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f -Biharmonic Integral Submanifolds
in Generalized Sasakian Space Forms

Fatma Karacaa

aBeykent University, Department of Mathematics, 34550, Beykent, Buyukcekmece, Istanbul, TURKEY.

Abstract. We study f -biharmonic integral submanifolds and integral C-parallel submanifolds in general-
ized Sasakian space forms. As an application, we find the f -biharmonicity conditions for the integral and
integral C-parallel submanifolds in Sasakian, λ-Sasakian, Kenmotsu and cosymplectic space forms. Finally,
we give also some examples of f -biharmonic integral submanifolds in Sasakian space forms.

1. Introduction

Let (M, 1) and (N, h) be two Riemannian manifolds. If a map ϕ :
(
M, 1

)
→ (N, h) is a critical point of the

energy functional and bienergy functional

E(ϕ) =
1
2

∫
Ω

∥∥∥dϕ
∥∥∥2

dν1,

E2(ϕ) =
1
2

∫
Ω

∥∥∥τ(ϕ)
∥∥∥2

dν1,

where Ω is a compact domain of M, then it is called a harmonic map and a biharmonic map, respectively. The
Euler-Lagrange equation of harmonic maps is given by

τ(ϕ) = tr(∇dϕ) = 0,

where τ(ϕ) is the tension field of ϕ [9]. In [17], Jiang obtained the Euler-Lagrange equation of biharmonic
maps, where

τ2(ϕ) = tr(∇N
∇

N
− ∇

N
∇

)τ(ϕ) − tr(RN(dϕ, τ(ϕ))dϕ) = 0 (1)

is the bitension field of ϕ. An f -biharmonic map with function f : M C∞
→ R is a critical point of the f -bienergy

functional

E2, f (ϕ) =
1
2

∫
Ω

f
∥∥∥τ(ϕ)

∥∥∥2
dν1,
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where Ω is a compact domain of M [21]. The f -biharmonic map equation is given by

τ2, f (ϕ) = fτ2(ϕ) + ∆ fτ(ϕ) + 2∇N
grad fτ(ϕ) = 0, (2)

where τ2, f (ϕ) is the f -bitension field of ϕ [21]. If the f -biharmonic map is neither harmonic nor biharmonic
then we call it by proper f -biharmonic [21].

Biharmonic and f -biharmonic submanifolds have become popular in recent years (see [6], [13], [16],
[20], [26], [27], [28]). In [3], Baikoussis and Blair gave a classification of 3-dimensional flat integral C-
parallel submanifolds in the unit sphere S7(1) with the standard Sasakian structure. In [10], Fetcu and
Oniciuc studied integral C-parallel submanifolds in 7-dimensional Sasakian space form. In [12], the same
authors studied biharmonic integral C-parallel submanifolds in 7-dimensional Sasakian space forms and
classified such submanifolds in this space. In [30], Roth and Upadhyay studied biharmonic submanifolds
in both generalized complex and Sasakian space forms. In [29], Ou considered f -biharmonic maps and
f -biharmonic submanifolds. In [1], Alegre, Blair and Carriazo defined the notion of a generalized Sasakian
space form. In [2], Alegre and Carriazo studied submanifolds of generalized Sasakian space forms. For
some recent study of generalized Sasakian space forms see [7], [8], [15], [23], [24], [25]. Motivated by these
studies, in this paper, we find the necessary and sufficient conditions for integral and integral C-parallel
submanifolds in generalized Sasakian space forms to be f -biharmonic. We also obtain the f -biharmonicity
conditions for the integral and integral C-parallel submanifolds in Sasakian, λ-Sasakian, Kenmotsu and
cosymplectic space forms. Finally, we give some examples of f -biharmonic integral submanifolds in
Sasakian space forms.

2. Preliminaries

Let M2n+1 = (M, ϕ, ξ, η, 1) be an almost contact metric manifold with almost contact metric structure
(ϕ, ξ, η, 1). If a contact metric manifold is normal, then the manifold is called a Sasakian manifold [5]. An
almost contact metric manifold M2n+1 is called a Kenmotsu manifold [19] if

(
∇Xϕ

)
Y = 1(ϕX,Y)ξ − η(Y)X

where ∇ is the Levi-Civita connection. An almost contact metric manifold M2n+1 is called a cosymplectic
manifold if ∇ϕ = 0, which implies that ∇ξ = 0 [22]. An almost contact metric manifold M2n+1 is called a
λ-Sasakian manifold if

(
∇Xϕ

)
Y = λ

[
1(ϕX,Y)ξ − η(Y)X

]
,

(see [18]). If λ = 1, a λ-Sasakian manifold turns into a Sasakian manifold.
The sectional curvature of a ϕ-section is called a ϕ-sectional curvature. When the ϕ-sectional curvature is

constant, the manifold is called a space form (Sasakian,Kenmotsu, cosymplectic, λ-Sasakian) (see [5], [19], [22],
[18]). The manifold M2n+1 = (M, ϕ, ξ, η, 1) is called a generalized Sasakian space form if its curvature tensor R
is given by

R(X,Y)Z = f1
{
1(Y,Z)X − 1(X,Z)Y

}
+ f2

{
1(X, ϕZ)ϕY − 1(Y, ϕZ)ϕX + 21(X, ϕY)ϕZ

}
+ f3

{
η(X)η(Z)Y − η(X)η(Z)X + 1(X,Z)η(Y)ξ − 1(Y,Z)η(X)ξ

}
(3)

for certain differentiable functions f1, f2 and f3 on M2n+1 [1]. If M is a Sasakian space form then f1 = c+3
4 ,

f2 = f3 = c−1
4 [5], if M is a Kenmotsu space form f1 = c−3

4 , f2 = f3 = c+1
4 [19], if M is a cosymplectic space

form f1 = f2 = f3 = c
4 [22] and if M is a λ-Sasakian space form then f1 = c+3λ

4 , f2 = f3 = c−λ
4 [18].
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A submanifold Mm of a Sasakian manifold N2n+1 is called an integral submanifold if η(X) = 0 for any
vector field X tangent to M [5]. An integral submanifold Mm of a Sasakian manifold N2n+1 is said to be
integral C-parallel [3] if ∇⊥B is parallel to the characteristic vector field , where B is the second fundamental
form of M and ∇⊥B is given by

∇
⊥B(X,Y,Z) = ∇⊥XB(Y,Z) − B(∇XY,Z) − B(Y,∇XZ)

for any vector fields X,Y,Z tangent to M, ∇⊥ and ∇ being the normal connection and the Levi-Civita
connection on M, respectively.

3. f -Biharmonic integral submanifolds in generalized Sasakian space forms

By B, A, H, ∇⊥ and ∆⊥, we will denote the second fundamental form of a integral submanifold Mn

in a generalized Sasakian space form N2n+1, the shape operator and the mean curvature vector field, the
connection and the Laplacian in normal bundle, respectively. We have the following theorem:

Theorem 3.1. Let (N2n+1, ϕ, ξ, η, 1) be a generalized Sasakian space form with constant ϕ-sectional curvature c and
Mn an integral submanifold of N2n+1. The integral submanifold i : Mn

→ N2n+1 is f -biharmonic if and only if

∆⊥H + traceB(.,AH.) −
∆ f
f

H − ( f1n + 3 f2)H − 2∇⊥grad ln f H = 0 (4)

and
n
2

grad(‖ H ‖2) + 2traceA∇⊥(.)H(.) + 2AHgrad ln f = 0. (5)

Proof. Let {ei}, 1 ≤ i ≤ n be a local geodesic orthonormal frame at p ∈ M and τ(i) = nH. Using the equation
(1), bitension field of i is

τ2(i) = −n
{n

2
grad(‖ H ‖2) + 2traceA∇⊥(.)H(.) + traceB(.,AH.)

+∆⊥H +

n∑
i=1

RN(ei,H)ei

 . (6)

Since {ei}
n
i=1is a local orthonormal frame on M,

{
ei, ϕe j, ξ

}n

i, j=1
is a local orthonormal frame on N. From the

equation (3) and H ∈ span
{
ϕei : i = 1, ..,n

}
, after a straightforward computation, we have

RN(ei,H)ei = − f11(ei, ei)H + 3 f21(ei, ϕH)ϕei.

Hence,
n∑

i=1

RN(ei,H)ei = −

n∑
i=1

f11(ei, ei)H + 3
n∑

i=1

f21(ei, ϕH)ϕei

= −( f1n + 3 f2)H. (7)

Using the Weingarten formula, we find

∇
N
grad fτ(i) = ∇N

grad f nH = n(−AH(grad f ) + ∇⊥grad f H). (8)

In addition, substituting equations (6), (7) and (8) into equation (2), we obtain

− f n
{n

2
grad(‖ H ‖2) + 2traceA∇⊥(.)H(.) + traceB(.,AH.) + ∆⊥H − ( f1n + 3 f2)H

}
+n∆ f H + 2n(−AH(grad f ) + ∇⊥grad f H) = 0. (9)

Finally, taking the tangent and normal parts the equation (9), we obtain the desired result.
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Corollary 3.2. Let (N2n+1, ϕ, ξ, η, 1) be a generalized Sasakian space form with constant ϕ-sectional curvature c.
Then there does not exist a proper f -biharmonic integral submanifold Mn such that ∆ f

f + ( f1n+3 f2) < 0 with constant
mean curvature ‖ H ‖ in N2n+1.

Proof. Let Mn be an f -biharmonic integral submanifold with constant mean curvature ‖ H ‖ in N2n+1 . Then
taking the scalar product of the first equation of Theorem 3.1 with H, we obtain

1(∆⊥H,H) = −1(traceB(.,AH.),H) +
∆ f
f
1(H,H)

+( f1n + 3 f2)1(H,H) + 21(∇⊥grad ln f H,H)

= −

n∑
i=1

1(B(ei,AHei),H) +
∆ f
f
‖ H ‖2 +( f1n + 3 f2) ‖ H ‖2 +21(∇⊥grad ln f H,H)

= −

n∑
i=1

1(AHei,AHei) +
∆ f
f
‖ H ‖2 +( f1n + 3 f2) ‖ H ‖2 +21(∇⊥grad ln f H,H)

= − ‖ AH ‖
2 +

(
∆ f
f

+ ( f1n + 3 f2)
)
‖ H ‖2 +21(∇⊥grad ln f H,H). (10)

Using the equation 1(H,H) =‖ H ‖2= constant, we find

21(∇⊥grad ln f H,H) = 0. (11)

Then, putting equation (11) into equation (10), we have

1(∆⊥H,H) = − ‖ AH ‖
2 +

(
∆ f
f

+ ( f1n + 3 f2)
)
‖ H ‖2 . (12)

Thus, from the Weitzenböck formula,

1
2

∆ ‖ H ‖2= 1(∆⊥H,H)− ‖ ∇⊥H ‖2 (13)

and since Mn is an f -biharmonic integral submanifold with constant mean curvature, the equation (13) is
reduced to

1(∆⊥H,H) =‖ ∇⊥H ‖2 . (14)

In view of equation (14) into equation (12), we obtain

‖ ∇
⊥H ‖2 + ‖ AH ‖

2=

(
∆ f
f

+ ( f1n + 3 f2)
)
‖ H ‖2 . (15)

Since we assume ∆ f
f + ( f1n + 3 f2) < 0, from the equation (15), we get ‖ H ‖2= 0, so Mn is minimal. This

completes the proof.

Corollary 3.3. Let (N2n+1, ϕ, ξ, η, 1) be a generalized Sasakian space form with constant ϕ-sectional curvature c.
Then there does not exist a proper f -biharmonic compact integral submanifold Mn in N2n+1 such that ∆ f

f +( f1n+3 f2) ≤
0.
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Proof. Let Mn be an f -biharmonic compact integral submanifold. Then using the same method in the proof
of Corollary 3.2, from equation (12), ∆ f

f + ( f1n + 3 f2) ≤ 0 and Weitzenböck formula, we obtain

‖ ∇
⊥H ‖2 + ‖ AH ‖

2
≤

(
∆ f
f

+ ( f1n + 3 f2)
)
‖ H ‖2 .

Hence, we obtain the result.

For integral C-parallel submanifold, we obtain the following propositions:

Proposition 3.4. Let Mn be an integral C-parallel submanifold of N2n+1. Then, we have

AHgrad ln f = 0.

Proof. By the use of Proposition 3.40 in [12], we have ‖ H ‖ is constant and ∇⊥H is parallel to ξ. Thus, we
have A∇⊥XH = 0 for any vector field X tangent to M, since Aξ = 0. Hence from tangent part of Theorem 3.1,
we have

AHgrad ln f = 0.

This completes the proof.

Proposition 3.5. A non-minimal integral C-parallel submanifold Mn with constant mean curvature ‖ H ‖ in N2n+1

is proper f -biharmonic if and only if

∆ f
f

+ f1n + 3 f2 − 1 > 0

and

traceB(.,AH.) − 2∇⊥grad ln f H =

(
∆ f
f

+ f1n + 3 f2 − 1
)

H.

Proof. It is known that ∆⊥H = H [12]. Thus, from normal part of Theorem 3.1 and the above proposition,
we obtain

traceB(.,AH.) − 2∇⊥grad ln f H =

(
∆ f
f

+ f1n + 3 f2 − 1
)

H.

Then taking the scalar product of the above equation with H, we find

‖ AH ‖
2=

(
∆ f
f

+ f1n + 3 f2 − 1
)
‖ H ‖2 .

Hence, it follows that

∆ f
f

+ f1n + 3 f2 − 1 > 0.



F. Karaca / Filomat 33:9 (2019), 2561–2570 2566

4. Applications

In this section, we apply Theorem 3.1, Corollary 3.2, Corollary 3.3 and Proposition 3.5 to Sasakian,
Kenmotsu, cosymplectic and λ-Sasakian space forms. Firstly, we investigate above results for Sasakian
space form and then, using Theorem 3.1, we have following theorem:

Theorem 4.1. Let Mn be an integral submanifold of a Sasakian space form (N2n+1, ϕ, ξ, η, 1) with constantϕ-sectional
curvature c. The integral submanifold i : Mn

→ N2n+1 is f -biharmonic if and only if

∆⊥H + traceB(.,AH.) −
∆ f
f

H −
(

(n + 3)c + 3n − 3
4

)
H − 2∇⊥grad ln f H = 0

and
n
2

grad(‖ H ‖2) + 2traceA∇⊥(.)H(.) + 2AHgrad ln f = 0.

Proof. Using the equations (4), (5) and f1 = c+3
4 , f2 = f3 = c−1

4 , we obtain the result.

From Corollary 3.2 and Corollary 3.3, we have the following corollaries:

Corollary 4.2. There does not exist a proper f -biharmonic integral submanifold Mn with constant mean curvature
‖ H ‖ such that ∆ f

f +
(

(n+3)c+3n−3
4

)
< 0 in a Sasakian space form (N2n+1, ϕ, ξ, η, 1).

Corollary 4.3. There does not exist a proper f -biharmonic compact integral submanifold Mn such that ∆ f
f +(

(n+3)c+3n−3
4

)
≤ 0 in a Sasakian space form (N2n+1, ϕ, ξ, η, 1).

By the use of Proposition 3.5, we find the following proposition:

Proposition 4.4. A non-minimal integral C-parallel submanifold Mn with constant mean curvature ‖ H ‖ in a
Sasakian space form (N2n+1, ϕ, ξ, η, 1) is proper f -biharmonic if and only if

∆ f
f

+

(
(n + 3)c + 3n − 7

4

)
> 0

and

traceB(.,AH.) − 2∇⊥grad ln f H =

(
∆ f
f

+

(
(n + 3)c + 3n − 7

4

))
H.

Now, we analyze f -biharmonic integral and integral C-parallel submanifolds in Kenmotsu space forms.
Then we have the following theorem:

Theorem 4.5. Let Mn be an integral submanifold of a Kenmotsu space form (N2n+1, ϕ, ξ, η, 1). The integral sub-
manifold i : Mn

→ N2n+1 is f -biharmonic if and only if

∆⊥H + traceB(.,AH.) −
∆ f
f

H −
(

(n + 3)c − 3n + 3
4

)
H − 2∇⊥grad ln f H = 0

and
n
2

grad(‖ H ‖2) + 2traceA∇⊥(.)H(.) + 2AHgrad ln f = 0.

Proof. Putting f1 = c−3
4 , f2 = f3 = c+1

4 into the equations (4) and (5), we get the result.

By utilizing, Corollary 3.2 and Corollary 3.3, we find the following corollaries:
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Corollary 4.6. There does not exist a proper f -biharmonic integral submanifold Mn with constant mean curvature
‖ H ‖ such that ∆ f

f +
(

(n+3)c−3n+3
4

)
< 0 in a Kenmotsu space form (N2n+1, ϕ, ξ, η, 1).

Corollary 4.7. There does not exist a proper f -biharmonic compact integral submanifold Mn such that ∆ f
f +(

(n+3)c−3n+3
4

)
≤ 0 in a Kenmotsu space form (N2n+1, ϕ, ξ, η, 1).

Using Proposition 3.5, we obtain the following proposition:

Proposition 4.8. A non-minimal integral C-parallel submanifold Mn with constant mean curvature ‖ H ‖ in a
Kenmotsu space form (N2n+1, ϕ, ξ, η, 1) is proper f -biharmonic if and only if

∆ f
f

+

(
(n + 3)c + 3n − 1

4

)
> 0

and

traceB(.,AH.) − 2∇⊥grad ln f H =

(
∆ f
f

+

(
(n + 3)c + 3n − 1

4

))
H.

Now, we consider cosymplectic space forms. Then we obtain the following theorem:

Theorem 4.9. Let Mn be an integral submanifold of a cosymplectic space form (N2n+1, ϕ, ξ, η, 1). The integral
submanifold i : Mn

→ N2n+1 is f -biharmonic if and only if

∆⊥H + traceB(.,AH.) −
∆ f
f

H −
(n + 3)c

4
H − 2∇⊥grad ln f H = 0

and
n
2

grad(‖ H ‖2) + 2traceA∇⊥(.)H(.) + 2AHgrad ln f = 0.

Proof. In view of equation f1 = f2 = f3 = c
4 into the equations (4) and (5), we have the desired result.

So, we have the following corollaries for an integral submanifold of cosymplectic space forms.

Corollary 4.10. There does not exist a proper f -biharmonic integral submanifold Mn with constant mean curvature
‖ H ‖ such that ∆ f

f +
(n+3)c

4 < 0 in a cosymplectic space form (N2n+1, ϕ, ξ, η, 1).

Corollary 4.11. There does not exist a proper f -biharmonic compact integral submanifold Mn such that ∆ f
f +

(n+3)c
4 ≤ 0

in a cosymplectic space form (N2n+1, ϕ, ξ, η, 1).

By Proposition 3.5, we obtain the following proposition for an integral C-parallel submanifold of cosym-
plectic space forms.

Proposition 4.12. A non-minimal integral C-parallel submanifold Mn with constant mean curvature ‖ H ‖ in a
cosymplectic space form (N2n+1, ϕ, ξ, η, 1) is proper f -biharmonic if and only if

∆ f
f

+

(
(n + 3)c − 4

4

)
> 0

and

traceB(.,AH.) − 2∇⊥grad ln f H =

(
∆ f
f

+

(
(n + 3)c − 4

4

))
H.
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Finally, we study an integral submanifold and an integral C-parallel submanifold of λ-Sasakian space
forms. Thus we find the following results:

Theorem 4.13. Let Mn be an integral submanifold of a λ-Sasakian space form (N2n+1, ϕ, ξ, η, 1). The integral
submanifold i : Mn

→ N2n+1 is f -biharmonic if and only if

∆⊥H + traceB(.,AH.) −
∆ f
f

H −
(

(n + 3)c + 3λ(n − 1)
4

)
H − 2∇⊥grad ln f H = 0

and
n
2

grad(‖ H ‖2) + 2traceA∇⊥(.)H(.) + 2AHgrad ln f = 0.

Proof. Substituting f1 = c+3λ
4 , f2 = f3 = c−λ

4 into the equations (4) and (5), we obtain the result.

Corollary 4.14. There does not exist a proper f -biharmonic integral submanifold Mn with constant mean curvature
‖ H ‖ such that ∆ f

f +
(

(n+3)c+3λ(n−1)
4

)
< 0 in a λ-Sasakian space form (N2n+1, ϕ, ξ, η, 1).

Corollary 4.15. There does not exist a proper f -biharmonic compact integral submanifold Mn such that ∆ f
f +(

(n+3)c+3λ(n−1)
4

)
≤ 0 in a λ-Sasakian space form (N2n+1, ϕ, ξ, η, 1).

Proposition 4.16. A non-minimal integral C-parallel submanifold Mn with constant mean curvature ‖ H ‖ in a
λ-Sasakian space form (N2n+1, ϕ, ξ, η, 1) is proper f -biharmonic if and only if

∆ f
f

+

(
(n + 3)c + 3λ(n − 1) − 4

4

)
> 0

and

traceB(.,AH.) − 2∇⊥grad ln f H =

(
∆ f
f

+

(
(n + 3)c + 3λ(n − 1) − 4

4

))
H.

5. Examples of f -Biharmonic Integral Submanifolds

In the present section, we give some examples of f -biharmonic integral submanifolds of Sasakian space
forms. To obtain examples of f -biharmonic integral submanifolds of Sasakian space forms., similar to the
proof of Theorem 4.1, Remark 4.2 and Theorem 4.3 in [11], we state the following Theorem 5.1, Remark 5.2
and Theorem 5.3:

Theorem 5.1. Let (N2n+1, ϕ, ξ, η, 1) be a strictly regular Sasakian space form with constant ϕ-sectional curvature c
and i : M→ N an r-dimensional integral submanifold of N, 1 ≤ r ≤ n. Consider

F : M̃ = I ×M→ N , F(t, p) = φt(p) = φp(t),

where I = S1 or I = R and
{
φt

}
t∈I

is the flow of the vector field ξ. Then F :
(
M̃, 1̃ = dt2 + i∗1

)
→ N is a Riemannian

immersion [11]. Then M̃ is proper f -biharmonic if and only if M is a proper f -biharmonic submanifold of N, where
f : M→ R is a differentiable function.

Proof. From [11], we have

τ(F)(t,p) =
(
dφt

)
p
τ(i) (16)
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and

τ2(F)(t,p) =
(
dφt

)
p
τ2(i). (17)

Let σ ∈ C(F−1(TN)) be a section in F−1(TN) defined by σ(t,p) =
(
dφt

)
p

(Zp), where Z is a vector field along M.

Then we have(
∇

F
Xσ

)
(t,p)

=
(
dφt

)
p

(
∇

N
X Z

)
, ∀X ∈ C(TM), (18)

where ∇F is the pull-back connection determined by the Levi-Civita connection on N (see [11]). Using the
equations (16) and (18), we calculate

∇
F
1rad fτ(F) = ∇F

1rad f

((
dφt

)
p
τ(i)

)
=

(
dφt

)
p
∇

i
1rad fτ(i). (19)

In view of the equations (16), (17) and (19) into the equation (2), we get

τ2, f (F)(t,p) =
(
dφt

)
p
τ2, f (i).

This completes the proof.

By the use of f -biharmonicity of F and Fubini Theorem, we have

Remark 5.2. Let (N2n+1, ϕ, ξ, η, 1) be a compact strictly regular Sasakian manifold and G : M→ N be an arbitrary
smooth map from a compact Riemannian manifold M. If F is f -biharmonic, then G is f -biharmonic, where

F : M̃ = S1
×M→ N , F(t, p) = φt(G(p)).

Using the above remark, we can state the following theorem:

Theorem 5.3. Let N2n+1 (c) be a Sasakian space form with constant ϕ-sectional curvature c and M̃2 a surface of
N2n+1 (c) invariant under the flow-action of the characteristic vector field ξ. Then M̃ is proper f -biharmonic if and
only if, locally, it is given by F(t, s) = φt(γ(s)), where γ is a proper f -biharmonic Legendre curve.

Let us consider M = R7 with the standard coordinate functions
(
x1, x2, x3, y1, y2, y3, z

)
, the contact

structure η = 1
2 (dz −

3∑
i=1

yidxi), the characteristic vector field ξ = 2 ∂
∂z and the tensor field ϕ are given by

ϕ =

 0 δi j 0
−δi j 0 0

0 y j 0

 .
The associated Riemannian metric is 1 = η ⊗ η + 1

4

3∑
i=1

((dxi)2 + (dyi)2). Then (M, ϕ, ξ, η, 1) is a Sasakian space

form with constant ϕ-sectional curvature c = −3 and it is denoted by R7(−3). The vector fields

Xi = 2
∂
∂yi

, X3+i = ϕXi = 2(
∂
∂xi

+ yi
∂
∂z

), 1 ≤ i ≤ 3, ξ = 2
∂
∂z

(20)

form a 1-orthonormal basis and the Levi-Civita connection is

∇Xi X j = ∇X3+i X3+ j = 0,∇Xi X3+ j = δi jξ,∇X3+i X j = −δi jξ,

∇Xiξ = ∇ξXi = −X3+i,∇X3+iξ = ∇ξX3+i = Xi,

(see [5]).
Now we give the following four examples of proper f -biharmonic Legendre curves in R7(−3).
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Example 5.4. ([14]) Let us take γ(t) = (2 sinh−1(t),
√

1 + t2,
√

3
√

1 + t2, 0, 0, 0, 1) in R7(−3). Then γ is a proper
f -biharmonic Legendre curve with osculating order r = 2, κ1 = 1

1+t2 , f = c1(1 + t2)3/2, where c1 > 0 is a constant.

Example 5.5. ([14]) Let γ(t) = (a1, a2, a3,
√

2t, 2 sinh−1( t
√

2
),
√

2
√

2 + t2, a4) be a curve in R7(−3), where ai ∈ R,

1 ≤ i ≤ 4. Thenγ is proper f -biharmonic Legendre curve with osculating order r = 3, κ1 = κ2 = 1
2+t2 , f = c1(2+t2)3/2,

where c1 > 0 is a constant.

Example 5.6. Let us take γ(t) = (
√

2 ln
(√

2t2 + 1 +
√

2t
)
,
√

2t2 + 1,
√

2t2 + 1, 0, 0, 0, 1) in R7(−3). Then γ is

proper f -biharmonic Legendre curve with osculating order r = 2, κ1 =
√

2
2t2+1 , f = 2−3/4c1(1 + 2t2)3/2, where c1 > 0 is

a constant.

Example 5.7. Let γ(t) = (a1, a2, a3, sinh−1 (2t) ,−
√

4t2+1
√

2
,
√

4t2+1
√

2
, a4) be a curve in R7(−3), where ai ∈ R, 1 ≤ i ≤ 4.

Then γ is proper f -biharmonic Legendre curve with osculating order r = 2, κ1 = 2
1+4t2 , f = 2−3/2c1(1 + 4t2)3/2, where

c1 > 0 is a constant.

Using Example 5.4, Example 5.5, Example 5.6, Example 5.7 and Theorem 5.3, we can give the following
example of proper f -biharmonic surfaces:

Example 5.8. Let M̃2 be a surface ofR7(−3) endowed with its canonical Sasakian structure which is invariant under
the flow-action of the characteristic vector field ξ. If γ is a Legendre curve given in Example 5.4, Example 5.5, Example
5.6 or Example 5.7 and locally, M̃2 is given by F(t, s) = φt(γ(s)), then M̃2 is proper f -biharmonic.
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