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Abstract. In this paper, we introduce a class of new auxiliary functions and establish certain fixed point
theorems under (¢ —1)) contractive conditions in partially ordered metric-like spaces. Our work generalizes
some results in the literature and assumes some as particular case. Examples are provided to support the
useability of our results.

1. Introduction and Mathematical Preliminaries

The extensions of fixed point theory to generalized structures such as cone-metric, partial-metric spaces
and quasi-metric spaces have received much attention in the past years ([3, 5, 11, 14-17]). Fixed point
theorems in partial metric spaces have their applications in computer science, engineering and many other
fields ([10, 22, 23, 25]). Existence of fixed points in partially ordered metric spaces has been initiated by
Ran and Reurings [21] and further studied by Nieto and Lopez [19]. Subsequently, several interesting and
valuable results have appeared in the direction([1, 2, 4, 12, 13, 20, 24]). Recently, the notion of a metric-like
space was first introduced by Amini-Harandi [6], and obviously it is a new generalization of a partial metric
space [18].

Now we will recall some basic definitions and facts which will be used throughout the paper. Here we
only list the notion of metric-like space.

Definition 1.1. ([6]) A mapping 0 : X X X — IR*, where X is a nonempty set, is said to be metric-like on X
if for any x, y, z € X, the following three conditions hold true:
(o)o(x,y) =0=x=y;
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(02)o(x, y) = o(y, x);
(03)o(x,z) < o(x,y) + 0(y, 2).
The pair (X, 0) is then called a metric-like space.

Every partial metric space is a metric-like space. Here, we give some examples of metric-like spaces,
but not partial metric spaces.

Example 1.2. Let X = [0, +o0) and 0 : X X X + [0, +00) be defined by

olx,y) =x+y,
for all x, y € [0, +00). Then (X, 0) is a metric-like space, but it is not a partial metric space.
Example 1.3. Let X = R, then mappings o; : X X X — R*(i = 1,2, 3) defined by
o1(x,y) =[xl + 1yl +a, oa(x,y) =lx—bl+ly—bl, o3(x,y)=2*+17,
are metric-like space on X, wherea > 0 and b € R.

Proposition 1.4. Let (0, X) be a metric-like space, and suppose that {x,} is 0— convergent to x. Then for any y € X,
one has

o(x,y) —o(x,x) < liminf o(x,, v)

< limsup o(xy, y)

n—o0

<o(x, y) + o(x, x).
In particular, if o(x, x) = 0, then one has limo(x,, y) = o(x, y).

Proof. From the third condition of a metric-like, it follows that

o(xn, y) < 0(xy, x) + 0(x,y),
o(x,y) < 0(xy, X) + 0 (X, y).

Taking the upper limitas #n — oo in the first inequality and the lower limit asn — oo in the second inequality,
we can obtain the conclusion. [

Then we recall the notion of C-class and give some examples, for details see [7-9].

Definition 1.5. ([7]) A mapping f : [0,00)> — R is called C-class function if it is continuous and satisfies
following axioms:

(1) f(s,t) <s;
(2) f(s,t) = s implies that either s = 0 or t = 0, for all 5, ¢ € [0, c0).

Note that for some f we have that f(0,0) = 0. We denote C-class functions as C.
Also note that for some f, f with respect to second variable is non-increasing.

Example 1.6. ([7]) The following functions f : [0, o0)? — R are elements of C, for all s, t € [0, 0):
Df(s,t)=s—t f(s,)=s=>t=0.
(2)f(s,t) = ks, 0<k<1, f(s,t) =s = s = 0.
3)f(s, t) = ai_t)”” €(0,0), f(s,t)=s=>s=0ort=0.

@)f(s,t) = YyIn(1 +s"),neN, f(s,f) =s =5 =0.

In this paper, using a new auxiliary function called C—class functions (see Definition 1.5) introduced
by Ansari [7], we establish some fixed and common fixed point theorems involving (i) — ¢) contractive
mappings in the setting of partially ordered metric-like spaces. Our results extend, generalize, and improve
some well-known results from literature. Some examples are given to support our main results.
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2. Fixed Point Theorems

Throughout the rest of this paper, we denote a complete partially ordered metric-like space by (X, <, 0),
i.e. <is a partial order on the set X and o is a complete metric-like on X.

Theorem 2.1. Let (X, <,0) be a complete partially ordered metric-like space. Let F : X — X be a nondecreasing
mapping such that for all comparable x,y € X,

P(o(Fx, Fy)) < f(Q(M(x, ), p(M(x, ), (1)

where M is given by

M(x, y) = max{o(x, v),o(x, Fx), o(y,
and

Fy)/ [(T(x,Fy)Zo(Fx,y)] },

(1) ¥ :[0,00) = [0, o0) is a continuous monotone nondecreasing function with ¢(t) = 0 if and only if t = 0;

(2) ¢ :[0,00) — [0, 00) is a lower semi-continuous function with ¢(t) = O if and only if t =0 or ¢ : [0, 00) —
[0, ) is a lower semi-continuous function with ¢(t) > 0 if and only if t > 0,and ¢(0) > 0;

(3) f:[0,00)*> - R are elements of C such that f is non-increasing with respect to second variable.

(4) (a)F is continuous or (b)X has the following property:
if a non-decreasing sequence {x,} — x asn — oo, then x, < x forall n € N.

(5) there exists xy € X with xy < Fxy.
Then F has a fixed point.

Proof. Let xo € X. Then, we define a sequence {x,} in X such that x,.; = Fx,. Since xp < Fxo and F is
nondecreasing, we have

x1=Fxg<xp=Fx1 2---2x, =Fxy_1 <xp01=Fx,---.

If x,, = x41 for some n € N, then x,, = Fx,, and hence x,, is a fixed point of F. Then the conclusion holds. So
we may assume that x,, # x,,41 for all # € IN. By (1), we have

(01, X0)) = Y(0(FXn, Fxp1)) < f(PM6, X0-1)), QM (X, X1-1))), 2)
which implies that Y(o(x+1, X)) < P(M(xp, x,4-1)). Using the monotone property of the i)—function, we get

0 (Xn+1,%n) < M(Xn, Xp-1)- 3)
Now, from the triangle inequality for ¢, we have

lo(xy, Fxy—1) + 0(Fxy, Xp-1)]
4
[o(xy, xi) + 0(Xp41, Xp-1)]
4
[o(xy, Xp41) + (X, Xp-1)]
2

}

M(xy, xp—1) = max{o(xy, X4-1), 0(xn, Fxn), 0(Xp-1, FXn-1),

}

= max{o(xu, Xn-1), 0 (Xn, Xn+1), 0(Xn-1, Xu),

}

< max{o(x,, Xn-1), (X, Xn+1),
= max{o(x,, Xn-1), 0 (X, Xn+1)}.

If 0(xps1,%0) > 0(Xn, Xn-1), then M(xy,, X,—1) < 0(Xy41,%,), combining with (3), we obtain that M(x,, x,—1) =
0(Xn, Xp41) > 0. By (2), it further implies that

1P(G(xnﬂ/ Xn)) f(l;b(o-(xnﬂl Xu)), Qb(‘j(xnﬂ/ X))
Y(0(Xns1,Xn))-

IAN A
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It implies that

P(o(Xns1,Xn)) = fF(P(o(Xns1, X)), (0 (Xns1, X0)))
Therefore, by (2) of Definition 1.5,

P(o(xns1,%0)) = 0, o1 P(0(Xnt1,Xn)) = 0.

It both yields that o(x,+1,x,) = 0 since P(0(Xy+1,X1)) = 0 or ¢(0(xn+1, X)) = 0, which is a contradiction with
0(Xp41,%n) > 0. S0 0(Xp41, Xn) < 0(xXp, X4-1), then M(x,,, x,-1) < 0(X4, Xp—1), combining with (3), thus we have

0(Xn+1, Xn) < M(xn, Xp-1) < (X, Xn-1)- 4)

Therefore, the sequence {o(x;, x,+1)} is monotone non-increasing and bounded. Thus, there exists r > 0 such
that

lim o(x, xp41) = lim M(x, xp-1) = 7. (5)
Suppose r > 0. Then letting 7 — oo in the inequality (2), we get

Y(r) < fF(@), liminf G(o(ns1, x4))) < f(@ (1), d(1r)) < Y1),
where second inequality holds since f is non-increasing with respect second variable. It implies that

¥(r) = f@(1), (1),
which yields that
P(r) =0 or ¢(r) =0.
The above equalities both hold when r = 0. Hence,

lim o(x,, x,41) = 0. (6)

n—oo

Next, we show that {x,} is a 6—Cauchy sequence in X. Suppose, to the contrary, that is, {x,} is not a
o—Cauchy sequence. Then there exists € > 0 for which we can choose two subsequences {x,,;} and {x,)} of
{x,,} such that n(i) is the smallest index for which

n(i) > m@i) > i, o(Xm(), Xna)) = €. @)
This means that
0 (Xpm(iy, Xn(i)-1) < €. ®)
Using (7), (8) and the triangle inequality, we have
€ < 0(Xn(), Xm() < OXm(i)-1, Xm()) + 0 (Xm(i)-1, Xn(i))
< 0(Xm(i)-1, Xm(i)) + 0(Xm(i)-1, Xn(i)-1) + T (Xn(i)-1, Xn(i))

< 20(Xm(i)-1, Xm(i) + Xy, Xn(i-1) + T (Xn(i-1, Xn(i))
< 20(Xm(i)-1, Xm(i)) + 0(Xn(i)-1, Xn()) + €.
Using (6), (8) and letting n — oo, we get
Um o (@, ) = HM 0(n-1, %u)
= Zlgg 0 (Xim(i)-1, Xn(i)-1)
= 1152 0 (Xm(iy, Xn(i)-1)

= e ©)
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M Xm(iy-1, Xn()-1) = max{o(Xmei)-1, Xn(i)-1), O(Xm()-1, Xm@i))s
[0 (Xm(i-1, Xn(i) + 0 (Xm(iy, Xn(iy-1)]

y ]

0 (Xn(i)-1, Xni)),
using (6) and (9), we have

. €
,lg?o M(Xm(i)-1, Xn-1) = max{e, 0,0, 5} =e€.

As n(i) > m(i) and x,;), X are comparable, setting x = x,,;)-1 and y = x,;;)-1 in (1), we obtain

YO (Xm@), X)) = Y(O(FxXimii)-1, FXui-1))
< fOM&mgy-1, Xn()-1)), PM(Xin()-1, Xn(i)-1)))-

Letting i — oo in the above inequality and using (9) and (10), we get
¥(e) < f(yle), liminf (M -1, Xup-1)) < f(§(€), p(e)) < P(e),
It implies that

P(e) = f(le), d(e)),
which yields that

P(e) =0 or ¢p(e) =0.

719

(10)

The above equalities both hold when € = 0, which is a contradiction with € > 0. Hence, {x,} is a 6—Cauchy

sequence. By the completeness of X, there exists z € X such that limx, = z, that is

n—oo

lim o(x,,z) = 0(z,z) = lim o(xy, x,) = 0.
n—.oo m,n—oo

Now consider the assumption 4(a) that F is continuous. The continuity of F implies that

limo(x,41,2) = limo(Fx,, z) = 0(Fz,z) =0,
n—o00 n—o00

It follows that z = Fz.

Now consider the assumption 4(b) holds. We have x, < z for every n € N. By (1), we have

Y(0(Fz, xp41)) = P(0(Fz, Fxp)) < f(P(M(z, xn)), p(M(z, X)),
where

O(FZ/ xn+1) < M(Z/ x‘rl)
[G(zl xn+1) + O-(FZ/ xn)]
4

3

= maX{G(Z, xl’l)r U(Z, FZ)/ O'(x”, xn+1)/
Taking limit as n — oo, by (11), we obtain
lim M(z, x,) = 0(Fz, 2).
n—o0

Therefore, letting n — oo in (12), we get

P(0(Fz,2)) < f(Y(0(Fz,2)), p(o(Fz, 2))),

which is a contradiction unless o(Fz,z) = 0. Thus, Fz = z. The proof is completed.

(11)

(12)
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Remark 2.2. In the definition of M(x, v), the set {o(x, v), o(x, Fx), o(y, Fy), w} is replaced by any of

[o(x,Fy)+o(Fx,y)] }
2

its subsets or M;(x; y) = max{o(x, y), , Theorem 2.1 remains valid.

The following theorem gives a sufficient condition for the uniqueness of the fixed point.
Theorem 2.3. Let all the conditions of Theorem 2.1 be fulfilled and let the pair (F,iy) is weakly increasing. If the

following condition is satisfied: For arbitrary two points x, y € X, there exists z € X which is comparable with both x
and y. Then the fixed point of F is unique.

Proof. Suppose that there exist two fixed points u,v € X, i.e. Fu = u and Fv = v.
Consider the following two cases.
Case 1. If u and v are comparable, then we can apply contractive condition (1) and obtain that

P(o(u,0)) = P(o(Fu, Fo)) < f(Pp(M(u, v)), p(M(u, v))), (13)
where
[o(Fu,v) + o(u, Fv)]
1 }
= o(u,v). (14)
Using (13) and (14), we have

Plo(u, ) < f(Y(a(u,0), p(o(u, ),

which is a contradiction unless o(u, v) = 0. This implies that u = v.
Case 2. If u is not comparable to v, then there exists y € X which is comparable to u and v. The monotonicity
of F implies that F"y is comparable to F*u = u and F'v =v,forn =0,1,2,---.

M(u,v)

max{o(u,v),o(u, Fu), o(v, Fv),

Moreover,
Yo, F'y)) = P(o(F'u, F'y))
< fOME u, F7ly), oM u, ™1 y))), (15)
where

M(F" 'u, F*'y) = max{o(F" 'u, F"'y), o(F"u, F'u),
[o(F"u, F"~1y) + o(F"'u, F'y)] }

n—1 n
o(F""y, F'y), i

[o(u, F"'y) + o(u, F'y)]
4

= max{o(u, F"‘ly),a(u, u), G(F”_ly, F'y), }

for n sufficiently large, because o(F" 'y, F'y) — 0 when n — .
Similarly as in the proof of Theorem 2.1, it can be shown that

o(u, F'y) < M(u, F"'y) < o(u, F* 'y).
It follows that the sequence {o(u, F"y)} is nonnegative decreasing. Then, there exists ¥ > 0 such that
31_1)1;10 o(u,F'y) = 1}1_{?0 M, F'y) =r.
We suppose that > 0. Then letting n — oo in (15), we have
Y0 < F0), 60)),
which is a contradiction. Hence r = 0. Similarly, it can be proved that
,}ggo o(v, F'y) = 0.

Now, passing the limit in o(u,v) < o(u, F*y) + o(F"y,v), as n — oo, it follows that o(u,v) = 0, so u = v, and
the uniqueness of the fixed point is proved. The proof is completed. [



Xiaolan Liu et al. / Filomat 32:3 (2018), 715732 721

Without the assumption of weakly increasing, we can get another version of uniqueness of fixed point
theorem by some modification for M(x, y).

Theorem 2.4. Let all the conditions of Theorem 2.3 be fulfilled except that M(x, y) defined in Theorem 2.1 is replaced
by Mi(x, y) = max{o(x, y), Wﬂ }. If the following additional condition is satisfied: For arbitrary two points

x,y € X, there exists z € X which is comparable with both x and y. Then the fixed point of F is unique.
Proof. Following the similar arguments to those demonstrated in Theorem 2.3, one can obtain the result. [J

Remark 2.5. In Theorem 2.1, Theorem 2.3, the condition xy < Fxy can be replaced by xo > Fxp. Just as
demonstrated in Theorem 2.3, the conclusion remains valid when the assumption is changed: from the pair
(F iy) which is weakly increasing to that which is weakly decreasing.

Now, we present an example to support the useability of our result.

Example 2.6. Let f(s,t) = 133,X = {0,1,2} and a partial order be defined as x < y whenever y < x and define
0: XXX — R" as follows:

0(0,0)=10, o(1,1) =6, 0(2,2)=0, 0(1,0)=0(0,1) =5,

0(2,0)=0(0,2) =5, 0(1,2) =0(2,1) = 3.

Then (X, %, 0) is a complete partial ordered metric-like space.

Let F: X — X be defined by FO=1,F1 =2,F2 = 2.

Define 1, ¢ : [0,00) — [0,00) by (t) = ¢t and ¢(t) = % We next verify that the function F satisfies the
contractive condition (1). For that, given x, ¥ € X with x < y, so y < x. Then, we have the following cases.
Casel. If x =1,y =0, then

o(F1,F0) =0(2,1) =3

and
M(1,0) = max{o(1, 0),o(1, F1), (0, F0), LZEL0) Z o1, FO)l,
= max{5, 3,5, (51_6)}

=5.

5
1+ 1+¢p(M(1,0))”

Case2. If x =2,y =0, then

o0(F2,F0) =0(2,1) =3

As P(o(F1,F0)) =3 < X = SO e contractive condition (1) is satisfied in this case.
2

and
F2,0 2,F0
M(,0) = max(o(2,0),0(2, F2), 0(0, Fo), 22+ 720N,
- max(5,0,5, 23
4
=b5.
As Y(0(F2,F0)) =3 < =2, = HMEOD 46 contractive condition (1) is satisfied in this case
APV =0 < 1T T Tomeo) :
Case3. If x =2,y =1, then
o(F2,F1) = 0
and
F2,1 2,F1
M, 1) = maxio(@, 1), 02, F2), o(1, 1), X2 22D,
- max(3,0,3, & Z 0,

=3.
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As Y(0(F2,F1)) =0 < ﬁ = %, the contractive condition (1) is satisfied in this case.
Case 4. If x =0,y =0, then
o(FO, FO) = 6
and
FO0,0) + (0, FO
M(0,0) = max(o(0,0), 6(0, F0), (0, F0), 2% ro ),
5+5
= max{10,5,5, ( )}
=10.
_ 10 _ _Y(M(O0) . - . e 4
As Y(0(F0,F0)) = 6 < T = TroMM0,0) the contractive condition (1) is satisfied in this case.
1 X
Case5. Ifx =1,y =1, then
o(F1,F1) =0
and
F1,1)+0(1,F1
M(, 1) = maxia(1, 1), o1, F1), o(1, F1), 2RI
3+3
= max{6,3, 3, ( 1 )}

=6.

As P(o(F1,F1)) =0 < é = %, the contractive condition (1) is satisfied in this case.

Case 6. If x =2,y =2, then

G(le FZ) =0
and
M(2,2) = max{o(2,2),0(2,F2),0(2,F2), [0(F2,2) Z o(2, F2)] }
= max(0,0,0, ¢ : 0,

=0.

AsP(o(F2,F2))=0= 2 = %, the contractive condition (1) is satisfied in this case.

6
1+3

722

So, F, 1 and ¢ satisfy all the hypotheses of Theorem 2.4 except that the pair (f, i,) is weakly increasing. But
according to Remark 2.5, we also obtain the uniqueness of fixed point. Indeed, here 2 is the unique fixed

point of F.

Remark 2.7. Let f(s,f) = s — t in Theorem 2.1-Theorem 2.4, then the conclusions coincide with Theorem
2.1, Theorem 2.2 and Theorem 2.3 in [26]. If we take y/(t) = ¢, then the conclusions coincide with Corollary
2.11in [26]. In addition, let f(s,t) = ks, k € [0,1), Y(t) = t in Theorem 2.1-Theorem 2.4, then the conclusions

coincide with Corollary 2.9 in [26].

Let f(s,t) = 133, in Theorem 2.1-Theorem 2.4, we have the following corollary.

Corollary 2.8. Let (X, <,0) Let (X,<,0) be a complete partially ordered metric-like space. Let F : X — X be

nondecreasing mapping such that for all comparable x,y € X,

Y(M(x, y))
Y(o(Fx, Fy)) < m,

where M is given by
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o(x, Fy) + o(Fx, y)]
1 }

M(x, y) = max{o(x, y), o(x, Fx),o(y, Fy), [

And 1 : [0, 00) — [0, o0) is a continuous monotone nondecreasing function with (t) = 0 if and only if t = 0,
¢ : [0, 00) — [0, o) is lower semi-continuous and ¢(t) > 0 if + > 0and $p(0) = 0.
If there exists xg € X with xo < Fxo and in each of the following two cases, F has a fixed point:

(a) Fis continuous in (X, <, 0),
or

(b) {x,} is a nondecreasing sequence in X such that x, — x € X implies x, < x for all n € IN.
Moreover, if the additional conditions are satisfied:

(1) (F iy) is weakly increasing or M(x, y) is replaced by Mi(x, y), and

(2) For arbitrary two points x,y € X, then there exists z € X which is comparable with both x and y,

then the fixed point of F is unique.

1+a°
2

Let f(s,t) = log,* ,a > 1, in Theorem 2.1-Theorem 2.4, we have the following corollary.

Corollary 2.9. Let (X, <,0) Let (X,<,0) be a complete partially ordered metric-like space. Let F : X — X be
nondecreasing mapping such that for all comparable x,y € X,

LHpM(x,y)°

Y(o(Fx,Fy)) <log, > ,

where M is given by

[o(x, Fy) + o(Fx, y)] )

M(x, y) = max{o(x, y), o(x, Fx),o(y, Fy), 1

And ¢ : [0, 00) — [0, 00) is a continuous monotone nondecreasing function with Y(t) = 0 if and only if t = 0,
If there exists xo € X with xy < Fxo and in each of the following two cases, F has a fixed point:

(a) Fis continuous in (X, <, 0),
or

(b) {x,} is a nondecreasing sequence in X such that x, — x € X implies x, < x for all n € IN.
Moreover, if the additional conditions are satisfied:

(1) (F, iy) is weakly increasing or M(x, y) is replaced by M1(x, y), and

(2) For arbitrary two points x, y € X, then there exists z € X which is comparable with both x and y,
then the fixed point of F is unique.

Let f(s,t) = 4/In(1 + s"),n € N, in Theorem 2.1-Theorem 2.4, we have the following corollary.
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Corollary 2.10. Let (X, <,0) Let (X, <, 0) be a complete partially ordered metric-like space. Let F: X — X
be nondecreasing mapping such that for all comparable x, y € X,

P(o(Fx, Fy)) < y/In(1 + p(M(x, y))"),n € N,
where M is given by

[o(x, Fy) + o(Fx, y)]

1 }

M(x, y) = max{o(x, y), o(x, Fx), o(y, Fy),

And 1 : [0, 00) — [0, 00) is a continuous monotone nondecreasing function with (t) = 0 if and only if
t=0,
If there exists xo € X with xy < Fxg and in each of the following two cases, F has a fixed point:

(a) Fis continuous in (X, <, 0),
or

(b) {x,} is a nondecreasing sequence in X such that x, — x € X implies x, < x for alln € N.
Moreover, if the additional conditions are satisfied:

(1) (F iy) is weakly increasing or M(x, y) is replaced by M(x, y), and

(2) For arbitrary two points x, y € X, then there exists z € X which is comparable with both x and v,

then the fixed point of F is unique.

3. Common Fixed Point Theorems

In the following section, we present the common fixed point theorem of two self maps I, g in a complete
partially ordered metric-like space. At the same time, we also present an example to support our result.

Theorem 3.1. Let (X, <,0) be a complete partially ordered metric-like space and let h, g : X — X be two weakly
increasing mappings w.r.t. < such that for every two comparable elements x,y € X,

Y(o(hx, gy)) < fFYM(x, y)), G(M(x, ), (16)
where M is given by

lo(x, gy) + o(hx, y)]
1 }

M(x, y) = max{o(hx, gy), o(x, hx), o (y, 9y),
and
(@) 1 :[0,00) = [0, 00) is a continuous monotone nondecreasing function with P(t) = 0 if and only if t = 0.

(b) ¢ : [0, 00) — [0, o) is a lower semi-continuous function with ¢(t) = 0 if and only if t = 0 or ¢ : [0, 00) — [0, o0)
is a lower semi-continuous function with ¢(t) > 0 if and only if t > 0,and $(0) > 0

(¢) f:[0,00)* > Rare elements of C such that where f is non-increasing with respect second variable.

Then in each of the following two cases the mappings h and g have a common fixed point:
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(1) hor g is continuous,
or

(2) if a nondecreasing sequence {x,} converges to x* € X, then x,, < x* for all n.

Proof. Let us divide the proof into two parts.

(IDWe prove that u is a fixed point of & if and only if u is a fixed point of g.

Now, suppose that u is a fixed point of i1, then hu = u. As u < u, apply contractive condition (16) with x = u,
y = u, we have

P(o(u, gu)) = Y(o(hu, gu)) < fpM(u, u)), p(M(u, 1)),

where
M(u, u) = max{o(hu, gu), o(u, hu), o(u, gu), [o(u, gu) Z o(hu, u)] }
= max{a(u, gu), o(u, ), [o(u, gu); o(u,u)] }
= max{o(u, gu), o(u, u)}
=o(u, gu).

Then, we have

Plo(u, gu)) fW(o(u, gu)), ¢(a(u, gu)))

Y(o(u, gu)).

INIA

It follows that

Plo(u, gu)) = f((o(u, gu)), po(u, gu))).

Therefore,

Y(o(u, gu)) =0 or ¢(a(u, gu)) =0

It both yields that o(u, gu) = 0 since Y (o(u, gu)) = 0 or ¢p(o(u, gu)) = 0. Hence, u = gu.

Similarly, we show that if u is a fixed point of g, then u is a fixed point of h.

(IT) Let xo € X. We construct a sequence {x,} in X such that x,41 = hXo,, X242 = gX2n41, for all non-negative
integers, i.e. n € N U {0}. Ash and g are weakly increasing w.r.t. <, we obtain that

x1=hxo < ghxo =x = gx1 S hgxy = x3 < -+ < Xopa1 = hgy < ghxo, < Xopso <0

If o, = X441, for some n € N, then hx, = x2,. Thus x,, is a fixed point of h. By the first part, we conclude
that x,, is also a fixed point of g. The conclusion holds.

If X2441 = Xon42, for some 1 € IN, then gxp,1 = x2441. Thus x2, is a fixed point of g. By the first part, we
conclude that x», is also a fixed point of i. The conclusion holds.

Therefore, we may assume that x, # x,.1 for all n € IN. Now we complete the proof in the following steps:
Step 1. We will prove that 351;10 0(xXp, Xu41) = 0.

As x7,41 and x2,42 are comparable, apply contractive condition (16) with x = x2,41, ¥ = X2442, We have

Y(o (X241, X2n42)) = P(0(hX2n, GX2041))
< f(l!}(M(in, x2ﬂ+1))r (P(M(in, x2n+1)))- (17)



Xiaolan Liu et al. / Filomat 32:3 (2018), 715-732 726
where

M(x2n, X2n+1) = max{o(hxay, gxan+1), 0(X2n, hxon), 0(X2n+1, JX2n+1),
[o(hxon, Xan+1) + 0(xX2n, gXon+1)]
1 }
= max{o(X2u+1, X2n+2), 0(X2n, X2n+1), 0(X2n+1, X2n+2),
[o(x2n41, X2n41) + (X2, X2n+2)]}
4
< max{o(Xan+1, X2n+2), 0(X2n, Xon+1), 0(X2n+1, Xan+2),

[o(x20, X20n41) + 0(X2041, x2n+2)]}
2

< max{o(x2n, X21+1), 0(Xon+1, X2n+2)}-

If 0(xX2n41, X2n42) = 0(X2n, X2ns+1) > 0, then it follows from the last inequality above, we have M(x,, X2441) <
0(X2n+1, Xon+2). Combing (17) with the monotonicity of i, we have o(xX2n4+1, X2n+2) < M(X2y, X241). Therefore,
M(x2n, X2n+1) = 0(X2n41, X2n+2), and (17) implies that

Y(o(X2n41, X2n42)) < fFAP(M(X20, X2111)), QM (X201, X20141)))
= f(WP(0(xX2n+1, X2n+2)), PO (X241, X2042))), (18)

which is only possible when o(x2,+1, X2442) = 0. We deduce that xp,+1 = X2442. It is a contradiction with the
assumption that x,, # x,,.1 for all n € IN.

Hence, 0(x2+1, X2n+2) < 0(X2n, X2041) and M(x2n, X2n+1) < 0(X2, X2041)-

Combing the above proof, we can obtain that

0(X2n+1, X2n+2) < M(X2n, X2n41) < 0(X2n, X2u+1)-
In a similar way, we can obtain that
0(X2n42, X2n+3) < M(X2n+1, X2u+2) < 0(X2n41, X2n+2)-
Therefore, we conclude that for eachn =0,1,2,---,
0(xp, Xn41) < M(xy, x4-1) < 0(x, X3-1)-

It follows that the sequence {o(xy, X,+1)} is nonnegative monotone non-increasing and bounded. Thus, there
exists > 0 such that

lim o(x,, xp41) = &1_1){)10 M(x,, xp-1) = 1.

n—oo

Suppose 7 > 0. Then letting 11 — oo in (18), we get

Y(r) < f(p(r), im inf p(M(xan, X2041))) < f(P(r), O(r)) < Y1),
which implies that

P(r) = f((r), §(r)).
With Definition 1.5, we have that

P(r) =0, or, ¢(r) = 0.

It both yields that r = 0 since () = 0 or ¢(r) = 0.
So we have that

lim o(x,,, Xu41) = 0. (19)

n—oo
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Step 2. We will prove that the sequence {x,} is a c—Cauchy sequence. It is sufficient to show that {x,,} is a
o—Cauchy sequence. Suppose, to the contrary, that is, {x,} is not a c—Cauchy sequence. Then there exists
€ > 0 for which we can find two subsequences of positive integers {xy@;)} and{x,} such that n(i) is the
smallest index for which

n(i) > m() > i, o(XamG, Xn) = € (20)
This means that

0 (X2m(iy, Xon(i)—2) < €. (21)
From (20) and (21) and the triangle inequality, we get

€ < o(Xamy, Xoni))
< 0(Xameiy, X2n(i-2) + 0 (X2n()-2, X2n()-1) + 0(X2n()-1, X2n())
< €+ 0(Xangi)-2, X2n()-1) + 0(X2n()-1, X2n())- (22)

By letting i — oo in the above inequality and using (19) and (22), we have that

lhjg O‘(-752111(1')/ xZn(i)) =€ (23)
Moreover,
€ < o(X2m@), X2n(i))
< 0(XamGi), X2am(i)-1) T 0(X2m(i)-1, X2n(i)+1) + 0(X2n(i)+1, X2u())

< 0(X2miiy, Xom(i)-1) + 0(X2m@i)=1, X2n(i)) + 0(X2n(i)+1, X2n()) + 0 (X2n(i)+1, X2n(i))

= 0 (x2m(i)r x2m(i)—1) +0 (x2m(1')71/x2n(i)) +20 (in(i)+1, in(i))

< 0(@2meiy, X2m(i)-1) + 0(X2m@i)-1, X2m(i)) + 0 (X2miy, X2n()) + 20 (X2n(i)+1, X2n(i))

< 200Gy, Xam@)-1) + 0(X2m@), Xangiy+1) + 20(X2ui)+1, X2n())- (24)

Using (21) and (24) and letting i — oo, we get
llirg o (Xam(i, Xon(p) = llgg (X 2m(i)-1, Xan(i)+1)
= llirg 0 (X2m(i)-1, X2n(i))
= Zling 0 (X2m(i), X2n(i)+1) = €.

Since x2,() and x,,(;)-1 are comparable, so by the definition of M(x, ) and using previous limits, we get that
hl’nM(in(i), xzm(i)fl) = €. Indeed,
1—00

M((x2n(i), X2m(i)-1) = Max{o(X2uiy+1, X2m(i)), O(X2n(i)s X2n()+1), 0 (X2m(i)-1, X2m(i))
[o(x2n(iy+1, Xom(i)-1) + 0(X2mi), X2n(i))] |
4

— maxle, 0,0, g}

=€
Now since the terms of the sequence {x,,} are mutually comparable, we can apply (16) to obtain

Y(o(Xangy+1, Xom@y) = Y(o(hxan(), JX2m()-1))
< FOMx2nG), X2m()-1)), M (X2n(), X2m(i-1)))-
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Passing to the limit when i — oo, we obtain that

Y(e) < f(Y(e), ple)),

which is a contradiction unless € = 0. Hence, {x;,} is a c—Cauchy sequence.
By the completeness of X, there is z € X such that limx, = z, that is,

1—00

lim o(x,,,z) = 0(z,z) = lim o(x,,x,) =0.
n—oo m,n— o0

Step 3. We have to prove that z is a common fixed point of & and g. We shall distinguish the cases (1) and
(2) of the theorem.

(1) Suppose that the mapping & is continuous. Since x,, — z, we obtain that xp,.1 = hxy, — hz. On the
other hand, x7,41 — z (as the subsequence of {x,}). It follows that hz = z. To prove that gz = z, using z < z,
we can put x = y = z in (16) and obtain that

Plo(hz, g2)) < f(P(M(z,2)), p(M(z, 2))),

where
M(z, z) = max{o(hz, gz), 0(z, hz), 0(z, gz), [o(hz, z) Z o(z, gz)]}
[0(z,2) + 0(z, g2)]

= max{o(z, gz), 0(z, 2), 0(z, gz), 1

= 0(z, gz).
Hence, Y(0(z, g2)) < f(¥(0(z, g2)), p(0(z, gz))) and it follows that z = gz.
The proof is similar if g is continuous.
(2) Suppose now that the condition (2) of the theorem holds.

The sequence {x,} is nondecreasing w.r.t. < and it follows that x,, < x".
Taking xo, = x,x* = y in (16), we get that

P(a(hxm, gx7) < f(P(M(x2n, x7)), (M (220, X)), (25)

where

M(x2,, X7)) = max{o (X241, gX°), 0(x", gx°), 0(X2n, X2041)
[o(x2n41, x7) + 0(x2n, gx7)] |

4

— o(x", gx7).

Now passing the limits when 7 — oo in (25) , we have
Plo(x’, gx") < fF(Y(o(x", gx")), Plo(x”, gx))) < Pp(o(x”, gx7)).
It follows that
Plo(x, gx)) = f(P(o(x", gx")), p(o(x", gx7)))
With Definition 1.5, we obtain that
P(o(x', gx7)) =0, or, p(o(x", gx)) = 0.

It yields that o(x*, gx*) = 0 and hence gx* = x".
The fact that hx* = x* is now derived in the same way in the case (2). The proof is completed. [
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Remark 3.2. Theorem 3.1 remains valid if the condition that (, g) is weakly increasing is replaced by (4, g)
is weakly decreasing, i.e., hx > ghx and gx > hgx for each x € X.

Referring to Theorem 2.3 and Theorem 2.4, we present two theorems for uniqueness of common fixed
point theorem which give sufficient conditions for the uniqueness of the common fixed point.

Theorem 3.3. Let all the conditions of Theorem 3.1 be satisfied. If the following additional condition is satisfied: For
arbitrary two points x, y € X, there exists z € X which is comparable with both x and y. Then the common fixed point
of h and g is unique.

Proof. Following the similar arguments to those presented in Theorem 2.3, one can get the result. The proof
is completed. [J

Theorem 3.4. Let all the conditions of Theorem 3.1 be satisfied except that M(x, y) defined in Theorem 3.3 is replaced

by M(x,y) = max{o(hx, gy), WM}. If the following additional condition is satisfied: For arbitrary two

points x, y € X, there exists z € X which is comparable with both x and y. Then the common fixed point of f and g is
unique.

Proof. Following the similar arguments to those presented in Theorem 2.4, one can get the result. The proof
is completed. O

Now, we present an example to support the useability of our result.

Example 3.5. Let X ={0,1,2,---}. Define the function /,g: X — X by
hx:{ 0, if x=0,
x—1, if x=#0,
and
0, if xe{0,1},
x—-2, if x>2.
Let o : X X X = R* be given by

x, if x=vy,
G(x,y):{ x z y

gx=

max({3, 5} if x#y.
Define 1, ¢ : [0, 00) — [0, 00) by ¥(t) = 2 and ¢(t) = ﬁ
1000
and only if ¥ < x. Then we have the following conclusions:

. Define a partial order < on X by x < y if

(1) (X, =, 0)is a complete partially ordered metric-like space,
(2) h and g are weakly increasing mappings w.r.t. <,
(3) his continuous,

(4) For every two comparable elements x, y € X, (16) holds.

Proof. The proof of (1) holds obviously.

To prove (2), letx € X. If x € {0,1, 2}, then hgx = 0 < gx = 0 and ghx = 0 < hx. So, gx < hgx and hx < ghx.
While, if x > 3, thenhgx = x -3 <x—-2 = gxand ghx = x—3 < x—1 = hx. So, gx < hgx and hx < ghx. Hence,
h and g are weakly increasing mappings w.r.t.<.

To prove h is continuous, let {x,} be a sequence in X such that x, — x* € X, i.e. there exists k € IN such
that x, = x* for all n > k. So hx, = hx* for all n > k. Hence, hx,, — hx*, that is, I is continuous.
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To prove (4), given x, y € X with x <y, so y < x. Thus, we have the following cases:
Case 1. If x =0,y = 0, then as ¢(h0, g0) = 0,

M(0,0) = max{o(h0, g0), (0, h0), (0, 90), [0(0, 90) 1— a(ho, 0)]}
= max{0,0,0, 0+ 0)}
4
= O,

and ¢(o(f0,90)) =0 < %, the contractive condition (16) is satisfied in this case.
Case2. If x =1,y =0, then as 0(f1, g0) = 0,

1,90) + o(h1,0
M(1,0) = max{o(hl,g0),0(1,h1),0(0,90), [o(1, 90) u o( )]
1 1
= max{0, 5 0, g}
-1
= 5

and 1(o(f1,90)) =0 < %, the contractive condition (16) is satisfied in this case.
Case 3. If x =2,y = 0, then as 6(f2, g0) = 5

2,90) +o(f2,0
M(2,0) = max{o(f2,40),0(2, f2),(0, 90), [0(2,40) : a(f )]}
(1+3)
= max{i,l, 0, 1 }
= 1,
and y(a(h2, g0)) = }1 [Hj = 1&5&2(20 )0)), the contractive condition (16) is satisfied in this case.
Case4. Ifx=1,y=1, thenlg(jc, a(f1,91) =0,
1,91) +o(f1,1
M(,1) = max{o(f1,91),0(1, f1),0(1, g1), lo(1, g1) - a(f )]}
_ 11 (G+3)
= maX{O, E, E/ 1
-1
= 5

and (o(f1,91)) =0 < %, the contractive condition (16) is satisfied in this case.
Case5. Ifx=2,y=1,thenas dg(h2,g91) = 5

2,91) +a(h2,1
M(2,1) = max{o(h2,g1),0(2,h2),0(1,g1), [0(2,91) : o( )]}
- 1 (1+1)
= max{z,l,z, 1 }
= 1,
and Y(o(h2, 1)) = (3 1) = % 1+[1]1 = 1i§,]\(§£{2@1 7y~ the contractive condition (16) is satisfied in this case.

* 1000
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Case 6. If x,y > 2, with x = y, then as o(hx, gy) = 5%,
[o(x, gy) + o(fx, )]
Mx,y) = maxto(fx, gy), o f2), 00y, gy), k2l
= max{x_1 xy [%+%]}
- 2 7 2/ 2/ 4
- x_Y
= 5=3
and ¢(o(fx, gy)) = (3(2;1)2 < 1+i = 1f;2), the contractive condition (16) is satisfied in this case.

T
=11 To05

Case7. If x>y >2, withx = y+ 1, thenas o(fx, gy) = %,

[o(x, gy) + o(hx, y)]
4

M(x,y) = max{o(hx,gy),o(x, hx), oy, gy), }
y y+1y &2 +y}

27 2 "2 4

= max{
y+1
2 7
(E)Z (ﬂ
and Y(o(hx, gy)) = (§)* < 27— = 1+ 5
b+ 1 i

Case 8. If x > y > 2, with x > y + 1, then as o (hx, gy) = 52,

the contractive condition (16) is satisfied in this case.

[o(x, gy) + o(hx, y)]
M(x,y) = maxio(ix, gy), ox, hx),o(y, gy), —— 1 )
_ x-lxyis+s
= max{——, 5,5, =}
- X
= 5
and (o(hx, gy)) = (xﬁl)2 <1 (%)12 — = 1%;2), the contractive condition (16) is satisfied in this case.

|x=1|+ 1
Thus, h, g,y and ¢ satisfy the hypog)theses of Theorem 3.3 in the case (1) and hence f and g have a common
fixed point. Indeed, 0 is the common fixed pointof hand g. O

Remark 3.6. (1) If we take f(s,t) = s — t in the Theorem 3.1-Theorem 3.4, the conclusion coincides with
Theorem 3.1.- Theorem 3.3 in [26].

(2) If we take f(s,f) = s —t and ¢(t) = t in the Theorem 3.1-Theorem 3.4, the conclusion coincides with
Corollary 3.1.-Corollary 3.2 in [26].

(3) If we take f(s,t) = ks and 1(t) = t in the Theorem 3.1-Theorem 3.4, the conclusion coincides with
Corollary 3.3.- Corollary 3.4 in [26].
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