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Abstract. In the present paper we study the Riesz summability on a closed domain expansions in eigen-
functions of the first boundary value problem for the Schrodinger operator with a weak singular potential.

1. Introduction and preliminaries

Let Q be a finite two dimensional domain with a smooth boundary 9Q. By Q denote the closer of
the domain Q. Let u,(x) be an eigenfunction of the first boundary value problem corresponding to the
eigenvalue A, :

Au(x) + (A+g(x)u(x) =0, x € Q (1)

ulin=0, ueCHQ)NWAQ), 2)

where a potential function ¢(x) is from the Sobolev space W3(Q2) and may have singularities at one point
of the domain Q (or in finite numbers of the points) and enough smooth out of this point.

A system of eigenfunctions {u,(x)} is a complete orthogonal in L,(€2) corresponding to the sequence of
eigenvalues 0 < Ay <Ay <... <A, — oo. Forthe pu, — oo the following estimation for the eigenfunctions
uy(x) is valid [13]

Y, 2@ = O’ ) 3)
[VA—pol <1

uniformly on the closed domain Q.
Let f € Ly(Q). Recall the Riesz means of order s of the partial sums of the Fourier series

Ei\f(x) = Z (1 - %)s futtn(%), (4)

An<A

2010 Mathematics Subject Classification. Primary 42B10 ; Secondary 42A24

Keywords. Eigenfunction expansions, summability, Riesz means

Received: 08 August 2019; Accepted: 04 October 2019

Communicated by Ivana Djolovié¢

First author would like to thank ITUM and Lomonosov named MSU Tashkent branch for the support.

Email addresses: abdumalik@iium.edu.my (Abdumalik Rakhimov), saydamatov@mail.ru (Erkin Saydamatov)



A. Rakhimov et al. / Filomat 33:16 (2019), 5199-5205 5200

here A >0, f, = (f,u,) are the Fourier coefficients of the function f with respect to the system {u,(x)}.
Note that if s =0, then (4) is just the partial sum of the Fourier series of the function f.

Further in this paper we consider convergence of E f(x) in the domains that are separated from the
singular point(s) of g(x). Also we will suppose that the support of the function f is not containing the
singular point(s).

When g(x) = 0, then precise conditions of uniform convergence of the Riesz means (4) of the functions
from the Sobolev spaces W;/(Q) on compact subsets of the domain (2 as follows [7]

a+52%, ap>2, 20, p>1. )
The conditions (5)are sufficient for the functions from the Nikol’skii spaces Hp(€Y) [4]. If the second

condition in (5) is replaced by ap = 2, then it is necessary additional to assume that the function f is
continuous ( see [3]) and the inequalities (5) will be as follows:

1
a+s> s, ap=2, 520, p>1. (6)
In this case the first condition a +s > 1 in (6) is also precise meaning that if xo € Q and
1
a+s=§, ap=2, 520, p>1, (7)
then there exists a continuous in Q function f e W]‘;(Q) and such that [3]

TimE; f(xo) = +eo. ®

2. Main theorem

1
Let f is a function with compact support from the space W;(Q), p > 4, such that the series

Y ALn A,
n=1
converges. Then its expansion via eigenfunctions associated with the elliptic operators of second order for
the first boundary value problem converges uniformly on the closed domain Q [8].
For the continuous functions f(x) from the Nikolskii space I—QI;’,‘ (Q) with compact support in the domain
Q (where I—Y;(Q) is the closure of the space C;’(Q) with the respect to the norm of the space H;(Q) ) the
conditions for the uniformly on the closed domain Q convergence of the Riesz means (4) are [5]

1
a+s>§, ap>2, >0, p>1. 9)

Note thatif ap =2 the condition a+s > (1)/2 is precise. In the case ap > 2 a problem of the sharpness
of the inequality a +s > (1)/2 is still open.

Recall ||fllr,,« the norm in the Lebesgue spaces with mixed norm [20] L,,(Q2) and define Hy, the
Banach space of all measurable functions f with respect to the norm

1l ) = 1l + Y, sup S 1AZ (W)l 0.,
kl=¢ *
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where h > 0 such that the set Q), = {x € Q : dist(x, JQ) > h} is proper subset of the domain Q, a={+x, £
is a non negative integer, 0 <x <1, p,q 2 1, k = (k1, k;) multi-index, |k| =k; +k;, and ok f denotes the
weak derivative

and the symbol A29* f(y) denotes the second difference of the function 9 f(y) :

N2 f(y) = I fly +2) — 20°F(y) + I*F ().

By I?I;%(Q) denote the closure of the space C;’(Q2) with respect to the norm of the space H‘;q(Q) .

In [13] it is established te following sufficient conditions for the uniform convergence on the closed
domain of the eigenfunction expansions associated with the first boundary value problems of the functions
from the space Hj,(Q)

1 1 1
a>=-s5, a=—-+—-, 2<p<q. (10)
3 7y pP<4q

The main result of the present paper is to prove the following

Theorem 2.1. Let the conditions (10) are valid and let f be a continuous function with compact support in the
domain Q belonging to the space I—Qng(Q). Then uniformly on Q

lim E3 £(x) = £().

As can be seen in this paper we study convergence in the spaces of smooth functions. One can study
this problem in the spaces of singular functions. Some results for the spectral expansions of the singular
distributions can be found in [9], [10], [11], [15], [16] and [12]. These questions for the expansions associated
with the Laplace Beltrami operator on the sphere studied in [1], [6], [17].

3. Proof of the theorem

First we obtain estimation of the Riesz means of the spectral expansions ES f(x). Let’s choose a small
positive number h such that a set ) is a non-empty proper subset of (), and distance r = |x—y| between

x €y and y € JQ less than h. Let y € Q and consider the following function of the distance r :

I”(s+l)25’1/\1755]1+s(" ‘/X) r<R
V() = S TSR (a
0, r>R

where 0 < R <h/4 and J,(t) the Bessel function of the first kind of order v.

Let
271

S:(¢pp) = P(x1 + TcosO, x, + T5in0)do.
0

We use the following mean value formula for the eigenfunctions u,(x) [7]:
Sr(t) = 2mfo(r VA () + 3 f ot VAR Yo(r VAn) = Yot VAol VAR St (quuntat
0

where x = (x1,x2) € Q.
Using this mean value formula we get the following representation for the Fourier coefficients of the
function V(r, A)

R
i) =216+ T, [ e VDRV +
0
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R
+ 27T (s + 1)A% f S J1as( VAP)X
0

x fo ot V) Yolr V) — Yolt N Jo(r VARIS: (quen s

First integral on the right-hand side of (12) we will split into two as
R oo oo
L=h- ke
then using the following well-known formula for the Bessel functions [19] :
f (VAo (N = | s A <A
0 0, A > A

we will get

0 (%) = Opun(2)(1 = %)5 — 2T(s + DA AT, ()l (A, )+
R 7
#2206+ DT [ VA) [ U VEYalV) = Yol VA VS
0 0
where Iy(A,, A) is a function defined by the following integral
(A, A) = (AA,)7 f s (VAN Jo(NAur)r~dr,
R

1, A, <A

and 6} =
0, Ap=>A.

Lemma 3.1. For any function f € L,(Q) the integral
f FEV(x,y, Ax
Q

is continuous in y on the closed domain Q.

Proof. From estimate (3) it follows that for any positive number & uniformly with respect to y € Q

Y @A = 0 In? A),
Ap<A

Z 2 (A = O(A ¢ In? A).
Ap>A

This can be achieved if the sum in the left-hand side of the second formula in (16) represent as

Y w2yagt si Y u;’;(ymrlsi(ﬁ 2N ),
k=0

An>A k=0 \A+k< VA< VA+k+1

Similarly from the estimate of integral (15) (see [19])

VA+k< VA, < VA+k+1

c
(A, Ap)l € ———=
VA - VA

5202

(12)

(13)

(14)

(15)

(16)

(17)
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(where ¢ > 0 is independent of A and n) and estimate (16) with the application of Cauchy-Schwarz
inequality it follows that series

Y Futtn WAL oA, A)
n=1

converges uniformly on the closed domain Q. [

We will multiply equality (14) by u,(y) then take summation with the respect n, get the following
representation of the function (11) in the sense of L, space with the variable y

00 3 . R 00
V(r,A) = ©(x,y,A) — 2°T(s + 1)Ai 2 Z A To(A, At (X)tn(y) + 2 2T(s + AT f = J14s(VAT) Z 1 (X)X
n=1

n=1 0

x fo ot N Yolr V) — Yol AR o(r VASi(qun)idedr (18)

where

Oy )= Y (1~ 2 uWunty)

An<A

is known as the Riesz means of the spectral function [2].

Let f e Ly(Q) and suppf C Q. Then for y € Q the Riesz means (4) of the partial sums of the Fourier
series of the function f via eigenfunctions u,(x) can be written as follows by multiplication both side of
(18) and then integration with the respect to x

Ef(y) = L fx)V(r, A)dx + +2°T'(s + 1))\%‘% Z fnun(y)/\,?lo()t, Ap)+
h n=1

R 00
225+ AT f =Ts(VA ;
+ (s +1) Orh( r);fx

x fo ot V) Yo(r V) = Yolt N o(r NARIS: (quy)tetdr (19)

In order to estimate (19) we will study some properties of the eigenfunctions on the closed domain.

Note that from (3), (16) and (17) it follows that uniformly with the respect to vy € Q the following
estimation is valid [14]

(9]

N 20 AT (AP < Clih, 20)

n=1

where a constant C > 0 is independent of A and y.
Further we always suppose that « satisfying (10).

Lemma 3.2. Let f € Iflg‘(Q). Then uniformly with respect to y € Q

InA
A%

N futa) A I, A) = O il 1)

n=1

Proof. Note, that for any ¢ > 0 [3]

Y, A< clfi, 22)

A<A <41
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where ¢ > 0 is independent of f and A.
Then using (17) and (20) obtain

Y, fun) A2 A, A) < e DA fles, 23)

1<A,,<—

where ¢ > 0 is independent of f and A.

If A, > 9A we second estimate in (16) ) and obtain the estimate for such .

The proof for the numbers n for which 4 <A, <% isas follows. Let k be the least natural number

satisfying 2F*1 > VA. Then using (3), (17) and (22) we get
Y Aan) A T A | <
dap, <2

1

: 1 1
<(Y, X 20y A7 [o(d, AP’ Z ) <

m=1 ym-1 <|VA,- \ﬁ|§2m

»ma-
»‘>

< ¢ A7 InA || flls-
where ¢ > 0 is independent from f and A. O

From this lemma we get the following estimate for the second term in the expression (19) of the Riesz means
of the spectral expansions ES f(y)

2T+ DAVE Y fun AT oA, A) < ¢ AF Ind e (24)

where ¢ =s+a— 5 and from (10) it follows that this number is positive. Third term in (19) can be estimated
similarly to (24) using approprlate estimates of the Bessel functions (see for example in [19]).

Thus, for the function f € H“(Q) with suppf € Q, uniformly with respectto y € Q we get

Elf(y) = f fV(r,dx +0O ln_A) Il llExg (25)
Qu
Then choosing R < % from (11) obtain
R
ES0) =A% [ oV S0 dr+ OG2) Il el

[(s+1)25!
where ¢ %

Let f be a continuous function with compact support in the domain €2 belonging to the space H ,(€2)
and (10) holds.

Note that because 2 <p <¢ from the embedding Hy, 2 — HS we write (26) as follows
R
B0 =A% [ o VD S0 drs OG2) Il @)
0
Let B = 5 —s. Then for the integral in (27) we have [18]

1

R
| rhee DS < clify, + wpE,
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where C > 0 isindependent of f and A.

Itis clear that f < a and thatis why from Hj, — ng we obtain the following estimate for the spectral
expansions

ELf@) < C(Ifl, + Ifllqg)- (28)

Note that the Fourier series via eigenfunction expansions of a function f € C;°(Q2) converges uniformly

and absolutely in the closed domain Q. Due to the density of C;’(Q) in the space ﬁgq(Q), the statement
of Theorem 2.1 follows from the inequality (28).
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