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Some Approximation Results For (p, g)-Lupas-Schurer Operators

K. Kanat?®, M. Sofyalioglu®

?Polatli Faculty of Science and Arts, Gazi University, 06900, Ankara, Turkey

Abstract. In this paper, we introduce Lupag-Schurer operators based on (p, g)-integers. Then, we deal with
the approximation properties for (p, q)-Lupas-Schurer operators based on Korovkin type approximation
theorem. Moreover, we compute rate of convergence by using modulus of continuity, with the help of
functions of Lipschitz class and Peetre’s K-functionals.

1. Introduction

In 1912, Bernstein [2] defined the following sequences of linear and positive operators B, : C[0,1] —
Clo,1]

Bu(f) = Zf(%)( ’,j )xka -, )
k=0

where n € N and f € C[0,1]. In 1987, Lupas [3] introduced g-calculus for Bernstein operators. He defined
g-analogue of the Bernstein operators in the following form

. f(%)[z] k(L -y
N 9
Ln,q(f,X) = Z H]nzl{(l _ X) + qulx} . (2)

k=0

The operators L, ,(f;x) generate positive linear operators for all ¢ > 0. As we see above, there are two
kinds of g-analogue of Bernstein operators i.e Phillips and Lupas. In 2015, Mursaleen, Ansari and Khan
[4] first introduced the concept of (p, g)-calculus in approximation theory. They defined a generalisation of
g-Bernstein operator and called it as (p, )-Bernstein operators. The form of the (p, 4)-Bernstein operators
are as follows

k] kk—l n—k-1
Bn,Pfq(f;x) = Tany Zf( T ”[Z:]pq)l: Z ] kk=1) H p]_q]x (3)

P 7 k=0 =0
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In 2017, (p, 9)-analogue of Lupas Bernstein operators are defined by Khalid et al [13].
Foreachp >0and g >0, Ly, : C[0,1] — CJ[0,1]

K[k, n (=R0—k=1)  k(k=1) "

) f(P[n]MM)[ ' ] p 2z q: xk(l - X) k
Ln s — p.’q : 4
palf7%) Z H';:1{P]71(1 —x) + g/~ 1x} @

k=0

are (p,q)-analogue of Lupas Bernstein operators. Note that (p,q)-analogue of Lupas Bernstein operators
generate positive linear operators for all p > 0 and g > 0. Consequently, the (p, g)-counterparts introduced
by Mursaleen et al [4] is generalisation of g-analogue of Bernstein operators given by Phillips [19] whereas
Khalid et al [13] generalised g-Lupas Bernstein operators. The novelty of (p, q)-calculus in computer aided
geometric design (CAGD) given by Khalid et al [13] will help readers to understand the application.
Another advantage of using parameter p has been shown in [9]. Besides this, we also refer to the reader
some recent papers on (p, g)-calculus in approximation theory: e.g. [1], [6], [7], [8], [10], [11], [12], [16], [17]
and [18].
Before proceeding further, we recall significant definitions and notations on the concept of (p, g)-calculus.
For any non-negative p anq g, the (p, g)-integers of the number # is defined by

EL ifp#g#l
n-1_ ) np™! ifp=q#1

= n—1+ n—2 4ot n—2+ ,
P N A pqt A+ ; ifpogo1
[n], ifp=1
where [n]; denotes g-integers for n = 0,1, 2,.... The (p, g9)-binomial expansion is defined as
n 1 n (n—k)(n—k-1)  k(k—1) n— n—
(ax + by)p,q = % |: 2 Lqp T g za ke xn—k k, (5)

where

[ n ] _ [n]p,q!
k pa [k]p/q![ifl—k]p,q!

are the (p, g)-binomial coefficients. By using (5) we obtain
@+ Yy =+ YEx+q)P°x+y) ... (" x+ g y)
and
(1=0), = A=0)p - @E ~ 0. (" =q" %)

More information about (p, g)-calculus can be read from [4] and [15].

2. Construction of The Operator

Schurer type generalization of linear positive operators has been studied in several years. In this part,
we construct the class of the (p, g)-analogue of Lupas Schurer operators.

Definition 2.1. We consider for each p > 0, g > 0 and for any m € N, x € [0,1] and f € C[0,1 + 1], fixed
I € IN* U {0}). We construct the (p, q)-analogue of Lupag Schurer operators by

) ] g g
m P
PA

i - ' | ' (6)
i kZ=0‘ H;?:’ll{pl—l(l —x)+qi~1x}
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Note thatif we take p = g = 1 (p, q)-Lupas-Schurer operators reduce to be Schurer-Bernstein operators which
are defined in the article of Schurer [14] in 1962. We have the following lemma to give some equalities for
the operators (6).

Lemma 2.2. Let L(;.) is given by (6). The following equalities

e = 1, @)
[m+1]
Mx) = —My, (8)
m,l [m]p,q
P p" 1 m + l]p,qx N Plm +1pglm +1-1],, ©)
ml [, [m]3,(p(1 = x) + gx)
+1
LMt —xx) = (—[m ba _ 1) X, (10)
4 [m]p,q
Lt - x)%x) = w
m,l 4 [m]Z
P4
(qz[m +pglm+1-1],4 ~ 2[m+ 1,4 . 1]x2 a1
[m];,,(p(1 = x) + qx) [
hold.
Proof. (i) Firstly, we begin with
n n k
n (Rk1)  kkoD) e n Rk ke (X "
Z[k] por g 1=t = Z[k] Pt g (1_x)(1—x)
k=0 2 k=0 A4
= (pA -0+ A -2)+ 70 ... (" A -x) +9" %)
= H{pf‘l(l —x)+q/ ). (12)
j=1
So, we have from (12)
A
- - =1 13
kZ—O [T fp 11 = 2) + ¢/ 'x} (13
In the (13) we choose 1 := m + [. Then we get
el [ m}:r | ] EEEE (L
4
)3 o — -1 (14)
k=0 [Tio{p (1 = x) + g/~

Now, let us write Lm(l ;X)

m+1
m+l k

L=y T ~ (1

k=0 j=1 (1 -x)+q1x}

(m+l=-k)(m+l1-k-1)  k(k—1) _
—_— q—z xk(l _ x)m+l k
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By using (14) and (15) we obtain Lz;ql(l;x) =1
(ii) Secondly, we write Lfr;ql(t; x) as follows

m+l—k + m+l=k)(m+1-k=1)  k(k-1
p [kJm| m+1 } LU D ek
P4

m+l [m]p,q k
LZ;Z(t,’X) - m+l 1 1
=0 TS5 p 11— 2) + ¢/ 1x)
pm+lfk [k]p,q [Wl+l]p,{].

(m+l=k)(m+1-k=1)  k(k-1) _
7(]Txk(l x)m+l k

e Kl P
Hm+l{p] 1(1 _ X) + q] lx}

m+l k [m+l]p 4!

(m+1-K)(m+1-k=1)  k(k-1) _
7,7—2 Xk(l _ x)m+l k

k=1

- Z ’”]M =10, =F, 1P
IT5 P11 = %) + 77 1)

1 m+l—k—1 [m+l],.,q! (m+1-k=1)(m+1-k-2) k(k+1 k(] — yymik-1
B Z [y Ty i i—k—11,,1F (1-x)
- 1
= IT75 {p’ Y1 -x) +q/'x}
P ], | m o+ /- (rtiok-Wonsiok2) k) e k]
m+l-1 [m]y k q: (1 x)
- pA
- Iy i i
= [T5 P11 = x) + g/~ 1x)
direct calculations yield,
Y B N g
[m + l] m+l-1 p k
Lfnq,(t'x) = [m] - - m_+pl '11
p.q pr H]_ {p/(1—x) +gix}
k-1 [ m+1-1 (m+l—k— 1)(m+1 —k-2) k(k+1) X -1
] m+1—1 pm k (1 x) (1 - x)m
B [m + ]p,q L dpq
- 1
[mly, =~ & H;"*’ (P x) +q/x)
ikl | mAI=1 (ko) K1) (i)k mtle
[m + l] m+l-1 p k p 2 q 1—x (1 x)
_ A L Ipa
- -2
[y T2 2 p (1 x) +gi*1x)

Now, suppose that x = %5, or equivalently, u = ;=

[ m+1-1 N @(ﬂu)k
[m " l]pq m+l-1 | k ] P
0l ( ;—— =
m,l u+1 [m]pq u+1 ZO # Hm+l 2{p]+1 + q]+1u}
[ a1 s e 0 b
m+1, u "ol k Ipq '
-2
[m],; u+1 P H’”* {pf + qf( )}
[m+1,, u
I, el ml( x).

220
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Finally, we obtain

[m+1],,

[m]p,q

PAr Y —
Lm,l(t’ X) =
(iii) Thirdly, let us write L™ (£2; x)

m+l-k 2 l - —k—
p [k]p,q m + (m+l-k)(m+l-k-1)  k(k=1) k Tk
s (— N
P4

[, k
L) = L -
k=0 Hj:1 P11 —x) + g/ x}
pz<m+17k>[k],2,/q [m+],q! QR R .
T 1S T el 4 g T k(1 = Xy
= l — —
k=0 TP (1 = x) + gi1x)
p2(1n+17k)[k]p,q [m+1] g (mAl=k)(mtl—k=1)  k(k=1) k I—k
mi il BTl T P g T k(1 = xym
- I i —
= M50 = x) + g/}
P[], [m+1],4! (ntlk-Dmtl-k=2) kktD) g q k1
miljl [m]’zw [k]p,ql[’”‘*l—p;—l]prq!p 2 g7 x + (1 _ x)m+
B Ty i —
=0 [P = x) + g7}
Take [k + 11,4 = p* + qlk],, then we get
pHm kD (k4 glk],, ) [m+1],,! (k= ontlok=2) kA g 1
-1 y .
1 (t2- X = WZ [m}, [k],,,q![m+1—k—1]p,q!i’ 2 gz X" (1-x)
mlN - T —
=0 [P = x) + g7
2mei—k-1) k| M+1-1 ok i @xkﬂu i
[ + l] m+l-1 p p q
= L1 Z 4
; =1, i -
[m]pﬂ k=0 H;.”;B i = x) + gix)
+q [m+1],,
2
[ml,

k1 m+1-1 (k- melk2) Kk k1
m+i-1 P ( )[k]lﬂlq[ k p g gz x(1-x)"
1z

X

— [T Hpi (1 = x) + gix}
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m+1-1 rkeDoneik-2) KD (O gy
-1 P 2 q ( (f—x))
Pm+l_1 [m + l]p,qx m+l— k o p

[m];, k=0 H?:{l_l{}?j(l - x) + g/x} (;ﬁ

Lt =

)m+l—1

qlm + 1y [m + 1 = 1], ,x*

[m]5,

| m+1-2 (ko2 k=3) K1) e
ela pz(m+l k-1) [ P ] > q > q2k+1xk(1 _ x)m+l k-2
PA

X ; ;
kZ::)‘ [T Hpi(1 = x) + gix}
) pm+l—1 [m + l]p,qup,q (1 . x)
l 7
[ml, "
[ m+1-2 ] (m+1—k—2)2(m+1—k—3) @ ( P )k
Gl +pglm + 1= 1], 43> (Sl k P4 pm

[m]2,(p(1 = x) +gx) & 1571 pi(1 - x) + gix) (m

)m+l—2

pm+l—1 [m + l]p,qx

= —[m];z;,q Lm(l;x)
[ m+1-2 ] (eikDonsihd) K) ( Px )k
Plm o+ glm + 111,02 "2 k] 70 e
[, (P = 2) +42) 175 pi2 + g2 (,,z?lzfx))}

P + 1], ¢ 7*m + pglm +1 - 1], 42

= L PP+ L(1;x)
[ml;, ! [ml},(p(1 = x) +qx) ™

o mllyy  @lm lpgm 111, 1 2
[m]}rzj,q [m];ZJ,q p(l - x) +gx '

As a result, we obtain

P m g P Hpglm +1-1],,

Lm tz; —
i3 [ml, [m5,4(p(1 — x) + gx)

(iv) In order to show the equality of the first central moment Lm(t — x;x), we will use the linearity of the

B
operator L, ":

Lf’f,(t - X;X) Lm(t; X) — forfl(l,' X)
[m+1],, ~

[m]pq

_ ([m+1],,,q _1)x

[m]p,q
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(v) For the second central moment Lz;ql((t — x)%; x), we will again use the linearity of the operator Lqu:

P 2. P (g2, Lz 27PA (1.
Lm,l((t —-X)5;X) Lm,l(t ;X) — 2me,l(t, X)+x Lmll(l,x)

pm+l—1 [m + l]p,q

Plm + 1, lm +1-1],, ~ [m+1,,

— 2
[m]?, [m]2,(p(1 = x) + gx) [y e
_ p’”*’*l [m+1],, g*[m + Npglm +1-1]p,,4 B [m +1]p,4 1l
[m]2, [m]2,,(p(1 = x) + q) [m]p.q '

As a consequence, the proof is completed. [J

3. Main Results

It is obvious that operator Lm( f;x) is linear and positive.

223

Remark 3.1. [13] For q € (0,1) and p € (g,1], limyc[nlyq = 0 or pqu. In order to reach convergence results of

our operator Lm(f; x), we take the sequences q,, € (0,1) and py, € (qm, 11) such that limy,_eopm = 1, liy—oofm = 1,

limp—coply, = 1 and limy, oy, = 1. Thus, we have limy, . [m]p,, 4, = .

Here, we can give the following theorem which guarantees the approximation process based on Korovkin’s

type approximation theorem.

Theorem 3.2. Let LZ’:’Z( f; x) satisfy the conditions in Remark (3.1) for 0 < g,y < pw < 1. Then for each monotone

increasing function f € C[0,1+ 1], Lm( f; x) converges uniformly to f on [0, 1].

Proof. To prove this theorem, it is sufficient by the Korovkin theorem to show that

lim

m—o0

“Lﬁ;‘j,(tk; x) - xk” -0, k=0,1,2.

C[0,1+1]

i) By Lemma (2.2), Equation (7), it is clear that

[ N _
“Lml(l’x) 1||C[o,1+1]

lim

m—>00

lim sup L%(l;x) -1 =0.

M=—10,1]

ii) By Lemma (2.2), Equation (8), we have

lim

m—00

P (4. _
ey -

lim sup [L77(t;x) — x
Cl0,1+1] xe[OﬁI (%) = X1

m— o0 ]
[m+1],

= lim sup [l

M=% ¢[0,1]

l
< lim (M _ 1)
m—soco [m]P,ll

= 0

x—x‘

iii) Using Lemma (2.2), Equation (9), we can write

mli_n}m HL%(tz; X) — x2H mli_r)nm sup |L%(t2,' x) — x|

Clo,/+1]

x€[0,1]
< lim Pm+]_1[”12+ g [qz[m : Hpglm +1=1lpg
m—00 [m]p,q [m]p,q(P(l - X) + qx)
= 0.

Thus, because of the positivity and linearity of Lfr ,q,( f;x), the proof is completed by the classical Korovkin

approximation theorem. [J
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Currently, we will give the following lemmas.

Lemma 3.3. Let the function f be a monotone increasing function then LZZ( £ x) is a linear and positive operator.
Proof. The proof is obvious. So we will omitit. O

Lemma 3.4. (Holder Inequality) Let 1 + % = 1. Then L(f; x) satisfies the following inequality

’ ;x))% (LZ;Z (|g f ;x)) .

=i

Ly (foli) < (L (1f

4. Rate of Convergence

In this section, we will give the approximation of order of the operator Lf:;ql (f; x) by means of modulus
of continuity, with the help of functions of Lipschitz class and Peetre’s K-functionals. Let f € C[0,!+1]. The
modulus of continuity of f, denoted by w(f, ), is defined

w(f,0) = sup |f(y)-f)|. (16)

|y—x|<o

x,y€[0,1]

Then it is known that (Slirg w(f,6) =0for f € C[0,] +1]; and also, for any 6 > 0 and each t, x € [0, 1], we have

-7 @) <052 +1), 17

Firstly, we will give the rate of convergence of LZ;?Z( f;x) by means of modulus of continuity.

Theorem 4.1. Let p := (py,) and q := (qm), 0 < g < pm < 1, be sequences satisfying the conditions given in Remark
(3.1). Then forall f € C[0,[+1],

IL(F53) = F@llcpons 20 (f; 6 (),

where
Om(x) = LZ;Z((f - X)?;x) (18)
m+l-1 _ %
p [m+ l],,,qx .\ (qz[m +pglm+1-1],, ) [m + 14 .\ 1]x2 .
[m]?, [m],,(p(1 = x) + qx) [y

Proof. In order to prove this theorem, we will use the linearity and positivity of the operator L%( f;x), we
have

[0 - £ )

[0 - i)
L (f ) - f@)];0:%).
Then applying (17), we have

LA - £ )

IA

s (w(f,ém)(lté_ i 1);x)

= PO o + wif o)
= w(f, 5,n)(1 + 6im YLt - x)Z;x)). (19)

IA
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sup [L%(f52) = £ ()

x€[0,1]

w(f, b (1+ 5 AL (= 0%,
Choose

o (1) = {sz—l[m + l]mx . (qZ[m +pglm+1-1],, B 2[m +1],q N 1]x2}2 |

[ml}, [ml} p(1 = x) + qx (]9

Thus, we get the desired result

LY (F320) = F@lcqo 11 S 2 (f; 0m (1))

LM (f; %) = f)llcpo,r+1)

IN

then the proof is completed. [J

225

Now, we will give the rate of convergence of Lp 7 ,(f; x) with the help of functions of Lipschitz class. We recall

that a function f € Lipy (@) on [0, + 1] if the 1nequa11ty
lf () - f@|<Mlt -« ; Vt,xe[0,1]

holds.

Theorem 4.2. Let f € Lipy (). Let p := (pw) and q := (qm), 0 < G < pm < 1, then we have
I} (fr %) = £ ()l < Moy, (),

where

Om (x)

] .
L2t~ )% %)

1
mH1py 4 ] 2[m +1 +1-1 +1 2
{P [m ]p,qx+(‘7 [m + 1],4[m lvq 2[m lpqg +1]x2} '

[mi2, mRp(l—x) +qx  ~ [mly

Proof. Let f € Lipp (@) and 0 < a < 1. Since LZ’Z( f;x) is linear and monotone, by using (20), we have

A0 - fe| < LAFo-f
< MLp’q(lt—xla;x).

;X)

If we take p = 2, g = 52 and apply Holder inequality, then we obtain
|L (f;x) - f(x)' < M Lf,,q, (¢t =2y ;X)}E
< Moy, (x)

immediately. If we choose

1

5 ) = {pm+l—1[m g (qz[m Hllplm 4 1=y It Dy 1);8}2 /

[ml, [m];,p(1 = X) + gx [y

the proof is completed. [

(20)

(21)

Lastly, we will give the rate of convergence of our operator L’:n’ql (f; x) by means of Peetre-K functionals. First

of all, we give the following lemma:
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Lemma 4.3. For f € C[0,1 + ], we have
L2501 < I (22)

Proof. By using the definition of (6), we obtain

pAq
pAq
P Fol =
/ Iy i i
" par [T P11 =2 + ¢/ 1x)
PRI, m+1 Rtk k=) g Ik
e+l f( [’"]MM) [ B ] Tz gz xX(1-x)m*
< pAa
- Iy i i
par [T75p ™1 - x) + ¢/}
= AL )
= ifl

the desired result. O

And then, we recall the properties of Peetre’s K-functionals. C?[0,1+ 1] is the space of the functions f, for
which f, " and f” are continuous on [0, + 1]. We write the norm of function f in the space C2 [0, + 1]

Il cego ey = IleroeatHIF eo ey HLF ego -

Now, we define classical Peetre’s K-functional as follows:

K(f,0) = gegl[g/l] {”f - 9||C[o,1+1] +0 Hg”CZ[O,H-l]}

and second modulus of smoothness of the function is defined by

wy(f,0):=sup sup |f(x+2h)-2f(x+h)+ f(x)],

0<h<dx,x+he[0,1+1]
where 6 > 0. By [20], it is known that for A > 0
K(f, ) < Awy(f, Vo).

Theorem 4.4. Let f € C[0,]+ 1] and 0 < gu < pm < 1. Then we have for all n € IN, there exists a positive constant
M such that,

LA (F5%) = £ ()] < Meon(f, () + @(f, (),

where
_ : ) a2 ([m+ 1], ?
am (x) = \/Lm((t —x)%x) + > (W - 1) (23)
and
_ (g )
Bu(x) —( ol 1. (24)
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Proof. Define an auxiliary operator L7 (f;x) : C[0,] + 1] — C[0, 1] by

Ly, (f;x) = LY (f; %) = f(Mx) + f(x). (25)
4 [m]p,q
From Lemma (2.2), we have
L, (Lx) = 1,
. . B y . [m+1],,
L, (t=xx) = Lfnf’l((t —x);x) — (Wx -~ x) +x—x
([m * g - 1)x— —[m +l]p'qx+x+x—x
[mlyq [mlpq
= 0. (26)

This means that the operators L' (f;x) are linear. For a given function g € C*[0,!+1], we have by the Taylor
expansion that

g(t) = glx) + (t —x)g'(x) + f (t—u)g”(u)du, tel0,1]. (27)

Applying L7 , operator to both sides of the equation (27), we get

t
L;Ll(g; x) = L;Ll (g(x) +(t—x)g' (x) + f (t- u)g"(u)du)

¢
gx) + L, ((t—x)g'(x);x) + L, (f (t- u)g"(u)du) .
So,

t
L;‘n,l(g; x) —g(x) = g'(x)L*m,l ((t—x);x) + L;J (f (t- u)g"(u)du).

Using (25) and (26) we obtain

¢
L, (f (t- u)g"(u)du)

t T [+ 1
= (f (t - u)g"(u)du) - f " ( Py u) g’ (u)du
M\ Jx x [m]p,q

L, (g;x) — g(x)

* [m+l]P/q 7"
+ j;; ( ol x—u) g’ (u)du. (28)
Moreover,
t t
f(t—u)g"(u)du < flt—ullg”(u)ldu
t
< 17 f = uldu < (= %Pl (29)
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and

[m+1]p,q

[mlpq * [m + l]p,q 7
fx (—[m]p,q X — u)g (u)du

228

[m+l
m+ l]pq

” N”f["']mx(
[m ]p,q

[m + 112 ’ X2
= "I -
2[m]plq

llg” |l ([m +1]py
2 [mly,q

IA

- )

[m + [],qx? x2)

+
[m]p,q 2

_1)2,

(30)

When we rewrite (29) and (30) in the absolute value of (28), we obtain

L (g:0) - g@)| < llg” LA -

= |lg"llez,(x),

where

|Ig”|I(LMl((t—) x) + 2(

—x)%x) +

g2 ([m Hlpy 1)2
2 [ml,q

[m + l]p,q . 1)2J
[m]pq

o () = \/ LA -0 + 5 (

[+ 1],

[m]p,q

. 1)2.

Currently, we will find a bound for the auxiliary operator L, (f;x). In the light of the Lemma (4.3) we

obtain
Ly (0l = IL2(fx0) - f(
< I )I+If( -
< 3lfll
Accordingly,

L (f5x) = f(

Ly (fi%) - f<x>+f( o ]p]” )—f(x)¢g(x)¢L;,z(9;x)

g )+f< )
12

*+llps )+|f<x>|
]P'i

< UL (f = g%) = (f =) +IL;, (%) — g(x)]
[m+1],, ) ~
( [m]p,q X f(x)
_ "2 [m + Z]prq _ ) )
< AIf =gl + g7 e, (x) + w(f,( o I)x
< 4(If - gll + 119”123, () + @ (f, (@), (31)
where
_(Im+1], ~ )
Bu(x) —( ol 1)x. (32)
Finally, for all g € C?[0, ! + 1] take the infimum of the equation (31). We get
L0 = f)] < 4K(f, a3, (x)) + @ (f, Bu(x)) - (33)
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As a result, using the property of Peetre’s K-functional, we obtain
LY (f5 %) = FOOl < Man(f, am(0) + @ (f, Bu()) - (34)
Thus the proof is completed. [

5. Conclusion

In this paper, we introduced (p, g)-analogue of Lupas-Schurer operators by using (p, g)-integers. (p, 9)-
analogue of Lupas-Schurer operators has an advantage to generate positive linear operators for all p > 0
and g > 0 whereas (p, 9)-analogue of Bernstein-Schurer operators [5] generates positive linear operators
only if 0 < g < p < 1. We obtained some approximation properties of the constructed operators and dealed
with the rate of convergence by using modulus of continuity, with the help of functions of Lipschitz class
and Peetre’s K-functionals.
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