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Abstract. In previous papers there are given numerous cases of groups with truncated simplices as
fundamental domains. These groups will be reconsidered here, in order to finish the classification of the
supergroups for 44 group series with trunc-simplex domains. There are given 7 new series of groups
here, belonging to different families. We also consider 12 new cases of groups of 20 series from families
F13 - F32, called maximal series. These results complete the investigation of groups with fundamental
trunc-simplices.

1. Introduction

1.1.

Hyperbolic space groups are isometry groups, acting discontinuously on hyperbolic 3-space H*> with
compact fundamental domains. It will be investigated some series of such groups by looking for their
fundamental domains. Face pairing identifications on a given polyhedron may give us generators and
relations for a space group by the Poincaré Theorem [2].

The simplest fundamental domains are 3-simplices (tetrahedra) and their integer parts. In the process of
classifying the fundamental simplices, 64 combinatorially different face pairings of fundamental simplices
were determined [6, 19], and also 35 solid transitive non-fundamental simplex identifications [6]. 1. K.
Zhuk [19] classified Euclidean and hyperbolic fundamental simplices of finite volume up to congruence.
An algorithmic procedure was given by E. Molnér and 1. Prok [5]. In [6-8] the authors summarized all
those results, arranging identified simplices into 32 families. Each of them is characterized by the so-called
maximal series of simplex tilings, i.e. maximal symmetry groups with smallest fundamental domains.
Some complete cases of supergroups with fundamental truncated simplices (shorty trunc-simplices) are
discussed in [3, 9-17]. Investigation of such hyperbolic space groups, especially with fundamental domains
of truncated simplices found applications in newer packing and covering problems, e.g. in [18].

In the first 12 families from the above 32 ones, appear 44 series of basic simplices, while the remaining
20 families contain only maximal series of the simplices. Possible supergroups of the mentioned 44 group
series, that have trunc-simplices as fundamental domains, will be reconsidered in this paper. Together with
these new results, there are also presented 12 new series in maximal families 13 - 32, as it will be formulated
in Theorem 1.1.
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1.2.

For a given fundamental simplex and a given equivalence class of edges, the sum of dihedral angles is
always 2nt/v, with natural v. That is the reason why we shall have parameters for equivalence classes of
edges. In [8] there is given space of realization for every value of parameters of simplices investigated here.
In all cases of the investigated simplices, if parameters are large enough, the simplex is always realizable in
hyperbolic space with vertices out of the absolute, but the fine discussion is not detailed here, see e.g. [8].

If the vertices are outer ones, the simplex is not compact and it is possible to truncate it with polar planes
of the vertices. The new compact polyhedron obtained in that way is the fundamental domain of a larger
group. It has new triangular faces whose pairing gives us new generators. Dihedral angles around the new
edges are 71/2, i.e., there are four congruent trunc-simplices around them in the fundamental space filling.

1.3.

We use the generalized Poincare theorem [4] to obtain generators and relations for a space group G with
a combinatorially given polyhedron P as a fundamental domain, in the way briefly described below. In this
paper such polyhedra will be trunc-simplices.

It is necessary to consider all face pairing identifications of such domains. These are isometries which
generate a group G and induce subdivision of directed edge segments of P into equivalence classes, such
that an edge segment does not contain two G-equivalent points in its interior. The Poincare algorithm gives
us for each edge segment class one cycle transformation of the form ¢ = g14> ... g,, where g;,i = 1,2,---r are
face pairing identifications. Each of these transformations will be a rotation of order v, so the cycle relations
are of the form (4192 ...g,)" = 1. The Poincare theorem guarantees us that these cycle relations, together
with relations g7 = 1 to the occasional involutive generators g; = g;!, form a complete set of defining
relations for G. Details will be given at our examples.

1.4.

In order to obtain all possibilities of the face pairings for the new triangular faces of trunc-simplices,
we have to consider the stabilizer groups of the corresponding vertex figures. Case-by-case analysis of the
orbits and their symmetries for the whole tessellation in the polar plane of vertex figure will be the way
to get all possible face pairings. Besides that, it was also established that the possible number of different
cases canbe 1,2, 4, 8 or 16(= 4 x 4).

After reconsidering supergroups for all investigated groups in [3, 9-17] using this method, we have
found some new cases. In this way investigation of trunc-simplex families, for general case of parameters,
has been completed.

In this paper there are also considered 12 new maximal group series with trunc-simplex domains. These
results together with those in previous papers are completing this part of investigation.

Total numbers of hyperbolic space group series with trunc-simplex fundamental domains are given in
the following summarizing theorem. In Table data for each family are indicated separately.

Theorem 1.1. There are 187 group extension, making totally 212 hyperbolic space group series with truncated
simplices as fundamental domains.

Family F1| F2 F3 F4 F5 F6 F7
References [3] | [17] | [13,16] | [13,16] | - | [13,16] | [9, 10]
Number of simplex series 7 3 2 6 0 4 4
Number of group extension series | 13 | 13 7 38 - 24 7
Number of trunc-simplex series 13 | 13 6 68 - 32 7
Family F8 | F9 | F10 | Fi11 F12 F13-F32 z
References [12] | [15] | [15] | [9,10] | [10, 14] | [9-12, 14, 15]
Number of simplex series 6 2 3 4 3 20 64
Number of group extension series | 24 8 6 7 6 34 187
Number of trunc-simplex series 24 8 6 7 6 22 212
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Notations used here are according to those given in [8], but may differ of the notations in original papers.

1.5.
The existence proof for some families from 13-32 are missing yet. This needs careful computations,
illustrated in [8], and also in [11] for e.g. Zhuk’s families F26, F30.

So for a while, simplices in fibred spaces H? x R and more §I§I/{ cannot be excluded yet, although H3
seems to be very probable. We intend to turn back to this problem later.

2. Truncated simplices from non-maximal simplex schemes

2.1. Simplex T, from Family F1

The trunc-simplices to the simplices from family F1 were considered in [3]. To the simplex T¢, (Fig. 1)
in Family 1 we can give 4 face pairings of the new triangular faces of trunc-simplex Og, and no more. After
searching for more symmetries of the vertex figure tilling and its hyperbolic plane group with fundamental
domain F° = Py, and signature I’ = uu xX by [1], we find additional symmetry by half-turn indicated as
OZ,. For completeness we repeat all domains in Fig. 1.

The group for T, is

I'(Tep, 6u) = (21,22 — (z;lzfzézf)” =1lLux>1),

while the supergroups with fundamental trunc-simplex O, are
T(Og,, 6u) = I(Tep, 6u) and (thg, 111, i, iz — 175 = 15 = M3 = 103 = MozatMoz, " =

= 11_1021_17}_’[221 = 1’1_11221’1_12251 = 77’11251771322 = 7’}_’11217}_’1221_1 = Tﬁ3217’}_’l3ZI1 =1,u>2),

T(O2,,6u) = T(Te, 6u) and (fg, 1, hia, iy — h3 = W3 = h3 = 13 =
= floZIlflzZl = 171022171222 = E1251Fl322 = FlzZIlljllzz = I:l321]71321 = 1,” > 2),

[(OZ,,6u) = I(Te, 6u) and (g1, §o — Joz1§122 = Gaz1J; ‘22 = §oz] o2y = 1, u > 2),

4 _ U P [ [ S P B
['(Og,, 6u) = I'(Tep, 6u) and (51,32 — 51225221 = 51215, 2, = 852Z; 52z] =5z, 5z, =1,u>2).

2.2. Simplex T3¢ from Family F11

In [9, 10] there has been considered simplex T3¢ from family F11 (Fig. 2). There wasn’t obtained jet any
symmetry of the fundamental domain for the stabilizer subgroup of vertex figure and its hyperbolic plane
group 22uvv ([1]). So, there was given only the trivial supergroup with fundamental trunc-simplex Osg, i.e.
the group with plane reflections as new generators. But after reconsidering symmetries of the vertex figure
tiling and recomposing its fundamental domain, we find new point reflection face pairings (Fig. 2), giving
02,

36
The group for T3 is
[(T36,21,50) = (12, 13,5 — (rar3)* = (s%rasr3)° = 1,u > 2,0 > 1,2u # 50)

and the supergroups for Oz are

1 _ S N, S, R, L
I'(O34,2u,5v) = I'(T36, 2u, 5v) and (11, 1111, 1712, 3 — 1y = 1M = 1My = 15 = Mgraifi ry =
= Moyr3mry = ﬂ_”l0571717l3s = My 13Myts = Matolizly = 71_11577_’12571 = 7’7!251’]_13571 = 1),

F(O§6,2u, 5v) = I'(Ts6, 2u,5v) and (g1, 72 — rg,g‘zrzggl = 501572 = sg‘;lsgz_l = 111391 = 1).
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Figure 1: Simplex Tg;, its vertex figure and trunc-simplices ng, i=1{1,2,3,4}

Figure 2: Simplex T3, its vertex figure and trunc-simplices Oéé, Ogﬁ
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2.3. Simplices T17 and Tsg from Family F4

The supergroups of the groups with fundamental simplices T17 and T3g (Fig. 3) from family F4 were
investigated in [13, 16]. For these simplices there are two classes of equivalence for vertices {Ao, A1}, {A2, A3}
It means that truncating vertices in different classes are independent. That is the reason to give for these
truncating only the extensions to the original groups

I(T17,2u,40,2w) = (rg, 11, 12,13 — (r2r3)* = (r1raror3)° = (ror)” = rﬁ = r% = r% = r% =1,2<u#w1<v),

I(Tss,2u,4v,2w) = (rg, 11,z — (z2)* = (rzroz)’ = (ror)* = rg = rf =1,2<u+#w,1<0).

Figure 3: Simplices Tq7 and T3

In [13, 16] are considered group extensions for T17 and T3 after truncating. For both simplex-series if
conditions % + 21_1,[ + 217; <1, % + 21_7) + ﬁ < 1 are satisfied, vertices from both edge class {Ag, A1} and {A3, A3}
are outer. Reconsidering is giving four extensions for each of edge classes, of both trunc-simplices. Here is
given complete list of these extensions.

e For Oyy, class of vertices Ag, Az:

w3 = m? = (mor)* = (i1re)? = moratinry = morsiinrs = 1; b3 = B2 = (hor1)? = horahars = (hrg)* = 1;
i3zt = itz ' = 1511057 'y = (5ir2)* = (51rs)® = 1.

e For Oq7, class of vertices A,, As:

m3 = Mm% = (Mars)® = (1Mar2)? = Mpryizry = Mproimsry = 1; h3 = b3 = (hors)? = horiharg = (har2)* = 1;

s s s sl 1zl _ (302 — (5. )2 —
ZorZoto = ZotaZy 13 = 1; 5128, 13 = (8ar0)” = (52r1)” = 1.

e For Osg, class of vertices Ay, A1:

ﬂ_i(z) = ﬂ_’l% = (Tl_iorl)z = (Tl_’lﬂ‘o)z = ﬂ_“llzfl_’l0271 = 1’71021’7[1271 =1, Fl% = I:l% = (Flo?’l)2 = FloZ]:llz = (ljllro)z =1,

(2_'12)2 = (2_'1271)2 = 217021711’1 =1 s‘lros'Ilrl = §1ZS_1271 =1.

e For Osg, class of vertices A,, As:

72 —

m; = ﬂ_’lg = My W3] = WToMiaty = 77_13271712Z_1 =1; fl% = }_lg = ]7127"117131’0 = Flg,Z}_lzZ_l =1; (222)2 = Zo¥pZor1 =

1; (52r1)? = (S2r0)* = 522850z = 1.

Remark 2.1. Since truncations of vertices in different equivalence classes are independent, we can combine appro-
priate group extensions. It means, if there is p different extensions for the first equivalence classes and q extensions
for the second one, then total number of different group series for truncated simplex is pq. Similarly, if there are three
equivalence classes for vertices with resp. p, q, r group extensions, then total number of group series is pqr.
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There is also possibility to truncate vertices only in some of the equivalence classes, but that is not the topic of this
paper.

So, for the both simplices T17 and Tsg there are 16 possibilities to create supergroups with fundamental trunc-
simplices.

In Fig. 4 there are given vertex figures of T17 and T3 resp., for classes of vertices {Ao, A1} and {A, Az},
whose hyperbolic plane groups (by [1]) are 22uv, 22vw, and 22uv, vw X, resp.

Figure 4: Vertex figures of simplices Ty and T3

2.4. Simplex Ts3 from Family F7

By printing mistake in [9] are omitted results for Ts3 from family F7. There are only given in [10]. Here,
the simplex Ts3, its vertex figure with hyperbolic plane group 22uv x (by [1]) and the trunc-simplices OF;,
O§3 are given if Fig. 5. The group for Ts3 from [8] is

T'(Ts3,2u,100) = (ro, 11,z — (z2)" = (r1zroriz trozrnrez Y’ = 1,u > 2,0 > 1,2u # 100).

One fundamental domain of vertex figure is

— -1 -1
Py, =Ta, UT; UT,T UTY,

1

and the groups for O,

2
Oz, are
(0%, 2u,100) = I(Ts3, 2u, 100) and (171, i, 11y, s — 03 = 172 = 175 = M3 = fgriMMiary =

= rfzozmlz_l = moz‘lﬁzlz = M1 roMisry = Ti_’l3ZH_122_1 = Moty = MV i) = 1),

[(02;,2u,100) = T(Ts3,2u,100) and (fi2, 3,5 — 13 = 13 = 52527 = 8rohary = hoz 'haz = hpriharg = 1).

3. Truncated simplices from maximal group series

In each of families F13 - F32 there is a single simplex series and all of them are the maximal ones for
general parameters. In the previous papers [9-12, 14, 15] there are investigated simplices from families
F21, F23, F25, F26, F27, F29, F30, F32. So, it remains to investigate 12 families. Data for these families
are given in [8]. In all here considered cases, for all equivalence classes of vertices, only trivial extensions
are possible. So, for each of the trunc-simplices there is only one group series and the number of group
extensions is equal to number of equivalence classes of vertices. Note that situation is similar for previously
considered trunc-simplices from maximal group series, except in cases of Zhuk’s simplices from families
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Figure 5: Simplex Ts3, its vertex figure and trunc-simplices OéS, Ogs

F26 and F30 considered in [11]. There, in class of vertex {A;} there are two different group extensions and
so, two different groups for each of these trunc-simplices.

Families F13, F14, F15 (with trunc-simplices O;, O,, O3, respectively):

[(O1,2a,2b,2c,2d,2e,2f) = (mg, my, i, ms, 1itg, 1y, 1ita, iz, —(momy ) = (myma)’ = (mamg)© = (mamsz)? =

= (moms)* = (myma) = (mmj)* =m? =m? =1, i,j,k,1€{0,1,2,3},i # j,

1 1 1 1 1 1 1 1 1 1
-+ -+-<1l,-+-+=<1,-+=-4+-<1,
a b e

1 1
+=<1,2<a,b,cd
. i ~tg f<’ <ahb,cd,e,f)

b d

[(Oy,4a,4b,2¢,2d,2e) = (myo, 11, My, M3, g, 1, 172, 113, —(morimgry)* = (marymary)’ = (myms)° = (moms)”

= (mOmZ)e = (1/’_11,](])2 = sz = 1,}—,112 = 1/ i/jrkrl € {0/ 1/213}/i * j/ fO = mO/fl = rl/f2 = m21f3 = ms,
1 1 1 1 1 1 1

1 1
— — — — — — — — — < <
b+c<1,C+d+e<1,a+b+d+e<1,1_a,b,2_c,d,e)

T(Os,2a,6b,4c,4d) = (mo, m1, 12, 13, g, 111, 112, 3, —(momy ) = (mararsmarsra)’ = (moramora)© = (moramors)”

e 2 _ (- 2_ .2 _ .2 _ 2 _ 2 _ -2 _
= Mgrafigry = Moraifigrs = Myr3iiiats = Myraimary = (Mymg)” = (Mjmy)° =my=my =1, =13 =1, =1,

i€{1,2,3},j€1{0,2,3},k€{0,1,2,3}, §+ % + % + % <3,2<4a,2<bh1<c<d)
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Figure 6: Trunc-simplices from maximal group series
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Families F16, F17, F18 (with trunc-simplices Oy, Os, Oy, respectively):

[(Oy, 24, 6b,4c,4d) = (mo, my, 12,13, 10, 1, 112, i3, —(mommiy )* = (myraramorsra)? = (myramyrs)© =

d_ o o o o N TN S S
= (moramora)? = gratiory = fgrsiiors = Myrsiirs = Mraiiary = (Mme)* = (Mjmy)* = my =my =13 =r

1 1 1 1 1 1
:m,le,ie{1,2,3},je{0,2,3},ke{0,1,2,3},E+E+E<2,E+E+E<2,2§a,1§b,1§csd)

2
3

I'(Os, 2a,8b, 4c,4d) = (mo, m, 13, 13, 1o, 11, iz, 1013, (Mo )" = (myrarsramyrarsry)’ = (moramora)” =
- d o ity = Fntadfinra = s tofials = fotaffiors = () = (e = m2 = m2 = 72 = 2
= (morsmyr3)" = morafgry = Morsiyrs = MyraMary = Maraiars = (Mmg)” = (Mjmy)~ = my =m; =1, =13
1 1 1

. . 1 1 1
=n‘1,f=1, i€{l1,2,3},j€{0,2,3,ke{0,1,2,3}, -+ =<1, -+ -+-+-<3,2<4,1<bh,1<c1<d)
a d a b ¢ d

_ — — — — a __ h pa—

['(O7,4a,16b,4c) = (mo, 11,712,713, 0, 1, T2, 13, —(Mor1mor1)" = (Morsrirarstarir3morstirarararirs)’ =

_ C _ = - g = — 5 = — 5 = — 5 = — 5 = — (5 2 2

= (moramora)” = Moritigry = Motafory = Mor3iiyts = MiraMary = Mar3iiars = Mot 1Mary = (Mimg)”~ = my =
=r=r=rs=m=1i€{1,23},ke{0,1,23}, 1<a,b,0)

Families F19, F20, F22 (with trunc-simplices Og, O11, O13, respectively):

S b
I'(Os, 4a,12b,8c) = (mg, 11,12, 13, Mg, 111, Wy, T3, —(Morimgr1 )" = (Morarirarirsiorarirarirs)’ =

S b

I'(On1,4a,4b,4c,3d) = (mg, 11, 12, 13, Mg, 111, p, i3, —(mgrimgr1)* = (morsmors)’ = (moramigry)° =

_ N S

= (r1rar3)" = Mgrimory = Moratigry = Mor3iigrs = M1r3iats = MraMizry = MariMry = (Mmy)” =
, 1 1 2

:m(z):rlzr%:r%:n‘qizl,ie{1,2,3},ke{0,1,2,3},%+E+E+E<3,1§asbsC,3§d)

_ o 20 _ 2b _ 2c _
I'(O13,8a,8b,8c) = (mo, r1, 12,13, Mo, 111, 1z, 1113, —(Mgr1r3r1)™ = (morarir2)™ = (morsrars)™ =
T e Y = AP = Tt T = TP n P tFin Yo = TV It = Tt Tiarn = (77} —
= Mgraffinty = Mot3iials = Wgr1Miar = M3ty = Mool = Wialaiigty = (Mimg)” =

=my=ri=r=r=m=1,i€{1,2,3,ke{0,1,2,3}, 1<a<b<o)

Families F24, F28, F31 (with trunc-simplices O3, O3, Oy3, respectively):

_ o i 4w a_ b o e e o
I'(O1s, 4a, 8b) = (ro, 11,12, 13, g, 111, ip, W3, —(ror17311)" = (r1rararorarorats)’ = Mgtaifigry = Wigr3iiars =

= Mor1Mary = Myroiiry = My¥siirs = Myramsty = M1ty = Moty =

=rg=ri=ra=r3=m =1,ke{0,1,23]}, +%<2,1§a,b)

SER
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2

(O3, 4a,16b) = (mg, 11,2, 110, 171, i, 13, —(moz " moz)" = (mor1z~>rz2r1) % = mgzifgz ™" = figryiisry =

= mlzmzz‘l = rhlz_1ﬁ13z = Mo Mpry = (mimo)z = m% = 1’% = ﬁii =1,1i€{1,2,3},ke{0,1,2,3},

g+1<¢1smlsm
a b

2

_ S PR S SN S
[(Og3,4a,8b) = (ro, 11,2, 19, 111, i1z, M3, —(210210)" = (ror1z”r12°11)” = MoziMpz”" = MgrM3ry =

1 2

= mMqroMmitry = M1ziz ~ = Tfllz_ll’l_/l:;Z = M1 Moty = MoltoMizTry = 7’(2) =1 = Tfl% =1,

kewﬂjﬁhg+%<zlsmlsm
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