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f-Biharmonic Integral Submanifolds
in Generalized Sasakian Space Forms

Fatma Karaca?

?Beykent University, Department of Mathematics, 34550, Beykent, Buyukcekmece, Istanbul, TURKEY.

Abstract. We study f-biharmonic integral submanifolds and integral C-parallel submanifolds in general-
ized Sasakian space forms. As an application, we find the f-biharmonicity conditions for the integral and
integral C-parallel submanifolds in Sasakian, A-Sasakian, Kenmotsu and cosymplectic space forms. Finally,
we give also some examples of f-biharmonic integral submanifolds in Sasakian space forms.

1. Introduction

Let (M, g) and (N, h) be two Riemannian manifolds. If a map ¢ : (M, g) — (N, }h) is a critical point of the
energy functional and bienergy functional

1
E@) = 5 fQ g v,

Exp) =3 [ et v,

where Q) is a compact domain of M, then it is called a harmonic map and a biharmonic map, respectively. The
Euler-Lagrange equation of harmonic maps is given by

(@) = tr(Vdp) =0,

where () is the tension field of ¢ [9]. In [17], Jiang obtained the Euler-Lagrange equation of biharmonic
maps, where

Ta(p) = tr(VNVN = Vi)e(p) — RV (dp, t(p))dep) = 0 (1)

is the bitension field of ¢. An f-biharmonic map with function f : M S Ris a critical point of the f-bienergy
functional

1
Exsio) =3 [ Sl av,

2010 Mathematics Subject Classification. Primary 53C40; Secondary 53C25

Keywords. f-biharmonic submanifold, integral submanifold, integral C-parallel submanifold, generalized Sasakian space form
Received: 23 August 2018; Accepted: 23 October 2018

Communicated by Miéa S. Stankovié

Email address: fatmagurlerr@gmail.com (Fatma Karaca)



F. Karaca / Filomat 33:9 (2019), 2561-2570 2562

where Q is a compact domain of M [21]. The f-biharmonic map equation is given by
T0,1(p) = f12(@) + AfT(p) + 2V 4 T() = 0, )

where 7 ¢(¢) is the f-bitension field of ¢ [21]. If the f-biharmonic map is neither harmonic nor biharmonic
then we call it by proper f-biharmonic [21].

Biharmonic and f-biharmonic submanifolds have become popular in recent years (see [6], [13], [16],
[20], [26], [27], [28]). In [3], Baikoussis and Blair gave a classification of 3-dimensional flat integral C-
parallel submanifolds in the unit sphere S7(1) with the standard Sasakian structure. In [10], Fetcu and
Oniciuc studied integral C-parallel submanifolds in 7-dimensional Sasakian space form. In [12], the same
authors studied biharmonic integral C-parallel submanifolds in 7-dimensional Sasakian space forms and
classified such submanifolds in this space. In [30], Roth and Upadhyay studied biharmonic submanifolds
in both generalized complex and Sasakian space forms. In [29], Ou considered f-biharmonic maps and
f-biharmonic submanifolds. In [1], Alegre, Blair and Carriazo defined the notion of a generalized Sasakian
space form. In [2], Alegre and Carriazo studied submanifolds of generalized Sasakian space forms. For
some recent study of generalized Sasakian space forms see [7], [8], [15], [23], [24], [25]. Motivated by these
studies, in this paper, we find the necessary and sufficient conditions for integral and integral C-parallel
submanifolds in generalized Sasakian space forms to be f-biharmonic. We also obtain the f-biharmonicity
conditions for the integral and integral C-parallel submanifolds in Sasakian, A-Sasakian, Kenmotsu and
cosymplectic space forms. Finally, we give some examples of f-biharmonic integral submanifolds in
Sasakian space forms.

2. Preliminaries

Let M2 = (M, @,&,1,9) be an almost contact metric manifold with almost contact metric structure
(p,&,1,9). If a contact metric manifold is normal, then the manifold is called a Sasakian manifold [5]. An
almost contact metric manifold M?'*! is called a Kenmotsu manifold [19] if

(Vx@) Y = g(pX, Y)é — n(N)X

where V is the Levi-Civita connection. An almost contact metric manifold M?'*! is called a cosymplectic
manifold if Voo = 0, which implies that V& = 0 [22]. An almost contact metric manifold M?**! is called a
A-Sasakian manifold if

(Vxp) Y = A[g(pX, V)& - n(V)X],

(see [18]). If A =1, a A-Sasakian manifold turns into a Sasakian manifold.

The sectional curvature of a p-section is called a @-sectional curvature. When the @-sectional curvature is
constant, the manifold is called a space form (Sasakian,Kenmotsu, cosymplectic, A-Sasakian) (see [5], [19], [22],
[18]). The manifold M*"! = (M, @,&,1,9) is called a generalized Sasakian space form if its curvature tensor R
is given by

RX,V)Z = fi {9(Y, 2)X - 9(X, 2)Y)

+{9(X, 2)pY — g(Y, pZ)pX + 29(X, pY)pZ}

+f3 {(n(XON2)Y = (2 X + g(X, Z)n(Y)é = g(Y, Z)n(X)&} €)

for certain differentiable functions fi, f, and f; on M?"*1[1]. If M is a Sasakian space form then f; = %,

fo=fi=5]if M is a Kenmotsu space form f; = <3, f, = f3 = 41 [19], if M is a cosymplectic space
form fi; = f2 = f3 = ; [22] and if M is a A-Sasakian space form then f; = C+3A ,fo=f=A 18]
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A submanifold M™ of a Sasakian manifold N?**! is called an integral submanifold if n(X) = 0 for any
vector field X tangent to M [5]. An integral submanifold M™ of a Sasakian manifold N*'*! is said to be
integral C-parallel [3] if V*B is parallel to the characteristic vector field , where B is the second fundamental
form of M and V+*B is given by

V*B(X,Y,Z) = VxB(Y, Z) - B(VxY, Z) - B(Y, VxZ)

for any vector fields X, Y,Z tangent to M, V* and V being the normal connection and the Levi-Civita
connection on M, respectively.

3. f-Biharmonic integral submanifolds in generalized Sasakian space forms

By B, A, H, V! and A+, we will denote the second fundamental form of a integral submanifold M"
in a generalized Sasakian space form N2"*!, the shape operator and the mean curvature vector field, the
connection and the Laplacian in normal bundle, respectively. We have the following theorem:

Theorem 3.1. Let (N*"*1, ¢, &, 1, g) be a generalized Sasakian space form with constant @-sectional curvature ¢ and
M" an integral submanifold of N***1. The integral submanifold i : M" — N*"*1 is f-biharmonic if and only if

H=0 4)

A
AYH + traceB(., Ay.) — TfH (fin+3f)H - ngmdlnf

and
ggmd(ll HIP) + ZtraceAV(L_)H(.) +2ApgradIn f = 0. (5)

Proof. Let {e;}, 1 < i < n be a local geodesic orthonormal frame at p € M and 7(i) = nH. Using the equation
(1), bitension field of i is

(i) = —n {ggrad(ll HI|?) + ZtraceAV(L)H(.) + traceB(., Ag.)

+AYH + Z RV(e;, H)e,} . (6)

i=1
n
Since {e;}}_,is a local orthonormal frame on M, {ei, pe;, 5}ij_1 is a local orthonormal frame on N. From the

equation (3) and H € span {¢pe; : i = 1,..,n}, after a straightforward computation, we have
RN(e;, H)e; = — f1g(ei, e)H + 3 f2g(ei, pH)pe;.

Hence,

ZRN(&, e Zflg (ei, e)H + 3Zfzg (ei, pH) e

= —(fli’l + 3f2)H (7)
Using the Weingarten formula, we find
Viraar T(0) = Vi g nH = n(=An(gradf) + Vi 4 H). (8)

In addition, substituting equations (6), (7) and (8) into equation (2), we obtain
—fn {Egrad(ll HIP) + 2traceAvs () + traceB(, Ap.) + ATH - (fin + 3f2)H}

+nAfH + 2n(—An(gradf) + Vgrade) =0. 9)

Finally, taking the tangent and normal parts the equation (9), we obtain the desired result. O
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Corollary 3.2. Let (N*'*1,¢,&,1,9) be a generalized Sasakian space form with constant @-sectional curvature c.
Then there does not exist a proper f-biharmonic integral submanifold M" such that ATf +(fin+3f,) < O with constant
mean curvature | H || in N2**1,

Proof. Let M" be an f-biharmonic integral submanifold with constant mean curvature || H || in N2l Then
taking the scalar product of the first equation of Theorem 3.1 with H, we obtain

g(A*H, H) = —g(traceB(., Ap.), H) + Ang(H, H)

+(fin + 3f2)9(H, H) + 29(V+ H,H)

gradIn f~°/
- Af 2 2 €L
== D 9(B(ei Aved H) + == I H P +(fn + 3 I H P 20V HH)
i=1

——Zn:A»AvA—fHZ 3 H |[? +29(V: HH
= g( Hei, Ape;) + f | H | +(f171+ f2) Il H | + 9( gradln 11 )
i=1

A
==l Au I +(7f +(fin+ 3fz)) I H P +29(Y 10 fH H).- (10)

Using the equation g(H, H) =|| H |[*= constant, we find
Zg(Vgradlan, H)=0. (11)

Then, putting equation (11) into equation (10), we have

g(A*H,H) = ~ || A IP* + (ATf +(fin+ 3f2)) I H P (12)

Thus, from the Weitzenbdck formula,
1
54 | H |P= g(A*H,H)— || V*H |I* (13)

and since M" is an f-biharmonic integral submanifold with constant mean curvature, the equation (13) is
reduced to

g(A*H,H) =|| V*H | (14)

In view of equation (14) into equation (12), we obtain
L7 |2 o (Af 2
IV-HII" + | Au II°= 7+(f1n+3f2) 1 H I (15)

Since we assume ATf + (fin + 3f2) < 0, from the equation (15), we get || H I>= 0, so M" is minimal. This
completes the proof. [

Corollary 3.3. Let (N*"*1,¢,&,1,9) be a generalized Sasakian space form with constant @-sectional curvature c.

Then there does not exist a proper f-biharmonic compact integral submanifold M" in N*"*1 such that ATf +(fin+3f2) <
0.
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Proof. Let M" be an f-biharmonic compact integral submanifold. Then using the same method in the proof
of Corollary 3.2, from equation (12), ATf + (fin + 3f2) < 0 and Weitzenbock formula, we obtain

I VEH P + 1 An IP< (ATf +(fin+ 3f2)) I H P

Hence, we obtain the result. O

For integral C-parallel submanifold, we obtain the following propositions:
Proposition 3.4. Let M" be an integral C-parallel submanifold of N*'*1. Then, we have
Apgradln f = 0.

Proof. By the use of Proposition 3.40 in [12], we have || H || is constant and V+H is parallel to £. Thus, we
have Ay.y = 0 for any vector field X tangent to M, since A; = 0. Hence from tangent part of Theorem 3.1,
we have

Apgradln f = 0.

This completes the proof. O

Proposition 3.5. A non-minimal integral C-parallel submanifold M"™ with constant mean curvature || H || in N>+
is proper f-biharmonic if and only if

A7f+f1n+3f2—1>0

and

Af
traceB(., Ag.) — ZVglmdlan = (7 + fin+3f — 1)H.

Proof. 1t is known that A*H = H [12]. Thus, from normal part of Theorem 3.1 and the above proposition,
we obtain

A
traceB(.,Ap.) — ZV;rad]an = (Tf + fin+3f, — 1) H.
Then taking the scalar product of the above equation with H, we find
A
I A IP= Tf +fin+3f - 1) IHI? .

Hence, it follows that

A7f+f171+3f2—1>0.
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4. Applications

In this section, we apply Theorem 3.1, Corollary 3.2, Corollary 3.3 and Proposition 3.5 to Sasakian,
Kenmotsu, cosymplectic and A-Sasakian space forms. Firstly, we investigate above results for Sasakian
space form and then, using Theorem 3.1, we have following theorem:

Theorem 4.1. Let M" be an integral submanifold of a Sasakian space form (N*'*1, ¢, &, 1, g) with constant @-sectional
curvature c. The integral submanifold i : M" — N*"*1 is f-biharmonic if and only if

H-2V:

gmdlan =0

A
AYH + traceB(., Ay.) — —fH - (

(n+3)c+3n—3)
f

4
and

ggmd(ll H |P) + 2traceAv: () + 2Apgrad In f = 0.

Proof. Using the equations (4), (5) and f; = %, f=f= %, we obtain the result. [

From Corollary 3.2 and Corollary 3.3, we have the following corollaries:

Corollary 4.2. There does not exist a proper f-biharmonic integral submanifold M" with constant mean curvature
| H || such that ATf + (W#) < 0 in a Sasakian space form (N*"*1, ¢, &, 1, 9).

Corollary 4.3. There does not exist a proper f-biharmonic compact integral submanifold M" such that ATf +

(W#) < 0 in a Sasakian space form (N***1,¢,&,1, 9).

By the use of Proposition 3.5, we find the following proposition:

Proposition 4.4. A non-minimal integral C-parallel submanifold M" with constant mean curvature || H || in a
Sasakian space form (N*"*1, ¢, &, 1, g) is proper f-biharmonic if and only if

A7f+((n+3)c4+3n—7)>0

and

traceB(., Ag.) — ZVglmdlan = (

ATf N ((n + 3)c4+ 3n — 7))H

Now, we analyze f-biharmonic integral and integral C-parallel submanifolds in Kenmotsu space forms.
Then we have the following theorem:

Theorem 4.5. Let M" be an integral submanifold of a Kenmotsu space form (N*"*1, ¢, &,n,g). The integral sub-
manifold i : M" — N>**1 is f-biharmonic if and only if

AYH + traceB(., Ap.) — g

Af (n+3)c—-3n+3
e

)H — 2V i H=0

and

ggmd(ll H |P) + 2traceAvy, 1() + 2AngradIn f = 0.

Proof. Putting fi = 2, f» = f3 = & into the equations (4) and (5), we get the result. [

By utilizing, Corollary 3.2 and Corollary 3.3, we find the following corollaries:
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Corollary 4.6. There does not exist a proper f-biharmonic integral submanifold M" with constant mean curvature
| H || such that ATf + (W#) < 0 in a Kenmotsu space form (N***1, ¢, &,1, 9).

Corollary 4.7. There does not exist a proper f-biharmonic compact integral submanifold M" such that ATf +

(W#) < 0 in a Kenmotsu space form (N*"*1, ¢, &, 1, g).

Using Proposition 3.5, we obtain the following proposition:

Proposition 4.8. A non-minimal integral C-parallel submanifold M" with constant mean curvature || H || in a
Kenmotsu space form (N***1,¢p, &, 1, g) is proper f-biharmonic if and only if

A7f+((n+3)c4+3n—1)>0

and

traceB(., An.) = 2V 1 5

He (Aff+( n+3c4+3n— ))H

Now, we consider cosymplectic space forms. Then we obtain the following theorem:

Theorem 4.9. Let M" be an integral submanifold of a cosymplectic space form (N*'*1,¢,&,n,9). The integral
submanifold i : M" — N*"*1 is f-biharmonic if and only if

A
f (n+3)cH oyt

f 4 gradln f H=0

A*H + traceB(., Ap.) —

and

ggmd(ll HIP) + 2tmceAv(L‘)H(.) +2ApgradIn f = 0.

Proof. In view of equation f; = fo = f; = { into the equations (4) and (5), we have the desired result. [
So, we have the following corollaries for an integral submanifold of cosymplectic space forms.

Corollary 4.10. There does not exist a proper f-biharmonic integral submanifold M" with constant mean curvature

| H || such that A—ff ("+3)C < 0 in a cosymplectic space form (N*"*1, ¢, &, 1, g).

Corollary 4.11. There does not exist a proper f-biharmonic compact integral submanifold M" such that ATf +(”Jf% <0

in a cosymplectic space form (N***1, ¢, &, 1, 9).

By Proposition 3.5, we obtain the following proposition for an integral C-parallel submanifold of cosym-
plectic space forms.

Proposition 4.12. A non-minimal integral C-parallel submanifold M" with constant mean curvature || H || in a
cosymplectic space form (N***1, ¢, &,n, g) is proper f-biharmonic if and only if

A7f+((n+?;)c—4)>0

and

A 3)c -
traceB(., Ap.) — 2 gmdlan (ff (WTC))H
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Finally, we study an integral submanifold and an integral C-parallel submanifold of A-Sasakian space
forms. Thus we find the following results:

Theorem 4.13. Let M" be an integral submanifold of a A-Sasakian space form (N*"*1,¢,&,n,9). The integral
submanifold i : M" — N*"*1 is f-biharmonic if and only if

Af (n+3)c+3)t(n—1) H - oyt

A*H + traceB(., Ap.) — — f 1 radIn f

H=0

and

ggmd(ll HIP+ ZtraceAv(L_)H(.) +2AggradIn f = 0.

Proof. Substituting fi = <24, f, = f; = <2 into the equations (4) and (5), we obtain the result. [

Corollary 4.14. There does not exist a proper f-biharmonic integral submanifold M" with constant mean curvature
|| H || such that ATf + (W) < 0 in a A-Sasakian space form (N*"*1, ¢, &, 1, g).

Corollary 4.15. There does not exist a proper f-biharmonic compact integral submanifold M" such that ff

(W) < 0 in a A-Sasakian space form (N*"*1, ¢, &, 1, ).

Proposition 4.16. A non-minimal integral C-parallel submanifold M" with constant mean curvature || H || in a
A-Sasakian space form (N*"*1, ¢, &, 1, g) is proper f-biharmonic if and only if

A7]f+((n+3)c+32(n—1)—4)>0

and

(n+3)c+3A(n-1) - 4))H

f
f]"{;lC(?B( AH) 2 gmdlan (f 4

5. Examples of f-Biharmonic Integral Submanifolds

In the present section, we give some examples of f-biharmonic integral submanifolds of Sasakian space
forms. To obtain examples of f-biharmonic integral submanifolds of Sasakian space forms., similar to the
proof of Theorem 4.1, Remark 4.2 and Theorem 4.3 in [11], we state the following Theorem 5.1, Remark 5.2
and Theorem 5.3:

Theorem 5.1. Let (N*"*1, ¢, &, 1, g) be a strictly regular Sasakian space form with constant g-sectional curvature c
and i : M — N an r-dimensional integral submanifold of N, 1 < r < n. Consider

F:M=IxM—N , Etp)=dip) = dopt),

where I = $ or I = R and {qbt}td is the flow of the vector field . Then F : (]\A/f,ﬁz ar* + i*g) — N is a Riemannian

immersion [11]. Then M is proper f-biharmonic if and only if M is a proper f-biharmonic submanifold of N, where
f M — Ris a differentiable function.

Proof. From [11], we have

By = (dr), 70) (16)
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and
() = (d), 720, (17)

Let 0 € C(F"}(TN)) be a section in F7!(TN) defined by O(tp) = (dq)t)p (Z,), where Z is a vector field along M.

Then we have

(Via)(t/p)z(dgbt)p (V¥z) , ¥XeC(TMm), (18)

where VF is the pull-back connection determined by the Levi-Civita connection on N (see [11]). Using the
equations (16) and (18), we calculate

vgmdf’t(F) = vgmdf ((d(i)f)p T(l))

= (dcpt)p V! TC)- (19)
In view of the equations (16), (17) and (19) into the equation (2), we get

T2 (Flep) = (1), 7250).
This completes the proof. [J
By the use of f-biharmonicity of F and Fubini Theorem, we have

Remark 5.2. Let (N*'*1, ¢, &, 1, 9) be a compact strictly reqular Sasakian manifold and G : M — N be an arbitrary
smooth map from a compact Riemannian manifold M. If F is f-biharmonic, then G is f-biharmonic, where

F:M=S8'xM—-N , F(tp)=p(Gp)).
Using the above remark, we can state the following theorem:

Theorem 5.3. Let N*"*1(c) be a Sasakian space form with constant q-sectional curvature ¢ and M2 q surface of

N?*1(¢) invariant under the flow-action of the characteristic vector field &. Then M is proper f-biharmonic if and
only if, locally, it is given by F(t,s) = ¢:(y(s)), where y is a proper f-biharmonic Legendre curve.

Let us consider M = R7 with the standard coordinate functions (x1,x,x3, Y1, Y2,Y3,z), the contact

3
structure 1) = 3(dz — Y. yidx;), the characteristic vector field & = 25—2 and the tensor field ¢ are given by
i=1

0 6 0
~5; 0 0 |.
0

yi 0

(P:

The associated Riemannian metricis g = n®n + }li((dxi)z + (dy)?). Then (M, ¢, &, 1, g) is a Sasakian space
form with constant g-sectional curvature ¢ = -3 arilzci it is denoted by R”(—3). The vector fields

Xi= Zaiyi, X34 = pX; = 2(% + yi%),l <i<3, &= 23% (20)
form a g-orthonormal basis and the Levi-Civita connection is

Vx.Xj = Vi, X5+j = 0, Vx, X34j = 6ij&, VX, Xj = —045€,

Vx,& = VeXi = =X34i, V3, € = VeXaii = Xi,

(see [5]).
Now we give the following four examples of proper f-biharmonic Legendre curves in R”(-3).
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Example 5.4. ([14]) Let us take y(t) = (2sinh™(t), V1 + 2, V3 V1 +12,0,0,0,1) in R7(=3). Then y is a proper
f-biharmonic Legendre curve with osculating order r = 2, k1 = 12, f = c1(1 + £2)%/2, where c1 > 0 is a constant.

Example 5.5. ([14]) Let y(t) = (a1,42,43, \/Et,Zsinh_l(%), V2V2 + 12, a4) be a curve in R7(—3), where a; € R,

1 <i < 4. Theny isproper f-biharmonic Legendre curve with osculating orderr = 3, k1 = k2 = 51, f = c1(2+12)%2,
where ¢1 > 0 is a constant.

Example 5.6. Let us take y(t) = (V2In( V22 +1+ V2t), V22 +1, V22 +1,0,0,0,1) in R7(-3). Then y is

proper f-biharmonic Legendre curve with osculating order r = 2, k1 = L £ = 0734y (1 + 212312, where ¢ > 0 is

202417
a constant.

Example 5.7. Let y(t) = (a1,42, a3, sinh™! (2¢), ——“ggl, —“‘{tg’l,a;}) be a curve in R7(=3), wherea; € R, 1 <i < 4.

Then y is proper f-biharmonic Legendre curve with osculating order r = 2,11 = 135, f = 273c1(1 + 4£2)3/%, where
¢y > 0 is a constant.

Using Example 5.4, Example 5.5, Example 5.6, Example 5.7 and Theorem 5.3, we can give the following
example of proper f-biharmonic surfaces:

Example 5.8. Let M2bea surface of R”(—3) endowed with its canonical Sasakian structure which is invariant under
the flow-action of the characteristic vector field &. If y is a Legendre curve given in Example 5.4, Example 5.5, Example

5.6 or Example 5.7 and locally, M? is given by F(t,s) = ¢4()(s)), then M? is proper f-biharmonic.
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