we have
n
n
EV(x+1)=)" ( I)E§“> ).
1=0
Show that (7) and (8) are g-analogue of (9) and (10).

Lemma 1.6. The following relation is true:

prff,%,q (x, y;k,a,b) = [n], Pita—)l,ﬁ,q (x,y;k,a,b).

Proof. From (3), taking derivative with respect to x, we obtain;
Zl_ktk
Bey(t) - a®

- @ : " _ ’
é Dq Xpnﬁ q (x/ Y k/ a, b) [n]q! - ( ) Dq,x (efi(tx)) EQ(ty)

00

— () ()
_tZOPn,ﬁq(x y,kﬂb)[ ] | Z[n]qP” 1ﬁq(x L

n=1

[]'

We have the result, since Pf)alg g (x,y;k,a,b)=0. O

on both sides of above equation, we obtain the desired result.

924

O

(10)
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2. Explicit Relation for the Unified Family of Generalized g-Apostol-Bernoulli, Euler and Genocchi
Polynomials

In this section, we aim to obtain the explicit relations of the polynomials Pff; P (x,k,a,b) and give the

relation between the unified family of generalized Apostol-Bernolli, Euler and Genocchi polynomials and
the generalized ¢-Stirling numbers of second kind S(n,v, 4, b, §) of order v.

Theorem 2.1. The following relation holds true:

P (x, y;k,a,b) = Z[ 1 ] i 00k, 0, B Py (v, ik, ). .
1=0

Proof.

s (a—m) I Zl—ktk -m 21—ktk a
épn 0 (x, yik,a,b) o =(ﬁbeq(t)_ab) (‘Bbeq(t)—ab) e, (F)E,(ty)

[ZPnﬁq(OOka b) ](ZP%)q(x,y,‘k,a,b)%].

Using Cauchy product and comparing the coefficients of £ on both sides of the above equation, we arrive
at(11). O

Theorem 2.2. The following relations hold true:
[n],!

B, (vikad) =a' B Ok b) = 2 P 0 vikad) 12)
and
S n bp(@) bpla T Lo UL
L1 (8P, 0k b - P -1k 0, ) = 2 o (00, (13)
=0 q
Proof. From (3):
(o] tn (o] tn
Y P @, wikab) o =) a0 (0, yikab) o
n=0 q° n=0
21_ktk a 21_ktk @
" ———| e, (DE,(ty) —a’| ———| E,(t
f (ﬁbeqa)—ab) OBty (ﬁheqa)—ab) aid
21—ktk @ Rl
—= ) E.(ty){Ble,(t) —a’} = 2K Y POV (0, 5k, a,b
(ﬁheq(t)—ah) o) [t = ') ,,Z_é g Okl )[]'
kN pla) prek 4kl [l pla-D)
=2 ZPW 0, y;k,a,b) [n]q!—[n+k]q! =2 Mraey Pl 0,k a, b)[ e
Comparing the coefficients of ; -7, we obtain (12).
Proof of (13):
From (3):
b (@) 2@ . t
Zﬁ Pn’ﬁq(kaab) Z& Pipa Lk D) g
zl—ktk

b

a 21 ktk a
) eq(xt) — (ﬁheq(t)—ab) eq(xt)Ey(—t)

—_— O

=

ﬁbeq (t) —ab
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_(_ 2 Y . _il‘kk(kak)a1
_(ﬁbeq(t)—ah) Eq(tx){ﬁ eq(t)}_eq(t)z | Fery = ,(£2)

. 1-k ¢k a-1) . i
;[r]q =2 tZPnM 0k )

Ma

. _ b
{ﬁ P 0 (0 k,a,b) —a P

I
(=}

n

V| bpla) . bpla)

ZZ[ }( FPY) (x,0:ka,b) ~ P, (&, 1kab))[]

n=0 =0 q
_ D) (o o, ey M e "
= 2l- anﬁq (x,O,k,a,b)[nJrk]q!_Z Ny P Okab)[ T

1]
o

n

Comparing the coefficients of L, we obtain. [

n!/

Definition 2.3. We define the generalized g-Stirling numbers S(n, v, a, b, B) of the second kind of order v as follows:

e po (Be () —a)
b = .
nzza S(n,v,a,b,p) [l ol

Theorem 2.4. There is the following relation between the generalized g-Stirling numbers S(n,v,a, b, B) of the second
kind and the unified q-Apostol-Bernoulli, Euler and Genocchi polynomials Pﬁl‘z/ﬁ (x,y,k,a,b);

o [n vk] —a)
P kqﬁ(xy,kab)—z(kl) T qlz(;[ }ﬁ (x,y,k,a,b)S(n —1,v,a,b, p). (14)

Proof.

(e8]

(@ (21K )a (Bes) =a) ol
Z P 8 (x,y,k a,b) bl (ﬁbeq(t) — eq(tx)Ey(ty) .1 (‘Bbeq(t) B ab)v

n=0

TR PO
1:? VZ §ﬁq)(x y,k,a,b) [l] ,ZS(mvabﬁ)—
1=0

- (21-ktk)
. (a) vk k-1 - - (a=v) #h
ZPnﬁq(x y,kab) v]qz(ﬂvz Z[ ; ] Plﬁq (x,y,k,a,b)S(n—- lv,abﬁ) ‘
n=0 n=0 \'I=0 q q
o] [n]q! | (=1 0 n n (@) tn
[n — k]! P vkﬁq(x y.ka, b) = [v]y!2 Z ] Pl,ﬁ,q (x,v,k,a,b)S(n—1,v,a,b,B) TRt
n=0 n=0 | 1=0 q 7
From ng q (x,y,kab)=0,--- /Pfqa,)l,vk,ﬁrq (%, y,k,a,b) = 0. Using Cauchy product, we obtain (14). O

Theorem 2.5. There is the following relation between the unified q-Apostol-Bernoulli, Euler and Genocchi polyno-
mials Pffl‘;ﬁ (x,y,k,a,b):

[n],!
Prirgp (X, Y,k a,b) = quPn,q,ﬁ (gx,qy,k,a,b) + quQDn/qﬁ (x,y,k,a,b) + [k], [n+—2]'50”+k"7’ﬁ (x,y,k,a,b)
!
) n+k
_qkﬁh [ l ] Pl,q,ﬁ (x/ y/ k/ a/ b) qlpn+k—l,q,ﬁ (l/ O/ k/ a/ b) . (15)
=0 q
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Proof. For @ = 1 and using (3);

e t}’l zl—ktk tk
D, P, b)— =D, [—=— E(ty) =2*D, [ ——— E
; 0t Pnap (X, Y,k a,b) ool ot ( Ben() = ab)eq(tx) q(ty) ot ( Ber() = ab)eq(tx) 4 (ty)

_ ik (Beq(qt) — a") Dy (Freq(t0)Eq(ty)) - (98" eq(qtx)Eq(qty) Dy, (Boeq(®) - a%))
(Breq(t) — a¥) (Brey(qt) - a*)
_ it gt [yeq (B)Eg(ty) + xey(B)E(ty) | + (Kl eg()Eg(ty)  g*Bote,(qt0Eq(qty)  ey(t)

(BPeq(H) — at) (Bteg(qty —at)  (Bbeq(t) — at)

After some mathematical calculations, we have

- " [n],!
= Z (L]kysDn,q,ﬁ (g%, qy,k, a,0) + x4 Py 5 (x, y,k,a, b)) [n—]q' + Z {[k],7 [n+—7<]q!50"+k'q’ﬁ (x,y,k,a,b)
n=0 n=k
n+k

+k
_qkﬁb Z |: . l ] Pl,q,ﬁ (x/ y/ k/ a, b) qlpn+k—l,q,ﬁ (1/ 0/ k/ a, b)
1=0 q

n

[,

Using Cauchy product and by equating the coefficients of & on both sides of the resulting equation, we
obtain the desired result. O
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