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Abstract. In this paper, a new pair of higher-order nondifferentiable multiobjective symmetric dual
programs over arbitrary cones is formulated, where each of the objective functions contains a support
function of a compact convex set. We identify a function lying exclusively in the class of higher-order
K-n-convex and not in the class of K-n-bonvex function already existing in literature. Weak, strong and
converse duality theorems are then established under higher-order K-n-convexity assumptions. Self duality
is obtained by assuming the functions involved to be skew-symmetric. Several known results are also
discussed as special cases.

1. Introduction

Duality is used in many theoretical and computational developments in mathematical programming
and in solving different real life problems and mathematical models that require the relative comparison
of two magnitudes. In mathematical programming, a pair of primal and dual problem is called symmetric
if the dual of dual is primal problem. Unlike linear programming, the majority of dual formulations in
nonlinear programming do not possess the symmetry property.

The concept of symmetric duality in quadratic programming was introduced by Dorn [6]. His results
were extended to nonlinear convex programming problems in Dantzig et al.[5] and then in Bazaraa and
Goode [3] over arbitrary cones by assuming the kernel function f(x, y) to be convex in x and concave in y.
Subsequently, Mond and Weir [19] presented a distinct pair of symmetric dual nonlinear programs which
admits the relaxation of the convexity/concavity assumption to pseudoconvexity/pseudoconcavity.

Mangasarian [15] formulated a class of higher-order dual problems for the nonlinear programming
problems. He has also indicated that the study of higher-order duality is significant due to the computational
advantage over the first-order duality as it provides tighter bounds for the value of the objective function
when approximations are used. Higher-order duality in nonlinear programs has been studied by several
researchers [2,4,7,9, 10, 20].

Mond and Zhang [20] obtained duality results for various higher-order dual problems under invexity
assumptions. Chen [4] considered a pair of nondifferentiable programs and established duality theorems
under higher-order generalized F-convexity. Wolfe type higher-order nondifferentiable symmetric dual
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programs and their duality relations were discussed by Gulati and Gupta [9]. Later on, Ahmad et al. [2]
formulated a general Mond-Weir type higher-order dual for nondifferentiable multiobjective programming
problem and established higher-order duality theorems. Scott and Jefferson [22] proved duality results for
square root convex programs. Optimality conditions for nonconvex quadratic-exponential minimization
problems were discussed by Gao and Ruan [8]. Mishra et al. [16] obtained optimality conditions and rela-
tions between primal and dual models for a nonsmooth multiobjective optimization involving generalized
type I functions. Usual duality relations has been proved in Saini and Gulati [21] for a pair of Wolfe type
multiobjective second-order symmetric dual programs over arbitrary cones for nondifferentiable functions.

Thakur and Priya [25] discussed second-order duality results for nondifferentiable multiobjective
programming problems with (¢, p)-univexity. A new pair of second-order multiobjective symmetric dual
programs over arbitrary cones were introduced by Gupta and Kailey [11] and appropriate duality theorems
were derived under K-n-bonvexity assumptions. Efficient solutions and optimality conditions for vector
equilibrium problems were studied by Luu and Hang [14]. Recently, Gao [7] formulated a pair of Mond-
Weir type higher-order symmetric dual programs over arbitrary cones and established duality results under
higher-order (strongly) cone pseudoinvexity assumptions. Motivated by [7, 11, 25], we formulate a new
pair of symmetric higher-order nondifferentiable multiobjective dual programs over arbitrary cones and
establish weak, strong and converse duality theorems under higher-order K-nj-convexity assumptions. An
example of a non trivial function has been given to show the existence of higher-order K-n-convex functions.
Self duality has been discussed by assuming the functions involved to be skew-symmetric. Some special
cases are also obtained to show that this paper extends known results of the literature.

2. Notations and preliminaries

Consider the following multiobjective programming problem:

(P) K-Minimize P(x)
subject to xeX'={xeS:-g(x)eQ),

where SC R", ¢: S — R, g: S — R™, Kis a closed convex pointed cone in R with int K # ¢ and Q is
closed convex cone with a nonempty interior in R™.

Definition 2.1. [13, 23] A point x € X° is a weakly efficient solution of (P) if there exists no other x € X° such that
o(%) — p(x) € int K.
Definition 2.2. [13] A point X € X° is an efficient solution of (P) if there exists no other x € X° such that
P(X) = P(x) € K\ {0}.
Definition 2.3. [13, 23] The positive polar cone of C* of C is defined as
C'={z:&"z20, forall £ € C.

Definition 2.4. [26] Let D be a compact convex set in R". The support function of D is defined by

S(x|D) = max{xTy :y €D}

A support function, being convex and everywhere finite, has a subdifferential, that is, there exists z € R"
such that
S(ID) = S(x|D) + z' (y — x) for all y € D.

The subdifferential of S(x|D) is given by
dS(xID) = {z € D : z'x = S(x|D)}.
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For any convex set S C R", the normal cone to S at a point x € S is defined by
Ns(x) ={y € R" : y'(z—x) < Oforallz € S}.

It can be easily seen that for a compact convex set D, y is in Np(x) if and only if S(y|D) = x" y, or equivalently,
x is in dS(y|D).

Let C; and C; be closed convex cones with nonempty interiors in R* and R", respectively and S; € R"
and S, € R™ be open sets such that C; X C; C 51 X S5.

Definition 2.5. A differentiable function f : Sy X Sy — R is said to be higher-order K-1;-convex in the first variable
at u € Sq for fixed v € Sy with respect to g : S1 X Sy X R* — R, if there exists a function 1 : S1 X S1 — R" such that
forxeSy, qieR, i=1,2,...k

(fl(xr U) - fl(u, U) - gl(u/ o, 41) + qfvlh.ql(u/ o, Lh) - an(x, u)[vxfl(u/ Z)) + vlhgl(u’ o, 41)]/ ceey
fk(xl U) - fk(u/ U) - gk(u/ 0, Qk) + qzvquk(ul 0, Qk) - TI{(x/ M)[fok(u, U) + Vﬂkgk(u/ 0, qk)]) € K/

and f(x,y) is said to be higher-order K-np-convex in the second variable at v € S, for fixed u € Sy with respect
toh:S; xSy x R" — Rk, if there exists a function 1, : Sp X S — R™ such that for y € S, pi € R™, i=1,2,...,k,

(f1(u, ) = i, 0) = ha(u, v, p1) + p{ Vyp, I (u, 0, p1) = 03 (v, 0)[Vy i, 0) + Vy, ln(w,0,p1)], . ..,
S, y) = fillu, ) = i, 0, pr) + Vo e, 0, p) = 13 (v, )V filu, 0) + Vi (u, 0, Pk)]) ek

Remark 2.1. (i) If we take g;(1,v,q;) = 34! Ve fi(u, 0)gi and hi(u,v,p;) = 5p]Vy, fi(u,0)pi, i = 1,2,...,k then
higher order K-1;-convexity and K-1,-convexity reduces to K-1j;-bonvexity and K-1,-bonvexity [11] respec-
tively.

(i) The above definition can be reduced to n-convexity/invexity [18], n-bonvexity [12, 24] and K-convexity
[23] as given in Remark 1 of [11].

Example 2.1. Let X = (1.95,24) c R, n=m =1,k =2and K = {(x,y) : x 20, y > 0}. Consider the
function f : X — R? be defined by f(x) = (f1, f2), where

fi(x) =8cos’x,  fo(x) = cos3x,

and 11 : X X X — R be defined by n(x,u) = =1 — u. Suppose g : X X R — R® is defined by g(u,q) =
(91(u, q1), 92(u, 42)), where

71, @) = @+ 1), g2(u,92) = @~ 1).

To show that f is higher order K-n-convex, we have to prove that

(A169 = A0 = 9260,30) + 47 Vpu100,0) = 0" IV o) + Va0,

fa(x) = fa(u) = g2(u, 42) + 41 V4, 92(1, G2) = 17 (X, 1) [V fo (1) + Vi, 921, ‘12)]) €K,

or
(8cos?x —8cos? u + (1 + u)(=8sin2u + u? + 1), cos3x —cos3u + (1 + u)(-3sin3u + u> — 1)) € K

Let L = (8cos® x — 8 cos? u + (1 + u)(=8sin2u + u? + 1), cos3x — cos3u + (1 + u)(=3sin3u + u? — 1))
= (L1, L),

where

b1 =8cos?x —8cos?u + (1 + u)(—8sin2u + u? + 1)
> 0Vx, u € X as can be seen from Figure 1

and
Ly = cos3x — cos 3u + (1 + u)(—=3sin3u + u®> — 1)
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> 0 Vx, u € X as can be seen from Figure 2

Therefore, f is higher-order K-n-convex with respect to g.

Figure 1: graph of L;

Figure 2: graph of L,
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Next, we need to show that f is not K-n-bonvex. To prove it, we will show that
M = (A1) = i) + 507 (Vi) = 17 Vs fi(w) + Vs fi)n ],

1
H) = o) + 503 (Veefo(0)32) = 07 (6, )] Ve folt) + Ve fo(t)g]) ¢ K,

i.e., either )

fl(x) - fl(u) + Eq{(vx*cfl(u)ql) - nT(x/ M)[fo1(u) + vxxfl(”)Ql] 20
or

Fo00 = o) + 505 (Vo fo)e) = 176, IV o) + Vi fo)ga) 20,
Since

Fo0) = (1) + 343 (Ve olw)a) = 706, T fo) + Ve o]
= cos 3x — cos 3u — g:ﬁ cos 3u + (1 + u)(—3 sin 3u — 99, cos 3u)

<0(forx=2,u=21and g € (-10%,10'))

Therefore M ¢ K. Hence f is not K-n-bonvex function.

3. Problem Formulation

Consider the following pair of higher-order nondifferentiable multiobjective symmetric dual pro-
grams:
Primal Problem (PP)
K-minimize

k
Sy A= (fe ) +S@Be - " Y ATy fitx y) + Vb, v, pe

i=1

k k
+ Z Aihi(xl yl pi)ek - Z Ai(p?vpihi(x/ }// Pi))ek)

i=1 i=1
k
subject to — Y AV, fi(x,y) — 2 + Vyhi(x, y,pi)) € Gy, (1)
i=1
zeD (2)
/\Tek =1 (3)
AeintK, xe C; 4)

Dual Problem (DP)
K-maximize

k
T,o,Aq) = fu,0)=S@D)ec—u" Y A(Vafiltt,0) + Vygi(u,0,q))ex
i=1

k k
+ Z; Aigi(u, v, qi)ex — Z; Ai(q] Va9i(u, v, q:))ex
1= 1=

k

subject to Z Ai(Vifi(u,v) + w + V. g:(u,v,9;)) € Cj, 5)
i=1

weE (6)

ATep =1 (7)

AeintK', veCy (8)
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where

(@ fi:S1xXS =R, hi:51 X5 XR" > Randg;: S1 xSy xR" = R, i =1,2,...,k are differentiable
functions, where h(x, v, p) denotes (h1(x, y, p1), ha(x, y, p2),
ce. /hk(x/ Y, Pk)) and g(u/ 0, ‘7) denotes (gl(u/ 0, ‘71)/ g(u, [ ‘72)/ o /g(u/ o, Qk))/ e = (1/ ey 1)T € Rk! A=
(A1, Az, .., Ap),

(ii) Cj and C; are positive polar cones of C; and C; respectively,
(iii) g; and p; are vectors in R" and R, respectively fori=1,2,...,k.
(iv) E and D are compact convex sets in R” and R™, respectively, and
(v) S(x|E) and S(x|D) are the support functions of E and D, respectively.
Theorem 3.1. (Weak Duality) Let (x, y, A, z, p) be feasible for (PP) and (u,v, A, w, q) be feasible for (DP). Let

() f(,0) + (-)Twey be higher-order K — 11-convex at u with respect to g(u, v, q) for fixed v,
(ii) —f(x, ") + () zex be higher-order K — na-convex at y with respect to —h(x, y,p) for fixed x,
(iii) Rk C K,
(iv) mx,u)+u e Cy, forallx € Cq,

(V) m(v,y)+y € Cy, forallv e Co.

Then
S(x/ y/ /\/p) - T(M, o, A/ Q) e _K\ {0}

Proof. Suppose, to the contrary, that
S(x/ Y, Ar P) - T(u/ 0, A/ Q) €-K \ {0}

that is

k
{[70 0+ SetBres = 57 Y, AVt )+ 9, i, e

i=1

K K
+ Z Aihi(x, y, pi)ex — Z Ai(p] Vphi(x, y, Pi))ek]

i=1 i=1

k
[ ) - SeID)ec = T Y AVeftw,) + Vagi(u,0, )b

i=1

k k
+ Z Aigi(u, v, gi)ex — Z Aiq; Vi, v, %’))ek]} € —K\ {0}
-1

i=1

Since A € int K* C int Rk (by hypothesis (iii)), hence A > 0. Therefore, we get
k k
Y Aifie,y) + SGIE) = yT Y AV fi, ) + VphiCx, y, pi))
i1 i=1
k k
+ Y Ak, v p) = Y ApI Vi, y, )
i=1 i=1
k k
—() " Aifilwt,0) = S@ID) = u” Y AV fi(tt, 0) + Vg gi(1,0,G7))

i=1 i=1

k k
+Z;Aigi<u, 0,4) - Z;wmgi(u, 0,4))) < 0. )
1= 1=
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By higher-order K — 1;-convexity of f(-,v) + (-)Twe, with respect to g(u, v, q), we have

(i) + "0 = futw,0) = 0 = 10t 0,01) + 41V 1(0,0,0)

_n{(xl u)[val(u/ 'U) +tw+ V'hgl (ur 0, ‘11)]/ ey

fk(x/ 'U) + xTw - fk(u/ U) - uTw - !]k(”z o, Qk) + qzVngk(ur 0, Qk)

1T, )V filtt, ) + w + Vg gil 0, qm) €K

Using A € int K*, we get

k
Z /\i{fi(x, v) + xTw — fi(u,v) — uTw — gi(u,v,q;) + qiTtigi(u, v,q;)

i=1

1T, )V filtt, 0) + w + Vo g, 0, qi)l} >0, (10)

Since (1,v, A, w,q) is feasible for (DP), from the dual constraint (5) and hypothesis (iv), it follows that

k
[, u) + 11" Y AV fi(n,0) + w0 + Vi gi(0,0,49) 2 0.

i=1

which implies

k
NG u) Y AV, ©) + w0 + Vg, 0,90)

i=1

k
2 —u" Y AlVafiu,0) + @ + Yy gi(1,0,45). (11)
i=1
Using (10), (11) and ATe, = 1, we obtain

T

k
Ai(fi(x,0) = fi(u,0) = gi(u, 0, qi) + q; Vg,g:(u,0,4:) + x"w — u"w
=1

1

k
2 —u" ) A(Vafilu,0) + Vo gi(u,0,49) - uw. (12)

i=1
Similarly, by higher-order K — n,-convexity of —f(x,) + (-)Tze; with respect to —h(x, y,p), from (1) and
hypothesis (v), we get
k
X Ay = ik, )+ Rl v, p) = T Vi y,p) = vz + 0"z

i=1

k
2 y" ) MV fi, y) + Vi, y,p) - 'z (13)
i=1
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Adding inequalities (12) and (13), we have

(ZAﬁx y)+xw—y ZA(Vyfz(x Y) + Vi hi(x, y, )
i=1

K
+ Z Aihi(x, y, pi) — Z Ai(p] Vo hi(x, y, Pi)))
i=1

i=1

k
2 (Y Aifiw,0) - o'z —u ZA(foz(u 0) + Vi1, 0,07)
i=1

+ Z; Aigi(u,v,q;) — ; Ai(q] Vq,9i(u, v, ‘71'))),

By using xTw < S(x|E) and v"z < S(v|D) in above inequality, we obtain

Aifi(x, y) + S(IE) - y Z/\ (V, fi, ) + Voli(x, v, p2)

M, y,pi) = Z]A (1Y, i, v, 1)

i=1

i
> =

k
—( i, 0) - S(ID) — Z AV filu, 0) + V91,9, G7))

e

Nigilu, 0, ) - ZA @1V, 9i00,0,00)) 20,

—_

i=

which contradicts (9). Hence the result.

If the variable A in the problems (PP) and (DP) is fixed to be A, we shall denote these problems by
(PP); and (DP)j, respectively. [

Theorem 3.2. (Strong Duality) Let (%, 7, A, z, p) be a weak efficient solution of (PP). Suppose that

(i) the Hessian matrix Vp,hi, ¥Vi=1,2,...,k, is positive or negative definite.
(ii) the set of vectors V fi(X, ), ..., Vyfi(%, §) is linearly independent,

k Y .
(iii) ;1 AiVyy fipi & span{V, fi + Vyhi =V b,V fi, 1=1,2,...,k} \ {0},

k
(iv) pi # 0, for somei € {1,2,...,k} imply that ¥, A;V, fipi # 0,
i=1

v) éiihi(x, 7,0) = Ekl Aigi(%,7,0), é AiVyhi(x,7,0) =0, é AiVyhi(%,7,0) = 0, é AV hi(%, 7,0) = é)’\ivql gi(%,7,0)
and
(vi) K is a closed convex pointed cone with R C K.
Then,
(I) there exists @ € E such that (%, §,A, @ ) is feasible for (DP);, and

(I S(x,7,A,p) = T(X,7,A,9).

Furthermore, if the hypotheses of Theorem 3.1. are satisfied for all feasible solutions of (PP) and (DP);, then
(%, 7, A, @,q = 0) is an efficient solution for (DP);.
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Proof. Since (%, i/, A, z, ) is a weakly efficient solution of (PP), there exist @ € K*, B € Cy, 7] € R, such that the
following by Fritz-John optimality conditions ([23], Lemma 1) are satisfied at (%, 7, A, Z, p) (for simplicity, we
write V. f;, Vy, fi instead of V. fi(%, ), V., fi(%, §) etc.):

k k
=0 LT+ 7) + 1 KT f'18 - @ e

P

'M»

]
—_

TV hi(@"e,) + Z KV ) [B - (@ a7 + pl)]} >0, forall x € Cy, (14)

i i=1

k k
Z aivyfi+ Z Ai(Vyy fi) "B - @"er)y Z h,-(c‘kTek)
=1

i=1

K
'(vypihi)T[,E —(@"e) (@ + ﬁi)] - Z AV fi + Vphil@'e) = 0, (15)

i=1

M»

[y

i=

(Vuf)"I6 — @ e + (5, 5, )(a"e0) + (Vy (s, 3,5 [B — &l exty + 7o)

+7=0,i=1,2,...,k (16)
[(B- (a k) y+p,))/\] Vi =0,1=1,2,...,k, 17)
BT Z AV fi =2+ Vyh) =0, (18)
i=1

i'[ATe, —1] =0, (19)

B € Np(2), (20)

y €E, y'x = S(%|E) (21)
(a,B,1m) #0. (22)

Since R¥ € K = K* C RX which implies int(K*) Cint(Rk).
As A € int(K*), therefore A > 0.
Now hypothesis (i), A; > 0 fori = 1,2,...,k, and (17) imply that

B=@e)+p)i=12...k (23)

If @ = 0 then (23) yields B = 0. Further, the Eq. (16) gives 7 = 0. Consequently (&, f, 1) = 0, contradicting
(22). Hence @ # 0. Further, @ € K* C R implies
ale. > 0. (24)

Using (23) and (24) in (15), we get

1
ZAVWﬁpl_Z/\(Vyﬁ+V hi =V yh;) ( Tek) avyfi, (25)
wh1ch yields
Z /\Nwﬁﬁi € span{Vyfi + Vp,.]’l,‘ — Vyhi, Vyfi/ i=1,2,...,k}. (26)
i=1

Now we claim pi=0foralli =1,2,...,k. On the contrary, suppose that for some i € {1,2,...,k}, p; # 0,
then using hypothesis (iv), we have

Z/\ij,p,;ﬁo (27)
This contradlcts hypothesis (iii) (by (26) and (27)). Hence
pi=0fori=1,2,...,k (28)

and thus relation (23) gives
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B =@ ey (29)
Using hypothesis (v) and (28) in (25) yields

k
;Vyfi[ai - @%ex)Ail =0,

which on using hypothesis (ii) gives

i= (C_YTEk)/_\i, l = 1/ 2/ e /k/ (30)

jo]

Using (24), (28) — (30) in (14), we have

k k
(=D Y TS D) + ) + Y AVhi(z, 5,50 2 0, forall x € Ci.
i=1 i=1
For g; = 0, it follows from the hypothesis (v) and (28) that
k k
=0T Y Vi ) 4P+ Y AV, 015, 5,00} 2 (31)
i=1

i=1

Let x € C;. Then x + ¥ € C; and so (31) implies

k k
xT{ MVfi+ )+ Y )_\diigi} >0, forall x € C.
i=1

i i=1

Therefore,
k k
; /\I(fol + 7) + ; /\,Vq,.g,- € C; (32)
Also from (24) and (29), we have
__ P
=—€(Cy.
y &Tek €%

Thus (%, 7, A® = 7,4 = 0) satisfies the constraints of (DP); and so it is a feasible solution for the dual
problem (DP)j;.
Now, letting x = 0 and x = 2% in (31), we get

),
k ko
fT{ LANVSi+ )+ X Adi,-gi} =0
i=1 i=1
or

k
xT{ Y V. + vq,.gi} — %7y = —S(%IE). (33)
i=1

From (20) and (29), (@Tex)# € Np(2). Since a’e, > 0, §# € Np(2). Also, as D is a compact convex set in R",
_T_ _ —
y z = S(yID).
Further from (18), (24) and (29) and the above relation, we obtain
k

g’ ;1 Ai(Vyfi + Vphi) = 37z = S(§ID). (34)
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Therefore, using (28), (33), (34) and the hypothesis (v), for §; = 0, we get

f(&x, )+ S(xIE)ex — (Vyfix, §) + Vphi(x, 7, pi))ex

M»
o~ ”M”

Aihi(®, 9, pex — Z NIV, (%, 9, e

i=1

1l
—_

i

= f(%,9) - S(gID)ex - 57 Z RV fi(%, ) + Vo 0i(® 7, 3)ex

i=1
k —_
+ Z Azgz(x/ Y, Elt)ek -
i=1

that is, the two objective values are equal.

Now let (%, 7, A, @, = 0) be not an efficient solution of (DP);, then there exists (i,
(DP); such that

gl

GV 9i(%, 7, 70))ex

i=1

k
{f& ) - S@D)e =2 Y MVLfi(%, ) + Vagi(® 7,7

i=1
k k
Z Aigi(%, 7, qi)ex = Z Aia; Va,9i(%, 9, qz))ek}
i=1 i=1
k
~{f(1,8) - S(@ID)ex — 8" Y AV fi(@, 9) + Vi gi(2, 7, 31
i=1
k k
Zig(ﬂ,ﬁfﬁi)ek 27\( V,.9i(8, 9, )ec} € =K\ {0},
i=1 i=1

AP}V hi(%, 3, p))er)

k
~{f(@,9) - S@ID)ec — " Y AlV.fi(it, 9) + V. :(, 5, 30)e
i=1

k k
Z (1,5,3)e Z IV,0:(@,0,3)ed € =K\ (0),

that is
S(x,9,A,p) —T(@1,9,A,7) € =K\ {0}.

721

7,A,W,q = 0) feasible for

which contradicts Theorem 3.1. Hence (%, #, A, @, § = 0) is an efficient solution of (DP)j.

Theorem 3.3. (Converse Duality) Let (i1, 0, A, @, §) be a weak efficient solution of (DP). Suppose that

(i) the Hessian matrix Vy,q9;, Vi =1,2,...,kis positive or negative definite.
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(ii) the set of vectors Vy f1(#1, D), ..., Vs fi(#1, 0) is linearly independent,

ko
(iii) ;1 Aivxxfi% ¢ SPﬂn{foi + Vq,gi - ngi, vxfir i=1,2,...,k\ {0},
k
(iv) gi # 0, for somei € {1,2,...,k} imply that Y, A;Vy figi # 0,
i=1
B ko ko ko ko ko
(v) X Aigi(a,0,0) = X, Aihi(i1, 0,0), ;1 AiVygi(#1,9,0) = 0, ;1 AiVy,9i(@1,0,0) = 0, ;1 AiVygi(@,0,0) = Y. AiVy,hi(ii, 0,0)

(vi) K is a closed convex pointed cone with R C K.

Then,

(I) there exists z € D such that (i1, 7, A, z, p = 0) is feasible for (PP);, and
() S(,3,A,p) = T(#,5,A,§).

Furthermore, if the hypotheses of Theorem 3.1. are satisfied for all feasible solutions of (PP); and (DP), then
(1,9, A,2,p = 0) is an efficient solution for (PP);.

4. Self-duality

A mathematical programming problem is said to be self-dual if it is formally identical with its dual
i.e. the dual can be recast in the form of the primal. Mond and Cottle [17] observed that the symmetric dual
programs of Dantzig et al. [5] are self duals if H(x, y) is skew symmetric and gave self duality results. In
general (PP) and (DP) are not self dual without an added restriction on f, g and h. For the programs (PP)
and (DP), self duality exists under the following assumptions:
(i) m = n, (i) C; = Cy, (iii) D = E, (iv) the vector functions f : R* x R" — RFand g : R" X R" X R" — RF to be
skew symmetric, i.e.,fi(x, y) = —fi(y, x) and gi(u, v, q;) = —gi(v,u,q;), i € {1,2,...,k}.
Now recasting the dual problem (DP) as a minimization problem:
(DP1) K-minimize

k
(= fl0,0) + S(@ID)ec-+ 47 Y AV fia,2) + Vit 0,00

i=1

k k
- Z Aigi(u, v, qi)ex + Z i@ Vg gi(u, v, qi))ek)

i=1 i=1

k

subject to Y iV fi(u,0) + W + Yy gi(u,0,99) € C,
i=1

weE

/\Tek =1

AeintK, ve G,

Now f and g are skew symmetric,
ie., Vifi(u,v) = =V, fi(v,u) and V,,g,(u,v,q;) = =V,,g:(v,u,q;) fori = 1,..., k. Therefore, the problem (DP1)
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reduces to, K-minimize

k
(F(0 10+ S@IBY — T Y AV, ito, 1) + Vi g160, 1, e

i=1

k k
+ Z Aigi(v, u, qi)ex — Z Aia; Vy.9i(0,u, Qi))ek)

i=1 i=1

k

subject to — Z AV fi(0, 1) = w + V.90, 1, 4)) € C},
i=1

weD

ATep =1

AeintK', ve Cy

This shows that (DP1) is formally identical to (PP), that is, the objective and the constraint functions are
identical. Hence (PP) is self dual. Consequently, the feasibility of (x, y, A, z, p) for (PP) implies the feasibility
of (y,x, A, z,p) for (DP) and conversely.

5. Special Cases

k k k k
In all these cases, if Y, Aihi(x, y,pi) = X, AizpiVyy fitx, y)pi and ¥ Aigi(u,0,qi) = Y. Ai2qiVs fi(1, 0);.
i=1 i=1 i=1 i=1

(i) If E = {0} and D = {0}, then our problems (PP) and (DP) become the problems studied in Gupta and
Kailey [11].

(ii) ForK=RK, C; =R", Co=R", k=1,9,=¢q, pi=p,E={By:y"By £1}, D = {Cx : xCx £ 1}, where B
and C are positive semidefinite matrices, (xTBx)% = S(x|E) and (yTCy)% = S(yID), (PP) and (DP) reduce
to the problems considered in Ahmad and Hussain [1].

(iii) If K = R’j, Ci =R}, CG=RY, k=1, gqi =g, pi = p, then our problems (PP) and (DP) reduce to the
programs studied in Yang et al. [26].

(iv) The cases given in Gupta and Kailey [11] can also be extracted from our problems.

6. Conclusions

A new pair of multiobjective higher-order symmetric dual programs involving support functions over
arbitrary cones has been formulated. We have given an example of a non trivial function to show the
existence of higher-order K-n-convex functions. Weak, strong and converse duality theorems under higher-
order K-n-convexity assumptions have also been established. It is to be noted that some of the known
results, including Ahmad and Hussain [1], Gupta and Kailey [11] and Yang et al. [26], are special cases
of our study. This work can be further extended to study mixed symmetric higher-order nondifferentiable
multiobjective dual programs over arbitrary cones.
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