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Abstract. We introduce a new notion of Reeb invariant structure Jacobi operator and two kinds of singular
normal vector field N for a real hypersurface M in the complex quadric Qm, m ≥ 3. If the unit normal N is
A-isotropic, we give a classification of Hopf real hypersurfaces with Reeb invariant structure Jacobi operator
in the complex quadric Qm, for m ≥ 3.

1. Introduction

In 20th century, some classification theorems for real hypersurfaces in Hermitian symmetric spaces of
rank 1 have been investigated by many differential geometers (see [1], [2], [8], [29], [30] and [31]). For
instance, Okumura [17] investigated real hypersurfaces with isometric Reeb flow in complex projective
space. Using this condition, Montiel and Romero [16] gave a classification for real hypersurfaces in
complex hyperbolic space. Recently, many differential geometers have extended some results in Hermitian
symmetric spaces of rank 1 to Hermitian symmetric spaces of rank 2 (see [3], [4], [5], [6], [11], [22], [23]
and [28]).

As typical examples of Hermitian symmetric spaces of rank 2 we can consider the complex two-
plane Grassmannians SUm+2/S(U2Um) and complex hyperbolic two-plane Grassmannians SU2,m/S(U2Um).
Berndt and Suh [4] gave a classification of real hypersurfaces with isometric Reeb flow in complex two-plane
Grassmannians and Suh [22] did it for complex hyperbolic two-plane Grassmannians.

On the other hand, the complex quadric Qm = SOm+2/SOmSO2 is another kind of rank 2 Hermitian
symmetric space of compact type different from the complex two-plane Grassmannian. Indeed, the complex
quadric Qm is a complex hypersurface in complex projective space CPm+1. The complex quadric can be
regarded as a kind of real Grassmann manifolds of compact type with rank 2. In fact, the complex quadric
admits two important geometric structures which are a complex conjugation A and a Kähler structure J.
For these two structures, A and JA are self-adjoint, whereas J is skew-adjoint. Then for m ≥ 3 the triple

2020 Mathematics Subject Classification. Primary 53C40; Secondary 53C55
Keywords. complex quadric, Hopf real hypersurface, structure Jacobi operator, A-isotropic, A-principal, Reeb invariance
Received: 01 September 2020; Revised: 10 November 2020; Accepted: 14 December 2020
Communicated by Ljubica Velimirović
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(Qm, J, 1) is a Hermitian symmetric space of compact type with rank 2 and its maximal sectional curvature
is equal to 4 (see [9], [10], [20] and [21]).

There is another remarkable geometric structure on Qm, namely a parallel rank 2 vector bundle Awhich
contains an S1-bundle of real structures. This is denoted by A[z] = {Aλz̄ |λ ∈ S1

⊂ C}, [z] ∈ Qm. Now, A[z]
is a parallel rank 2-subbundle of End(T[z]Qm), [z] ∈ Qm. This geometric structure determines a maximal
A-invariant subbundle Q of the tangent bundle TM of a real hypersurface M in Qm. Here the notion of
parallel vector bundle Ameans that (∇̄XA)Y = q(X)JAY for any vector fields X and Y on Qm, where ∇̄ and q
denote a connection and a certain 1-form defined on TQm, [z] ∈ Qm, respectively (see [20]).

On the other hand, since the real structure A is an involutive automorphism on T[z]Qm, [z] ∈ Qm, it can be
decomposed as T[z]Qm = V(A)⊕ JV(A), where V(A) = {X ∈ T[z]Qm

|AX = X} and JV(A) = {X ∈ T[z]Qm
|AX =

−X} are the (+1)-eigenspace and the (−1)-eigenspace of A, respectively. It implies that for every unit vector
W ∈ T[z]Qm there exist t ∈ [0, π4 ] and orthonormal vectors Z1, Z2 ∈ V(A) so that

W = cos(t)Z1 + sin(t)Z2

holds (see Proposition 3 in [20]). Here, t is uniquely determined by W. In particular, the vector W is singular
if and only if either t = 0 or t = π

4 holds. The vectors with t = 0 are called A-principal, whereas the vectors
with t = π

4 are called A-isotropic. If W is regular, i.e. 0 < t < π
4 holds, then also A and Z1, Z2 are uniquely

determined by W.

Let M be a real hypersurface of Qm and N be a unit normal vector field on M. From the complex
structure J of (Qm, 1), we naturally obtain an almost contact metric structure (φ, ξ, η, 1) on M. Also, by
Weingarten formula which is ∇̄XN = −SX we define the shape operator S of M.

For a typical classification of real hypersurfaces in the complex quadric Qm, we introduce a new notion
of Reeb-invariant shape operator defined by (LξS)Y = 0 along the Reeb direction ξ = −JN, where L denotes
the Lie derivative on the hypersurface. By using such notion, Suh [24] gave the following

Theorem 1.1 ([24]). Let M be a Hopf real hypersurface with Reeb invariant shape operator in the complex quadric Qm,
m ≥ 3. Then m is even, say m = 2k, and M is locally congruent to a tube over a totally geodesic complex projective
space CPk in Q2k (this tube is called a model space of type (TA)).

Here, we say that a real hypersurface M is Hopf if the Reeb vector field ξ is principal, that is, Sξ = αξ.
Moreover, the smooth function α = 1(Sξ, ξ) is called the Reeb function of M. If the Reeb function α
identically vanishes, we say that M has vanishing geodesic Reeb flow. Otherwise, M has non-vanishing geodesic
Reeb flow.

By using the expression of the curvature tensor R for a real hypersurface M in Qm, the structure Jacobi
operator Rξ is an (1,1)-type tensor that can be defined as

Rξ(X) = R(X, ξ)ξ

for any tangent vector field X on M. Pérez and Santos [19] gave a complete classification of real hypersurfaces
in complex projective spaces satisfying recurrent structure Jacobi operator, that is, (∇XRξ)Y = ω(X)RξY for
any X,Y ∈ TM. Moreover, Machado, Pérez and Suh [15] investigated real hypersurfaces in complex two-
plane Grassmannians with commuting structure Jacobi operator defined by Rξ ◦ RY = RY ◦ Rξ, where
RY = R( · ,Y)Y is the Jacobi operator with respect to Y ∈ TM.

On the other hand, the structure Jacobi operator Rξ of M is said to be invariant if the operator Rξ satisfies

(LXRξ)Y = 0

for any X,Y ∈ TM, where the Lie derivative (LXRξ)Y is given by

(LXRξ)Y = [X,RξY] − Rξ[X,Y]
= ∇X(RξY) − ∇RξYX − Rξ(∇XY − ∇YX)
= (∇XRξ)Y − ∇RξYX + Rξ(∇YX).

(1.1)
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In particular, it is said to be Reeb invariant if the structure Jacobi operator Rξ of M holds

(LξRξ)Y = 0 (*)

for any Y ∈ TM. Moreover, from (1.1) and using ∇Yξ = φSY for any Y ∈ TM, the condition (*) is equivalent
to

(∇ξRξ)Y = φSRξY − RξφSY (1.2)

for any Y ∈ TM.

Machado and Pérez [14] considered the notion of Reeb invariant structure Jacobi operator of real
hypersurfaces in complex two-plane Grassmannians G2(Cm+2). By using this notion, they proved that a real
hypersurface M in G2(Cm+2) has Reeb invariant structure Jacobi operator if and only if M is locally congruent to a
open part of a tube around a totally geodesic G2(Cm+1) in G2(Cm+2).

Related to these facts, we want to give a classification of Hopf real hypersurfaces in the complex
quadric Qm satisfying the Reeb invariance of the structure Jacobi operator Rξ, that is, LξRξ = 0.

First, when the normal vector field N of M in Qm is A-principal, we assert:

Theorem 1.2. There does not exist a Hopf hypersurface with Reeb invariant structure Jacobi operator in the complex
quadric Qm, m ≥ 3, whose normal vector field is A-principal.

Next, by using the result of isometric Reeb flow in the complex quadric Qm due to Berndt and Suh [5],
we obtain:

Theorem 1.3. Let M be a Hopf real hypersurface with A-isotropic normal vector field and non-vanishing geodesic
Reeb flow in the complex quadric Qm. Then, the structure Jacobi operator Rξ of M is Reeb invariant if and only if M
is locally congruent to a tube of radius r ∈ (0, π4 ) ∪ (π4 ,

π
2 ) around a totally geodesic CPk in Q2k.

This paper is organized as follows. First, in section 2 we review some geometric structures of complex
quadric Qm and set up the notations of geometric tools in a Hopf real hypersurface M in Qm. Also, we
deal with useful materials to classify real hypersurfaces in the complex quadric Qm in section 2. Next, in
sections 3 and 4 we give a classification of real hypersurfaces in complex quadric Qm with Reeb invariant
structure Jacobi operator.

2. Complex quadrics and their Hopf real hypersurfaces

In this section, we deal with some general formulas given on a Hopf hypersurface M in the complex
quadric Qm. And we introduce some key Lemmas depending on A-principal or A-isotropic normal vector
field N of M, which are used in sections 3 and 4, respectively. For more details, we can refer to [12], [13],
[18], [25], [26] and [27].

As mentioned in the introduction, the complex quadric Qm = SOm+2/SO2SOm is a complex hypersurface
in CPm+1, which is defined by the equation z2

0 + · · · + z2
m+1 = 0, where z0, z1, · · · , zm+1 are homogeneous

coordinates on CPm+1 (see [5], [7], [9], [10] and [20]). It admits two geometric structures, a complex
conjugation A and a Kähler structure J. Such two structures of Qm satisfy the anti-commuting property
AJ = −JA for each A ∈ A. Here A is a parallel rank two vector bundle which contains an S1-bundle of real
structures, that is, A[z] = {Aλz̄ |λ ∈ S1

⊂ C} for any point [z] ∈ Qm.

The complex quadric Q1 = SO3/SO2 is isometric to a sphere S2 with constant curvature. And Q2 is
isometric to the Riemannian product of two complex projective spaces CP1

×CP1, which is grounded in the
Segre embedding CP1

× CP1
−→ Q2

⊂ CP3. For this reason, we will assume m ≥ 3 hereafter.
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The Gauss equation for Qm inCPm+1 implies the Riemannian curvature tensor R̄ of Qm which is described
in terms of the complex structure J and the complex conjugations A ∈ A as follows:

R̄(X,Y)Z = 1(Y,Z)X − 1(X,Z)Y + 1(JY,Z)JX − 1(JX,Z)JY − 21(JX,Y)JZ
+ 1(AY,Z)AX − 1(AX,Z)AY + 1(JAY,Z)JAX − 1(JAX,Z)JAY.

(2.1)

Let M be a real hypersurface in Qm and denote by (φ, ξ, η, 1) the induced almost contact metric structure.
By the Gauss and Weingarten formulas, the left side of (2.1) becomes

R̄(X,Y)Z = R(X,Y)Z − 1(SY,Z)SX + 1(SX,Z)SY +
{
1((∇XS)Y,Z) − 1((∇YS)X,Z)

}
N, (2.2)

where R and S denote the Riemannian curvature tensor and the shape operator of M in Qm, respectively.

On the other hand, at each point [z] ∈M we can choose A ∈ A[z] such that

N = cos(t)Z1 + sin(t)JZ2

for some orthonormal vectors Z1,Z2 ∈ V(A) and 0 ≤ t ≤ π
4 (see Proposition 3 in [20]). Note that t is a

function on M. From this, we have

AN = cos(t)AZ1 + sin(t)AJZ2 = cos(t)Z1 − sin(t)JAZ2 = cos(t)Z1 − sin(t)JZ2,

JN = cos(t)JZ1 + sin(t)J2Z2 = cos(t)JZ1 − sin(t)Z2

and

AJN = cos(t)AJZ1 − sin(t)AZ2 = − cos(t)JAZ1 − sin(t)Z2 = − cos(t)JZ1 − sin(t)Z2. (2.3)

Since JN = −ξ, (2.3) becomes

Aξ = cos(t)JZ1 + sin(t)Z2. (2.4)

Taking the inner product of (2.4) with the unit normal vector N yields

1(Aξ,N) = 1(cos(t)JZ1 + sin(t)Z2, cos(t)Z1 + sin(t)JZ2) = 0,

which means the vector field Aξ is tangent to M. Also, by using JX = φX + η(X)N and η(X) = 1(X, ξ) for
any X ∈ TM, we may put

AX = BX + 1(AX,N)N (2.5)

and

AN = AJξ = −JAξ = −φAξ − 1(Aξ, ξ)N, (2.6)

where BX and −φAξ are tangential parts of AX and AN, respectively. Using these notations, together
with (2.2), and taking the tangential and normal components of (2.1), we obtain

R(X,Y)Z = 1(Y,Z)X − 1(X,Z)Y + 1(φY,Z)φX − 1(φX,Z)φY − 21(φX,Y)φZ
+ 1(AY,Z)BX − 1(AX,Z)BY + 1(SY,Z)SX − 1(SX,Z)SY

+ 1(JAY,Z)
{
− BφX + η(X)φAξ

}
− 1(JAX,Z)

{
− BφY + η(Y)φAξ

} (2.7)

and

1((∇XS)Y − (∇YS)X,Z) = η(X)1(φY,Z) − η(Y)1(φX,Z) − 2η(Z)1(φX,Y) + 1(X,AN)1(AY,Z)
− 1(Y,AN)1(AX,Z) + 1(X,Aξ)1(JAY,Z) − 1(Y,Aξ)1(JAX,Z),

(2.8)
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which are called the equations of Gauss and Codazzi, respectively.

Now, we assume that M is a Hopf real hypersurface in the complex quadric. We say that M is Hopf if
the Reeb vector field ξ of M is principal for the shape operator S, that is, Sξ = 1(Sξ, ξ)ξ = αξ. In particular,
if the Reeb function α = 1(Sξ, ξ) identically vanishes, we say that M has a vanishing geodesic Reeb flow.
Otherwise, M has a non-vanishing geodesic Reeb flow. By virtue of the Codazzi equation (2.8), we obtain
the following lemma.

Lemma 2.1 ([5]). Let M be a Hopf real hypersurface in the complex quadric Qm, m ≥ 3. We have

Yα = (ξα)η(Y) + 21(Y,AN)1(ξ,Aξ), (2.9)

and

0 = 21(SφSX,Y) − α1((φS + Sφ)X,Y) − 21(φX,Y) + 1(X,AN)1(Y,Aξ) − 1(Y,AN)1(X,Aξ)
− 1(X,Aξ)1(JY,Aξ) + 1(Y,Aξ)1(JX,Aξ) − 21(X,AN)1(ξ,Aξ)η(Y) + 21(Y,AN)1(ξ,Aξ)η(X)

(2.10)

for any tangent vector fields X and Y on M.

Recall that there are two types of singular tangent vector fields for the complex quadric Qm, one is given
by A-principal vector fields and the other by A-isotropic vector fields. From such notions, we want to give
two important lemmas.

First, if the unit normal vector field N of M in Qm is A-principal, then we obtain that AN = N and
Aξ = −ξ. From these geometric properties we see that AY ∈ TpM for every tangent vector Y ∈ T[z]M.
Moreover, we assert:

Lemma 2.2. Let M be a Hopf real hypersurface in Qm with A-principal normal vector field N. Then following
statements hold.

(a) α is constant on M.
(b) φAX = −AφX for X ∈ TM.
(c) q(X) = 2αη(X) for X ∈ TM.
(d) ASX = SAX = SX − 2αη(X)ξ for X ∈ TM.

Proof. Since the unit normal vector field N is A-principal, we get Aξ = −ξ and AN = N. From this, (2.9)
leads to

Yα = (ξα)η(Y) (2.11)

for any tangent vector field Y on M. This implies that gradα = (ξα)ξ, where gradα denotes the gradient of
the Reeb function α. By using the property of 1(∇Xgradα,Y) = 1(∇Ygradα,X), we obtain(

X(ξα)
)
η(Y) + (ξα)1(φSX,Y) =

(
Y(ξα)

)
η(X) + (ξα)1(φSY,X) (2.12)

for any tangent vector fields X and Y on M. Putting Y = ξ in (2.12) it follows
(
X(ξα)

)
=

(
ξ(ξα)

)
η(X). From

this, the equation (2.12) becomes

(ξα)1
(
(φS + Sφ)X,Y

)
= 0.

On the other hand, in [12] Lee and Suh proved that there does not exist a real hypersurface with anti-
commuting property, Sφ + φS = 0, in Qm, m ≥ 3. Thus, by virtue of this result we get ξα = 0 on M. From
this, (2.11) implies that Yα = 0 for any Y ∈ TM. So, this means that the Reeb function α = 1(Sξ, ξ) is constant
on M.
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In order to show that φAX = −AφX, first we consider the equation JAX = −AJX for any X ∈ TM. From
AN = N, we obtain AX ∈ TM for any X ∈ TM. Thus we get

JAX = φAX + η(AX)N = φAX − η(X)N,

where we have used η(AX) = 1(AX, ξ) = 1(X,Aξ) = −1(X, ξ). Similarly, we see that −AJX = −AφX −
η(X)AN = −AφX − η(X)N. Comparing these two equations yields the equality in (b).

We now prove (c). Since 1(Aξ,N) = 0, Aξ is tangent to M. Then by the Gauss formula, we get

∇X(Aξ) = ∇̄X(Aξ) − σ(X,Aξ)
= q(X)JAξ + A(∇Xξ) + 1(SX, ξ)AN − 1(SX,Aξ)N,

together with the covariant derivative of A with respect to the Riemann connection ∇̄ of Qm given by
(∇̄XA)Y = q(X)JAY. Taking the inner product with N, it becomes

q(X)1(Aξ, ξ) = −1(AN,∇Xξ) + 1(SX, ξ)1(Aξ, ξ) + 1(SX,Aξ). (2.13)

Applying 1(AN,N) = 1, 1(Aξ, ξ) = −1 and Sξ = αξ, we get q(X) = 2αη(X), the end of the proof of (c).

Finally, we prove the equation (d). Since AN = N, we differentiate this equation with respect to a tangent
vector field X. Then we see that

(∇̄XA)N + A∇̄XN = ∇̄XN.

By using the Weingarten equation ∇̄XN = −SX, we have

q(X)JAN − ASX = −SX.

From this, together with (c), it follows that

ASX = SX − 2αη(X)ξ (2.14)

for all tangent vector field X of M. Furthermore, taking the symmetric part of (2.14) implies AS = SA. It
gives a complete proof of (d).

Next, in the case of the normal vector field N is A-isotropic, we obtain 1(AN,N) = 1(Aξ, ξ) = 0. So, we
can introduce the following lemma.

Lemma 2.3 ([12]). Let M be a Hopf real hypersurface in Qm with A-isotropic normal vector field. Then we have

(a) α = 1(Sξ, ξ) is constant on M.
(b) AN,Aξ ∈ TM.
(c) SAN = SφAξ = SAξ = 0.
(d) If X ∈ Q is a principal curvature vector of M with SX = λX, then α , 2λ. Moreover, φX is a principal curvature

vector whose principal curvature µ is given by µ = αλ+2
2λ−α (that is, AφX = µφX).

3. Reeb invariant structure Jacobi operator with A-principal normal vector field

In this section, we classify a real hypersurface M with Reeb invariant structure Jacobi operator in the
complex quadric Qm for m ≥ 3, if N is A-principal.

First, we introduce the basic equation for structure Jacobi operator Rξ of M. Putting Y = Z = ξ in (2.7),
the structure Jacobi operator Rξ of M is given by

RξY = R(Y, ξ)ξ

= Y − η(Y)ξ + 1(Aξ, ξ)BY − 1(Aξ,Y)Aξ + 1(AN,Y)φAξ + αSY − α2η(Y)ξ.
(3.1)

Using this equation, we give the following lemma.
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Lemma 3.1. Let M be a Hopf hypersurface with Reeb invariant structure Jacobi operator in the complex quadric Qm

for m ≥ 3. If M has A-principal unit normal vector field, then the Reeb function α identically vanishes on M.
Moreover, Sφ + φS = 0 for the shape operator S of M in Qm.

Proof. Note that (LξRξ)Y = 0 is equivalent to (∇ξRξ)Y = φSRξY − RξφSY. Differentiating (3.1) along any
direction X, it follows that

1((∇XRξ)Y,Z) = −1(Y,∇Xξ)η(Z) − η(Y)1(Z,∇Xξ) + 1(AφSX, ξ)1(AY,Z) + 1(Aξ,∇Xξ)1(AY,Z)

+ 1(Aξ, ξ)
{
q(X)1(JAY,Z) + 1(SX,Y)1(AN,Z) + 1(AN,Y)1(SX,Z)

}
− 1(Aξ,Z)

{
1(AφSX,Y) + αη(X)1(AN,Y)

}
− 1(Aξ,Y)

{
1(AφSX,Z) + αη(X)1(AN,Z)

}
+ 1(AN,Z)

{
1(AY,SX) + 1(SX,Y)1(Aξ, ξ)

}
+ 1(AN,Y)

{
1(AZ,SX) + 1(SX,Z)1(Aξ, ξ)

}
+ (Xα)1(SY,Z) + α1((∇XS)Y,Z) − 2α(Xα)η(Y)η(Z) − α21(Y,∇Xξ)η(Z) − α2η(Y)1(Z,∇Xξ),

(3.2)

for any vector fields X, Y, and Z on M.

Inserting X = ξ in (3.2) and using the assumption of M being Hopf, together with ∇ξξ = φSξ = 0, we
get

1((∇ξRξ)Y,Z) = 1(Aξ, ξ)
{
q(ξ)1(JAY,Z) + 1(Sξ,Y)1(AN,Z) + 1(AN,Y)1(Sξ,Z)

}
− α1(Aξ,Z)1(AN,Y) − α1(Aξ,Y)1(AN,Z)

+ 1(AN,Z)
{
α1(AY, ξ) + αη(Y)1(Aξ, ξ)

}
+ 1(AN,Y)

{
α1(AZ, ξ) + αη(Z)1(Aξ, ξ)

}
+ (ξα)1(SY,Z) + α1((∇ξS)Y,Z) − 2α(ξα)η(Y)η(Z).

(3.3)

On the other hand, by the equation (3.1), φSRξY − RξφSY is given by

φSRξY − RξφSY = 1(Aξ, ξ)φSBY − 1(Aξ,Y)φSAξ + 1(AN,Y)φSφAξ + αφS2Y
− 1(Aξ, ξ)BφSY − 1(φAξ,SY)Aξ − 1(AN, φSY)φAξ − αSφSY.

(3.4)

Thus, from (3.3) and (3.4), the Reeb invariant structure Jacobi operator Rξ can be arranged as

1(Aξ, ξ)
{
q(ξ)1(JAY,Z) + 1(Sξ,Y)1(AN,Z) + 1(AN,Y)1(Sξ,Z)

}
+ 1(AN,Z)

{
α1(AY, ξ) + αη(Y)1(Aξ, ξ)

}
+ 1(AN,Y)

{
α1(AZ, ξ) + αη(Z)1(Aξ, ξ)

}
− α1(Aξ,Z)1(AN,Y) − α1(Aξ,Y)1(AN,Z) + (ξα)1(SY,Z) + α1((∇ξS)Y,Z) − 2α(ξα)η(Y)η(Z)

= 1((∇ξRξ)Y,Z)
= 1(φSRξY − RξφSY,Z)

= 1(Aξ, ξ)1(φSBY,Z) − 1(Aξ,Y)1(φSAξ,Z) + 1(AN,Y)1(φSφAξ,Z) + α1(φS2Y,Z)
− 1(Aξ, ξ)1(BφSY,Z) − 1(φAξ,SY)1(Aξ,Z) − 1(AN, φSY)1(φAξ,Z) − α1(SφSY,Z)

(3.5)

for any tangent vector fields Y and Z on M.

Now, by our assumption of N being A-principal, Aξ = −ξ and AN = N, (3.5) gives

−q(ξ)φAY + (ξα)SY + α(∇ξS)Y − 2α(ξα)η(Y)ξ = −φSBY + αφS2Y + BφSY − αSφSY,

where we have used

AY = BY + 1(AY,N)N = BY + 1(Y,AN)N = BY + 1(Y,N)N = BY ∈ TM
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and
JAY = φAY + 1(AY, ξ)N = φAY − 1(Y, ξ)N = φAY − η(Y)N.

When the normal vector field N of M is A-principal, from Lemma 2.2, we see that the Reeb function α =
1(Sξ, ξ) is constant on M. So, it leads to

−q(ξ)φAY + α(∇ξS)Y = −φSBY + αφS2Y + BφSY − αSφSY.

Moreover, from Lemma 2.2 it can be rewritten as

−2αφAY + α(∇ξS)Y = −φSAY + αφS2Y − φASY − αSφSY. (3.6)

By means of the Codazzi equation, we obtain

(∇ξS)Y = αφSY − SφSY + φY − φAY.

From this, (3.6) yields

−3αφAY + α2φSY + αφY = −φSAY + αφS2Y − φASY. (3.7)

Applying the structure tensor φ and using φ2Y = −Y + η(Y)ξ, (3.7) becomes

3αAY − α2SY + 2αη(Y)ξ − αY − SAY + αS2Y − ASY = 0 (3.8)

for any tangent vector field Y on M.
Restricting Y ∈ C := {Y ∈ TM | Y⊥ξ} and using Lemma 2.2, (3.8) becomes

3αAY − α2SY − αY − 2SY + αS2Y = 0. (3.9)

Applying the complex conjugation A to (3.9) and using A2 = I, it yields that

3αY − α2SY − αAY − 2SY + αS2Y = 0 (3.10)

where we have use
ASY = SY − 2αη(Y)ξ = SY

and
AS2Y = S2Y − 2αη(SY)ξ = S2Y − 2α2η(Y)ξ = S2Y

for any Y ∈ C. Subtracting (3.10) from (3.9), we get that for any Y ∈ C

4α(AY − Y) = 0. (3.11)

Assume α , 0. Then (3.11) gives us AY = Y for any Y ∈ C. From this, the trace Tr(A) of a real structure A
of Qm is given by

Tr(A) =

2m∑
i=1

1(Aei, ei)

= 1(AN,N) + 1(Aξ, ξ) +

2m−2∑
i=1

1(Aei, ei)

= 2m − 2,

(3.12)

where {e1, e2, · · · , e2m−2, e2m−1 = ξ, e2m = N} is an orthonormal basis of TQm. Then it makes a contradiction.
In fact, it is known that the trace Tr(A) of real structure A of Qm is zero, that is, TrA = 0. From this and (3.12),
we obtain m = 1. But we only consider m ≥ 3 for Qm in this paper.
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Therefore, we see that the Reeb function α identically vanishes on M. Then the equation (3.8) becomes

−SAY − ASY = 0,

for any tangent vector field Y on M. By using Lemma 2.2, this implies SAY = 0, thus we conclude that

SY = 2αη(Y)ξ

for any tangent vector field Y on M. It means that M is a totally geodesic real hypersurface with Sφ+φS = 0,
which completes our proof of Lemma 3.1.

On the other hand, in [12] Lee and Suh considered the classification problem for real hypersurfaces in
the complex quadric Qm satisfying the property Sφ+φS = 0 (which is called anti-commuting shape operator)
and gave a non-existence theorem as follows:

Theorem 3.2. There does not exist any real hypersurface with anti-commuting shape operator in the complex
quadric Qm for m ≥ 3.

Summing up Lemma 3.1 and Theorem 3.2, we give a complete proof of our Theorem 1.2 in the intro-
duction.

4. Reeb invariant structure Jacobi operator with A-isotropic normal vector field

In this section, we classify Hopf real hypersurfaces with Reeb invariant structure Jacobi operator and
A-isotropic normal vector field. First we prove the following Lemma.

Lemma 4.1. Let M be a real hypersurface with Reeb invariant structure Jacobi operator and non-vanishing geodesic
Reeb flow in the complex quadric Qm, m ≥ 3. If the normal vector field N is A-isotropic, then the Reeb flow of M is
isometric.

Proof. From our assumption of the unit normal vector N being A-isotropic, we see that 1(Aξ, ξ) = 0. From
this and using (3.3) and (3.4), we get

α(∇ξS)Y = αφS2Y − αSφSY, (4.1)

for any tangent vector field Y on M. On the other hand, the equation of Codazzi gives us

(∇ξS)Y = αφSY − SφSY + φY − 1(AN,Y)Aξ + 1(Aξ,Y)AN.

From this and (4.1), we obtain

α2φSY + αφY − α1(AN,Y)Aξ + α1(Aξ,Y)AN = αφS2Y. (4.2)

Taking the symmetric part of (4.2), we get

−α2SφY − αφY − α1(Aξ,Y)AN + 1(AN,Y)Aξ = −αS2φY. (4.3)

Comparing (4.2) and (4.3), we obtain

α2(φS − Sφ)Y = α(φS2
− S2φ)Y (4.4)

for any tangent vector field Y on M.

Bearing in mind Lemma 2.3 in section 2, we may take a vector field U in Q such that SU = λU. Then we
see that α , 2λ, and SφU = µφU, where µ = αλ+2

2λ−α . Then, for such vector field U ∈ Q, together with α , 0,
(4.4) provides

α(λ − µ)φU = (λ2
− µ2)φU. (4.5)
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Taking the inner product of (4.5) with φU, we get

(λ − µ)(λ + µ − α) = 0. (4.6)

Suppose (λ + µ − α) = 0. Since µ = αλ+2
2λ−α , we obtain a quadratic equation for λ given by

2λ2
− 2αλ + α2 + 2 = 0.

By using the discriminant about the roots of the quadratic equation, D/4 = α2
− 2(α2 + 2) = −(α2 + 4) < 0,

we can see that this equation has imaginary roots, which makes a contradiction.

From this and (4.6), we assert that λ = µ. By means of this discussion, we can take an orthonormal basis
{ξ,Aξ, φAξ, e1, e2, · · · , em−2, φe1, φe2, · · · , φem−2} for T[z]M at [z] ∈M so that

S = diag(α, 0, 0, λ1, λ2, · · · , λm−2, λ1, λ2, · · · , λm−2),

that is, Sei = λiei, (i = 1, · · · ,m − 2) and Sφei = µiφei = λiφei, (i = 1, · · · ,m − 2). For such orthonormal basis,
any tangent vector field X of TM can be expressed by

X = 1(X, ξ)ξ + 1(X,Aξ)Aξ + 1(X, φAξ)φAξ +

m−2∑
i=1

1(X, ei)ei +

m−2∑
i=1

1(X, φei)φei. (4.7)

Taking two skew-symmetric tensors Sφ and φS for (4.7), we obtain respectively

SφX =

m−2∑
i=1

1(X, ei)Sφei +

m−2∑
i=1

1(X, φei)Sφ2ei

=

m−2∑
i=1

1(X, ei)Sφei −

m−2∑
i=1

1(X, φei)Sei

=

m−2∑
i=1

1(X, ei)λiφei −

m−2∑
i=1

1(X, φei)λiei

and

φSX =

m−2∑
i=1

1(X, ei)φSei +

m−2∑
i=1

1(X, φei)φSφei

=

m−2∑
i=1

1(X, ei)λiφei −

m−2∑
i=1

1(X, φei)λiφ
2ei

=

m−2∑
i=1

1(X, ei)λiφei −

m−2∑
i=1

1(X, φei)λiei,

where we have used SAξ = SφAξ = 0 and φ2ei = −ei, i = 1, 2, · · · ,m − 2. From these two equations, we see
that the shape operator S commutes with the structure tensor φ, that is, Sφ = φS. This means that the Reeb
flow of M is isometric.

On the other hand, Berndt and Suh proved:

Theorem 4.2 ([5]). Let M be a real hypersurface of the complex quadric Qm, m ≥ 3. Then the Reeb flow on M is
isometric if and only if m is even, say m = 2k, and M is an open part of a tube around a totally geodesic CPk in Q2k.
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By virtue of Theorem 4.2 and Lemma 4.1 we assert that a Hopf real hypersurface M satisfying the conditions
given in Lemma 4.1 is locally congruent to a tube (TA) over a totally geodesic CPk in Q2k.

Now, let us check the structure Jacobi operator Rξ of the tube (TA) satisfies Reeb invariance (*). That is,
we check that the equation

(∇ξRξ) = φSRξ − RξφS (4.8)

holds on (TA). In order to do this, we introduce more detailed information about the model space of type
(TA) as follows:

Proposition 4.3 ([5]). Let (TA) be the tube of radius 0 < r < π
2 around the totally geodesic CPk in Q2k. Then the

following statements hold:

(i) (TA) is a Hopf hypersurface.
(ii) Every unit normal vector N of (TA) is A-isotropic and therefore can be written in the form N = (Z1 + JZ2)/

√
2

for some orthonormal vectors Z1, Z2 ∈ V(A) and A ∈ A.
(iii) (TA) has four distinct constant principal curvatures. Their values and corresponding eigenspaces and multi-

plicities are given the following Table.

principal curvature eigenspace multiplicity
α = 2 cot(2r) Tα = RJN 1
β = 0 Tβ = C(JZ1 + Z2) 2
λ = − tan(r) Tλ = TCPk

	 C(JZ1 + Z2) 2k − 2
µ = cot(r) Tµ = νCPk

	 CN 2k − 2

Here, TCPk and νCPk denote the tangent and normal bundles of CPk, respectively. Moreover, we have
A(TCPk

	 C(JZ1 + Z2)) = νCPk
	 CN.

(iv) Sφ = φS (isometric Reeb flow).

Bearing in mind Proposition 4.3, by using (3.3) and the Codazzi equation the left side of (4.8) is given by

(L.S.) = (∇ξRξ)Y = α(∇ξS)Y

= α2φSY + αφY − α1(AN,Y)Aξ + α1(Aξ,Y)AN,

=


0, Y ∈ Tα ⊕ Tβ
α(αλ + 1)φY, Y ∈ Tλ
α(αµ + 1)φY, Y ∈ Tµ,

On the other hand, by using (3.4) the right side of (4.8) becomes

(R.S.) = φSRξY − RξφSY

= αφS2Y

=


0, Y ∈ Tα ⊕ Tβ
αλ2φY, Y ∈ Tλ
αµ2φY, Y ∈ Tµ.

By virtue of Proposition 4.3, we get αλ+ 1− λ2 = 0 and αµ+ 1− µ2 = 0, which implies that α(αλ+ 1) = αλ2

and α(αµ + 1) = αµ2. So, we assert that the structure Jacobi operator Rξ of a real hypersurface of type (TA)
is Reeb-invariant. Therefore, we complete the proof of our Theorem 1.3.
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[19] J.D. Pérez and F.G. Santos, Real hypersurfaces in complex projective space with recurrent structure Jacobi operator, Differential

Geometry and its Applications 26 (2008), 218–223.
[20] H. Reckziegel, On the geometry of the complex quadric, in: Geometry and Topology of Submanifolds VIII (Brussels/Nordfjordeid

1995), World Sci. Publ., River Edge, NJ, 1995, pp. 302–315.
[21] B. Smyth, Differential geometry of complex hypersurfaces, Annals of Mathematics (Second Series) 85 (1967), 246–266.
[22] Y.J. Suh, Hypersurfaces with isometric Reeb flow in complex hyperbolic two-plane Grassmannians, Advances in Applied

Mathematics 50 (2013), 645–659.
[23] Y.J. Suh, Real hypersurfaces in complex hyperbolic two-plane Grassmannians with Reeb vector field, Advances in Applied

Mathematics 55 (2014), 131–145.
[24] Y.J. Suh, Real hypersurfaces in the complex quadric with Reeb invariant shape operator, Differential Geometry and its Applications

38 (2015), 10–21.
[25] Y.J. Suh, Real hypersurfaces in the complex quadric with parallel Ricci tensor, Advances in Mathematics 281 (2015), 886–905.
[26] Y.J. Suh, Real hypersurfaces in the complex quadric with harmonic curvature, Journal de Mathématiques Pures et Appliquées
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