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Available at: http://www.pmf.ni.ac.rs/filomat

Screen Transversal Cauchy Riemann Lightlike Submanifolds
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Abstract. We introduce a new class of lightlike submanifolds, namely, Screen Transversal Cauchy Riemann
(STCR)-lightlike submanifolds, of indefinite Kähler manifolds. We show that this new class is an umbrella of
screen transversal lightlike, screen transversal totally real lightlike and CR-lightlike submanifolds. We give
a few examples of a STCR lightlike submanifold, investigate the integrability of various distributions, obtain
a characterization of such lightlike submanifolds in a complex space form and find new conditions for the
induced connection to be a metric connection. Moreover, we investigate the existence of totally umbilical
(STCR)-lightlike submanifolds and minimal (STCR)-lightlike submanifolds. The paper also contains several
examples.

1. Introduction

In [7], Duggal and Bejancu studied the geometry of arbitrary lightlike submanifolds of semi-Riemannian
manifolds. Since then, many authors have studied the geometry of lightlike hypersurfaces and lightlike
submanifolds. Lightlike geometry has its applications in general relativity, particularly in black hole
theory. Indeed, it is known that lightlike hypersurfaces are examples of physical models of Killing horizons
in general relativity [15]. A Killing horizon is a lightlike hypersurface whose generating null vector can be
normalized so as to coincide with one of the Killing vector. The surface of a black hole is described in terms
of Killing horizon. This relation has its roots in Hawking’s area theorem which states that if matter satisfies
the dominant energy condition, then the area of the black hole can not decrease [19].

On the other hand, complex manifolds, in particular Kähler manifolds, have been a useful tool in
mathematical physics. Since the 2-form ρ, defined by ρ(X,Y) = Ric(X, JY), on Kähler manifold is closed, it
represents the first Chern class C1. Complex manifolds with Ricci flat Kähler metric are called Calabi-Yau
manifolds. The Calabi– Yau manifolds have their application in super string theory which is based on a
10-dimensional manifold M×V4,where V4 is ordinary spacetime and M is a 6-dimensional manifold which
is at least approximately Ricci flat. We also note that, in general, the complex versions of Einstein equations
are easier to solve than their real forms [26].
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The main difference between the theory of lightlike submanifolds and semi-Riemannian submanifolds
arises due to the fact that in the first case, a part of the normal vector bundle TM⊥ lies in the tangent bundle
TM of the submanifold M of a semi-Riemannian manifold M̄, whereas in the second case TM ∩ TM⊥ = {0}.
Thus, the basic problem of lightlike submanifolds is to replace the intersecting part by a vector subbundle
whose sections are nowhere tangent to M. In [7], Duggal and Bejancu introduced a non-degenerate screen
distribution to construct a nonintersecting lightlike transversal vector bundle of the tangent bundle and then
they studied the geometry of arbitrary lightlike submanifold of a semi-Riemannian manifold. Although
Duggal-Bejancu’s approach is extrinsic, there is another approach which is intrinsic and that theory can be
found in [21]. In this paper, we follow Duggal-Bejancu’s approach given in [7].

In [7], Duggal and Bejancu defined CR-lightlike submanifolds of indefinite Kähler manifolds as a gen-
eralization of lightlike real hypersurfaces of indefinite Kähler manifolds. Contrary to the Riemannian
CR-submanifolds, CR-lightlike submanifolds do not contain invariant and totally real lightlike submani-
folds. Therefore, in [9] Duggal and the second author defined screen CR-submanifolds of indefinite Kähler
manifolds and showed that screen CR-submanifolds include invariant submanifolds as well as screen real
submanifolds. Later, in [11], the authors gave a generalization of this notion defining generalized CR-
lightlike submanifolds, obtaining CR-lightlike and screen CR-lightlike submanifolds as particular cases.
Since then, many papers have appeared on the subject, see for instance; [12],[13] [17], [18], [22], [25], [28].

However, one can observe that CR-lightlike, screen CR-lightlike and generalized CR-lightlike do not
contain real lightlike curves. Therefore, in [23], the second author introduced screen transversal lightlike
submanifolds of indefinite Kähler manifolds and showed that such lightlike submanifolds include real
lightlike curves.

In this paper, as a generalization of CR-lightlike submanifolds and screen transversal lightlike sub-
manifolds, we introduce screen transversal CR-lightlike submanifolds and study the geometry of such
lightlike submanifolds. In section 2, we give basic information needed for this paper. In section 3, we first
define STCR-lightlike submanifolds, then prove a characterization theorem and investigate the geometry
of leaves of distributions which are arisen from definition. In general, the induced connection of a lightlike
submanifold is not a metric connection. Therefore it is an important problem to find conditions for the
induced connection to be a metric connection. In section 3, we also find necessary and sufficient conditions
for the induced connection to be a metric connection. In section 4, we study totally umbilical proper STCR-
lightlike submanifolds and prove some existence theorems. In section 5, we give an example of minimal
lightlike submanifolds and obtain certain characterizations. Finally, note that the paper contains several
examples.

2. Preliminaries

Let (M, 1̄) be a 2k-dimensional semi-Riemannian manifold with the semi-Riemannian metric 1̄. Denote
the constant index of 1̄ by q, 0 < q < 2k.A tensor field J̄ of type (1,1) on M̄ is an almost complex structure on
M̄ if J̄2 = −I, ∀p ∈ M̄, where I denotes the identity transformation of TpM̄ and such a manifold M̄ is called
an almost complex manifold. Let 1̄, be a semi-Riemannian metric on an almost complex manifold M̄ such
that

1̄(X,Y) = 1̄( J̄X, J̄Y) , ∀X,Y ∈ Γ(TM̄) (1)

is satisfied. Then, 1̄ is a Hermitian metric and (M̄, J̄, 1̄) is an indefinite almost Hermitian manifold. Denote
the Levi-Civita connection on an indefinite almost Hermitian manifold M̄ with respect to 1̄ by ∇̄. If J̄ is
parallel with respect to ∇̄, i.e.,

(∇̄X J̄)Y = 0 , ∀X,Y ∈ Γ(TM̄), (2)

then M̄ is called an indefinite Kähler manifold.
An indefinite complex space form M̄(c) is a connected indefinite Kähler manifold of constant holomorphic
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sectional curvature c and its curvature tensor field is calculated as

R̄(X,Y)Z =
c
4
{1̄(Y,Z)X − 1̄(X,Z)Y + 1̄( J̄Y,Z) J̄X − 1̄(J̄X,Z) J̄Y

+ 21̄(X, J̄Y) J̄Z}, (3)

for any X,Y ∈ Γ(TM̄) [1].

From now on, we use the same notations and formulas in [7].

Let (M̄, 1̄) be a (m + n)-dimensional semi-Riemannian manifold and (M, 1) be a m-dimensional
submanifold of (M̄, 1̄). The induced metric 1 on M from 1̄ on M̄ does not always have to be non-degenerate.
If the induced metric 1 is degenerate on M and rank(Rad(TM)) = r, 1 ≤ r ≤ m, then (M, 1) is called a lightlike
submanifold of (M̄, 1̄), where the radical distribution Rad(TM) and the normal bundle TM⊥ of the tangent
bundle TM are defined as

Rad(TM) = TM ∩ TM⊥

and
TM⊥ = ∪x∈M{u ∈ Tx M̄ | 1̄(u, v) = 0, ∀v ∈ Tx M}.

Since TM and TM⊥ are degenerate vector subbundles, there exist complementary non-degenerate distribu-
tions S(TM) and S(TM⊥) of Rad(TM) in TM and TM⊥, respectively, which are called the screen distribution
and screen transversal bundle (or co-screen distribution) of M such that

TM = S(TM) ⊥ Rad(TM) , TM⊥ = S(TM⊥) ⊥ Rad(TM).

On the other hand, consider a orthogonal complementary bundle S(TM)⊥ to S(TM) in TM̄ such that

S(TM)⊥ = S(TM⊥)⊥S(TM⊥)⊥ (4)

where S(TM⊥)⊥ is the orthogonal complementary to S(TM⊥) in S(TM)⊥. We now recall the following im-
portant result.

Theorem 2.1. Let (M, 1,S(TM),S(TM⊥)) be a r-lightlike submanifold of a semi-Riemannian manifold (M̄, 1̄). Then,
there exists a complementary vector bundle ltr(TM) called a lightlike transversal bundle of Rad(TM) in S(TM⊥)⊥

and a basis of Γ(ltr(TM) |U) consists of smooth sections {N1, ...,Nr} of S(TM⊥)⊥ |U such that

1̄(ξi,N j) = δi j , 1̄(Ni,N j) = 0 , i, j = 1, .., r,

where {ξ1, ..., ξr} is a basis of Γ(Rad(TM)) [7, page 144].

This result implies that there exists a complementary (but not orthogonal) vector bundle tr(TM) to
TM in TM̄|M, which called transversal vector bundle, such that the following decompositions are hold:

tr(TM) = ltr(TM) ⊥ S(TM⊥) (5)

and

S(TM⊥)⊥ = Rad(TM) ⊕ ltr(TM). (6)

Thus, using (4), (5) and (6) we get

TM̄|M = S(TM) ⊥ S(TM)⊥

= S(TM) ⊥ [Rad(TM) ⊕ ltr(TM)] ⊥ S(TM⊥)
= TM ⊕ tr(TM). (7)
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A submanifold (M, 1,S(TM),S(TM⊥) is called
(1): r - lightlike if r < min{m, n},
(2): Co - isotropic if r = n < m, i.e., S(TM⊥) = {0},
(3): Isotropic if r = m < n, i.e., S(TM) = {0} and
(4): Totally lightlike if r = m = n, i.e., S(TM) = {0} = S(TM⊥).

The Gauss and Weingarten equations of M are given by

∇̄XY = ∇XY + h(X,Y) , ∀X,Y ∈ Γ(TM) (8)

and

∇̄XV = −AVX + ∇t
XV , ∀X ∈ Γ(TM) , V ∈ Γ(tr(TM)), (9)

where {∇XY,AVX} and {h(X,Y),∇t
XV} are belong to Γ(TM) and Γ(tr(TM)), respectively. ∇ and ∇t are linear

connections on M and on the vector bundle tr(TM), respectively. The second fundamental form h is a
symmetric F (M)-bilinear form on Γ(TM) with values in Γ(tr(TM)) and the shape operator AV is a linear
endomorphism of Γ(TM). If we consider (7) and using the projectors

L : tr(TM)→ ltr(TM) , S : tr(TM)→ S(TM⊥),

we can write, for ∀X,Y ∈ Γ(TM), N ∈ Γ(ltr(TM)) and W ∈ Γ(S(TM⊥)),

∇̄XY = ∇XY + hł(X,Y) + hs(X,Y), (10)
∇̄XN = −ANX + ∇ł

X(N) + Ds(X,N), (11)

∇̄XW = −AWX + Dl(X,W) + ∇s
X(W), (12)

where {∇ł
XN,Dl(X,W)}, {Ds(X,N),∇s

XW} are parts of ltr(TM), S(TM⊥), respectively and hł(X,Y) = Lh(X,Y) ∈
Γ(ltr(TM)), hs(X,Y) = Sh(X,Y) ∈ Γ(S(TM⊥)). Denote the projection of TM on S(TM) by P̄. Then, by using (8),
(10)-(12) and taking account that ∇̄ is a metric connection we obtain

1̄(hs(X,Y),W) + 1̄(Y,Dl(X,W)) = 1(AWX,Y), (13)

1̄(Ds(X,N),W) = 1̄(N,AWX), (14)

∇XP̄Y = ∇∗XP̄Y + h∗(X, P̄Y) (15)

and

∇Xξ = −A∗ξX + ∇∗tXξ (16)

for X,Y ∈ Γ(TM) and ξ ∈ Γ(RadTM), where ∇∗ and ∇∗t are induced connections on S(TM) and Rad(TM). On
the other hand, h∗ and A∗ are Γ(Rad(TM))-valued and Γ(S(TM))-valued F (M)-bilinear forms on Γ(TM) ×
Γ(S(TM)) and Γ(Rad(TM)) × Γ(TM), respectively. h∗ is called lokal second fundamental form on S(TM) and
A∗ is second fundamental form of Rad(TM). By using above equations we obtain

1̄(hl(X, P̄Y), ξ) = 1(A∗ξX, P̄Y), (17)

1̄(h∗(X, P̄Y),N) = 1(ANX, P̄Y), (18)

1̄(hl(X, ξ), ξ) = 0, A∗ξξ = 0. (19)

In general, the induced connection ∇ on M is not metric connection. Since ∇̄ is a metric connection, by
using (10) we get

(∇X1)(Y,Z) = 1̄(hl(X,Y),Z) + 1̄(hl(X,Z),Y). (20)
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However, it is important to note that ∇? is a metric connection on S(TM). We denote curvature tensor of a
lightlike submanifold by R, then the Gauss equation for lightlike submanifolds is given by

R̄(X,Y)Z = R(X,Y)Z + Ahl(X,Z)Y − Ahl(Y,Z) + Ahs(X,Z)Y

− Ahs(Y,Z)X + (∇Xhl)(Y,Z) − (∇Yhl)(X,Z)

+ Dl(X, hs(Y,Z)) −Dl(Y, hs(X,Z))
+ (∇Xhs)(Y,Z) − (∇Yhs)(X,Z)
+ Ds(X, hl(Y,Z)) −Ds(Y, hl(X,Z)), (21)

for any X,Y,Z ∈ Γ(TM).

3. Screen Transversal Cauchy Riemann Lightlike Submanifolds

As we have mentioned in the introduction, CR-lightlike submanifolds and generalized CR-lightlike
submanifolds of an indefinite Kähler manifold includes real lightlike hypersurfaces, however such lightlike
submanifolds excludes real lightlike curves. On the other hand, screen transversal lightlike submanifolds
covers real lightlike curves, however this class does not include real lightlike hypersurfaces. But real
lightlike curves and real lightlike hypersurfaces are important subjects in relativity theory. Indeed, the
propagation of light and other zero rest mass particles are described by the null geodesics of the spacetime
[14] and lightlike hypersurfaces are examples of physical models of Killing horizons in general relativity.
Therefore we ask the following question

Are there any lighlike submanifolds of indefinite Kähler manifolds containing both real lightlike curves and real
lightlike hypersurfaces?

To give affirmative answer to above question, in this section, we introduce screen transversal Cauchy
Riemann lightlike submanifolds of an indefinite Kähler manifold as a generalization of CR-lightlike sub-
manifolds and screen transversal lightlike submanifolds. We give examples, obtain a characterization and
find necessary and sufficient conditions for the induced connection, which is not metric connection in
general, to be a metric connection. We also check the effect of the notion of mixed geodesic on the geometry
of submanifolds.

Definition 3.1. Let M be a real r-lightlike submanifold of an indefinite Kähler manifold M̄. Then we say that M is a
screen transversal Cauchy Riemann (STCR) lightlike submanifold if the following conditions are satisfied:

(A) There exist two subbundles D1 and D2 of Rad(TM) such that

Rad(TM) = D1 ⊕D2 , J̄(D1) ⊂ S(TM) , J̄(D2) ⊂ S(TM⊥), (22)

(B) There exist two subbundles D0 and D′ of S(TM) such that

S(TM) = {J̄D1 ⊕D′} ⊥ D0 , J̄(D0) = D0 , J̄(D′) = L1 ⊥ S , J̄(L2) ⊂ S(TM⊥) (23)

where D0 is a non-degenerate distribution on M, L1 and L2 are vector subbundles of ltr(TM) and S belongs to
S(TM⊥).

From definition of a screen transversal Cauchy Riemann lightlike submanifold, we obtain that the
tangent bundle of a screen transversal Cauchy Riemann lightlike submanifold is decomposed as follows

TM = D ⊕ D̃, (24)

where

D = D0 ⊕D1 ⊕ J̄D1 (25)
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and

D̃ = D2 ⊕ J̄L1 ⊕ J̄S. (26)

It is clear that D is invariant and D̃ is anti-invariant. Furthermore, we have

ltr(TM) = L1 ⊕ L2 , J̄(L1) ⊂ S(TM),

and

S(TM⊥) = { J̄(D2) ⊕ J̄(L2)}⊥S.

We say that M is a proper screen transversal Cauchy Riemann lightlike submanifold of an indefinite Kähler
manifold if D1 , {0} , D2 , {0} , D0 , {0} and S , {0}. For proper screen transversal Cauchy Riemann
lightlike submanifold we note that the following features:

1. The condition (A) implies that dim(Rad(TM)) ≥ 2.
2. The condition (B) implies dim(D) = 2s ≥ 4, dim(D′) ≥ 2 and dim(D2) = dim(L2). Thus dim(M) ≥ 7 and

dim(M̄) ≥ 12.
3. Any proper 7− dimensional screen transversal Cauchy Riemann lightlike submanifold must be

2−lightlike.
4. (A) and Kähler manifold M̄ imply that index(M̄) ≥ 2.

Proposition 3.2. A STCR lightlike submanifold M of an indefinite Kähler manifold M̄ is a CR-lightlike submanifold
(respectively, screen transversal lightlike submanifold) if and only if D2 = {0} (respectively, D1 = {0}.)

Proof. Let M be a CR-lightlike submanifold of an indefinite Kähler manifold. Then J̄(Rad(TM)) is a distri-
bution on M such that J̄(Rad(TM)) ∩ Rad(TM) = {0}. Thus we obtain D1 = Rad(TM) and D2 = {0}. Hence
we conclude that J̄(ltr(TM)) ∩ ltr(TM) = {0}. Then it follows that J̄(ltr(TM)) ⊂ S(TM). Conversely, sup-
pose that M be a STCR lightlike submanifold such that D2 = {0}. Then we have D1 = Rad(TM). Hence
J̄(Rad(TM)) ∩ Rad(TM) = {0}, that is J̄(Rad(TM)) is a vector subbundle of S(TM). Thus M is a CR-lightlike
submanifold. The other assertion can be proved in a similar way.

Example 3.3. Let M be a submanifold of R12
4 given by equations

x1 = sin u2 , x2 = − cos u2 , x3 = u1 , x4 = u3 −
u4

2
, x5 = u2,

x6 = 0 , x7 = u1 , x8 = u3 +
u4

2
, x9 = u5 + u7 , x10 = u6 − u7,

x11 = u5 − u7 , x12 = u6 + u7.

Then TM is spanned by {Z1,Z2,Z3,Z4,Z5,Z6,Z7} where

Z1 = ∂ x3 + ∂ x7 , Z2 = cos u2∂ x1 + sin u2∂ x2 + ∂ x5,

Z3 = ∂ x4 + ∂ x8 , Z4 =
1
2
{−∂ x4 + ∂ x8},

Z5 = ∂ x9 + ∂ x11 , Z6 = ∂ x10 + ∂ x12,

Z7 = ∂ x9 − ∂ x10 − ∂ x11 + ∂ x12.

Hence M is a 2− lightlike submanifold of R12
4 with Rad(TM) = Span{Z1,Z2}. It is easy to see J̄Z1 = Z3 ∈ Γ(S(TM)),

thus D1 = Span{Z1} and D2 = Span{Z2}. On the other hand, since J̄Z5 = Z6 ∈ Γ(S(TM)), we obtain D0 =
Span{Z5,Z6} and by direct calculations, we get the lightlike transversal bundle spanned by

N1 =
1
2
{−∂ x3 + ∂ x7} , N2 =

1
2
{− cos u2∂ x1 − sin u2∂ x2 + ∂ x5}.

Then we see that L1 = Span{N1}, L2 = Span{N2}, S(TM⊥) = Span{ J̄Z2, J̄N2, J̄Z7} and S = Span{J̄Z7 = W}. Thus,
D′ = Span{ J̄N1 = Z4, J̄Z7 = W} and M is a proper STCR lightlike submanifold.
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Example 3.4. Every CR-lightlike submanifold of an indefinite Kähler manifold is a STCR lightlike submanifold with
D2 = {0}.

It is known that every real lightlike hypersurface is a CR-lightlike submanifold [7], therefore a real
lightlike hypersurface is an example of STCR lightlike submanifold.

Example 3.5. Every screen transversal lightlike submanifold of an indefinite Kähler manifold is a STCR lightlike
submanifold with D1 = {0}.

It is known that every real lightlike curve is an isotropic screen transversal lightlike submaniold [23],
therefore a real lightlike curve is an example of STCR lightlike submanifold.

Proposition 3.6. There exist no coisotropic, isotropic or totally lightlike proper STCR lightlike submanifolds M of an
indefinite Kähler manifold. Any isotropic STCR lightlike submanifold is a screen transversal lightlike submanifold.
Also, a coisotropic STCR lightlike submanifold is a CR-lightlike submanifold.

Proof. Let M be a proper STCR lightlike submanifold. From definition of proper STCR lightlike submanifold,
we know that D1 , {0} , D2 , {0} , D0 , {0} and S , {0}, i.e., both S(TM) and S(TM⊥) are non-zero. Thus,
M can not be a coisotropic, isotropic or totally lightlike submanifold. On the other hand, if M be a
isotropic STCR lightlike submanifold, then S(TM) = {0}, i.e., J̄D1 = {0} and Rad(TM) = D2. Thus, we get
J̄Rad(TM) = J̄(D2) ⊂ Γ(S(TM⊥)) and M is a screen transversal lightlike submanifold. Similarly, if M is
a coisotropic STCR lightlike submanifold, then S(TM⊥) = {0}, i.e., J̄D2 = {0} and Rad(TM) = D1. Since,
J̄Rad(TM) = J̄(D1) ⊂ Γ(S(TM)) then M is a CR-lightlike submanifold.

Now, we denote the projections from Γ(TM) to Γ(D0), Γ( J̄D1), Γ(J̄L1), Γ(J̄S), Γ(D1) and Γ(D2) by P0, P1, P2,
P3, S1 and S2, respectively. We also denote the projections from Γ(tr(TM)) to Γ(J̄D2), Γ( J̄L2), Γ(S), Γ(L1) and
Γ(L2) by R1, R2, R3, Q1 and Q2, respectively. Thus, we write

X = PX + QX = P0X + P1X + P2X + P3X + S1X + S2X (27)

and

J̄X = TX + ωX, (28)

for X ∈ Γ(TM), where PX ∈ Γ(D), QX ∈ Γ(D̃) and TX and wX are the tangential parts and the transversal
parts of J̄X, respectively. Applying J̄ to (27) and denoting J̄P0, J̄P1, J̄P2, J̄P3, J̄S1, J̄S2 by T0, T1, ωL, ωS, T1̄, ω2̄,
respectively, we obtain

J̄X = T0X + T1X + T1̄X + ωLX + ωSX + ω2̄X, (29)

for X ∈ Γ(TM), where T0X ∈ Γ(D0), T1X ∈ Γ(D1), T1̄X ∈ Γ( J̄D1), ωLX ∈ Γ(L1), ωSX ∈ Γ(S), and ω2̄X ∈ Γ( J̄D2).
Similarly we can write, for any V ∈ Γ(tr(TM)),

V = R1V + R2V + R3V + Q1V + Q2V (30)

and we denote J̄R1, J̄R2, J̄R3, J̄Q1, J̄Q2 by B2, CL, BS̄, BL̄, CL̄, respectively, we write

J̄V = B2V + BS̄V + BL̄V + CLV + CL̄V, (31)

where BV and CV are sections of TM and tr(TM), respectively. Now, differentiating (29) and using (2), (8),
(10)-(12) and (31), ∀X,Y ∈ Γ(TM), we have

∇XTY + hl(X,TY) + hs(X,TY) + {−AωLYX + ∇l
X(ωLY) + Ds(X, ωLY)}

+ {−AωSYX + ∇s
X(ωSY) + Dl(X, ωSY)}

+ {−Aω2̄YX + ∇s
X(ω2̄Y) + Dl(X, ω2̄Y)}

= T∇XY + ωL∇XY + ωS∇XY + ω2̄∇XY + Bhl(X,Y) + Chl(X,Y)
+ Bhs(X,Y) + Chs(X,Y).
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Considering the tangential, lightlike transversal and screen transversal parts of this equation we obtain

∇XTY − T∇XY = (∇XT)Y
= AωLYX + AωSYX + Aω2̄YX + Bh(X,Y), (32)

Dl(X, ωSY) + Dl(X, ω2̄Y) = ωL(∇XY) − ∇l
X(ωLY)

− hl(X,TY) + Chl(X,Y) (33)

and

Ds(X, ωLY) = ωS(∇XY) + ω2̄(∇XY) − ∇s
X(ωSY)

− ∇
s
X(ω2̄Y) − hs(X,TY) + Chs(X,Y), (34)

respectively.

The following theorem gives new conditions for the induced connection to be metric connection.

Theorem 3.7. Let M be a STCR lightlike submanifold of an indefinite Kaehler manifold M̄. Then the induced
connection is a metric connection if and only if, ∀X ∈ Γ(TM), the followings are hold:

∇
∗

X J̄Y + h∗(X, J̄Y) ∈ Γ(J̄D1) , Bh(X, J̄Y) = 0 , Y ∈ Γ(D1),

AJ̄YX ∈ Γ(J̄D1) , B(∇s
X J̄Y + Dl(X, J̄Y)) = 0 , Y ∈ Γ(D2).

Proof. For Y ∈ Γ(RadTM) and X ∈ Γ(TM), from (2) we can write

∇̄XY = − J̄(∇̄X J̄Y)

and using (10) we get

∇XY + h(X,Y) = − J̄(∇X J̄Y + h(X, J̄Y)). (35)

Since RadTM = D1 ⊕D2, for Y ∈ Γ(D1), from (15), (28) and (31) we have

∇XY + h(X,Y) = −T(∇X J̄Y) − ω(∇X J̄Y) − B(h(X, J̄Y)) − C(h(X, J̄Y))

and from (15)

∇XY + h(X,Y) = −T∇∗X J̄Y − w∇∗X J̄Y − Th∗(X, J̄Y) − wh∗(X, J̄Y)
− Bh(X, J̄Y) − Ch(X, J̄Y)

is obtained. Taking the tangential parts of this equation we derive

∇XY = −T(∇∗X J̄Y + h∗(X, J̄Y)) − Bh(X, J̄Y). (36)

In similar way, for X ∈ Γ(TM) and Y ∈ Γ(D2), using (12) we get

∇XY = TA J̄YX − B(∇s
X J̄Y + Dl(X, J̄Y)). (37)

Then our assertion follows from (36), (37) and Theorem 2.4 in [4, p.161].

Remark 3.8. It follows from Theorem 5.1 of [7, page 49] that, under the conditions of Theorem 3.7, Rad(TM) of this
class of STCR lightlike submanifolds is an integrable Killing distribution.



B. Doḡan et al. / Filomat 34:5 (2020), 1581–1599 1589

Blair and Chen [4] have obtained a characterization of Riemannian CR submanifolds of a complex space
form M̄(c) with c , 0. Here we give a characterization of STCR lightlike submanifolds in an indefinite
complex space form in terms of the curvature tensor field of the ambient space.

Theorem 3.9. A lightlike submanifold M of an indefinite complex space form M̄(c) with c , 0 is a STCR lightlike
submanifold with D0 , 0, iff

(a) The maximal complex subspaces of TpM , p ∈M, define a distribution

D = D0⊥D1⊥ J̄(D1),

where Rad(TM) = D1⊥D2 and D0 is a non-degenerate complex distribution.
(b) There exists a lightlike transversal vector bundle ltr(TM) such that for ∀X,Y ∈ Γ(D) , N1,N2 ∈

Γ(ltr(TM)),

1̄(R̄(X,Y)N1,N2) = 0.

(c) There exists a vector subbundle J̄(S) on M such that for ∀X,Y ∈ Γ(D) , W1,W2 ∈ Γ( J̄(S)),

1̄(R̄(X,Y)W1,W2) = 0,

where J̄(S) is orthogonal to D and R̄ is the curvature tensor of M̄(c).

Proof. ⇒) : Let M be a STCR lightlike submanifold of an indefinite Kähler manifold M̄. Since

D = D0⊥D1⊥ J̄(D1)

(a) holds. On the other hand, for ∀X,Y ∈ Γ(D) and N1 , N2 ∈ Γ(ltr(TM)), from (3) we get

1̄(R̄(X,Y)N1,N2) =
c
4
{1̄(Y,N1)1̄(X,N2) − 1̄(X,N1)1̄(Y,N2)

+ 1̄( J̄Y,N1)1̄(J̄X,N2) − 1̄(J̄X,N1)1̄(J̄Y,N2)
+ 21̄(X, J̄Y)1̄(J̄N1,N2)}
= 0.

Thus (b) holds. In a similar way, since for ∀X,Y ∈ Γ(D) and W1 , W2 ∈ Γ( J̄(S)), we have

1̄(R̄(X,Y)W1,W2) =
c
4
{1̄(Y,W1)1̄(X,W2) − 1̄(X,W1)1̄(Y,W2)

+ 1̄( J̄Y,W1)1̄( J̄X,W2) − 1̄( J̄X,W1)1̄( J̄Y,W2)
+ 21̄(X, J̄Y)1̄( J̄W1,W2)}
= 0.

Then (c) also holds.
⇐) : Conversely, we assume that (a), (b) and (c) are provided. From (a), for the maximal distribution
D = D0⊥D1⊥ J̄(D1) and Rad(TM) = D1⊥D2, while J̄(D1) is a invariant distribution on TM, D2 is not a
invariant distribution on TM with respect to J̄. Because of this, J̄(D2) ⊂ Γ(tr(TM)). Thus, it is clear that
J̄(D1) , D2 and J̄(D1) is a distribution on S(TM). Moreover, for ltr(TM) = L1⊥L2 and ξ1 ∈ Γ(D1), N1 ∈ Γ(L1),
since 1̄(ξ1,N1) = 1, then J̄(L1) is a distribution on S(TM), too. On the other hand, from (b), ∀X,Y ∈ Γ(D) and
N1,N2 ∈ Γ(ltr(TM)), we get

1̄(R̄(X,Y)N1,N2) =
c
4
{1̄(Y,N1)1̄(X,N2) − 1̄(X,N1)1̄(Y,N2)

+ 1̄( J̄Y,N1)1̄(J̄X,N2) − 1̄(J̄X,N1)1̄(J̄Y,N2)
+ 21̄(X, J̄Y)1̄(J̄N1,N2)}
= 0.
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That is, J̄(ltr(TM)) ∩ Rad(TM) , 0. Thus, J̄(L2) isn’t belong to Rad(TM) or ltr(TM). From this, it is clear that
J̄(D2) , L2 and then J̄D2 ⊂ S(TM⊥). On the other hand, for ∀ξ2 ∈ Γ(D2) and N2 ∈ Γ(L2), since 1̄(ξ2,N2) = 1,
then J̄(L2) is a distribution on S(TM⊥), too. Finally, from (c), there exists a non-degenerate distribution S
such that S⊥D and for ∀X,Y ∈ Γ(D) and W1,W2 ∈ Γ(S), we have

1̄(R̄(X,Y)W1,W2) =
c
4
{1̄(Y,W1)1̄(X,W2) − 1̄(X,W1)1̄(Y,W2)

+ 1̄( J̄Y,W1)1̄( J̄X,W2) − 1̄( J̄X,W1)1̄( J̄Y,W2)
+ 21̄(X, J̄Y)1̄( J̄W1,W2)} = 0.

In other words, S⊥ J̄(S). Moreover, since S⊥D and D is invariant, we can write

1̄(X,W) = 1̄( J̄X,W) = −1̄(X, J̄W) = 0,

for ∀X ∈ Γ(D) and W ∈ Γ(S), that is, J̄(S) is orthogonal to D, too. Thus, S and J̄(S) are distributions on
S(TM⊥) and S(TM), respectively. Thus, M is a STCR lightlike submanifold of M̄ and proof is completed.

We now investigate the geometry of various distributions defined on M.

Theorem 3.10. Let M be a screen transversal Cauchy Riemann lightlike submanifold of an indefinite Kähler manifold
M̄. Then

(i) The distribution D is integrable if and only if

h(X, J̄Y) = h(J̄X,Y) , ∀X,Y ∈ Γ(D).

(ii) The distribution D̃ is integrable if and only if

A J̄ZV = A J̄VZ , ∀Z,V ∈ Γ(D̃).

Proof. We only prove (i), (ii) is similar. From (33) and (34), for ∀X,Y ∈ Γ(D), we have

ω(∇XY) = h(X,TY) − Ch(X,Y).

Hence, since h is symmetric, we obtain

ω([X,Y]) = h(X,TY) − h(TX,Y)

which proves (i).

For the distribution D, we have the following integrability conditions.

Theorem 3.11. Let M be a STCR lightlike submanifold of an indefinite Kähler manifold M̄. Then, D is integrable if
and only if, for ∀X,Y ∈ Γ(D), the followings are hold:

hs(X, J̄Y) − hs(Y, J̄X) ∈ Γ(J̄(L2))

and

hl(X, J̄Y) − hl(Y, J̄X) ∈ Γ(L2).

Proof. We know that D is integrable iff for ∀X,Y ∈ Γ(D), [X,Y] ∈ Γ(D), i.e.,

1̄([X,Y],N2) = 1̄([X,Y], J̄ξ1) = 1̄([X,Y], J̄W) = 0.

Thus, ∀X,Y ∈ Γ(D) and N2 ∈ Γ(L2), using (2) and (8) we have

1̄([X,Y],N2) = 1̄(hs(X, J̄Y) − hs(Y, J̄X), J̄N2). (38)
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For ∀X,Y ∈ Γ(D), ξ1 ∈ Γ(D1) and W ∈ Γ(S), using again (2) and (8) we obtain

1̄([X,Y], J̄ξ1) = 1̄(hl(Y, J̄X) − hl(X, J̄Y), ξ1) (39)

and

1̄([X,Y], J̄W) = 1̄(hs(Y, J̄X) − hs(X, J̄Y),W). (40)

Thus, from (38)-(40), the proof is completed.

Theorem 3.12. Let M be a STCR lightlike submanifold of an indefinite Kähler manifold M̄. Then, D̃ is integrable if
and only if for ∀X,Y ∈ Γ(D̃),

AJ̄XY − A J̄YX ∈ Γ(D̃).

Proof. D̃ is integrable iff for ∀X,Y ∈ Γ(D̃), [X,Y] ∈ Γ(D̃), i.e.,

1̄([X,Y],N1) = 1̄([X,Y], J̄N1) = 1̄([X,Y],Z) = 0.

Thus, ∀X,Y ∈ Γ(D̃), from (1), (2), (11) and (12) we derive

1̄([X,Y],N1) = 1̄(A J̄XY − A J̄YX, J̄N1). (41)

For ∀X,Y ∈ Γ(D̃),N1 ∈ Γ(L1), from (2) and (11) we obtain

1̄([X,Y], J̄N1) = 1̄(AJ̄XY − A J̄YX,N1). (42)

In a similar way, for ∀X,Y ∈ Γ(D̃) and Z ∈ Γ(D0), we get

1̄([X,Y],Z) = 1̄(A J̄XY − AJ̄YX, J̄Z) = 0. (43)

Then from (41)-(43) the proof is completed.

We now study the geometry of leaves.

Theorem 3.13. Let M be a STCR lightlike submanifold of an indefinite Kähler manifold M̄. Then, D defines a totally
geodesic foliation on M iff

Bh(X, J̄Y) = 0 , ∀X,Y ∈ Γ(D).

Proof. We assume that D defines a totally geodesic foliation on M. That is, for ∀X,Y ∈ Γ(D), ∇XY ∈ Γ(D).
Then, using (8) and (2) for ∀X,Y ∈ Γ(D), ξ1 ∈ Γ(D1), N2 ∈ Γ(L2) and W ∈ Γ(S), we obtain

1(∇XY, J̄ξ1) = −1̄(hl(X, J̄Y), ξ1) = 0, (44)
1̄(∇XY,N2) = 1̄(hs(X, J̄Y), J̄N2) = 0, (45)
1(∇XY, J̄W) = −1̄(hs(X, J̄Y),W) = 0. (46)

Thus, from (44)-(46) it is easy to see that hl(X, J̄Y) has no components in Γ(L1) and hs(X, J̄Y) has no components
in Γ(L2 ∪ S), in other words Jh(X,Y) has no components in Γ(TM) and the proof is completed.

Theorem 3.14. Let M be a STCR lightlike submanifold of an indefinite Kähler manifold M̄. Then, D̃ defines a totally
geodesic foliation on M iff

AωYX ∈ Γ(D̃) , ∀X,Y ∈ Γ(D̃).
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Proof. We assume that D̃ defines a totally geodesic foliation on M. That is, for ∀X,Y ∈ Γ(D̃), ∇XY ∈ Γ(D̃).
Since Y and ∇XY are belong to ∈ Γ(D̃), then both TY and T(∇XY) are zero and from (32) we get

∇XTY − T∇XY = AωLYX + AωSYX + Aω2̄YX + Bh(X,Y).

From here,

−Bh(X,Y) = AωY X ∈ Γ(D̃)

is obtained. Conversely, if AωYX ∈ Γ(D̃), for ∀X,Y ∈ Γ(D̃), then again from (32), since

−AωY X = T∇XY + Bh(X,Y),

we obtain
T∇XY = 0

which completes the proof.

As in the Riemannian [2] and CR-lightlike cases [24], we say that M is a D-geodesic (or D̃-geodesic)
STCR lightlike submanifold if its second fundamental form h satisfies

h(X,Y) = 0 , ∀X,Y ∈ Γ(D) , (or ∀X,Y ∈ Γ(D̃)). (47)

It is easy to see that M is a D-geodesic (or D̃-geodesic) STCR lightlike submanifold if

hl(X,Y) = 0 , hs(X,Y) = 0 , ∀X,Y ∈ Γ(D) , (or ∀X,Y ∈ Γ(D̃)). (48)

Theorem 3.15. Let M be a STCR lightlike submanifold of an indefinite Kähler manifold M̄. Then, D defines a totally
geodesic foliation on M̄ iff M is D-geodesic.

Proof. ⇒) : We assume that D defines a totally geodesic foliation on M̄. Then, using (8) for ∀X,Y ∈ Γ(D),
ξ ∈ Γ(Rad(TM)) and W ∈ Γ(S(TM⊥)),

1̄(∇̄XY, ξ) = 1̄(hl(X,Y), ξ) = 0, (49)
1̄(∇̄XY,W) = 1̄(hs(X,Y),W) = 0 (50)

is obtained. Thus, if D is a totally geodesic foliation on M̄, then it is clear that from (49) and (50), h(X,Y) = 0
on D. In other words, since h(X,Y) = 0, ∀X,Y ∈ Γ(D), then M is D-geodesic.
⇐) : Conversely, let M be D-geodesic. Using (47), (8) and (2) we get

1̄(∇̄XY, J̄ξ2) = −1̄(hl(X, J̄Y), ξ2) = 0, (51)
1̄(∇̄XY, J̄W) = −1̄(hs(X, J̄Y),W) = 0, (52)

for ξ2 ∈ Γ(D2) , W ∈ Γ(S). Thus, from (51) and (52) we obtain ∇̄XY ∈ Γ(D), ∀X,Y ∈ Γ(D) and the proof is
completed.

We say that M is mixed geodesic STCR lightlike submanifold if its second fundamental form h satisfies

h(X,Y) = 0 , ∀X ∈ Γ(D) , Y ∈ Γ(D̃). (53)

It is easy to see that M is a mixed geodesic STCR lightlike submanifold if

hl(X,Y) = 0 , hs(X,Y) = 0 , ∀X ∈ Γ(D) , Y ∈ Γ(D̃). (54)

In the sequel, we find necessary and sufficient conditions for a STCR lightlike submanifold to be mixed
geodesic.
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Proposition 3.16. Let M be a STCR lightlike submanifold of an indefinite Kähler manifold M̄. Then, M is mixed
geodesic if and only if

AJ̄ZX ∈ Γ(D) and ∇t
X J̄Z ∈ Γ(L1⊥D2⊥S),

for ∀X ∈ Γ(D) , Z ∈ Γ(D̃).

Proof. From (8) and (2) we obtain

h(X,Z) = − J̄(−AJ̄ZX + ∇t
X J̄Z) − ∇XZ,

for ∀X ∈ Γ(D) , Z ∈ Γ(D̃). Then, using (29), (30) and transversal part we get

h(X,Z) = ω(A J̄ZX) + C∇t
X J̄Z = 0

which completes the proof.

Definition 3.17. A screen transversal Cauchy Riemann lightlike submanifold M of an indefinite Kähler manifold M̄
is called as mixed foliated screen transversal Cauchy Riemann lightlike submanifold if the following conditions are
satisfied.

(1) h(X,Z) = 0 , ∀X ∈ Γ(D) , Z ∈ Γ(D̃).
(2) Distribution D is integrable.

Theorem 3.18. Let M be a mixed foliated screen transversal Cauchy Riemann lightlike submanifold of an indefinite
Kähler manifold M̄. Then,

(i) Distribution D is parallel iff Q∇∗XY + Qh∗(X,Y) = 0, ∀X ∈ Γ(TM) , Y ∈ Γ(D).
(ii) Distribution D̃ is parallel iff P∇∗XZ + Ph∗(X,Z) = 0, ∀X ∈ Γ(TM) , Z ∈ Γ(D̃).

Proof. (i) From (27) and (15) we have

∇XY = P∇∗XY + Ph∗(X,Y) + Q∇∗XY + Qh∗(X,Y),

∀X ∈ Γ(TM) , Y ∈ Γ(D), which satisfies (i).

(ii) As similar in (i), we get

∇XZ = P∇∗XZ + Ph∗(X,Z) + Q∇∗XZ + Qh∗(X,Z),

which satisfies (ii).

Thus we have the following result.

Proposition 3.19. Let M be a mixed foliated screen transversal Cauchy Riemann lightlike submanifold of an indefinite
Kähler manifold M̄. Then,

(i) Distribution D is parallel respect to ∇̄ iff M is D-geodesic
and D is parallel respect to ∇.

(ii) Distribution D̃ is parallel respect to ∇̄ iff M is D̃-geodesic
and D̃ is parallel respect to ∇.
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4. Totally umbilical STCR lightlike submanifolds

In this section we study totally umbilical STCR-lightlike submanifolds, give an example and investigate
the existence of such submanifolds.

Definition 4.1. [8] A lightlike submanifold (M, 1) of a semi-Riemannian manifold (M̄, 1̄) is totally umbilical in M̄
if there is a smooth transversal vector field H ∈ Γ(ltr(TM)) on M, called the transversal curvature vector field of M,
such that, for all X,Y ∈ Γ(TM),

h(X,Y) = H1(X,Y). (55)

Using (1) and (3) it is easy to see that M is totally umbilical if and only if on each coordinate neighborhood
U there exist smooth vector fields Hl

∈ Γ(ltr(TM)) and Hs
∈ Γ(S(TM⊥)), such that

hl(X,Y) = Hl1(X,Y) , Dl(X,W) = 0,
hs(X,Y) = Hs1(X,Y) , ∀X,Y ∈ Γ(TM) , W ∈ Γ(S(TM⊥)). (56)

The above definition does not depend on the S(TM) and S(TM⊥) of M.

Example 4.2. Let M̄ = R10
4 be a semi-Euclidean space of signature

(+,+,−,−,+,+,−,−,+,+) with respect to the canonical basis

(∂x1, ∂x2, ∂x3, ∂x4, ∂x5, ∂x6, ∂x7, ∂x8, ∂x9, ∂x10).

Consider a complex structure J̄ defined by

J̄(x1, x2, x3, x4, x5, x6, x7, x8, x9, x10) = (−x2, x1,−x4, x3,−x6, x5,−x8, x7,−x10, x9).

Let M be a submanifold of (R10
4 , J̄) given by

x1 = u1coshα , x2 = eu2 sinhα + (u3 +
u4

2
)coshα , x3 = u1sinhα,

x4 = eu2 coshα + (u3 +
u4

2
)sinhα , x5 = 0 , x6 = eu2 , x7 = u1,

x8 = u3 −
u4

2
, x9 = −cosu5 , x10 = sinu5.

Then TM is spanned by

Z1 = coshα∂x1 + sinhα∂x3 + ∂x7 , Z2 = eu2 {sinhα∂x2 + coshα∂x4 + ∂x6},

Z3 = coshα∂x2 + sinhα∂x4 + ∂x8 , Z4 =
1
2
{coshα∂x2 + sinhα∂x4 − ∂x8},

Z5 = sinu5∂x9 + cosu5∂x10.

It is clear that Rad(TM) = Span{Z1,Z2} and we get by direct calculation that the lightlike transversal bundle ltr(TM)
is spanned by

N1 =
1
2
{coshα∂x1 + sinhα∂x3 − ∂x7} = J̄Z4,

N2 =
1
2

e−u2 {−sinhα∂x2 − coshα∂x4 + ∂x6}.

Hence, we have

D1 = Sp{Z1} , D2 = Sp{Z2} , L1 = Sp{N1} , L2 = Sp{N2} ,

J̄(D1) = Sp{ J̄Z1 = Z3} , J̄(L1) = Sp{J̄N1 = Z4} ,

J̄(S) = Sp{Z5} , S(TM⊥) = Sp{ J̄Z2, J̄N2, J̄Z5}.
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Thus, M be a screen transversal lightlike submanifold of M̄. Moreover, since ∇̄Zi Z j = 0,

hl(Zi,Z j) = hs(Zi,Z j) = 0 , 1 ≤ i ≤ 5 , 1 ≤ j ≤ 4

and using Gauss-Weingarten equations

hl(Z5,Z5) = 0 , hs(Z5,Z5) = − J̄Z5

is obtained. If we choose Hs = − J̄Z5, then we have hs(Z5,Z5) = Hs1(Z5,Z5), that is, M is a totally umbilical screen
transversal lightlike submanifold of M̄.

Theorem 4.3. Let M be a totally umbilical STCR lightlike submanifold of an indefinite Kähler manifold M̄. If
distribution D0 is integrable then the induced connection ∇ is a metric connection.

Proof. Let M be totally umbilical and D0 be integrable. Then, using (2) we get

∇X J̄Y + hl(X, J̄Y) + hs(X, J̄Y) = J̄∇XY + J̄hl(X,Y) + J̄hs(X,Y).

Taking lightlike transversal parts of this equation, we have

1(X, J̄Y)Hl = ωL∇XY + 1(X,Y)CHl, (57)

∀X,Y ∈ Γ(D0). Hence from (57)

1(X, J̄Y)Hl
− 1(Y, J̄X)Hl + ωL([X,Y]) = 0 (58)

is obtained. Since D0 is integrable, for ∀X,Y ∈ Γ(D0), then ∇XY ∈ Γ(D0). If we choose X = J̄Y ∈ Γ(D0), from
(22) we get

21(Y,Y)Hl = 0.

We know that since D0 is non-degenerate, then Hl = 0. That is, from (56) hl = 0. Hence, from (20) the proof
is completed.

Theorem 4.4. Let M be a totally umbilical STCR lightlike submanifold of an indefinite Kähler manifold M̄. Then,
Hs
∈ Γ(J̄(D2) ∪ S).

Proof. Let M be totally umbilical STCR lightlike submanifold. Then for ∀X,Y ∈ Γ(D0), if we consider
equation (34), we get

hs(X, J̄Y) = Chs(X,Y) + ωS(∇XY) + ω2̄(∇XY). (59)

If we choose X = Y ∈ Γ(D0) in (59), we obtain CHs = 0 which completes the proof.

Theorem 4.5. Let M be a totally umbilical STCR lightlike submanifold of an indefinite Kähler manifold M̄. Then,
one of the followings is hold:

(a) M is totally geodesic.
(b) hs = 0 or dim(S) = 1 and D0 is not integrable.

Proof. If D0 , {0} and integrable, from Theorem 4.3 we obtain that hl = hs = 0 which is case (a). Now
suppose that D0 is not integrable. Then using (2), (12) and taking tangential part we obtain

−AJ̄WZ = T∇ZW + Bh(Z,W), (60)

Z,W ∈ Γ( J̄S). On the other hand, if we take X = Y = Z and W = J̄W in (13) and use (60),

1̄(hs(Z,Z)J̄W) = −1̄(h(Z,W), J̄Z), (61)
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∀Z,W ∈ Γ( J̄(S)), is obtained. Since M is totally umbilical, from (61) we have

1(Z,Z)1̄(Hs, J̄W) = −1̄(Z,W)1̄(Hs, J̄Z). (62)

Interchanging the role of Z and W in this equation we get

1̄(Hs, J̄Z) =
1̄(Z,W)2

1(Z,Z)1(W,W)
1̄(Hs, J̄Z). (63)

Since J̄(S) is non-degenerate, choosing non-null vector fields Z and W, we conclude that either Hs = 0 or Z
and W are linearly dependent. This proves (b). Thus, the proof is completed.

Theorem 4.6. There exist no totally umbilical proper STCR lightlike submanifold of an indefinite complex space
form M̄(c), c , 0.

Proof. Let assume that M be a totally umbilial proper STCR lightlike submanifold of an indefinite complex
space form M̄(c), c , 0. Then from (3) and (21) we obtain

R̄(X, J̄X)Z = −
c
2
1(X,X) J̄Z (64)

and

R̄(X, J̄X)Z = (∇Xhs)( J̄X,Z) − (∇ J̄Xhs)(X,Z)
= Xhs( J̄X,Z) − hs(∇X J̄X,Z) − hs(J̄X,∇XZ)
− J̄Xhs(X,Z) + hs(∇ J̄XX,Z) + hs(X,∇ J̄XZ)
= X1(J̄X,Z)Hs

− 1(∇X J̄X,Z)Hs
− 1( J̄X,∇XZ)Hs

− J̄X1(X,Z)Hs + 1(∇ J̄XX,Z)Hs + 1(X,∇ J̄XZ)Hs

= 0, (65)

for ∀X ∈ Γ(D0) , Z ∈ Γ( J̄S), respectively. Thus, from (64) and (65) we have c = 0 which is a contraction and
the proof is completed.

5. Minimal STCR lightlike submanifolds

A general notion of minimal lightlike submanifold M of a semi-Riemannian manifold M̄ has been
introduced by Bejan-Duggal in [3] as follows:

Definition 5.1. We say that a lightlike submanifold (M, 1,S(TM)) isometrically immersed in a semi-Riemannian
manifold (M̄, 1̄) is minimal if:

(i) hs = 0 on Rad(TM) and
(ii) traceh = 0, where trace is written with respect to 1 restricted to S(TM).

In Case 2, condition (i) is trivial. It has been shown in [3] that the above definition is independent of
S(TM) and S(TM⊥), but it depends on tr(TM).

As in the semi-Riemannian case, any lightlike totally geodesic M is minimal. Thus, it follows from
Corollary 2.5 in [7, page 167] that any totally lightlike M (Case 4) is minimal. If M is totally umbilical proper
STCR lightlike submanifold of an indefinite Kähler manifold M̄ with the distribution D0 integrable, then it
follows from Theorem 4.4 that M is minimal.
Minimal lightlike submanifolds are investigated in detail in [10].
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Example 5.2. Let M be a submanifold of M̄ = R14
4 and given by

x1 = u1 sinhα + u2 coshα , x2 = (u3 +
u4

2
) sinhα , x3 = u1 , x4 = (u3 −

u4

2
) ,

x5 = u2 , x6 = 0 , x7 = cos u5 cosh u6 , x8 = sin u5 sinh u6 ,

x9 = u1 coshα + u2 sinhα , x10 = (u3 +
u4

2
) coshα , x11 = − sin u7 cosh u8 ,

x12 = cos u7 sinh u8 , x13 = −(u7 + u8) , x14 = u7 − u8.

Then TM is spanned by

Z1 = sinhα∂x1 + ∂x3 + coshα∂x9 , Z2 = coshα∂x1 + ∂x5 + sinhα∂x9,

Z3 = sinhα∂x2 + ∂x4 + coshα∂x10 , Z4 =
1
2
{sinhα∂x2 + ∂x4 + coshα∂x10},

Z5 = − sin u5 cosh u6∂x7 + cos u5 sinh u6∂x8,

Z6 = cos u5 sinh u6∂x7 + sin u5 cosh u6∂x8,

Z7 = − cos u7 cosh u8
∂
∂x11

− sin u7 sinh u8∂x12 − ∂x13 + ∂x14,

Z8 = − sin u7 sinh u8∂x11 + cos u7 cosh u8∂x12 − ∂x13 − ∂x14.

where Rad(TM) = Sp{Z1,Z2} , J̄(D1) = Sp{ J̄Z1 = Z3} , D0 = Sp{Z5,Z6} and it is easy to see that

ltr(TM) = Sp{N1 =
1
2
{sinhα∂x1 − ∂x3 + coshα ∂x9},

N2 =
1
2
{− coshα∂x1 + ∂x5 − sinhα∂x9}},

J̄N1 = Z4 , S(TM⊥) = Sp{J̄Z2, J̄N2, J̄Z7, J̄Z8},

S = Sp{ J̄Z7, J̄Z8}.

Hence, M is a STCR lightlike submanifold of R14
4 .

On the other hand, by direct calculation we obtain

∇̄Zi Z j = 0 , 1 ≤ i ≤ 4 , 1 ≤ j ≤ 8

and

h(Z5,Z5) = 0 , h(Z6,Z6) = 0,

hl(Z7,Z7) = 0 , hl(Z8,Z8) = 0,

hs(Z7,Z7) =
(sinh u8 cosh u8) J̄Z7 + (− sin u7 cos u7) J̄Z8

sin2 u7 sinh2 u8 + cos2 u7 cosh2 u8 + 2
,

hs(Z8,Z8) =
(− sinh u8 cosh u8) J̄Z7 + (sin u7 cos u7) J̄Z8

sin2 u7 sinh2 u8 + cos2 u7 cosh2 u8 + 2
.

Hence, it is clear that M is not totally geodesic and, but it is a minimal STCR lightlike submanifold of M̄ = R14
4 .

We now give characterizations for M to be minimal.

Theorem 5.3. A totally umbilical STCR lightlike submanifold M is minimal if and only if for W j ∈ Γ(S(TM⊥)),

traceAW j |D0⊥ J̄(S)= traceA∗ξk
|D0⊥ J̄(S)= 0,

where dim(TM) = m, dim(Rad(TM)) = r, dim(tr(TM)) = n.
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Proof. M is minimal iff hs = 0 on Rad(TM) and traceh = 0 on S(TM). That is,

traceh |S(TM) = traceh |D0 +traceh | J̄(S) +traceh | J̄(D1) +traceh |J̄(L1)

=

a∑
i=1

h(Zi,Zi) +

b∑
j=1

h(J̄W j, J̄W j)

+

r∑
k=1

h(J̄ξk, J̄ξk) +

r∑
k=1

h( J̄Nk, J̄Nk),

where dim(D0) = a, dim( J̄(S)) = b.
On the other hand, since M is totally umbilical then from (56) we get

traceh |S (TM) = traceh |D0 +traceh | J̄(S)

=

a∑
i=1

εi{hl(ei, ei) + hs(ei, ei)} +
b∑

j=1

ε j{hl(e j, e j) + hs(e j, e j)}

=

a∑
i=1

εi[
1
r

r∑
k=1

1̄(hl(ei, ei), ξk)Nk +
1

n − r

n−r∑
j=1

1̄(hs(ei, ei),W j)W j]

+

b∑
j=1

ε j[
1
r

r∑
k=1

1̄(hl(e j, e j), ξk)Nk +
1

n − r

n−r∑
j=1

1̄(hs(e j, e j),W j)W j].

Besides, if we consider (13) and (17), we obtain

traceh |S (TM) =

a∑
i=1

εi[
1
r

r∑
k=1

1(A∗ξk
ei, ei)Nk] +

b∑
j=1

ε j[
1
r

r∑
k=1

1(A∗ξk
e j, e j)Nk]

+

a∑
i=1

εi[
1

n − r

n−r∑
j=1

1(AW j ei, ei)W j]

+

b∑
j=1

ε j[
1

n − r

n−r∑
j=1

1(AW j e j, e j)W j]

= 0

which completes the proof.

Theorem 5.4. Let M be a STCR lightlike submanifold of an indefinite Kähler manifold M̄. Then the distribution D0
is minimal if and only if for ∀X ∈ Γ(D0) and N ∈ Γ(L1),

AN J̄X + J̄ANX has no components in Γ(D0).

Proof. From definition, it is clear that D0 is minimal if and only if

1(∇XX + ∇ J̄X J̄X, J̄ξ) = 0,
1(∇XX + ∇ J̄X J̄X, J̄W) = 0,

1(∇XX + ∇ J̄X J̄X, J̄N
′

) = 0,

∀X ∈ Γ(D0), ξ ∈ Γ(Rad(TM)), W ∈ Γ(S) and N′

∈ Γ(L2). From (1) we can write

1(∇XX, J̄ξ) = −1( J̄X,A∗ξX),

1(∇ J̄X J̄X, J̄ξ) = 1(X,A∗ξ J̄X).
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On the other hand, the shape operator is symmetric on S(TM). Thus, from (10)-(12), for ∀X ∈ Γ(D0),
ξ ∈ Γ(Rad(TM)), W ∈ Γ(S) and N′

∈ Γ(L2), we have

1(∇XX + 1(∇ J̄X J̄X, J̄ξ) = 1(A∗ξX, J̄X) − 1( J̄X,A∗ξX) = 0.

In a similar way, we get
1(∇XX + ∇ J̄X J̄X, J̄W) = 0.

Similarly, for ∀X ∈ Γ(D0) and N ∈ Γ(L1), we obtain

1(∇XX + ∇ J̄X J̄X, J̄N) = 1(X,AN J̄X + J̄ANX). (66)

Hence, proof is completed.
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