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Abstract. In this work, we indicate three-dimensional system of difference equations

d]/n—kxn—k—l
Xy =AY+ ————

OZp—kYn—k-I hXp_Zn—i-1
—— , Y = QZppt =, Zy = Xkt = , 1 € Ny,
bxy——1 + CZy— BYn—k—1 + YXni

fznkr + ?yn—z

where k and | are positive integers, the parameters a,b,cd,a, E, y,0,¢e, ]":E h and the initial values
X-j, Y-j, z-j j = 1,k + I, are non-zero real numbers, can be solved in closed form. In addition, we
obtain explicit formulas for the well-defined solutions of the aforementioned system for the case

I =1. Also, the set of undefinable solutions of the system is found. Finally, an application about
a three-dimensional system of difference equations is given.

1. Introduction and Preliminaries

First, remind that IN, Ny, Z, R, C, stand for natural, non-negative integer, integer, real and complex
numbers, respectively. If m, n € Z, m < n the notation i = m,n stands for {i € Z : m <i < n}.

Difference equations emerge from the study of the evolution of naturally occurring events. There is
no doubt that the theory of difference equations will proceed to play an important role in mathematics.

Especially, the focus of interest for most authors is non-linear difference equations and their systems (see,
e.g. [4,5,13-18, 20, 22, 30-32])
One of important non-linear solvable difference equation is the following

OX kX - (k1)
Xp = QXp_i +

, 1 € Ny,
BXp—(etl) + VXn-i

1)
where k and [ are fixed natural numbers, «, §, ¥, 6 € R, and the initial values x_;, i = 1,k + [, are real numbers.
Tollu et al. solved equation (1) in closed-form in [28]. Some authors studied the case k =1,1=1,2,3,4, in
equation (1) with the special choices of a, 8, v, 6,in [1, 2, 6,7, 10, 21, 23, 25]. In addition, for the case k = 2,
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I =1, 2, with the special choices of a, 8, , 0 in equation (1) are investigated in [6, 7, 11].
Recently, in [19] we showed the solvability of the following two-dimensional relative to equation (1)

AY n—kXn—(k+1) OXp—kYn—(k+1)

, Yn = QXpg + , n €Ny, 2)
bXy—(esry + Y Yn " BYn—(esl) + YXn—i

Xp =AYy +

where k and [ are positive integers, a, b, ¢, d, a, p, y, 6 € IR, and the initial values x_;, y_;, i = 1,k + [, are real
numbers. System (2) is a natural generalization of the systems given in [3, 8, 9, 24, 27, 29]. In these papers,
authors studied the case 2 = 0, @ = 0 in system (2) with the special choices of k, |, b, c, d, B, y, 0. In addition,
authors found solutions of these systems which are associated to Fibonacci numbers in these papers.
A few years ago, in [12] the following systems of difference equations was studied:
YnXn—2 ZnYn-2 XnZpy-2

Tl = Xp—2 £ Zn—l’ Yue1 = yn—z + Xp-1 / Enel = Zp-p £ yn—l e NO’ (3)
where the initial values are non-zero real numbers and solved by using induction principle. But induction
method didn’t give much detail on how solutions were obtained. Note that, the system (3) is the extended
version of three-dimensional the equations in [1, 6, 7] and systems in [3, 24, 27].
A natural question is to study both three-dimensional form of equation (1), system (2) and more general
system of (3) solvable in closed form. Here we study such a system. That is, we deal with the following
system of difference equations

Yo = @y + =D EID g Y R @)

byt + CZpi BYn—k-1 + VXt fzn—k=1 + GYn

where k and [ are positive integers, the parameters a,b,5da, B\, y,0,¢, ]?:E h and the initial values x_;, y_;,

z_j j =1,k + 1, are non-zero real numbers.

o)
ST

Remark 1.1. We may assume that g =b, g =c, 5= = fand %A = g, from system (4) we get

>

n—kXn—k-I Zn—kYn-k-1 Xp—kZp—k—I
bxy—+cz' Yn = QZpy + ﬁ, Zn = eXyp + ———————, n € N. )
n—k—1 n—I n—k—1 n—I

Yo = Wk ¥ O fZuket ¥ GYnn
From now on, we will consider system (5) instead of system (4).

In this paper, we show that system (5) is solvable in closed form. Also, we give the forbidden set of the
initial values of system (5). Finally, an application that guarantees the accuracy of the results, is given.

2. Main Results
The first result is an auxiliary one which will be used for in solutions in this paper.

Lemma 2.1. [26] Consider

ax, +b
= - c
Xpsl oL n € Ny, (6)

n

for ¢ # 0, ad # bc, where parameters a, b, ¢, d and the initial value xq are real numbers, which called Riccati difference
equation. Indeed, equation (6) has the general solution can be written in the following form

_ xg(bc —ad) s, 1 + (axo + b) s,

= , n€N, 7
! (CXO - lZ) Sn t Su+1 ( )

where (sy) e, S the sequence satisfying
Spr1 —(@+d)s, — (bc —ad)s,_1 =0, n€ N, (8)

wheresy = 0,81 = 1.
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In other result, we show that system (5) is solvable in closed form. First, we write the system as follows:

Zn—| Xn-l Yn-i
x, Acgto ab+1 _aygint ap+1 et te f+1

= = = n € INp.
Zn—| 4 Xn—1 4 Yn—1 4
yn_k an—k—l + b Zn—k y"/n—k—l + ﬁ Yn—k -qz,,,k,l + f
Putting
x z
U, = _n’ Uy = ﬂ/ wy, = n ,n > —l/ (9)
Yn—k Zn—k Xn—k
in the last expressions, we get the system of equations
acw,_;+ab+1 ayu,—+apf+1 equ,_+ef +1
U, = n-l n = yn ﬁ n = gn f ,TIEN(), (10)
CWy_1 +b YUp_1 + B gy + f

where the parametersa, b, ¢, a, §, 7, e, f, g,in the new variables u,, v, and w,. System (10) can be written
as

_ (aceg +abg + g) v, +acef +abf +ac + f

= >
tn (ceg + bg) vy +cef +bf +¢ mzl (1)

_ (ayac + afc + c)wy—o + ayab + apb +ay +b
B (yac + Bc) wy—y + yab + b+ y

n>1, (12)

n

and

_ (egay +efy +y)uno +egap +efp +eqg+p 0>l (13)
n (gay + fy)un o +gap+fB+g

Let
Ay :=abgay + gay + acegary +abfy + fy +acefy +acy,
By :=abgap + gap + acegap + abg + g + aceg + abfB + fB + acefB + acP,
C1 :=bgay + cegay + bfy +cefy +cy,
Dj :=bgaf + cegaf + bg +ceg + bfp + cefp + cf,
Ay := afceg + ceq + avyaceg + afbg + bg + ayabg + ayg,
By := afcef + cef + ayacef + afc + c + ayac + apbf + bf + ayabf + ayf,
Cy := Bceg + yaceg + pbg + yabg + yg,
Dj := Beef + yacef + pc + yac + pbf + yabf + vf,
Az :=efyac + yac + egayac + ef Bc + Bc + egafc + egc,
Bz :=efyab + yab + egayab +efy +y + egay + ef b + b + egafb + egb,
Cs = fyac + gayac + fBc + gafc + g,
D3 := fyab + gayab + fy + gay + fpb + gapb + gb.
By using the second equation of system (10) in equation (11), the third equation of system (10) in equation

(12), the first equation of system (10) in equation (13), we obtain the independent equations

Ailty_3 + By
=— n>2|, 14
Ciup-z1 + Dy (14)

Uy
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A2vy_3+ By
e e ) 15

" Gy + Dy (15)

and

_ Aswy51+ By n>02L (16)

w, = >
" Cawyez + D3’

If we apply the decomposition of indexes n — 3I(m + 1) + i, form > =1 and i = —1,2] - 1, to (14), (15) and
(16), they become

Aiugyi + By
u = —————— m € N, 17
3l(m+1)+i C1u311n+i +D1 0 ( )

AoU3pmi + By
V3l(m+1)+i = ﬁ, m € Ny, (18)

m+1
and

A3Wsyei + Bs
w = —————— m € N, 19
3l(m+1)+i C3w3lm+i+D3 0 ( )

fori=-1,21—1. Let MZ)H = U3I(m+1)+is USJ)H = U3i(m+1)+ir ZUS?_H = W3i(m+1)+ir forsomem > —-1landi=-1,2]-1.
Then equations in (17)-(19) can be written as the following

0 _ Alug,? + B

= - , me No, (20)
i C1u£,l1) + Dy
0) AzU(i) + B,
7:1+1 = (n;—/ me NO/ (21)
CZU;111 + Dz
) Aswl) +B
= T me N, 22)
C3w,i, + D3
for i = —I,2] — 1, which are essentially in the form of Riccati difference equations. From equation (7), the

general solutions of (20)-(22) follow straightforwardly as

0 (31C1 - A1D1) ug)sm_l + (All/lg) + Bl) S

(C1 Uy — Al) Sm + Sm+1
0 (BQCQ - A2D2) vg)sm_l + (Azl)g) + Bz) Sm
Uy = o , m € Ny, (24)
(CZUO - A2) Sm + Sm+1
and
0 (B3C3 - A3D3) wg)sm_l + (A3wg) + B3) Sm
wm = , me NO/ (25)

(C?;wg) - AS) Sm + Sm+1

fori = —1,2] -1, sequence of (s;) N, is satisfying

Sm+1 — A8y — Bs,_1 =0, m € N, (26)
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difference equation where sy = 0,51 =1, A = bfB + cefp + ¢ + bgaf + cegaf + abfy + fy + acefy + acy +
abgay + gay + acegary + bg + ceg, B = cyg.
From (23)-(25), we get

_ (B1C1 — A1Dy) uisy—1 + (A1 + B1) sy "

;= € Ny, 27
Uslm+i (Crtti — A7) Sy + e 0 (27)

(B2Co — A2D2) 0iSy-1 + (A20; + B2) spy
= , m € Ny, 28
O3lm+i (CZUi — Az) Sy + Srl m 0 ( )

and

R (B3Cs — AsDs3) wism—1 + (Asw; + B3) s
3hmi (ngi - A3) Sm + Sm+1

, m € Np, (29)
for i = —1,2] — 1. Using equalities in (9), from (27)-(29) we get

cygxism—1 + (A1xi + B1Yi—k) Sm
(Cixi — A1Yik) Sm + YikSm+1

Upei = , m € N, (30)

cygYism-1 + (Azyi + Bozi—k) Sm
m i = 7 e N 7 31
Ol (Coyi — Aozig) S + ZikSma1 " 0 G

and

Cv9ziSm—1 + (Asz; + B3xi_) s
Walm+i = yg - : : m/ me INO/ (32)
(Cazi — A3Xi—) Sm + Xi—kSm+1

fori = —I,2] — 1. From (9) we have

Xn = UpYn-k = UnOn—kZn-2k = UnOn—kWn-2kXn-3k,s
Yn = UnZp-k = UnWp—kXp-2k = UnWy—kUpn-2kYn-3k, 1 = 2k -1, (33)
Zy = WpXp—k = Wplp—kYn—2k = WnlUp—kOn-2kZn-3ks
X3km+j; = Uskm+j O3km+jy—kWakm+j, —2kX3k(m—1)+j,» M € N, (34)
Yatm+ji = U3kmet j W3k j—kUskm+ j—2kY3k(m-1)+j,, M € No, (35)
Z3km+j, = Wakm+j, Uskm+j1—kU3km+j, —2kZ3k(m—1)+j,» T € No, (36)

for j; = 2k — 1,5k — I — 1, from which it follows that

m
X3km+j; = Xj;-3k H Uskj+j, OB j-1)k+jy W(Bj-2)k+ji 7 (37)
j=0
m
Yakm+jy = Yjr-3k H U3kj+jy W(Bj-1)k+j1 U3 j-2)k+jr 1 (38)
j=0
m
Zakm+j; = Zj;-3k H W3kjjy U(3j-1)k+j VB j-2)k+ju (39)

=0
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for m € Np and j; = 2k — 1,5k — 1 — 1. By the help of the well-known quotient remainder theorem, there
exists I € N and j € Ny such that n = 3[j + j, and j, € {0,1,...,3] — 1}. From this and equations in (37)-(39),
we can write

m 1
X3klm+3lj+j, = X31j+j,~3k1 H H Usklp+31j+ j,— Bn-3kU3kIp+31j+ jo—(Bn-2k W3kip+31j+ j,—(Bn—1)ks (40)
p=0 n=1
Yakim+3lj+j, = Y3lj+j,-3k H H U3kip+31j+j,—(3n—3)k W3kip+31j+ j, —(3n—2)k UkIp+31j+ j—(B3n—1)k (41)
p=0 n=1
m !
Z3kIm+3lj+j, = Z3lj+j, -3kl H W3kip+31j+jo—(3n-3)k U3kip+31j+ jo—(3n—2)k U3klp+31j+ jo—(3n—1)k (42)
p=0 n=1
where me Noand 3lj+ j, € 3kl —k—- 1,3kl -k—-1+1,...,6kI-k—-1-1}.
Let
K .o Pfrgep+yg
1=
vf+gay
Lo Bfb + Beef + Bc + apgb + afceg + gb + ceg
e Yfb+ ycef +yc+ aygb + ayceg
fb+cef+c
K2 =
gb + ceg
Lo fbB + faby + fy +efcp + efyac + cf + yac
2T gbB + gaby + gy + cfeg + yaceg
bp +aby +vy
Kyi=——F—"—,
cp + yac
L bﬁf+bgaﬁ+bg+abyf+abgay+yf+gay
3= =

cBf +cgap + cg + acy f + acgay

By the following theorem, we characterize the forbidden set of the initial values for system (5).

Theorem 2.2. The forbidden set of the initial values for system (5) is combination of two sets

)

—_
{X:x_]:Oory_j:O, ory-j=0,j=1,

and

- 1

U

ohoﬁ) ()/) (ohoﬁ) (Kl)or(f~0ﬁ0§)_m(L1)or

meNg s= O ys k-1
Zfs;l[ -~ m( ';) gofo._) (Kz) or (gofok) (LZ) or
m— hogoj?) ( IZ) hogof) (K3)0r@ogoﬂ (L3)} (43)

_)
where X = (X_g_1, X_g—141, - X1 Ykl Y—k=1+1," " s Y1, 21, Zk—141, """ ,Z-1)-
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Proof. Let (X, Yn,Zn),>_,_, be a solution of system (5). Assume thatx_; =0ory_; = 0orz_; = 0 for some
j = 1,k. For example, if x_x = 0, then zy = 0, and so x; can not be calculated. For the dual of this case, the

result is same, too. Thatis, if y_x = 0 (z_x = 0) , then xo = 0 (1o = 0) , and so y; (z;) can not be calculated. For

the other initial values, the case is not same. Because, if x_j = 0, y_; = 0,z_; = 0 for some j = k+ 1,k +1,
thenx, #0, y, # 0, z, # 0 for n > 0. So, we incorporate the set

- . —
{X:x_]-=00ry_j:00rz_]-:0, ]:1,k}

in the forbidden set. Now, we suppose that x, # 0, v, # 0 and z, # 0. The solution (x,, Yu,zu),5__; of
system (5) is not defined if and only if bx,_—; + czy—; = 0, fYu—i—1 + YXy—1 = 0 and fz,_¢_; + gy, = 0 which

correspond to the statements 2L = —& Gl = ~Land 2L = Lforn >0, respectively. Therefore, by
Xn—k-1 €7 Yn—k-1 Y Zn—k-1 g

taking into account (9), we have

Wy = —é and u,_; = —E and v,_; = —J—c (44)
¢ Y

for n € INg. Now, we again consider system (10) and the functions
iy act+ab+1 — ayt+ap+1 — egt+ef +1
Fly=ttrabrl oy otraprl g, eptreftl

ct+b yt+ B gt+ f

which correspond to the equations of (10). From which it follows that
Wasi = (Lo G o f) (i), (45)
wsiniasi = ((Fo 70 f)" o 7) @0, (46)
Walm421+i = ((;10 go ]?)m oho ﬁ) (i), (47)
vansi = (70 Foh) @), (48)
ot = (70 Foh)" o 7w, (49)

—_ m

vsmezei = (7o Foh)" o 5o F) @), (50)
wsisi = (foh o) (), (51)
tsimassi = ((FoTrog)" o f) G, (52)
sz = ((Foliog)" o Folt) @), (53)

form e N,i=—-I,—-1and ! € N. By using (44) and the implicit forms (45)-(53), we have

wi=(ogof) (_S) (54)

N RN
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w = ((Feloq)"ogoi)(-Y]

_ (foﬁo j—m _ Bfb+ Beef + e+ aPgb + afceg + gb + ceg
g Yfb+ ycef +yc+ aygb + ayceg

w=(Fohoq) " (7 (1)) = (Fohoq) " (-EL10221),

w = ((zogof)-moflog—l)(_g)

B (— — ~)—m bBf + bgaB + bg + aby f + abgay + yf + gay
°g°f - cBf +cgap +cg + acy f + acgay ’

e ) 22)

s (oY
(= = =\ fbB+ faby + fy +efcf+efyac+cp+ yac
B (g °f Oh) (_ gbB + gaby + gy + cPeg + yaceg )’

formeIN,i=-I,—1and [ € N, where

~ z—ft+ef+1

—pt +1 — -
P _ Bt + ap - _ bt+ab+1

—1 1
e T 0= P = =

3456

(56)

(57)

(58)

(59)

(60)

(61)

(62)

respectively. This means that if one of the conditions in (54)-(62) holds, then 3m — th iteration or (3m + 1) —th
or (3m + 2) — th iteration in (10) can not be calculated. Consequently, desired result follows from (9). Also,

note that system associated with the functions f~!, 7! and h~! is

~fPuaitef+1 . —Ppa+ap+l _  —bp,+ab+1
Gpu-i—eg T ypar—ay T cpa—ac

Pn =

, n € Ny,

and is solvable. That is, the right hand sides of the equalities in (54)-(62) can be obtained in the closed

form. O
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3. A Study of Casel =1

In this case, for n € Ny, system (5) is

Yn—kXn-k-1 Zn—kYn-k-1 X—kZp—k—1

P E— ]/n = XZy_k + Zy = eXy—k + -— (63)
bXp_k1 + zZp1’ BYn—i—1 + YXn-1’ fZn-k=1 + gYna’

Xn = AYn—k +

and the solution of system (63) can be written from equations in (40)-(42) (equations in (40)-(42); k = 3t + 7,
where r € {0,1,2}), for m € Ny, i € {—1,0, 1}, as follows:

m
X33Hm+3j+i = X3j+i-3(3t) H U3 (3tp+/) +iU3(3tp+j—t) +i W3 (3tp+j-2t)+ir (64)
p=0

where t €N, j =2¢,5t-1;

m
X33t+1)m+3j+i+2 = X3j+i+2-3(3t+1) H U3(@t+1)p+))+i+203(Bt+1)p+j—t)+i+1 W3(Bt Dp+j-26) +ir (65)
p=0

where t € Ny, j = 2t,5¢;

m
X3(3t+2)m+3j+i+1 = X3j+i+1-3(3t+2) H U3((3t42)p+)) +i+1U3(Bt+2p+j—t)+i-1W3(Bt+2)p+j-2t-1)+ir (66)
p=0
wheret € Ny, j =2t +1,5t+2;
m
Y3@Hm+3j+i = Y3j+i-3(30) H U3(3tp+))+iW3(3tp+j—t)+i*3(3tp+j-2t)+ir (67)
p=0
where t €N, j =2t,5t-1;
m
Y3@t+D)m+3j+i+2 = Y3j+i+2-3(3t+1) H U3(Bt+1)p+)+i+2W3(@Bt+ 1)p+j—t) +i+143((Bt+ Dp+j-26) +i7 (68)
p=0
where t € Ny, j = 2t,5¢;
m
Y3@tH2)m+3j+i+l = Y3j+i+1-3(3t+2) H U3((3t+2)p+)+i+1W3((Bt+2)p+j—t) +i-143((Bt+2)p+j-2t-1) +i7 (69)
p=0
wheret € Ny, j =2t +1,5t+2;
m
Z3(3tym+3j+i = Z3j+i-3(3t) H W3 (3tp+))+i43(3tp+j—t)+iV3(3tp+j-2)+ir (70)
p=0

where t e N, j=2t,5t-1;
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m
Z3(3t+1)m+3j+i+2 = Z3j+i+2-3(3t+1) H W3(Bt1)p+]) +i4243(Bt+1)p+j—t)+i+1Y3((Bt+ Dp+j-2t) +i7 (71)
p=0

where t € Ny, j = 2t,5¢;

m

Z3@t+2)m+3j+i+1 = Z3j+i+1-3(3t+2) H W3(B3t42)p+)) +i+143(Bt42)p+j—1)+i-1Y3(Bt+2)p+j-26-1) +i7 (72)
p=0

where t € Ny, j =2t + 1,5t + 2.
For | = 1, using (30)-(32) in (64)-(72), for m € Ny, i € {-1,0, 1}, we get

m
X3@Btym+3j+i = xsj—3(3t)+iHu3(3tp+j)+iU3(3tp+j—t)+iw3(3tp+j—2t)+i
p=0

m

CYgxisatp+j-1 + (A1Xi + B1Yi-31)S31p+
= X3j-3(3t)+i H
! (Cixi — A1Yi-31)S3tp+j + Yi-3tS3tp+ 41

p=0
N CyqYisamp+j-t-1 + (A2yi + Bazi-31)831p+j—t 73)
(Coyi — A2zi-31)S3tp+ j—t + Zi-3tS3tp+j—t+1
CY9ziSatp+j-2t-1 + (A3zi + BaXi—3t)Satp+j-ot

7
(Cazi — AsXi-3t)Satp+j-2t + Xi-3tS3tp-+j-2t+1

wheret € N, j = 2t,5t - 1;
m

X3@3t+1)m+3j+1 = x3]¥3(3t+1)+1Hu3((3t+1)p+j)+1v3((3t+1)p+j7t)w3((3t+1)p+j72t)71
p=0

cygx18@i+1p+j-1 + (A1X1 + B1Y1-(31+1))S@t+1)p+j

<0 (C1x1 — A1Y1-Gt+1))S@H1p+j + Y1-@Gr+1)S@H+1p+j+1

= X3j-3(3t+1)+1

o CYgYos@t+1p+j—t-1 T (A2Yo + Baz_(3141))S@t+1)p+j—t 74)
(Cayo — A2Z_(3t+1))5@t+1)p+j—t + Z-(3t+1)SBt1)p+j—t+1

CYgz-15@t+1)p+j-20-1 + (A3z-1 + B3X_1-31+1))S@t+1)p+j2t

X ,
(Cazo1 — A3X_1-(3+1))S@t+Dp+j-2t + X-1-(3t+1)S@H+1)p+j-2t+1
m
X33t+1)m+3j+2 =  X3j-3(3t+1)+2 H UB((Bt+1)p+j+1)-1U3((Bt+1)p+j—1)+1W3(Bt+1)p+j-21)
p=0

Cygx-_18@t1)p+j + (A1X-1 + B1y-1-(3+1))8@t+1)p+j+1

C1x-1 — A1Y-1-G3t41))S@t Dpt j+1 + Y-1-Bt41)SGt+1)p+j+2

m
= X3j-3(3t+1)+2 H (
p=0

y CygY18@ttp+j-t-1 + (Aay1 + Baz1-(31+1))S@e+1)p+j—t 75)
(Coyr — A2z1-(3t41))S@t+1)p+ j—t + Z1-(Bt+1)SBt+1)p+j—t+1

CY 92053+ 1)p+j-2t-1 + (A3Z0 + BaX_(31+1))S@t+1)p+j-2t

7
(C3zo — A3X_(3t+1))S3t+1)p+j-2t + X—(3t+1)S@t+1)p+j-26+1



X3(3t+1)m+3j+3
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m

X3j-3(3t+1)+3 H UB((Bt+1)p+j+1) U3((Bt+1)p+j—t+1)—-1W3((3t+1)p+j-2t)+1
p=0

Cygxos@i+p+j + (A1X0 + B1Y-3t+1))S@3t+1)p+j+1

C1x0 — A1Y-(3t+1))S@t+1)p+j+1 T Y—@r+1)SGH+1)p+j+2

m
X3j-3(3t+1)+3 H (
p=0

CYgY-18@i+p+j-t + (A2y-1 + BaZ_1-(3+1))S@t+1)p+j-t+1
(Coy-1 - AZZ—l—(3t+1))S(3t+1)p+j—t+1 + Z_1-Gt+1)S@t+1)p+j-t+2
Cygz18@3t+1)p+j-2t-1 + (A3Z1 + B3X1-(3t41))83t+1)p+j—2t

7
(Caz1 — A3X1-(3t+1))S@HDp+j-2t T X1-(3t+1)S@t+1)p+j-26+1

where t € Ny, j = 2t,5¢;

X3(3t+2)m+3j

X3(3t+2)m+3j+1

X3(3t+2)m+3j+2

m

X3j-3(3t+2) H UB((Bt+2)p+)) U3((Bt+2)p+j—t—1)+1W3((3t+2)p+j-2t-1)—1
p=0
m

. H Cygxos@t2p+j-1 + (A1X0 + B1Y-(3t42))SGt+2)p+
3j-3(3t+2
j-300+2) Ci1xo — A1Y-(3t+2))5@t+2)p+j T Y-(3t+2)SBt+2)p+j+1

p=0
CYgY18@t2)p+j—t-2 + (A2y1 + Bazi-3t42))5@+2)p+ j—t-1
(Coyr — A2z1-(3142))S@Bt+2)p+ j—t-1 F Z1-(3t+2)SBH+2)p+j—t
CYgZ-15@t+2)p+j-2t—2 + (Asz_1 + B3x—1—(3t+2))s(3t+2)p+j—2t—1

4
(Caz-1 — A3x—1—(3t+2))5(3t+2)p+j—2t—1 + X_1-(3t+2)SBt+2)p+j-2t

m

X3j-3(3t+2)+1 H UB((Bt+2)p+))+1U3((Bt+2)p+j—1)-1W3((3t+2)p+j-2t-1)
p=0

cygx18@2p+j-1 + (A1X1 + B1Y1-(31+2))5@3t+2)p+j

=0 (C1x1 — A1Y1-(3t+2))8Bt2)p+]  Y1-(3t+2)S@H+2)p+j+1

X3j-3(3t+2)+1

CYJY-18Gt+2p+j-t-1 + (A2y-1 + Baz_1-(3t+2))S3t+2)p+jt
(Coy-1 — A2z-1-(3t42))SGt+2)p+j—t T Z-1-(3t+2)SBt+2)p+j—t+1

CYgz0S3te2yp+j-2t-2 + (A3Z0 + BaX_(3142))S@3t+2)p+j-26-1

7
(Cazo — A3X_(3t+2))5@Bt+2)p+j-2t—1 + X—(3t42)S(Bt+2)p+j~2t

m

X3j-3(3t+2)+2 H UB((3t+2)p+j+1)-103((3t+2)p+j—t) W3((Bt+2)p+j—-2t-1)+1
p=0

Cygx-_15@t2)p+j + (A1x-1 + B1y-1-(31+2))8@t+2)p+j+1

m
X3j-3(3t+2)+2 H (
p=0

CYgYoSaraap+j-t-1 + (AaYo + Baz—(3142))S3t42)p+j-t

(Cayo — A2z_(3t42))SGt+2)p+j—t + Z-(3t42)SBt42)p+j—t+1

C1x-1 — A1Y-1-(3t42))SGt+2)p+j+1 + Y-1-(3t42)SBt+2)p+j+2

Cygz183t+2)p+j-2t-2 + (A3Z1 + B3X1-(3t42))83t+2)p+j-20-1

7
(Caz1 — A3X1-(31+2))5@t+2)p+j-2t1 + X1-(3t42)SBt+2)p+ -2t

3459

(76)

(77)

(78)

(79)
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where t € Ny, j =2t + 1,5t + 2;

Y3@tym+3j+i

m

Y3j-33t)+i H 03(3tp+))+iW3(3tp+j—t)+iU3(Btp+j-21)+i

p=0

m

Cygyisamp+j-1 + (A2yi + Bazi_31)S31p+
Y3j-33t)+i H

<0 (Cayi — A2zi-3t)S3tp+j + Zi-3tSatp+j+1
CY9ziSap+j-t—1 + (Aszi + BaXi—3t)Satp+j—t

(Cazi — A3Xi-31)S3tp+j-t T+ Xi-3tS3tp+j—t+1
CYgxiSatpsj-2t-1 + (A1X; + B1Yi-3t)S34p+j-2t

(C1Xi — A1Yi-30)S3tps j-2t + Yi3tS3tp+j-2ts1

wheret € N, j =2¢t,5t - 1;

Y3@t+1)m+3j+1

Y3@t+1)m+3j+2

Y3@t+1)m+3j+3

m
Y3j-3(3t+1)+1 H O3((3t+1)p+j)+1W3((B3t+1)p+j—t) U3((Bt+1)p+j-2t)-1

p=0

T CYIY1SGrlp+j-1 + (Aoyr + Bazi-(3141))SGre 1)+
Y3j-3(3t+1)+1 H C A - ‘
p=0 ( 2Y1 — ZZl—(3t+1))S(3t+1)p+] + Z1-GBt+1)S@Bt+1)p+j+1

CYgz08@3t+1)p+j—t-1 T (A3zo + BaX_(3+1))S@t+1)p+j—t

(C3zo — A3X_(3t+1))SGt+1)p+j—t + X—(3t+1)SGt+1)p+j—t+1
Cygx-15@3t+1)p+j-2t-1 + (A1X-1 + B1Y-1-(3t41))8@t+1)p+ j-2t

(Crxo1 = ALY-1-(3+1))5@t+Dpj-2t + Y=1-Gt+1)SGt+1)p+j-2641

m
Y3j-3(3t+1)+2 H O3(3t+1)p+j+1)-1W3((3t+1)p+j— 1)+ 1 U3(Bt+1)p+j-21)
p=0

CYJY-1S@t+1)p+j T (Az]/—l + BZZ—l—(3t+1))S(3t+1)p+j+1

m
3j-3(3t+1)+2
Yaj-siin g (Coy-1 — A2Z-1-(3t41))S@Bt+1)p+ j+1 + Z-1-(3t+1)SGBt+1)p+j+2

Cygz18@3t+1)p+j—t-1 + (A3z1 + BaX1-(341))S@t41)p+j—t

(Caz1 — A3X1-(3t+1))S@t+Dp+j—t + X1-Bt+1)SBt+1)p+j—t+1
CYygxo8@t+1)p+j-2t-1 + (A1X0 + B1Y—3t+1))S@t+1)p+j-2t

(C1x0 = A1Y—@3t41))5@t+1)p+j-2t F Y=(3t+1)SGt+1)p+j-204+1

m
Y3j-3(3t+1)+3 H O3((3t+1)p+j+1) W3(Bt+1)p+j—t+1)-1U3((3t+1)p+j—2£)+1

p=0

ST CYgYos@rp+ + (A2yo + Baz-3141))S@i1)pj1
Y3j-3(3t+1)+3 H C A ; .
p=0 ( 2Yo — ZZf(3t+1))s(3t+1)p+]+l t Z_(@3t+1)S@Bt+1)p+j+2

CY9Z-15@t+1)p+j-t + (A3z-1 + B3X_1-(3+1))S@t+1)p+j—t+1

(Cazo1 — A3X_1-(341))S@t+ Dt j—t+1 + X—1-(3t+1)SGBt+1)p+ j—t+2
Cygx18@t+1)p+j-2t-1 + (A1X1 + B1Y1-G31+1))S@t+1)p+j-2t

(Crx1 = ALY1-Gt41))S G+ Dp+j-2t + V1-GH+1)SGtp+j-20+1

3460

(80)

(81)

(82)

(83)
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where t € Ny, j = 2t,5¢;

Y33t+2)m+3;j

Y3@t+2)m+3j+1

Y3@t+2)m+3j+2

m
= Y3j-3(3t+2)+1 H (
p=0

m
= Y3j-3(3t+2)+2 H (
p=0

m

Y3j-3(3t+2) H 03((3t+2)p+j) W3((3t+2)p+j—t-1)+1U3((3t+2)p+j—2t-1)—1
p=0
m

H CYIYoS@t+2)p+j-1 + (A2Yo + BazZ_(3142))8Gt+2)p+
3j-3(3t42
Y3j-36t+2) (Cayo — A2Z-(3t+2))5GB1+2)p+j + Z-(3t42)SBH+2)p+j+1

p=0
CYgz15@t2)p+j-t-2 T (A3z1 + B3X1-(31+2))S3t+2)p+j—t-1

(Caz1 - A3x17(3t+2))S(3t+2)p+jft—1 + X1-(3t+2)S@3t+2)p+j—t
CYgX_15@t+2)p+j-2t-2 t (Arx_1 + Bl]/—l—(3t+2))S(3t+2)p+j—2t—1

(Crxo1 = A1Y-1-(3t+2))5Gt+2)p+j-20-1 + Y-1-(3t+2)SGt+2)p+j-2t

m

= Y3j-3(3t+2)+1 H 03((3t+2)p+j)+1W3((3t+2)p+j—1) -1 U3((3t+2)p+j—2t-1)

p=0
CYgY18@t2)p+j-1 + (Aayr + Bazi-(3+2))S@t+2)p+j
Coy1 — A2Z1-(3142))SGBt42)p+j T Z1-(31+2)SGBt+2)p+j+1

Cygz-18Gt+2p+j-t-1 + (A3Z-1 + B3X_1-(3t42))S3t+2)p+j-t

(Cazo1 — A3X_1-(3t+2))SBt42)p+j—t + X-1-(3t42)SBt+2)p+j—t+1
CYgXoS@t+2)p+j-2t—2 + (A1xg + By y—(3t+2))5(3t+2)p+j—2t—1

(C1X0 — A1Y—-(3t42))SB3t+2)p+ j-26-1 + Y—(3t+2)SBt+2)p+j-2¢

m

= Y3j-3(3t+2)+2 H O3((3t+2)p+j+1)-1W3((3t+2)p+j—t) U3((3t+2)p+j—2t-1)+1

p=0

Cygy-18@te2p+j + (A2y-1 + B2z-1-(3t42))8Gt+2)p+j+1

Coy-1 — A2Z-1-(3t42))SGBt+2)p+j+1 T Z-1-(3t+2)SBt+2)p+j+2

CYgz05@3t+2)p+j—t-1 T (A3zo + BaX_(342))5@3t+2)p+j—t

(Caz0 — A3X_(3t+2))S@Bt+2)p+j—t T X—(3t+2)SGBt+2)p+j—t+1
CYgx18@3t+2)p+j-2t-2 + (A1X1 + B1Y1-(3t42))8Bt+2)p+ j-26-1

(Crx1 = ALY1-(3t42))SBt+2)p+ j-2t-1 + Y1-(3t+2)SBt+2)p+ -2t

wheret € Ny, j =2t +1,5t +2;

Z3(3tym+3j+i

m
Z3j-3(3t)+i H W3 (3tp+))+iU3(Btp+j—t)+iU3(Btp+j—21t)+i
p=0

m

Cy9zisatp+j-1 + (Aszi + B3Xi-3t)S31p+
Z3j-3(3t)+i H
! (Cazi — A3Xi-31)S3tp+j + Xi-3tS3tp+j+1

p=0
CygxiSatp+j-t-1 + (A1Xi + B1Yi-31)Satp+ -t
(C1xi — A1Yi-31)S3tp+j—t + Yi-3tS3tp+ j—t+1
CYgyisamp+j-2t-1 + (A2yi + Bazi_31)S3tp+ j-2t

7
(Coyi — Aozi-31)S3tp+j-2t + Zi-3tS3tp+j-2t+1

3461

(84)

(85)

(86)

(87)
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wheret € N, j =2¢t,5t - 1;

Z3(3t+1)m+3j+1

Z3(3t+1)m+3j+2

Z3(3t+1)m+3j+3

m
Z3j-3(3t+1)+1 H W3(@t+1)p+))+1U3((B3t+1)p+j—t) U3((Bt+1)p+j-2t)-1
p=0

. ﬁ Cygz15@t+1)p+j-1 T (A3z1 + BaX1-(3t+1))S@t+1)p+
37-3(3t+1)+1
J=33HD <0 (Caz1 — A3X1-(31+1))S@t+1)p+j + X1-Gt+1)SGt1)p+j+1

CygxoS@i+p+j-t-1 + (A1X0 + B1y—(3141))S@t+1)p+j—t
(Cixo — A4 y—(3t+1))5(3t+1)p+]’—t + Y-Gt+1)S@t+1)p+j—t+1

CYJY-1S@t+1)p+j-2t-1 + (A2y—1 + B2Z—1—(3t+1))S(3t+1)p+j—2t

(Cay-1 = AdZ_1-(3141))S Bt 1)p+ j—2t F Z-1-(GBt+1)SGt+1)p+j-20+1

m

Z3j-3(3t+1)+2 H W3((Bt+1)p+j+1)-1U3((3t+1)p+j—)+1U3((3t+1)p+j-2t)
p=0

Cy9z-18@t+1)p+j + (Asz-1 + BaX_1-(3+1))S@t+1)p+j+1

m
Z3j-3(3t+1)+2 H (
p=0

Cygx18@i+p+j-t-1 + (A1X1 + B1y1-3141))8Gt+1)p+j—t
(Cix1 =44 y1—(3t+1))5(3t+1)p+j—t + Y1-Gt+1)S@t+1)p+j-t+1

Csz-1 — A3X_1-(3t+1))S@t+1)p+j+1 T X—1-(@3t+1)SBt+1)p+j+2

CYgYos@tstp+j-20-1 + (A2Yo + B2z-3141))S@t+1)p+j-2t

(Cayo — A2Z_(3641))5@t+1)p+j-2t + Z-(3t+1)SBt+1)p+j=20+1

m
23j-3(3t+1)+3 H W3((3t+1)p+j+1) UB((Bt+1)p+j—t+1)-1U3((Bt+1)p+j—26)+1
p=0
m
CYGZoS@t+1yp+j T (Aszg + B3x—(3t+l))s(3t+1)p+j+l
23j-3(3t+1)+3 H (
=0

C3zo — A3X_(3t+1))S@t+1)p+j+1 T X—(3t+1)SBt+1)p+j+2

p
Cygx-18@t1)p+j—t + (A1X-1 + B1Y-1-(3t+1))S@t+1)p+ j-t+1

(C1x-1 = A1Y-1-Gt+1))S@HDp+j—t+1 T Y-1-@Bt+1)S@t+1)p+j—t+2
CYgYaS@at+1p+j-2t-1 + (A2ly1 + Bazi-@3t+1))S@t1)p+j-2t

(Czy1 - A2zl—(3t+1))s(3t+1)p+ j=2t T Z1-(Bt+1)S@Bt+1)p+j-2t+1 ’

where t € Ny, j = 2t,5¢;

Z3(3t+2)m+3j

m
Z3j-3(3t+2) H W3((3t+2)p+j) U3((Bt+2)p+j—t—1)+1U3((3t+2)p+j-2t-1)-1
p=0

) ﬁ Cygz08@t+2)p+j-1 + (A3Zo + BaX—_(3t+2))S3t+2)p+]
3j-3(3t+2
1=3612) <0 (Cazo — A3X_(3+2))53t+2)p+j + X—(3t+2)SGt+2)p+ j+1

CYgx18@t2)p+j-t—2 + (A1X1 + B1Y1-(31+2))5@Gt+2)p+j—t-1

(C1x1 = A1Y1-(3t+2))8Bt42)p+ j—t—1 + Y1-(3t42)SBt+2)p+j—t
CYgY-18@t+2)p+j-2t-2 + (A2y-1 + B2z-1-(3t42))8G3t+2)p+j-2t-1

(Coy—1 = AdZ_1-(34+2))S(B3t+2)p+ j~20-1 + Z-1-(3t42)SBt+2)p+j-2¢

3462

(88)

(89)

(90)

©1)
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m
23j-3(3t+2)+1 H W3((3t+2)p+))+1UB((Bt+2)p+j—1)—1U3((3t+2)p+j-2t-1)
p=0

Z3(3t+2)m+3j+1

CYgz15@t+2)p+j-1 t (Azzy + B3X1—(3t+2))5(3t+2)p+j

= Z3j-3(3t+2)+1
! <0 (C3z1 — A3X1-(3t+2))8Gt2)p+] t X1-(3t42)SBt+2)p+j+1

o _VIEASGHp + (A1x-1 + B1Y-1-(31+2))5@3t+2)p+j—t ©2)
(C1x-1 — A1Y-1-(3t+2))8@t+2)p+j—t T Y-1-(3t+2)S@H+2)p+j—t+1

CYgYos@rap+j-2t—2 + (AaYo + B2z—31+2))S@t+2)p+j-2t-1

(Czyo - AZZ—(3t+2))S(3t+2)p+j—2t—1 + Z_(3t42)S(3t+2)p+j-2t ’

m
Z3(3t+2)m+3j+2 = Zaj—3(3t+2)+2Hw3((3t+2)p+j+1)—1Ms((3t+2)p+j—t)U3((3t+2)p+j—2t—1)+1
p=0

Cy9z-18@t+2p+j t (Asz-1 + B3X_1-(31+2))S@t+2)p+j+1

m
= Z3j-3(3t+2)+2 H
=3B o0 (Caz-1 — A3X-1-(3+2))8(3t+2)p+j+1 T X—1-(3t+2)S(3t+2)p+ 42
o SYIESGEp + (A1x0 + B1Y-(3t42))8G3t42)p+ j-t ©3)
(Cixo — A4 y—(3t+2))s(3t+2)p+ j—t t Y—(3t+2)S(Bt+2)p+j—t+1

Cygy18@atsap+j-2t-2 + (A2y1 + B2z1-(3142))S@3t42)p+j-26-1

(Coy1 — A2Z1-(3642))5Gt+2)p+j-2t-1 + Z1-(3t42)SBt+2p -2t

where t € Ny, j =2t + 1,5t + 2.

4. An application

Now, we will give theoretical explanations for the formulas of solutions of difference equations systems
given in [12] as an application of the main results in Section 2. First, we will derive the solution forms of
the system () withk=1,1=2,a=a=e=0,b=c==y = f =g =1, that is, the system

Yn-1Xn-3 Zn-1Yn-3 Xn-1Zn-3
xn = 7 n = 7 n =
Xp-3 + Zn-2 Yn-3 + Xp-—2 Zp-3 + Yn-2

, n€Ny. (94)

given in [12], through analytical approach. Also, the general solutions of the system (94) are expressed in
terms of Fibonacci numbers. By using equations in (40)-(42) we have that every well-defined solution of
system (94) can be written in the form

m 2

Xem+6j+jz = X6j+j,—6 H H Uep+6]+ j—(31-3)V6p+6]+ jr—3n-2) Wep+6+j,—(3n-1)s (95)
p=0 n=1
m 2
Yem+6j+j, = Y6j+j2—6 H H Oep+6j+ja—(3n-3) Wep+6j+j,—(3n—2) U6p+6j+ ja—(3n—1) (96)
p=0 n=1
m 2
Z6m+6j+jy = Z6j+j,-6 H H Wep-+6j+jo—(3n—3) Uep+6j+jo—(31—2)V6p+6j+ jo—(Bn—1)s (97)

p=0 n=1
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where m € Ny and 6] + j» = 3,8.
We get from (95)-(97), for 6j + j, =i+5=3,8,

m
Xem+i+s = Xi-1 H Ugp+i+5V6p+i+4Wep+it3Uep+ir2V6p+is1Wep-is (98)
p=0
m
Yem+i+s5 = Yi-1 H Opp+i+5Wep+i+4Uep+i+3Vep+i+2Wep+i+1 Uep+is 99)
p=0
Zem+i+5 = Zi-1 H Wep+i+5U6p+i+4V6p+i+3Wep+i+2Uep+i+1Vep+is (100)
p=0

where m € Ngand i = -2,3.
By substituting the formulas in (30)-(32) into (98), we obtain

m
Xis5Sp-1 + (Xirs + 2Yi+4)8p YiraSp-1 + (Yira + 22i3)Sp ZisaSp-1 + (Zizs + 2Xi12)s)
X6m-+i+5 = Xia H
0 (2%i5 = Yira)Sp + YisaSpr1 (2Yiva — Zis3)Sp + ZinaSpi1 (2Zins — Xi42)Sp + Xis2Sp41
Xis2Sp-1 + (Xiva + 2Yir1)Sp Yis1Sp-1 + (Yir1 +22i)8, zZiSp-1 + (zi + 2xi-1)8)
7
(2xi12 = Yir1)sp + YinrSpr1 QYiv1 — Zi)Sp + Zisp1 (22i — Xi_1)Sp + Xi1Spi1

(101)

for m € Ny, i = =2, 3. From (94), we have that

N Yir1Xi-1 z Xi-1ZiYi+1
i+2 = ———— Zi+3 = ’
Xi—1+ 2z (xiz1 +zi) (zi + ]/i+1)
Xi-1ZilYi+1 Xi-1ZilYi+1
Yiva = i+5 =

(2xi-1 +2i) (zi + Yis1) (2xi1 + zi) (2zi + Y1)

for i = —2,3. From (101), after some calculations and by using the definition of the (s,),,cn, Sequence, we
get

o1 Yir1Sp-1 + (Vi1 +220)sp zisp-1 + (2 + 2Xi1)s)

Fomeivs = it 3 YirSp + (220 + Yir1)Spe1 ZiSp + (21 + Zi)spat” (102)
for m € Ny, i = —2,3. From (26), we have
Sm+1 — 48y —Spu—1 =0, m € IN. (103)
Employing s_; = 51 —4sp = 1 in (102), we get
Xi-1Yi+1Zi
O S 212 + Gt + Sm) Yiet) @S 1Xit + Gonet + Sm)Z) (104
for me Ny, i=-2,3.
By substituting the formulas in (30)-(32) into (99), we obtain
YirsSp-1 + (Yirs + 22i44)8p ZivaSp-1 + (Ziva + 2Xi13)8p Xisa3Sp-1 + (Xiva + 2Yis2)sp
Yot Y H (2Yirs — Zisa)Sp + ZisaSpe1 (22iva — Xira)Sp + XixaSpe1 (2Xiss — Yix2)Sp + YisaSprt
yi+25p—1 + (Y2 + 22i41)8p Zir1Sp-1 + (Ziv1 + 2%1)8p  XiSp-1 + (Xi + 2Yi-1)sp (105)

(2Yiv2 = 2is1)Sp + Ziv1Sps1 (2Zie1 — Xi)Sp + XiSpe1 (2 — Yic1)Sp + YicaSps1”
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for m € Ny, i = =2, 3. From (94), we have that

y Ziv1Yi-1 Yi—1XiZiv1
i+2 = ————, Xitx3 = ,
Yi-1 + X (yi—l +x;7) (x; + Zit1)
Yi—1XiZix1 Yi-1XiZiv1
Ziys = ;s Yiss =

(2yiz1 + x;) (x; + zi41) (2yi1 + x;) (2% + zj41)”

for i = -2,3. From (105), after some calculations and by using the definition of the (s;,),,cn, sSequence, we
get

T Zig1Sp-1 + (Zie1 + 2x))S, XiSp1 + (Xi + 2Y/i-1)sp
Yom+ixs = Yiz1 H 4 T : o ~— (106)
p=0 Ziy1Sp + (2x; + Zz+1)sp+1 XiSp + (Qyi-1 + xz)5p+1
for m € Ny, i = -2,3. By using (103), we get
Yi-1Zi+1Xi
Yom+irs = ’ (107)
" (28p41Xi + (Sma1 + Sm) Zix1) (2Sma1Yie1 + (Sma1 + Sm) Xi)
for me Ny, i=-2,3.
By substituting the formulas in (30)-(32) into (100), we obtain
. — = Zi+58p-1 t (ziss + 2xi+4)5p Xi+4Sp-1 + (xiq + 2]/i+3)5p YisaSp-1 + (]/i+3 + 22i+2)sp
o = p=0 (22i+5 - xi+4)sp + Xi+4Sp+1 (zxi+4 - yi+3)sp + Yit3Sp+1 (2.1/1'+3 - Zi+2)sp + Zi+25p+1
ZisaSp-1 + (Ziva + 2Xi41)Sp XisaSp-1 + (Xiv1 + 2Y1)Sp Yisp-1 + (Vi + 22i1)8, (108)

(2ziv2 = xis1)Sp + XisSpar (2Xiv1 = Yi)Sp + YiSpe1 (2Yi — Zi-1)Sp + ZisaSpi1|

for m € Ny, i = =2, 3. From (94), we have that

z Xi+1Zi-1 y Zi-1YiXi+1
2=, Yi+3 = ’
zi+ i (zic1 + i) (vi + xi41)
Zi-1YiXi+1 Zi-1YiXi+1

Xit4 = 5

7 Zl = 7
Qzia+v) (i +xi1)” ~ 7 (zic + vi) Qui + Xiy1)

for i = -2,3. From (108), after some calculations and by using the definition of the (s;,),,cn, Sequence, we
get

m
Xir15p—1 + (Xiv1 + 2Y1)Sp yisp—1 + (Vi + 2zi1)s
Z6m+i+5 =Zi—1H l,+ p+(2 411 , )l - l p+(2 .l I l,) , (109)
o Xi+15p Yi + Xi+1)Sp+1 YiSp Zi-1 T Yi)Sp+1
for m € Ny, i = -2, 3. By using (103), we get
2o Xt Ui
Zemsiss = it [ (110)

(28ma1 i + (Sme1 + Sm) Xiv1) (2Sma1zic1 + Sme1 + Sm) Yi)

for me Ny, i=-2,3.
By using (104), (107) and (110) we have that every well-defined solutions of system (94) can be written in
the form

X_3Y-12-2
(28m+12=2 + (Sma1 + Sm) Y=1) 2Sma1X—3 + (Sms1 + Sm) 2-2)”

X6m+3 (111)



Xem+4

X6m+5

X6m+6

Xem+7 =

Xem+s =

Yem+3

Yom+4

Yem+5

Yem+6

y6m +7

y6m +8

Zom+3

Zom+4

Z6m+5

Z6m+6

Z6m+7
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X_2Y-3Z2-1
(2Sma1%-2 + BSma1 + 5m) Y=3) 2Sme1¥—2 + (Sms1 + Sm) 2-1)”

X_1Y-22-3
(28mr1X-1 + GBSt + Sm) Y—2) (2Sma1Y—2 + BSma1 + Sm) z-3)

X_3Y-122
((58m+1 + Sm) X_3 + (BSs1 + Sm) 2-2) Sma1Y-1 + BSma1 + Sm) 2-2)”

X_2Y-321
((5Sm+1 + Sm) X_2 + (3Sme1 + Sm) Z-1) ((BSme1 + Sm) X_2 + (5Sms1 + Sm) Y-3)

X_1Y-2Z2-3
(831 + 25m) 23 + (5Sms1 + Sm) Y=2) ((BSms1 + 5m) X1 + (BSma1 + Sm) Y—2)

Y-321X2
(2Sm1X—2 + (Sma1 + Sm) 2-1) (2Sma1Y—3 + (Sps1 + Sm) X-2)”

Y-2Z_3X1
(28ms1Y—2 + (BSm+1 + Sm) 2-3) (2Sms1Y—2 + (Sms1 + Sm) X-1)”

Y1z 2X3
(28ms1-1 + (BSm+1 + Sm) 2—2) (2Sm+12—2 + (3841 + Sm) X_3)”

Y-3Z1X_2
((BSm+1 + Sm) Y=3 + BSs1 + Sm) X=2) (2Sm+12-1 + (3Sp+1 + Sm) X2)”

Y-2Z3Xq
((55m+1 + Sm) y—Z + (3Sm+1 + Sm) X_1) ((3Sm+1 + Sm) y—Z + (55m+1 + sm) Z—3),

Y-1Z2X_3
((8sya1 + 25) x_3 + (5541 + S) Z-2) ((3sm+l +5m) Yt (5sm+1 + 5m) Z—Z) ’

Z-3X-1Y-2
(28me1Y—2 + (Sma1 + Sm) X21) (28m+12—3 + (Sma1 + Sm) Y—2)”

Z_2X-3Y-1
(251122 + (BSms1 + Sm) X-3) (254122 + (Sme1 + Sm) Y1)

Z_1X2Y-3
(2sm+12-1 + (BSy41 + 5p) X_2) (25m+1x—2 + (3Sp4+1 + Sm) ]/—3),

Z_3X-1Y-2
((Bsm+1 + Sm) 2-3 + BSys1 + Sm) Y=2) (2Spr1X-1 + (BSm+1 + Sm) Y—2)

Z2X_3Y-1

((55m+1 + Sm) zp+ (3Sm+l + Sm) y—l) ((3Sm+1 + sm) zo+ (55m+1 + Sm) X_3) ’

3466

(112)

(113)

(114)

(115)

(116)

(117)

(118)

(119)

(120)

(121)

(122)

(123)

(124)

(125)

(126)

(127)
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and
Z1X2Y-3
((8sm+1 + ZSm) y—S + (55m+1 + Sm) x—2) ((3sm+1 + Sm) Zq + (55m+1 + Sm) x—2) ’

Z6m+8 (128)
for m € INp, where sequence of (s,),,cn, is satisfying in (103) difference equation with the initial conditions
S0 =0and51 =1.

Binet Formula for (103)

sm:(2+\/§) _(2_\/5) , m € INp. (129)

B V-

Note that

(1i \/5)3:21 V5.

2
Using this in (129) we obtain
(1+x/§)3m _ (17\/5)37"
2 2

m = =—, me NO. (130)
(1+@)3_(1_\@)3 2
2 2

Using (130) into (111)-(128), we get

Xemsz = roy-122 (131)
+. - 7
" (fam+3Z—2 + fams2Y-1) (f3m+3X—3 + fams2Z-2)
X_olY_3Z_
Xom+s = SR (132)

(f3m+3x—2 + f3m+4y—3) (f3m+3x—2 + f3m+22—1)l

X-1Y-2Z-3

Tomss = (f3m+3x—1 + f3m+4y—z) (f3m+3y—2 + f3m+4Z—3), (133)
Tomso = (famsx_3 + f3m+;_—35_(1fzz3y—1 + famsaz—2)’ (134)
Tome7 = (famesX—2 + f3m+;_—21y)_(j;_nl+4xfz + famesy-3) (135)
ot = (fam+6z-3 + f3m+5)]C/_—12y)_(ZZ4X—1 + famisy-2)’ (136)
Yemss = yoE T2 (137)

(f3m+3x—2 + f3m+22—1) (f3m+3]/—3 + f3m+2x—2),

= s (138)
Yomss (fam+3Y-2 + fameaz-3) (fams3y—2 + f3m+2x—l)l

Yemss = RS (139)
m+. - 7
(fams3Y-1 + famraz2) (fsme3z—2 + famsaX_3)




and
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Yomss = Yoozt (140)
h (f3m+5]/—3 + f3m+4x—2) (f3m+32—1 + f3m+4x—2),
Yoms7 = yrat , (141)

(f3m+5]/—2 + f3m+4x—1) (f3m+4y—2 + f3m+52—3)

Yemss = JEat (142)
o (fam+6X=3 + fam+52-2) (famraly—1 + f3m+5Z—2),

Zomes = L (143)
m+. - 7
(fam3y—2 + fame2X-1) (fsm32-3 + fams2Y-2)

Z2X-3Y-1

z = ’ 144

o (f3m+3Z—2 + f3m+4x—3) (f3m+32—2 + f3m+2y—1) (144)
Z_1X2Y-3

z = ’ 145

o (fam+3z-1 + fameaX-2) (fams3X-2 + fameay-3) (145)
Z_3X_1Y-

Zomrs = P o1y (146)

(f3m+52—3 + f3m+4]/—2) (f3m+3x—1 + f3m+4y—2)’

Zomsy = 2t (147)
+ - 7
" (fam+52—2 + fam+aV-1) (fameaZ—2 + fam+5X_3)

Z1X-2Y-3

’ 148
(f3m+6y-3 + f3m+5x—2) (f3m+4Z—1 + f3m+5x—2) (148)

Zom+8

for m € Ny, where f, is m-th Fibonacci number.
If we take n — 1 instead of m in (131)-(148) and consider {fm};jzo =1{0,1,1,2,3,5,8,13,...}, the formulas of
the solutions in (131)-(148) are the same as in Theorem 1 in [12].
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