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Abstract. In this work, our intention is to introduce the notion of rational (a-B-FG)-contraction mapping
in b-metric-like spaces, and produce relevant fixed point and periodic point results for weakly a-admissible
mappings. Ulam-Hyers stability of this problem is also investigated. To illustrate our results, we give
throughout the paper some examples, in particular in order to justify the use of rational terms. As an
application, we obtain sufficient conditions for the existence of solutions for Cantilever Beam Problem.

To the memory of Professor Lj. Ciri¢ (1935-2016)

1. Introduction

The Banach Contraction Principle (BCP) is the most famous, simplest and one of the most versatile
elementary result in fixed point theory in metric space structure. A huge amount of literature witnesses
applications, generalizations and extensions of this principle carried out by several authors in different
directions, e.g., by weakening the hypothesis, using different setups, considering different mappings and
generalized form of metric spaces. In this context, the work of Ljubomir Ciri¢ plays one of the central roles,
see, e.g., the papers [3, 4].

The study of new classes of spaces and their basic properties are always favorite topics of interest among
the mathematical research community. Recently, some authors have introduced some generalizations of
metric spaces in several ways and have studied fixed point problems in these classes, as well as their
applications. In this context, Matthews [15] introduced the notion of a partial metric space as a part of
the study of denotational semantics of data-flow networks. He showed that BCP can be generalized to
the partial metric context for applications in program verifications. Note that in partial metric spaces,
self-distance of an arbitrary point need not be equal to zero.

Hitzler and Seda [10], resp. Amini-Harandi [2] made a further generalization under the name of dislo-
cated, resp. metric-like space, also having the property of “non-zero self-distance”. Amini-Harandi defined
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o-completeness of these spaces. Further, Shukla et al. introduced in [22] the notion of 0-o-complete metric-
like space and proved some fixed point theorems in such spaces, as improvements of Amini-Harandi’s
results. This concept was further extended by Alghamdi ef al. [1] under the name of b-metric-like space.
They established some existence and uniqueness results in b-metric-like spaces and in partially ordered
b-metric-like spaces.

It is also important to study stability problems for functional equations, known as Ulam-Hyers stability
(see [13, 26]). This concept has influenced a number of mathematicians studying the stability problems
not only for functional equations but also for fixed point problems. In particular, there exist a number
of results which extend Ulam-Hyers stability for fixed point problems in the papers by Felhi et al., [7],
Phiangsungnoen et al. [19], Sintunavarat [23, 24] (see also the reference cited therein).

With the above discussion in mind, we introduce in this paper the notion of rational (a-B-FG)-contractive
mapping in a b-metric-like space and derive some fixed point and periodic point results. Further, we
give some examples in order to justify the use of rational terms and counterexamples to illustrate the
applicability and effectiveness of the results compared with existing results in metric and b-metric spaces.
The considered (a-f-FG)-contraction condition not only generalizes the known ones but also includes the
contraction conditions considered in [9, 17, 18, 27] and many other papers.

Further, Ulam-Hyers stability of the investigated fixed point problem is discussed. In the final section,
we apply the given results to obtain sufficient conditions for the existence of solutions of a fourth-order
two-point boundary value problem for a nonlinear ordinary differential equation, known as Cantilever
Beam Problem, as well as the Ulam-Hyers stability of this problem.

2. Preliminaries
First, we recall some definitions and facts which will be used throughout the paper.

Definition 2.1. [1] Let X be a nonempty set and a real number s > 1 be given. A function o, : X*> — [0, +c0) is
b-metric-like if for all u,v,z € X, the following assertions hold:

(0p1) op(u,v) = 0 implies u = v,
(0p2) op(u,v) = 0p(v,u),
(0p3) op(u, ) < slop(u, 2) + 0p(z,v)].

The pair (X, op) is called a b-metric-like space, and s is its coefficient.

In a b-metric-like space (X, 03), if u,v € X and 0,(1,v) = 0, then u = v, but the converse may not be true
and o4(u, u) may be positive for u € X. Clearly, every b-metric (Czerwik [5]) and every partial b-metric are
b-metric-like with the same coefficient s. However, the converses of these facts need not hold [22].

Every b-metric-like o, on X generates a topology 7,, on X whose base is the family of all open o;-balls
{Bs,(u,0) : u € X,0 > 0}, where By, (1,0) = {v € X : |op(u, v) — op(u, u)| < 6}, foru € X and 6 > 0.

Proposition 2.2. [11] Let (X, o) be a metric-like space and o,(x, y) = [o(x, y)]?, where p > 1 is a real number. Then
oy is a b-metric-like with coefficient s = 2P71,

Example 2.3. Let X = [0, ) and p > 1 be a constant. Define a function g;, : X*> — [0, 00) by a5(x, y) = (x + y)
or op(x, y) = (max{x, y})’. Then (X, ;) is a b-metric-like space with constant s = 2°~!. Clearly, (X, 0}) is
neither a b-metric, nor metric-like, nor partial b-metric space.

Example 2.4. [11] Let X = [0, 1] and a mapping 0, : X X X — [0, o) be defined by 0, = (x + y — xy)”, where
p > 1is a real number. Then o, is a b-metric-like on X with coefficient s = 2P~1.

Now, we define the concepts of Cauchy sequence and convergent sequence in a b-metric-like space.

Definition 2.5. [1, 11] Let (X, 0p) be a b-metric-like space with coefficient s > 1, let {u,,} be any sequence in X and
ue X. Then
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(i) The sequence {u,} is called convergent to u w.r.t. Ty, if imy, e 0p(1ty, u) = op(u, u);
(ii) The sequence {u,} is called a Cauchy sequence in (X, op) if limy, yy—c0 0 (U, Un) exists (and is finite).
(iii) The space (X, o) is called complete if for every Cauchy sequence {u,} in X there exists u € X such that

Hm oy (in, ) = im0y (1, 1) = 0p(u, 10)- 1)

1n,m— 00
(iv) A function J : X — X is said to be continuous if
lim op(xy,, X) = 0p(x, x) implies im 0,( T xn, TX) = 0p(T X, Tx).

It is clear that the limit of a sequence is usually not unique in a b-metric-like space (already partial metric
spaces have this property).

Lemma 2.6. [11] Let (X, 0p) be a b-metric-like space with coefficient s > 1 and assume that {u,,} and {v, } are sequences
in X such that u,, — u and v, — v. Then we have

1 1 .. .
S—Zab(u, v) — gab(u, u) — 0p(v,v) < liminf op(14,, v,) < lim sup op(14, V) < 505(u, 1) + 5°03(v, V) + 204 (1, V).
n—oo

n—oo

Contraction-type mappings have been also generalized in several directions. In a series of generaliza-
tions, starting with Samet et al. [21], the concept of a-admissible mappings and a-i)-contractive mappings
were introduced, thus generalizing BCP. Recently, Sintunavarat [24] introduced the notion of weakly a-
admissible mapping and discussed respective fixed point results in metric spaces.

Definition 2.7. For a nonempty set X, let a : X X X — [0, 00) and f: X — X be two mappings. Then f is said to
be:

(i) [21] a-admissible if: x,y € X with a(x,y) > 1 = a(fx, fy) > 1.
(ii) [24] weakly a-admissible if: x € X with a(x, fx) > 1 = a(fx, ffx) > 1.

In what follows, we use the following terminology from the paper [25]. For a nonempty set X and a
mapping a : X X X — [0, 0), we use A(X, @) and WA(X, a) to denote the collection of all a-admissible
mappings on X and the collection of all weakly a-admissible mappings on X, respectively. Obviously,

AKX, a) c WAKX, a)

and, by [24, Example 2.1], the inclusion can be strict.
In the paper [27], Wardowski introduced a new type of contractions which he called F-contractions. He
used the family & of functions F : R* — R with the following properties:

(F1) F is strictly increasing;
(F2) for each sequence {t,} of positive numbers,

lim t, = 0 if and only if lim F(t,) = —co.
n—oo

n—oo
(F3) There exists k € (0,1) such that lim,_,q+ t*F(t) = 0.

Definition 2.8. [27] Let (X,d) be a metric space. A self-mapping f on X is called an F-contraction if there exist
F € & and Tt € R* such that

T+ Fd(fx, fy)) < Fd(x, y)),
forall x,y € X with d(fx, fy) > 0.
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It was proved in [27] that each F-contraction in a complete metric space has a unique fixed point and so
a genuine generalization of BCP was obtained.

Following this direction of research, Gopal et al. [9] introduced the concept of a-type F-contractive map-
pings and gave relevance to fixed point and periodic point theorems. Hussain and Salimi [12] introduced
an a-GF-contraction with respect to a general family of functions G and established Wardowski type fixed
point results in metric and ordered metric spaces. Parvaneh et al. [18] used slightly modified family of
functions, denoted by Agg. Then they introduced an a-f-FG-contraction and generalized the Wardowski
fixed point results in b-metric and ordered b-metric spaces.

In Parvaneh et al.’s approach, the following set of functions is used:

Definition 2.9. Denote by Ar the family of all functions F : R* — R with the following properties:
(A1) Fis continuous and strictly increasing;

(Ap) for each sequence {t,} € R*, lim,_,o0 t, = 0 if and only if lim,,_,o, F(t,) = —co.

Ag,g denotes the set of pairs (G, ), where G : R* — Rand f : [0,00) — [0, 1), such that

(A3) for each sequence {t,} € R*, limsup,_, . G(t,) > 0 if and only if limsup, _,  t, > 1.

(A4) for each sequence {t,} C [0, 00), limsup, , . B(t,) = 1 implies lim, o t, = 0;

(A3) for each sequence {t,} € R*, Y. 7”1 G(B(tn)) =
Example 2.10. (i) IfP(t) = G(t) = Intand B(t) = k € (0,1) then F € Ap and (G, p) € Agp. (ii) Let F(t) = -1/ Vi,
G(t) = Intand B(t) = 1~ for t > 0 and p(0) = 0. Then F € A and (G, B) € Agp.
3. Fixed Point Results for Rational (a-f-FG)-Contraction Mappings
We introduce now the notion of rational (a--FG)-contraction in a b-metric-like space as follows.

Definition 3.1. Let (X, 03) be a b-metric-like space with coefficient s > 1 and a: X X X — [0, 00). A self-mapping
J on X is called a rational (a-p-FG)-contraction, if there exist F € Ap and (G, ) € Agp such that

u,v € X with a(u,v) 2 1 and op,(Ju, Jv) > 0 implies 2)
F(sop(Ju, Jv)) < F©Og(u,v)) + G(B(Og(u,v))),
where
00,0, 03(, T, (o, ), 2T DTN,

Og(u,v) = max ap(u, Ju)op(v, Jv) opu, Ju)Gb(U Jv) : ®)
1+o0p(w,0) " 1+ 0u(Ju,Jo)

We denote by Y(X, o, FG) the collection of all rational (a-B-FG)-contraction mappings on (X, op).

If we take F(t) = G(t) = Int and S(t) = k € (0, 1), we see that every rational a-contraction is also a rational
(a-B-FG)-contraction in a b-metric-like space. However, for other functions F € Ar and (G, ) € Agg, new
conditions can be obtained (see further Remark 3.5).

We are equipped now to state our first main result.

Theorem 3.2. Let (X, 0p) be a complete b-metric-like space with coefficient s > 1 and let a« : X X X — [0, o0) and
J : X — X be given mappings. Suppose that the following conditions hold:

(FG1) J € Y(X,a, FG) N WA(X, av);
(FG2) there exists ug € X such that a(ug, Jug) = 1;



H.K. Nashine, Z. Kadelburg / Filomat 31:11 (2017), 3057-3074
(FG3) a has a transitive property, that is, for u,v,w € X,
a(w,v) > 1land a(v,w) =21 = a(u,w) = 1;

(FG4) 9 is op-continuous.
Then  has a fixed point u* € X such that op(u*, u*) = 0 provided a(u*, u*) > 1.

Proof. Starting from the given uy € X satisfying a(uo, Juo) > 1, define a sequence {u,} in X by 141

3061

=Juy,

for n € IN* = IN U {0}. If there exists 1y € IN* such that u,, = u,,+1, then u,, € Fix(J) and hence the proof
is completed. Therefore, we will assume that u, # u,.1 for all n € IN* and let g, = 04(up, Un41) for n € IN*.

Then g, > 0 for all n € IN*. We will prove that limy, . @, = 0.
Using that J € WA(X, @) and a(uy, Jup) > 1, we have

a(ur, uz) = a(Juo, I Juo) = 1.
Repeating this process, we obtain
a(py1, Unn) =1, ¥YneIN.
It follows from J € Y(X, a, FG) that
F(on) = F(op(xn+1,Xu)) < F(s0p(J Xn, T ¥n-1)) < F(Og(xn, Xn-1)) + G(BO g (X, Xn-1))),

where

G)J(xn/ xn—l)

op(xn fX,,)O'b(x;, 1 fxn 1) 0p(xa f’cn 0 (Xn-1 fxn 1)

n n—. )+ n— n
b (Xn, Xn-1), 05 (n, ), Ty (o, fq), M0, f0) }

1+0p(xp,X0-1) 4 1+0p(fxn, fxn-1)

0 (X, Xn+1)06 (Xn-1,%n)  Ob(Xn,Xn+1)0p (Xn-1,%n)

{ Uh(xn/ xn—l)/ Ob(xnr xn+1)/ ab(xn—ll xn)/ w/ }

1+0p (X0, Xn-1) 4 1+0p (Xn+1,%n)
3s0p (X, + _1,
< max {0y (X, X-1), O (X, 1), ZEur ot )|
< max {Ub(xn/ xn—l)/ Gb(xn/ xn+1)}

= max {gy-1, 0n} -

If ou—1 < 0, for some n € IN, then from (4) we have

F(on) < F(0n) + G(B(0n))-

Therefore G(B(0,)) > 0, which yields that 5(g,) > 1, which is a contradiction. Thus g,—1 > g, for alln € IN

and so from (4) we have

F(gn) < F(0n-1) + G(B(0n-1))-

Therefore we derive

F(Qn) < F(ou- 1)+ G(,B(Qn 1)
< F(0u-2) + G(B(0n-1)) + G(B(0n-2))

< F(oo) + ) G(B(ga-0)),

i=1
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that is,
F(on) < F(go) + ) G(B(gn1)) for alln € N. 5)
i=1

Owing to the properties of (G, f) € Agg and from (5), we get F(0,) — —ocoasn — oco. Thus, from the property
(Az), we have

lim g, = 0. (6)

n—oo

Next, we have to show that {u,} is a 0,-Cauchy sequence in (X, 0). Suppose the contrary; then, there
exist € > 0 and two subsequences {um(r)} and {un(r)} of {u,,} such that m(r) > n(r) > r and

p(Um(r), Un@r)) 2 €. (7)
We may also assume

Op(Un(ry, Umn-1) < €, (8)
choosing m(r) to be the smallest index exceeding n(r) for which (7) holds. Then we get

€< Gb(um(r)l un(r)) < Sab(un(r)r um(r)—l) + sgb(”m(r)—ll ”m(r))
<se+ Sab(um(r)—lz Z’lm(r))- (9)

Passing to the upper limit in (8) as r — oo, obtain

€ .. .
< 11?_1) ionf 0b(Un(r), Um-1) < limsup op(Une), Umr-1) < €. (10)

g r—o00
Also, from (9), (10), we obtain

€ < limsup 0y (Ungr), Um(ry-1) < SE.

r—oo

Due to (0,3), we get

0b(Un(r+1, Um@r)) < SOb(Un(ry+1, Un(r)) + STb(Un(ry, Um(r))
< Sab(un(r)+1/ un(r)) + SZO‘h(Mn(r), Z’lm(r)—l) + Ssz(um(r)—lr um(r))

< 50p(Un(1, Un(r) + S°€ + 20 (Um(r-1, Um(r))s (11)
and passing to the upper limit in (11) as r — oo, we obtain

lim sup 0p(tn(ry+1, Ume)) < S°€.

r—00

Finally,

Op(Un(ry+1, Umr)-1) < S0b(Un(r)+1, Un@r)) + 50b(Un(r), Um(r)-1)
< 50p(Un(r+1, Un(r)) + SE. (12)

Also, passing to the upper limit as r — oo in (12), we get

lim sup o4 (tn()+1, Um(y-1) < S€.

r—00
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Hence,
€ .. . .
3 < llgl’_l)ionf b (Un(r), Um@-1) < limsup op(Une), Umr-1) < €. (13)
r—o0
Similarly,
lim sup o4 (Un(r), tmr) < S€, (14)
r—00
€ .
S < im sup op(Un@y+1, Umr)), 15
r—00
lim sup 0p(Un@)+1, Um(r-1) < SE. (16)
r—00

On using (2) we get

F(sop(tn(ry+1, m@)) = F(806(T tnry, T hm(r)-1))
< F(G)J(un(r)/ um(r)—l)) + G(ﬁ(®3(”n(r)/ um(r)—l)))/ (17)

where

O (Un@ry, Um(r)-1)

b (U () nT tn(r))0b Uim(r) -1 T Uinr)-1) O nr) T Un(r))Tb (Man(r)—1T Uinr)-1)
1+U(un(7)rum(r)—l) 4 1+U(jun(r)u7um(r)—l)

Vlrfjﬂlr* + ﬂIV*/\TVlV
_ max {Gb(un(r), Um(r)-1), Ob(Un(ry, T tn(r))s ObUimry—1, T Um(r)-1), OGN 1)4501’(” 1), }

(18)

O (Un(r) Un(r)+1)0b (Um(r)=1,4m(r)) b (i) Hnr)+1)06 (Ui(r)-1,4m(r))
1+U(un(v)rum(r)—l) 4 1+U(“n(r)+1/um(r))

b (tn(r) Um(r))+0b (Um(r)-1, Un(r)+1)
— max {ab(un(r)/ Um(r)-1 )/ Ub(un(r)/ un(r)+1)r O-h(um(r)flr um(r))/ 4s ’

Passing to the upper limit in (18) as r — oo, and using (6), (13), (14) and (16) we obtain

lim sup © g (tn(r), Um(r)-1)

r—00

Lim sup o4 (tn(r), Um-1), im sup oy (Un(r, 1), imsup op(Ume)-1, Ume)),

r—00 r—00 r—00
lim sup 04 (tn(r), Um(ry) + limsup op(Ume)-1, Un(y+1)
r—o0 r—o0

7

. 4s
Lim sup o (tn(r), Un(ry+1) im sup op (U1, Une))
= max r—00 r—oo

1 + lim sup o(Un(r), Um(r)-1)

7

r—00
lim sup op (un(r)/ un(r)+1) lim sup O'b(um(r)—l/ um(r))

r—00 r—00

1 + lim sup o(Un()+1, Um(r))

r—oo

lim sup o (tn(), Um(y-1), 0,0,
r—00
= max <{ lim sup o4 (Un@), Umery) + Hmsup op(Ume-1, Une)+1)

r—00 r—00

,0,0

4s
< max {e, g} =e€. (19)
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Next, passing to the upper limit in (17) as ¥ — oo, and using (15), (19) we get

€ .
F(S;) < F(lim sup Soh(un(r)ﬂr um(r)))

r—00

< F(lim sup @g(un(,), um(r)_l)) + lim sup G(ﬁ(@:](un(r), um(r)_l)))

r—o0 r—o00

< F(e) + lim sup G(B(® g (nr), ttmr-1))),
implying that

lim sup G(B(® g (ttn(r), Umr-1))) = 0,

r—o00

which implies that lim sup B(© g (i), Ump)-1)) > 1 and since f(t) < 1 for all t > 0, we have

r—00

lim sup ﬁ(@j(un(r), Mm(r)—l)) =1

r—o0

Therefore by using (17) we obtain

lim sup oy (un(r)/ um(r)—l) =0,

r—oo

which is a contradiction with (13). Thus, {u,} is a 0,-Cauchy sequence in the b-metric-like space (X, o).
Since (X, o) is op-complete, there exists u* € X such that

,}ggo op(uy, u*) = nlniir_r}oo op(Uy, uy) = op(u™, u’) = 0.
By (013), we obtain

ap(u’, Ju') < sop(u’, Jttn) + s0p(J tn, JU°). (20)
So using the continuity of J and passing to the limit in (20) as n — oo, we get

op(u’, Ju') < s im 0y (u”, tns1) + 5 im 0p(Jtty, JU°) = sop(J ", ).
Since a(u*, u*) > 1 and using (2) we get

F(op(u’, Ju)) < E(sop(Ju', Ju')) < FOg(u', u")) + G(BOg (', u))),

where

Ub(l/l*, M*), O_b(u*/ ju*)/ ab(u*/ ju*)/ W/
1+op(ur,u*) 4 1+op(Jus,Jur)

®j(u*/ M*) = maXx { oy, Ju Yo, Ju) oy, Ju)op(u',Ju*)

< op(z, Ju).
Therefore
F(op(Ju',gu’)) < Flop(u’, Ju")) + G(B(ow(u’, Tu'))),

which implies that G(8(o,(u*, Ju*))) > 0 and so B(op(1*, Ju*)) = 1, which is not true, so o,(u*, Ju*) = 0 and
Ju* =u". This proves that u" is a fixed point of J such that o,(u*,u*) =0. O

We note that the previous result can still be valid for J not necessarily o,-continuous. We have the
following result.
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Theorem 3.3. Let (X,0;) be a complete b-metric-like space with coefficient s > 1 and let a : X* — [0,0), and
J + X = X be given mappings. Suppose that the assumptions (FG1)-(FG3) of Theorem 3.2 hold, as well as:

(FG4') X is a-regular, i.e., if {u,) is a sequence in X with a(u,, uy1) 2 1 forn € N and u, — u* as n — oo, then
a(uy,u*) =1 forn € N.

Then J has a fixed point u* € X such that op(u*, u*) = 0.

Proof. Following the lines of proof of Theorem 3.2, the sequence {u,} defined by u,+1 = Ju,, ¥V n € N is
a op-Cauchy sequence in the o;-complete b-metric-like space (X, o). From the completeness of (X, 0p), it
follows that there exists u* € X such that that

lim op(u,, u*) = LIim op(uy,, uy) = op(u*,u*) =0
n—oo n,m— 00
Now, by using (2) and a(u,,u*) > 1,V n € N, we have

F(sop(ttns1, Ju")) < F@Og(un, u")) + G(B(O7 (1n, 1)), (21)

where

o 0ty "), 03 (1, T th), 0p(u”, Ju), 2T LT t010),
O (uy, u’) = max 0t T i)t rT ) 0ot Tty T)
T+0p(uy,u*) ’ 1+0p (T uy,Ju)

(22)

O (U, tn+1)0p (U U°) O (U 1 )op (U 107)
1+0_b(”n ru*) 4 1+f7b(un+1 :u»)

{ 0ot 1), 01t tny), 0 (1, Tu), Tl sl), }
< max .

Passing to the limit as n — oo in (22) and using Lemma 2.6, we get

« N ap(u”, Ju)
oy, Ju . " .
M :1’1’111’1{0'[;(1/! ,Ju ), S }

452 4s

< liminf @ (u,, u*) < limsup © g (u,, u”)

n—oo n—oo
< max {obw: 72, S“b(ﬁ—f”)} = oy, ).

Again, by using (21) and taking the upper limit as # — co and using Lemma 2.6, we get

Fouar, ) = F6 20 ty1, T)

< F(slimsup o4(up41, Ju%))

n—o0

< F(lim sup O (uy, u*)) + lim sup G(B(@ 5 (uy, u*)))

n—oo n—o0

< Fop(u*, Ju)) + lim sup G(B(® (1, u7))).

n—oo

This implies that
lim sup G(B(@ g (u,, u*))) = 0.

n—oo

Hence limsup f(©4(u,,z)) > 1. By the property (As), we have limsup ®q(u,,z) = op(u’, Ju*)) = 0, a
contradiction. Therefore u* = Ju*. Hence u” is a fixed point of J. [
To ensure the uniqueness of the fixed point, we will consider the following hypothesis.

(HO) : forall x, y € Fix(J), a(x,y)=>1.
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Theorem 3.4. Adding condition (HO) to the hypotheses of Theorem 3.2 (respectively, Theorem 3.3) then Ju* = u*,
Jv* =v*and op(u*, u*) = 0p(v*,v") = 0 imply that u* = v*.

Proof. Suppose that Ju* = u*, Jv* = v*, op(u*, u*) = 0p(v*,v*) = 0, and, to the contrary, u* # v*, hence
op(u*,v*) > 0. By the assumption, we can replace u by u* and v by v* in the condition (2), and we get

Fop(u’,0")) = F(op(J 1", ) < F(@g (', 0)) + G(B(Og(u’, 0))),

where
- op(u*, v%), op(u*, Ju*), op(v* jv)w
Oq(u*,v") = max A S e Ay K A——
1+op(w*,v%) 7T 140,(Ju,J o)

< max{ op(u*,vY), —‘”’(” ) }
= op(u”, v%).
Therefore, we have
F(op(u*,v")) < F(op(u*,0")) + G(B(op(u”, v")))

which implies G(B(oy(u*, v*))) = 0, that is, f(0y(u*, v*)) = 1, a contradiction and eventually u* =v*. [

Remark 3.5. Considering a range of concrete functions F € Ap and (G, ) € Agp in the condition (2) of Theorems
3.2-3.4, we can get various classes of rational (a-p-FG)-contractive conditions in a b-metric-like space. We state just
a few examples (recall that © 4 (u, v) is defined in (3)).

(I) Taking G(t) =Int (t > 0), (t) = A € (0,1) and T = —In A > 0, we have Wardowski-type [27] condition

u,v € X with a(u,v) 2 1 and op(Ju, Jv) > 0 implies
T+ F(sop(Ju, Jv)) < FOg(u,v)).

(1I) Taking F(t) = G(t) = Int (t > 0), B(t) = A € (0, 1), we have Banach-type contraction condition

u,v € X with a(u,v) 2 1 and op(Ju, Jv) > 0 implies
sop(Ju, Jv) < A4 (1, v).

(1II) Taking E(t) = G(t) = Int (t > 0), we have Geraghty-type [6, 8] condition

u,v € X with a(u,v) 2 1 and op(Ju, Jv) > 0 implies (23)
sop(Ju, Jv) < p(Og(u, v))Og(u,v).

(1V) Taking F(t) = —%, G(t) = Int (t > 0), the condition is

u,v € X with a(u,v) 2 1 and op(Ju, Jv) > 0 implies
Oq(u,v)

- @1, v) In(BO 5 (1, v)))]2

(V) Taking F(t) = —#, Gt)=Int(t>0)and B(t) = A € (0,1), T = —=In A > 0, we have the condition

sop(Ju, Jv) <
[1

u,v € X with a(u,v) > 1 and o,(Ju, Jv) > 0 implies
O (u,v)

sop(Ju, Jv) < >
(1 +7+/O5(u, v))
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4. Illustration of Results

The first example demonstrates a possible usage of Theorem 3.4 with the involvement of rational terms
in contractive condition (2).

Example 4.1. Consider X ={0,1,2} and let g, : X X X — [0, o0) be defined by

1 15
Gb(0,0) =0 Gb(l, 1) = 5 Gb(Z,Z) = Z,

ob(O,l) = O'b(l, O) = Z, Ob(O,Z) = Gb(z, O) = -, Gb(l,Z) = Gb(z, 1) =3.

N W

It is clear that (X, o) is a complete b-metric like space with constant s =
a metric-like space). Define mappings J : X = Xand a: X X X — [0, o0

(X, 0p) is neither a b-metric, nor

5 (
) by

j:(g ; 3) a(u,0) = 1 for all 1,0 € X,

Moreover, take F(t) = G(f) = Int and (t) = g for t > 0 (Remark 3.5, Case (II)). Then it is easy to see that all
the conditions of Theorem 3.4 are fulfilled—just the condition J € Y(X, a, FG) needs to be checked. In this
case it reduces to

4 5
gab(j u,Jo) < 693(% v), (24)
for all u,v € X with 0,(Ju, Jv) > 0, where © 4(u, v) is defined by (3).
Now 04(J0,90) = 0,(J0,92) = 0p(T2,92) = 0b(J2,90) = 0, so only the following three cases have

to be considered:
Case I: For # = 0 and v = 1 (similarly, for u = 1 and v = 0),

0T, T0) = T 0,T1) = 01(0,2) = 5

and

0,91 1,90 0,70)0,(1,91 0,90)0,(1,91
©7(0,1) = max{ 01(0,1),04(0,70),00(1, T, “OTLAID, AOTBLLID G TomD |

3 27
= max{Z,O,S, 6—4,0,0} =3.

Hence, (24) reduces to % . % < % - 3.
Casell: Foru=v=1,

wU%Jw=%UIJD=%@m=¥

and

1,91 1,91 1,9 1)0,(1,91 1,91)0,(1,91
©4(1,1) = max{ ap(1,1), 05(1, T1), 0p(1, 1), 20T Z%m TN 01T Dop(LTY) 0p(1T Dou(L.T1) }

T+0,(1,1) 1+0p(JLI1)
1 9 24
= max{§,3,3, 1,6, E} =6.

Hence, (24) reduces to % . % < % - 6.

Note that this result could not be obtained without rational terms in contractive condition (whatever
functions F, G and f3 are chosen).

Case III: For u =2 and v = 1 (or u = 1 and v = 2) the result follows similarly as in Case I.
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This implies that (24) holds in all the cases, thus J € Y(X,a, FG). Therefore, all the conditions of
Theorem 3.4 are satisfied. Thus we can conclude that J has a unique fixed point (which is u* = 0).

Note also that the conclusion in this example could not be obtained using the standard metric d(u, v) =
|u — | nor the usual b-metric dy(u,v) = (u — v)?. For example, if the standard metric were used, for u = 0,
v=1,wewould getd(Ju, Jv) =2>1=04(u,v) and no A € (0,1) could be chosen in order that (24) holds.

The next example demonstrates the use of functions @ and 8, and again the importance of rational terms.

Example 4.2. Consider the set X = {1,b,c,d, e} and choose real numbers p, g > 0 such that p + 50g < log 2
ie., e#™509) > 2 Define a mapping 0; : X X X — [0, +o0) by

Op d, d) =

op(b,d) = ap(b,a) = o4(c, c) = op(c,d) = op(d, a) = op(e,€) =g,

Op b/ C) = 907/

(
(
op(c,€) = op(c,a) = o(e,a) = 4q,
(
op(b,b) = a(b, €) = op(d, €) = op(a,a) = 10g,

and op(u,v) = 0p(v, u) for all u, v € X. It is clear that (X, 0}) is a complete b-metric-like space with parameter
s = 3. Define mappings J : X - Xand a : X x X — [0, +0) by

a b c d e 1, u,vef{b,de}
j:(c d a d b)r 0((11,0):{ .

0, otherwise.
It is easy to see that just the condition J € Y(X, a, FG) needs to be checked—we will show that it holds in
the Geraghty-form (23) with 8 defined as S(t) = e~#*) for t > 0 and f(0) < 1.

The only two cases when a(u,v) > 1 and 0,(Ju, Jv) > 0 are the following:
Casel: u=b,v=-c(oru=e,v=>). Wehave

sop(Ju, Jv) = sop(d, b) = 54

and

(b,b d, bd b b,d b
©7(1,2) = max{ as(b,),ou(b,d), op(e, ), LT, L b |

20 107 104
187 1+104' T+0

= max {10q, q,10q,
The inequality (23) reduces to
gq < o (p+10g) 10q

and holds true by the way p, g have been chosen.
Case II: u = v = e. We have

sop(Ju, Jv) = sop(b,b) =454,

and

b b b b ,b)oy,(e,b
O (1,0) = max | o1(e,€), a1(e, ), e, b), MR, DU, e )

20 100q 1004>
87 1+4 1+10q

= max {q, 10g, 10q, } >50q (sinceg < 1).
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The inequality (23) reduces to
45q < #0504

and again holds true by the way p, g have been chosen.

Thus, all the conditions of Theorem 3.4 are fulffilled and the mapping J has a unique fixed point (which
is d).

Note that the condition would not be satisfied without the rational terms in @4 (in the last case we
would get ® 4(1, v) = 10g and no appropriate function  could be found). Also, the condition is not satisfied
on the whole space (that is, the use of function « is crucial).

5. Periodic Point Results

It is an obvious fact that, if  is a self-map which has a fixed point u, then u is also a fixed point of J™"
for arbitrary n € IN. However, the converse is obviously false, i.e., a self-map can have a “periodic” point (a
point u satisfying J"u = u for some n € IN) which is not its fixed point. In this section, we prove a periodic
point result for self-mappings on a complete b-metric-like space, thus modifying a result from [17].

Definition 5.1. [14] A mapping J : X — X is said to have the property (P) if it has no periodic points, i.e., if
Fix(J™) = Fix(J) for every n € N, where Fix(J) :={u € X : Ju = u}.

Theorem 5.2. Let (X, ;) be a complete b-metric-like space with coefficient s > 1 and let o : X*> — [0,0), and
J : X — X be given mappings satisfying the following conditions:
(fé\l) there exist F € Ar and (G, B) € Ag,p such that

u € X with a(u, Ju) > 1 and op(JTu, T*u) > 0 implies (25)
F(op(Ju, T?u) < F@g(u, Tu)) + G(B@O (1, Tu)))
where
o1, ), oy T, ), 2T+ T T,

4
Og(w, Ju) =maxs 5 1, Fuyo,(Tu, J?u) Gb(urj“)U:(J“rjzu)
1+op(u,Ju) 1+ 0,(Ju,J%u)

(1—{@) there exists ug € X such that a(uy, Jug) = 1;
(FG3) J € WA(X, a);

(@) if {u,} is a sequence in X such that a(u,, uy41) = 1 foralln € N and u, — uasn — oo, then Ju, — Ju as
n — oo;

(f(%) ifw € Fix(J") and w ¢ Fix(J), then ao(J" 1w, T"w) > 1.
Then J has the property (P).

Proof. Starting from the given uy € X satisfying a(uo, Jug) > 1, define the sequence {u,} by the rule
Uy = J"ug = Juu-1, n € N. Using (F/G\3), we get by induction

a(uy, uye1) =1 forall n e IN.

If there exists ng € IN such that u,, = 41 = Juy, then u,, is a fixed point of J. Hence, we assume
Uy # Upyr, i-e., 0p(Tthy_1, T *Uy_1) > 0 for all n € N.
From (FG1), we have

F(op(un, tins1)) = F(op(J -1, jzun—l))
< F©g(un-1, Jtin-1)) + GO (n-1, T tin-1))), (26)
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where

2
~ 0 (1, Ttin-1), (T thp-1, T *tin_1), 0(ttn-1,J *tin— 1)+0(3un 1. thn— 1)
G)j(ul’l—l/jun—l) = max (-1, J thn-1)0(J tn— 1. 2ty 1) (-1, Un-1)0(T tn— 1j Uy—1)
1+0(n-1,T tin-1) ’ 1+0(J tp-1,T *ttn-1)

3. 1—1 1 n—1)+ 1—1 1 2 n—
<max{ oy (up1, Tttnr), 0p(T th-1, T 2hy), ELlataT o) 20 Ttacr T tacr) |

4s
= max{ Gb(un—l/jun—l)/ Gb(jun—lz jzun—l) } .

If there exists n € IN such that

max{oy(un-1, T tn-1), 0p(T -1, T *thn-1)} = 0p(T thn-1, T *thn-1),

then (26) becomes
F(op(un, tn+1)) < F(op(ttn, Uns1)) + G(B(0b(Un, Un+1))),

which implies that G(8(op (1, #n+1))) = 0 and so B(0p(Un, Un+1)) = 1, a contradiction. Thus, we conclude that
F(op(un, tins1)) < F(op(ttn-1, un)) + G(B(0b(un-1, n))).

By using a similar interpretation as in the proof of Theorem 3.2, we get that the sequence {u,,} is a 05-Cauchy

sequence and hence the o,-completeness of (X, 0},) ensures that there exists u* € X such that u, — u" as
n— oo.

From (fG\4), we get uy41 = Ju, —» Ju' asn — oo, thatis u* = Ju*. Thus, J has a fixed point and
Fix(J") = Fix(J)is true forn = 1. Letn > 1 and assume, contrary to what has to be proved, that w € Fix(J™)
and w ¢ Fix(); then o(w, Jw) > 0. Now applying (f@) and (fG\l), we get

F(op(w, Jw)) = Fop(T (T 'w), THIT "' w))
< FOg(J" 'w, J" ) + GBOg(T"w, I w)))
where
O (" w, I w)
O'b(jn 1w jnZU) O_b(j( n— 1w) jZ(jn 1w)) oI w, AT ]ZU))‘*JIJ(J(J" RONIVES 1w)) }

= max I 0T oy T T ) THT ) ol T w T T )0 (T 0, THT )

T+0p (I w, T (T 1w)) L+0p(J (T 1w0), THI "))

{ op(T" Yw, w), op(w, Jw), oI lew)wb(w'w), }

op(JT " ww)opw,Jw)  op(T" w w)Ub(w Jw)
T+op(J" tww) 7 1+0p(w,Jw)

503, (" w,w)+3s03,(w, T w) }
4

< max

Ub( “w, w), op(w, Jw),
< max{ op(J" 'w, w), op(w, Jw) }
= op(J" w, w).

Consequently, we write
F(op(w, Jw))

< Fop(J" ™ w, J"w)) + G(B0p(JT " w, T "))
< Fop(J" w0, " w)) + GBon( T w, T"w))) + G(Bop(T " w, T w))

IA

< F(oo(w, Jw)) + G(B(0u(T" " w, T"w))) + G(B(op(T " *w, T" ")) + - + G(B(ow(w, Tw))),
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that is,
F(op(w, Jw)) < Flop(w, Jw)) + Z GBon(T" w, T"w))).
i=1

By passing to the limit as n — oo in the above inequality and using properties of (G,f) € Agg, we
have F(op(w, Jw)) = —oco, which is a contradiction and hence we deduce that o,(w, Jw) = 0. Therefore,
Fix(J") = Fix(J) foralln e N. O

6. Ulam-Hyers Stability in b-Metric-Like Space

Extending the known definitions in b-metric space (see, e.g., [7, 19]), we introduce the notion of gener-
alized Ulam-Hyers stability of fixed point problems in b-metric-like spaces.

Definition 6.1. Let (X, 0p) be a b-metric-like space with coefficient s > 1, and let J : X — X be a given mapping.
The fixed point equation

u=9Ju, ue X (27)

is said to be generalized Ulam-Hyers stable in the framework of b-metric-like spaces if there exists an increasing
Sfunction 1 : [0, 00) — [0, 00), continuous at 0, with Y (0) = O, such that for each € > 0 and an e-solution v € X, that
is,

op(v, Jv) <€,
there exists a solution w € X of the fixed point equation (27) such that
op(v, w) < P(se). (28)

If Y(t) = ct for all t € [0, 00), where ¢ > 0, then (27) is said to be Ulam-Hyers stable in the framework of b-metric-like
spaces.

Remark 6.2. Ifs =1, then Definition 6.1 reduces to the definition of generalized Ulam-Hyers stability in metric-like
spaces. Also, if P(t) = ct for all t € [0, 00), where ¢ > 0, then it reduces to the definition of Ulam-Hyers stability
in metric-like spaces. In addition, if the distance function is defined by oy(1,v) = |u — v|, then it is converted to the
classical Ulam-Hyers stability.

Theorem 6.3. Let (X, 0p) be a complete b-metric-like space with coefficient s > 1. Suppose that all the hypotheses
of Theorem 3.4 hold (considering contraction condition of the Geraghty-form (23)) and also that the function ¢ :
[0, 00) — [0, c0) defined by @(t) := t[1— B(t)] is strictly increasing and onto. If a(u, v) > 1 for all e-solutions u,v € X
of the fixed point equation (27), then this equation is generalized Ulam-Hyers stable.

Proof. Following Theorem 3.4, we have Ju" = u*, that is, u* € X is a solution of the fixed point equation
(27) with o3(u*, u*) = 0. Let € > 0 and v* € X be an e-solution of (27), that is,

op(v", Jv) <e.
Since op(u*, Ju*) = op(u*, u*) = 0 < €, u* and v* are e-solutions. By hypothesis, we get a(u*,v*) > 1 and so

op(u’,v") = op(Ju’,v") < slop(Ju’, JU") + 0p(J 0", v7)]
< POg(u*,v))Ogu",v*) + se, (29)
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where

Oy, v") = max oy T Y0 T D) oy Tu Yoo To)

1+0,(u*,v%) 7 1+op(Jur, g o)

2say,(u* 0" )+sop (U, Ju*)+sop(v*, T v*)
b b = b 0 0 }

< max

op(u*,v),0,¢,

{ p(u*, %), op(u*, Ju*), 0p(v° jmw }

=max{ o,(u*,v"),0,€, —25(”’(“4: )*€ 0,0 }
= max{ op(u*,v), e }

Consider the two possible cases.
1° If @ g (u*, v*) = op(u”, v*), then we get

op(u”,v*) < Blop(u*, v*))op(u”, v*) + se,

which implies that
op(u”, v)[1 = Blop(u”, v"))] < se.

Since @(f) = t[1 — B()], we have @(o,(u*,v*)) < se which implies that
o, 0") < Yse),

where ¢ := (p‘l : [0, 00) — [0, o0) exists, is increasing, continuous at 0 and (p‘l(O) = 0. Observe also that,
since 0 < B(t) < 1,itis 0 < @(t) < t, and so Y(t) > t for t € [0, o0).
2° If @ 4(u*,v") = €, then (29) gives that

op(u*,v") < € < se < Y(se).
Thus, the inequality (28) holds in all cases and, therefore, the fixed point equation (27) is generalized
Ulam-Hyers stable. [
7. An Application to Cantilever Beam Problem

Consider the following fourth-order two-point boundary value problem which is an example of beam
problem when uniform load is distributed, that is, the so-called Cantilever Beam Problem:

u””(t) = K(t,u(t)), 0<t<1; (30)
u0) =u'(0) =u"(1) =u"(1) =0,
with I = [0,1] and K € C(I X R, R). This problem is equivalent to the integral equation
1
u(t) = f G(t, r)K(r, u(r))dr, for tel, (31)
0

where G : I X I — [0, o) is the Green function given by

o, )_ r?(GBt—r), 0<r<t<1
6 |t2Br—t), 0<t<r<l.

Consider the set X = C(I,R) := {x : [ - R | x is continuous on I} and define a b-metric-like g, : X X X —
[0, %) by

op(u,v) = max max{lu(t)], [v(t)|} for u,ve X,
€

where p > 1. Then (X, 05, s = 2V"!) is a 0,-complete b-metric like space.
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Theorem 7.1. Let J : X X X be the operator defined by

1
Ju(t) :f G(t, r)K(r,u(r))dr for tel.
0

Also, let &£ : R X R — IR be a given function. Suppose the following assertions hold:

(C1) K:IxR — Ris a continuous function, non-decreasing in the second variable;

(C2) there exists ug € X such that E(uo(t), Juo(t)) = 0 forall t € I;

(C3) forallu,v,w € X, E(u(t), v(t)) = 0 and E(u(t), w(t)) = 0 for all t € I implies that E(u(t), w(t)) > 0 forall t € I;

(C4) if {u,} is a sequence in X such that u, — u in X and E(uy(t), un41(t)) = 0 for alln € N and t € I, then
E(un(t),u(t)) 20 foralln e Nandt e I;

(C5) ue Xand E(u(t), Ju(t)) = 0 for all t € I implies that E(Tu(t), TTu(t)) = 0forallt € I;

(C6) there exists p > 1 such that for u,v € X with &(u,v) > 0, and r € I we have

max{K(, w0, IK(, 00 < [ 555 exp(-01,0) )@, 00| (32)
where

(max{u(r), o(r)})?, (max{u(r), Ju(r)})?, (max{o(r), Jor}, |
@1 (1/[ U)(T) = max (max{u(r),Jo(r)} )”+(max{v ), Ju(r)} )F’ .
(max{u(r),Ju(r) )7 (max o(r),Jo(r)})P (max u(r), Ju(r)})? (max{o(r),Jo(r)})?
T+(max{u(r),o(r)})? 4 1+(max{Ju(r),Jo(r)})P

1 1
(C7) sup,, [, G(t,r)dr < 5

Then there exists a solution of the integral equation (31), and hence, there exists a solution of the problem (30).
Moreover, the fixed point problem (31) is generalized Ulam-Hyers stable.

Proof. Define a function a : X X X — [0, c0) by

alx, ) = 1, if &E(x(t), y(t) =0, forallt el (33)
777 1y, otherwise,

where y € (0,1). It is easy to see that the assumption (C2) readily implies the condition (FG2) of Theorem
3.2. Also, the assumption (C3) implies that a has a transitive property (FG3). Finally, (C4) implies the
regularity condition (FG4’) of Theorem 3.3.

The assumption (C5) easily implies that J € WA(X, a).

We are going to check that J € Y(X,a,FG). For this, let u,v € X be such that a(u,v) > 1, ie,
E(u(t),v(t)) = 0 for all t € I. For each t € I, by the definition of operator J, we have

)

1 1 P
< n}gx{ﬁ G(t,7) |K(r,u(1’))|d1’,‘fO G(t, 1) |K(r,v(r))|dr})

1
f G(t, n)K(r, v(r))dr
0

1
f G(t, r)K(r, u(r))dr|,
0

op(Ju, Jv) = (max{

1 p
maxj; G(t, r) max({K(r, u(r))l, IK(V,U(f))l)df)
p

1 Y
S(max fo Gt, r)[zzp 5 exp(-01(1,0)(1)1 (1, 0)() dr)

1
max fo G(t,r)[zzi — exp(-@7(1, 1))@ (1, v)] ]

tel

) eXP(_®J(”r U))@J(u/ v).
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Now, by considering the functions F, G : R* — R and 8 : [0, +o0) — [0, 1) given by:

F(t) = G(t) =Int, p(t) = % exp(-t), fort >0,
we get
F2oy(Ju, J0)) < F@g(u,v)) + G(B@g (1, v))).

Thus all the hypotheses of Theorem 3.3 are fulfilled for s = 27~1. Thus there exists a fixed point of J, that
is, a continuous function u* € C(I, R) such that Ju* = u*, that is,

1
u'(t) = Ju'(t) = f G(t, r)K(r, u*(r)) dr.
0

Consequently, u* is a solution of the boundary value problem (30).
Finally, by virtue of (t) = 2}—,1 exp(—t), we define ¢(t) := t[1—(t)]. Since ¢ is strictly increasing and onto,
all the hypotheses of Theorem 6.3 hold, so the fixed point of (31) is ¢~!-generalized Ulam-Hyers stable. [
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