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Abstract. A linear viscoelastic wave equation with density and a time-varying delay term in the internal
feedback is considered. Under suitable assumptions on the relaxation function, we establish a decay result
of solution for by using energy perturbation method in the space R" (n > 2). We extend a recent result in
Feng [10].

1. Introduction and position of problem

It is well known that the PDEs with time delay have been much studied during the last years and their
results is by now rather developed especially in the varying delay case, see [1], [7]-[9], [16]-[18], [21], and
so on. In the classical theory of delayed wave equations, several main parts are joined in a fruitful way;, it is
very remarkable that the damped wave equation with varying delays occupies a similar position and arise
in many applied problems.

In this paper, we consider the following wave equation with a time-varying delay term in the internal
feedback:

Uy — P(x) (Axu - J(;t gt — s)Axu(s)ds) + pauy + oty (x, £ =7 () =0,
u(x,0) = up(x), u; (x,0) = up(x), x € R", (1)
ui(x, t) = fo(x,t), x e R", t € [-7(0),0),

where 1y(x), u1(x) and fp (x,t — 7 (0)) are given initial data and the function g is the relaxation function. The
function ¢(x) := (p (x))_1 is the speed of sound at the point x € R" and the function p (x) is the density. The
constants 1 and p, are two real numbers and the function 7(t) is the varying delay term.

We assume, on the time-delay functions, that there exist positive constants 7o and 7 such that

0<To<t()<T, Vt>0, ()
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Moreover, we assume
€ W>*([0,T]), VT >0, 3)

() <d<1, Vt>0, 4)

where d is the positive constant.
The relaxation function g satisfies the following assumptions:
(G1) g: Ry — R, is a C! function satisfying

g(0)>0,1—f0mg(s)ds:l>0. (5)

(G2) There exists a non-increasing differentiable function C : R, — R, such that

f‘” {(s)ds = 400, g’ (1) < -C(t)g(t), fort=0. (6)
0

The modified energy functional associate with problem (1) is given by

£
E() = %||ut(t)||§%+%(1— fo g(s)ds)uvxu(t)ni

¢
+1(9 o Vyu)(t) + < f p (x) M2 (x, 5) dxds, @)
2 2 Jiw Ire
where and & > 0 will be chosen later, and the constant A > 0, see [19], satisfies
1 |1zl
A< —|lo .
T1 & V1-d
and
¢
0oV = [ gt =9IV, - Ve s, )
0

For 7(t) = 7o, system (1) has been investigated recently by many authors, where they showed the
well-posedness and stabilities results in bounded/unbounded domains (see [1], [2], [3], [5], [7], and so on).
Concerning the existence and uniqueness result, we refer the reader to read the existing works which is
not our aim interesting here (see [10], Theorem 3.1). In the present work, we extend the result in [10] to
time-varying delay.

The plan of the paper is as follows. The first section is devoted to introduce the problem. In Section 2,
we give some preliminaries and our main results. In Section 3, we shall prove the stability of energy to the
problem.

2. Preliminaries and main result

Asin [11], [22], we introduce the weighted spaces D' (R") and L’; (R") for our system. First we assume
the density p (x) : R" — R" satisfies the following conditions.

(A) p(x) >0, p e C(R")withy € (0,1) and p € L2 (R") N L* (R"). Now we define the weighted spaces
D' (R") and L, (R"), (1 < p < o).

(1) The space D"? (R") is defined to be the closure of Cy (R") functions with respect

to which norm

D (R") = {u € Li¥s (R") : Vou € L* (RY)},
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equipped with the norm |[ul| p12(gr) = fIR” [Vl dx.
(2) We introduce the weighted space Lﬁ (IR") to be defined the closure of C (R")
functions with respect to the inner product

(u,v)Lg(]Rn) = f puvdyx,
]RH
2

and we know that ij (IR") is a separable Hilbert space and ||u||L% &) = (1, u)L%(]Rn) .

(3) If u is a measurable function on R", we define

1
P
”””ZWR") (R") = (f p lul’ dx) , forl<p <o,

and let Lf, (IR"™) consist of all u for which ||”||Lf,(]R") < 00,
We have the following Lemma.

Lemma 2.1. [10], [11][23] Assume the function p satisfies (A), then for any u € D2 (R")

iy < plh V-l with s = 5t and 2 5 2 (1)
Remark 2.2. For q = 2, we have

llullrz < Hlpll g IVl 2)
If p € L2 (R"), we have

llullr2 < c.lIVull, (©)

where ¢, > 0 is a constant.

The main result of the present work is to establish a general decay rate of the energy, which is given by
the following theorem.

Theorem 2.3. Assume the assumptions (G1)-(G2) and |uz| < V1 —duq hold. Let U(0) = (ug, u1) € DV*(R") X
L%(]R") and fo(x,t) € L(Z)(]R” X (—1(0),0)), then there exist two constants B > 0 and y > 0 such that the energy
E (t) defined by (7) satisfies

E() < e b % vt >0, )
for ant fixed ty > 0.

3. Proof of stability result

In this section, we show that problem (1), is uniformly exponentially stable using the multiplier tech-
nique. To achieve our goal, we need the following lemmas.

Lemma 3.1. Under the assumptions of Theorem 2.3, the modified energy functional defined by (7) satisfies for any

t>0,
, |ua &
E'(t)y < (2\/1sz — g1+ E)”ut(t)”ig
(VA Seta-a) [ ot o+ 5070 Vait

1 A :
_Eg(t)”vxu(t)”% - % f p(x)e M2 (x, s)dxds. (1)
t—1(t) IR
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Proof. Taking derivative of E(t), we have

t
E'®t) = fp(x)ututtdx—%g(t)lleu||§+(l—fg(s)ds)f V. uVudx
n O RVI

t
+%(g' o V,u) + fo g(t —s) fﬂ (Veu (t) = Vou (s)) Vyuy () dxds

&
3 f]R

—g (1 -1 (t) e "™ f pE u? (x, t — 7 (t) dx

t
(x) e*D12 (x, ) dxds + < () u? (x, t) dx
b(t) p s 2 . p t

By using equation (1) and integration by parts, we can easily get

1 1
E® = 50 o Vo = 300Vl — [ pade+ Sl
w2 [ p @ -t O) s
R”

—g (1-1" ()e O f p (x)u? (x, t — 7 () dx
IRVI
¢
—/\é f f p (x) "D (x, 5) dds.
2 Jre Ji=rr
By using Young’s inequality, we can get

1721
2V1l-d

~p [ pnt) - = (o < N

which gives us (1). The proof is complete.

lluel 2, + i V1-d up(t — t(t))dx,
12 - puy

964

Lemma 3.2. Under the assumptions of Theorem 2.3, let (u, u;) be the solution of problem (1). The functional F (t)

defined by

31(t):f puudx

satisfies that there exist a positive constants «1, K and w3 such that for any t > 0,

1
F(t) < =5 IVau®I + w1 lur @I, + 12 | puf (e, t = T () dox + 13 (g © Vi) ()
2 P R"
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Proof. It is easy to get

t
fputzdx+f quudx—f ufg(t—s)Axu(s)dsdx
n ]RYI n O

—y1f puutdx—yzf puuy (x,t — T (t))dx

¢
= fputzdx—f |qu|2dx+f qu(t)fg(t—s)vxu(s)dsdx
IR]’I ]RVI IRVI O

—ylf puutdx—yzf puuy (x,t — T (t))dx
RVI n

t
= f puldx + (f g(s)ds — 1)||qu||2 - Mf puudx
n 0 RVI

¢
+ [Rn V.u (t)ﬁ g(t —s) (Vyu(s) — Vyu (t)) dsdx

10

[ pu = T () @

By using Young’s and Holder's inequalities, we arrive at for any ¢ > 0

¢
fqu(t)fg(t—s)(qu(s)—qu(t))dsdx
RR" 0

IN

t
e | Vouldx+ 1 (f g(s)ds) (g 0 Vyu)
R 4e \ Jo

IN

1-1
e ||Vyull? + TS (goVyu). (5)

By using the same calculations and (3)we have for any ¢ > 0

1
o fR x| < e Il + 42l ©)
~pr [t =2 0)] < pec IVl + 52 [ i - ) %
IRV( S IRYL
Inserting (5)-(7) into (4), using Assumption (G1) and taking ¢ > 0 small enough, we can get (3) with
Y S N bl
=1+ 4£'K2 a 48'K3 T 4e

The existence of viscoelastic term forces us to introduce the next Lemma.

Lemma 3.3. Under the assumptions of Theorem 2.3, let (u,u;) be the solution of problem(1). The functional F (t)
defined by

t
Falt) = fR o fo gt — 5) (u(t) — u (5)) dsdx ®)

satisfies that there exists a positive constant x4 such that for any 6 > 0

t
TAGEE (26— f g(s)ds)uuf(t)niz+(6+26<1—l>2)||vxu<t>||2+K4(govxu)(t)
0 °

0 2
—% (g oVau) () +0 f}Rn puf (x,t —7(t)dx 9)
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Proof. We derive §,(f) and use (1) to obtain

Fa(0)

Using integration by parts, Young’s inequality and Holder’s inequality, we have for any 6 > 0,

IN

IN

IA

IA

IA

IA

IN

- f Axut f tg(t—s)(u(f)—u(s))dex
R 0
t t
+[Rn ([) !](S)Axu(s)ds) (fo g(t —s) (u(t) — u(s)) ds) dx

¢
+i1 jﬂ;n putf(; g(t —s) (u(t) — u(s)) dsdx

t
+y2f put(x,t—T(t))fg(t—s)(u(t)—u(s))dsdx

fputf "(t — s) (u(t) — u(s)) dsdx — f g(s)ds. ||ut||

‘—f Axufg(t—s)(qu(s)—qu(t))dsdx

S5 IV ull? + —_— (goV u)

t ¢
‘ f ( f g(t —s) (u(t) —u(s) ds).( f g(t—s)Axu(s)ds) dx
R 0 0
t t
‘— f ( f gt —s) (qu(t)—qu(S))dS)-( f g(S)qu(s)ds)dx
R \Jo 0
2 2
6f (ft g(t—s)qu(s)ds) dx + % (ft g(t —s) (Veu(t) — Vyiu(s)) ds) dx
Rrr \Jo 0
2 2
Zéf [(ft g(t — 8) (Vau(t) — Vyu (s)) ds) + (ft g(t—s)qu(s)ds) ]dx
re | \Jo 0

2
(ft g(t —s) (Veu(t) — Viu(s)) ds)

2
( f g(s)ds) goViu)+26 ( f g(s)ds) IV ul?

)(l—l)(goV 1) +26 (1 = 12 |Vl

&l

@IH @IH 70

+

A

(

t
ylf pu,fg(t—s)(u(t)—u(s))dsdx
R" 0

2
C*
8llullzs + 75 (g © Vi)

t
2 fmn Py (x,t—T(t))f0 g(t —s) (u(t) — 1 (s)) dsdx

2
6f pu? (x,t — T (t)) dx + & (g 0 Vyu)
- %

966

(10)

(11)

(12)

(13)
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and

t
‘— fRn putfo g'(t —s) (u(t) — u(s)) dsdx

9(0)c?
45

< Sl — =35 (9 0 Va) (14)

Combining (11)-(14) with (10), we can obtain (9) with

1 1 c2
K4_(1_l)[(26+4_6)+5:|+%

The proof of the Lemma is complete.
Define the Lyapunov functional

L(t) = E(t) + N1&a(t) + NoF2(t) (15)

where, N1 and N, are positive constants that will be fixed later.
Lemma 3.4. For Ny > 0 and N, > 0 small enough, we have
1
EE(t) < Q(t) < 2E(b) (16)

Proof. By using Holder’s inequality, Young’s inequality and making use of the above Lemmas, and (3)
we obtain for any 6 > 0

¢
pu; fo g(t —s) (u(t) — u(s)) dsdx

12(f) — E(t) < Ny f |pudx| + N, f
Rﬂ

R’Z
2 2
2, G 2 2 s

<N; (5 ||Mt||L5 + TS ||qu||L5) + N> (5 ||ut||L5 + I (1-D(ge qu))

Nch
46

N 2
< 6Ny + NIl + = |Vl + ~2% (1= 1) (g © Vieu)
TS b

which implies us there exists a positive constant ¢ > 0 such that

1€(t) — E(t)] < eE(t), (17)
or

(1-e)E(t) < 2(t) <(1+e)E(®) (18)
when we choose ¢; > 0 and ¢, > 0 small enough. The proof is complete.

Proof of Theorem 2.3. For any fixed t; > 0, we know that for any ¢ > t,,

t to
fog(s)dszfo g (s)ds = go. (19)
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Now we derive (15) and using (9), (3) and (1)

: [ ¢
() < (2 \/TT ~ i+ 5+ Nk + N, (26 - g0) ||Mt||i§
0
(1 _Nzg( et )(g o Vi) + (N2 (6+200-17)- Nlé)llvxull2
+(|y2| V1-d- ie‘“( —d)+ Nixy + Nzé) p (x) u? (x,t —7(t)dx
R”
f f p (x) "2 (x,5) dxds
n Ji-1(p)

+(N1x3 + Noks) (g 0 Vaur) . (20)
We can easily get that ¢!™ goes to 1 as A — 0*. Noting the continuity of the set of real numbers, we can take

A so small that there exists a positive constant £ such that

eV ol

< &< . (21)
Vi—d H
From (21) we infer that
| 2] 3
—u+ =<0, (22)
vioa T2
and
M\/1—d—i_(1—d)<o. (23)
2 2eM

We can choose 0 < § < % such that (20 — go) < 0. For any fixed 6 < 0, we at last choose N, and N; small
enough so that

. 26 ]. |,UZ| 5 AT

N> <m1n{g(0)cz,5(—7 V1—-d+ EE (1—d) , (24)
and

22 (p+2501-17) <Ny <min{zﬁ( g0 - 26), —“"2' Visd+ e —d)- Nz‘s}, (25)

I K1 2K2 K2

which gives us

1 !](O)Cz |1u2| & -A7

E_N2T>O’ 2 1—d—2€ (1—d)+N26<0, (26)

Nik1 + N2 (25 = go) <0, Na (8+26(1 - 1)%) - Nlé <0, 27)
and

|Au2| +/ é —-AT

7 1—d—58 (1—d)+N1K2+N26<0. (28)

At this point it follows that there exist two positive constants y; and y; such that for any t > ¢,

) < —EW) +y2(90 Vyu). (29)
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We multiply (29) by C(t) whichis (' () <0 and from (G2), we use
C(t)(goViu) < = (g o Vyu) < -2E(t)
we obtain

CHYEH) < =T E®) +y20(t) (90 Viu)
~71C(H) E(t) = 2y2E" (). (30)

A

IA

which implies

C() (D) +2,E () < =1 C(OE(®). (31)
We note & () such that

E(t) =CH (D) +2-E (1),

then &(t) is equivalent to the modified energy E (f) by using (20), which implies there exist two positive
constants f; and f, such that

BLE() < () < B2E(). (32)
By using (31) and (32), we infer that for any t > f,

) <-mCHE®) < —%C(f)a(f), (33)
we get

E(t) < E(tg) e B ho O

which implies

E() < P2E(t)e B €O (34)
B1
By renaming the constants, and by the continuity and boundedness of E(t). This completes the proof of
Theorem 2.3. m]
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