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Abstract. We consider some properties on |z| = r < 1 of analytic functions in the unit disk |z| < 1. Applying
Umezawa’s lemma, On the theory of univalent functions, Tohoku Math J. 7(1955) 212-228, we prove some
sufficient conditions for functions to be in the class of Bazilevi¢ functions and some related results.

1. Introduction

Let H denote the class of analytic functions in the unit disk ID = {z € C : |z| < 1}. Let A, denote the class
of all functions analytic in the unit disk ID which have the form

flz) =2+ Z Ay, zeD. 1)
n=1

A function f(z) meromorphic in a domain D C C is said to be p-valent in D if for each w the equation
f(z) = w has at most p roots in D, where roots are counted in accordance with their multiplicity, and there
is some v such that the equation f(z) = v has exactly p roots in D. In [6] S. Ozaki proved that if f(z) of the
form (1) is analytic in a convex domain D C C and for some real « we have

Refexp(ia) fP(z)} >0 zeD,

then f(z) is at most p-valent in D. Ozaki’s condition is a generalization of the well known Noshiro-
Warschawski univalence condition, [4], [12]. In recent paper [10] there are some other conditions for a
function to be p-valent in D. Further, a function f € A, p =1,2,3,.. ., is said to be p-valently starlike, if

zf'(2)
ERe{ @ }>0, zeD.

The class of all such functions is usually denoted by S;. For p = 1 we receive the well known class of
normalized starlike univalent functions. Recall that f(z) of the form (1) is called the p-valently Bazilevi¢
function of type p if there exists a p-valently starlike function

g(z) =2 + Z b,z", zeD

n=p+1
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such that

2f(2)
iRe{fl-f%z)gﬁ(z)

where § > 0. Let # denote the class of analytic functions g(z) in ID of the form

}>0 zeDD,

gz) =1+ Z gz, zeD (2)
n=1

such that Re{q(z)} > 0, for z € ID. Functions in $ are sometimes called Carathéodory functions.

Lemma 1.1. [7, Lemma 2] see also [11, pp.224-225] Let us denote by D, a simply connected closed domain including
z = 0 inside and by C, the boundary of D,. Let

w=f(z) =2+ Z apz" (©)

n=p+1

be reqular on D, and f(z)/zF # 0, f'(z) # 0 on D,. If f(z) is at least (p + 1)-valent then C, has at least one arc C,,
such that

[ 55 tavstzr@nde < . @
and
) ,
5emBl@Id0=0, zeC. 5)

hold, and f(z1) = f(z2), where z; = re'%1, z; = re'2, 01 < 0, are the initial and the end point of C, respectively.

Lemma 1.2. [11, p.224-225] Let f(z) be analytic in a simply connected domain D where boundary I, consists of a
regular curve and f'(z) # 0 on I',. Suppose that

K , _ zf"(@)\ ., _
frz 36 [arg{zf'(z)}] d6 = ﬁ iRe(l + —f’(z) )d@ = 2km.

If we have for arbitrary p — k + 1 arcs Cy,Cy, ..., Cp_gy1 on the boundary T, of D which doesn’t overlap one another
J :
=5 [arglzf @)1 d0 > - (6)
C +C2+...+Cp,k+1

or, if for arbitrary p — k + 1 arcs Cy, Cy, ..., Cp_gy1 on the boundary T, of D which doesn’t overlap one another

f 2 [argl{zf'(2)}]dO < (p + k + D)7, 7)
C1+Cot...+Cppa1 20

then f(z) is at most p-valent in D.

Here, arg d f(z) means the argument of the tangent to the curve f(re'’), 0 < 6 < 27 or argfizf’(z)}. Applying
Umezawa’s Lemma 1.2, we can have the following contraposition of it.
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Theorem 1.3. Let f(z) be of the form (1) be analytic in ID and f'(z) # 0 in D and let for arbitrary r, 0 <r <1, f(2)

satisfies

d
30 [arg{zf'(2)}] A6 = 2pm.

|zl=r

Then, if f(z) is at lest (p + 1)-valent in ID, then there exists an arc I' on the circle |z| = v, 0 < r < 1, for which

fr 2 Jarglzf ()]0 <~ (8)

or

fr% [argl{zf'(z)}]dO > 2p + D)7 )

2. Results and Discussion
Applying Theorem 1.3 gives the following theorem.

Theorem 2.1. Let

fR) =2+ Z a,z", zeD (10)

n=p+1

be analytic in ID. Assume that there exists a p-valently starlike function

g(z) =2 + Z b,z", zeDD (11)
n=p+1
such that
zf'(2)
9{6{%}>0 zeD, (12)

where B > 0. Then f(z) is p-valent in D.

Proof. From the hypothesis (12), we have

J zf'(2)
o 30 arg {—flﬁ(z)gﬁ(z) } de (13)

- .. (% arg ' () - g rs )] 40— T org {gﬁ<z>})

J ’ 0 0
fz_r (% arg {zf'(z)} — (1 - ﬁ)% arg{f(z)} - 5% arg {g(z)}) de
> T
It is trivial that f(z) is at least p-valent in ID because
flz) =2+ Z a,z"
n=p+1

is at least p-valent in at the neighborhood of the origin. Then if f(z) is not p-valent in ID or f(z) is at least
(p + 1)-valent in ID, then by Lemma 1.1, there exists an arc on the circle |z| = r, 0 < r < 1, for which we have
the following picture Fig. 1. which is a part of the image of w = f(z), z| = r.
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i, =12, f(z1) = f(z2)

-l

r = {f(z) f(re?),0< 0, <0 <0, zj = re'?

d )
and &Garg{zf (2)} 2— aGarg{zf(z}

f(z2)
f(z1)

Fig.1.w = f(z)-plane

Then, we have
J
[ spastr@nd 19
From (13), we must have
zf'(2)
f39 {fl‘ﬁ(Z)g’g(Z)}dg 1)
f K , 1 d d
\ggamsler@)-a- ﬁ)% arg {£(2)] - 35 arg (9(2))
0
— (s asteren-s g arglotaao
> -7
because f(z1) = f(z2). Therefore, we have
(16)

d , d
fr‘% arg{zf’'(z)}do > fr‘ﬁ% arg{g(z)}d6 —m > -m
because 0 < fand g(z) is p-valently starlike in ID. This contradicts (14) and it completes the proof of Theorem

21. O
Corollary 2.2. If f(z) € A, and there exist g(z) € S;, q(z) € P and a positive integer k > 2 such that

z _k
Fo2) = kp fo 7 (tiq(t) dt zeD,

then f(z) is p-valent in ID.

(17)
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Proof. Equality (17) may be written in the form
2f@f ) = pg @9()

or
2f'(2)
[ @)9)

and Re{pq(z)} > 0in D. This gives (12) hence f(z) is p-valent in D.
U

= pq(z),

For k = 2, Corollary 2.2 becomes the following corollary.

Corollary 2.3. Let If f(z) € A, and there exist g(z) € S, and q(z) € P such that
2f(@)f'(2) = pg(2)q(z) z€ D,
Then f(z) is p-valent in ID.
Theorem 2.4. Let
fl@)=2"+ Z a,z"
n=p+1
be analytic in ID. Assume that there exists a p-valently starlike function
g9(z) =2" + Z b,z"
n=p+1

such that

zf'(z) <(1 +z)2' (18)

pfF@)gfz) \1-z
Then
27 Zf’(Z)
fo %Q{WHdQSZn, |Z|< \/2—1

Proof. If O(z) < Py(z), then [1]

271 271
f [Refd(pe)}| dO < f [Refdo(pe®)}|dO for 0<p < 1. (19)
0 0

From (18) and from (19), for all z = pe'?, p € (0, 1), we have

27 / 271
fo me{pff{(z(;g)ﬁ@}d@sfo me{(iti)z}

If0 <r< V2—1,then (1 — r?)% — 4r%sin> 6 > 0 and we have

de.

2 1+42z\? "1 - 1?2 - 4r2sin® 0
fo g‘Re(l—z) o = Zj; (1 + 72— 2rcos 0)? do
3 4rsin 0 9”
B [rz—Zrcose+1 ]0
= 27

wherez = re®. O
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Theorem 2.5. Assume that f(z) € Ay, g(z) € A,. If there are positive integer m,n € {1,...,p} such that

(m)
‘arg{;{m_—l)((zz))}‘ < %, zeDD, (20)
forsomey € (0,1),
(n)
‘arg{;(z_l)((zz))} < g, zeD, (21)
and
() 1-
()0 e
for some B >1—y, then
z2f'(2)
ERQ{JW)gﬁ(z)} >0, zeD. (23)

This means that f(z) is a p-valently Bazilevic function of type p.
Proof. Let

_ Zf(mfl)(z) )
76 {(P —m+ 2)f(m—2)(z)}f q(0) = 1.

If there exists a point z, |zg| < 1, such that

arg (1)} | < = 24
for |z] < |zo| and
farg {q(zo)}| = = 25)

for some y € (0, 1), then from [5], we have

204’ (20) 3 2ik arg {q(zo)}

q(20) m

(26)

for some k > (a +a1)/2 > 1, where {q(zo)}l/y = +ig, and a > 0. If we consider (25) for the case arg {q(zo)} =
1ty /2, then from (26) we have
|arg {(p—m+2)q(z0) -1+ iky}|

z2f")(z)
s { S |
arg{(p — m + 2)q(z0)} = my/2.

This contradicts (20), so supposition (25) is false and (24) holds true in whole unit disc ID. The same
argumentation shows that (24) holds true if we consider (25) for the case arg{q(zo)} = —my/2. Applying
this method again and again we obtain that (20) implies the same inequality for all smaller numbers than

m namely
zfm(z) ym 2f®(z) v
‘arg{f(ml)(z)}‘ <5 @ Yke{l,...,m}: arg{f(k—l)(z)} <5

209’ (z0) }'

arg {(p —m+2)q(z0) -1+ 2(z0)

\%




M. Nunokawa, ]. Sokét / Filomat 33:6 (2019), 1575-1582 1581

Also, in the same way, from (21) we have
(n) (k)
29" (2) n 29" (2)
- Ykell,...,n}: -
e {9(”‘”(2) }’ 2 7 € b |arg {9<k‘1>(2)

Furthermore, it is known, [3, p.200], that if g is convex univalent in ID and F(z), G(z) are analytic in D,
G(0) = F(0) and

zG'(z)
iRe{ ) } >0, (zeD),

<
5

then we have

é(é)) <4z = (F;(( )) <q(), (zeD). 27)
If we put
- e _(1+z)\® _(Q=-yn
F@) = f* V@), G =¢" V@), q@) = { - Z} ,a= 28)
then by (25) and (27), we have
") (1-ymn f"70@) (I-ym
arg {g(”)(z) }’ < 28 = arg{ 70) } < B (z e D). (29)

Applying this method again and again we obtain that
fP@)\|_ -y , fE@))|  A-yn
arg {g(”)(z) < 25 =Vkel0,...,n}: |arg ) < T (ze D).

Note that (27) is an improvement of the earlier Pommerenke’s result [8, Lemma 1, p.180]: If f(z) is analytic
and g(z) is convex in D, then

/@)
7'(2)

f(z)
9(z)

an
<72

CUZ

zeD = zeD, (30)

‘arg

arg —

where 0 < a < 1.
From the above considerations, we can see that inequality (20) holds true for m = 1, inequality (21) holds
true for n = 1 and inequality (22) holds true for n = 0. Therefore, we have

2@ | _ | (e[
‘arg{fl-ﬁmgﬁ(z)} ) {f(Z)[ ]}
U

@ 196

Zf()
{ ﬁ‘ <z>‘

IA

(1 y)m
28

IA

+ﬁ

N3 N|Y

This is (23). O
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