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Half-Line via a Family of Measure of Noncompactness in the Holder
Space C“*(IR,)

Mahammad Khuddush?, K. Rajendra Prasad®, D. Leela®

?Department of Mathematics, Dr. Lankapalli Bullayya College of Engineering, Resupuvanipalem, Visakhapatnam, 530013, India
bDepartment of Applied Mathematics, College of Science and Technology, Andhra University, Visakhapatnam, 530003, India

Abstract. This paper deals with the existence of solutions for the Riemann-Liouville fractional order
boundary value problem with infinite-point boundary conditions posed on half-line via the concept of a
family of measures of noncompactness in the space of functions C“*(IR,) satisfying the Hélder condition
and a generalized Darbo fixed point theorem.

1. Introduction

Fractional differential equations with boundary conditions have occupied an important role in the
fractional calculus domain, since these problems appear in various applications of sciences and engineering:
electricity, mechanics, finance, control theory, biology, chemistry, chemistry, economics [12, 15,19, 38—41]. In
recent years, there are certain papers and monographs dealing with the existence, uniqueness and stability
analysis of fractional order nonlinear boundary value problems, see ([5, 17, 23-25, 31, 33, 34, 43, 44, 46]) and
references therein.

Measures of noncompactness play an important area in fixed point theory and have many applications
in various branches of nonlinear analysis, including differential equations, integral and integro-differential
equations, optimization, etc. Roughly speaking, a measure of noncompactness is a function defined on the
family of all nonempty and bounded subsets of a certain metric space such that it is equal to zero on the
whole family of relatively compact sets. The concept of measure of noncompactness was first introduced
by Kuratowski [26]. Later, the Italian mathematician Darbo [14] used the Kuratowski measure in order
to investigate a class of operators (condensing operators) whose properties can be characterized as being
intermediate between those of contraction and compact mappings. Darbo’s fixed point theorem is useful
in establishing existence results for different classes of operator equations. For details on various measures
of noncompactness see [7].

Existence of solutions for differential and integral equations has been investigated by many authors in
various types of measure of noncompactness. Benchohra et al. [8] investigated a class of boundary value
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problems for fractional differential equations involving nonlinear integral conditions using the technique
associated with measures of weak noncompactness. Aghajani et al. [3] proved the solvability of a large class
of nonlinear fractional integro-differential equations by establishing some fractional integral inequalities
and using the nonlinear alternative of Leray-Schauder type. Li et al. [28] studied on the existence of mild
solutions for fractional semilinear differential equations with nonlocal conditions. In [30], Mohiuddine
et al. studied the existence of solutions of infinite systems of second-order differential equations in the
Banach sequence space £, by using technique based upon measures of noncompactness in conjunction with
a Darbo-type fixed point theorem. In [37], Sriviastava et al. obtained existence results for an infinite system
of differential equations of order n with boundary conditions in the Banach spaces cy and ¢; with the help
of a technique associated with measures of noncompactness. B. Hazarika et al. [21] established existence
of solution for infinite system of nonlinear integral equations in the Banach spaces ¢,, p > 1 with help of
measure of noncompactness and generalized Meir-Keeler fixed point theorem later in [22], they studied
nonlinear functional integral equation with help of measure of noncompactness, simulation function and
generalized Darbo fixed point theorem. Wang et al. [45] applied a new variant flxed point theorem to
investigate some fractional differential equations in Banach spaces. Liang et al. [29] studied the solvability
for a coupled system of nonlinear fractional difierential equations in a Banach space using the measures
of noncompactness and the well known fixed point theorem of Monch type. Borisut et al [10] studied
fractional order boundary value problem based on Kransnoselskii’s fixed point theorem and Darbo’s fixed
point theorem together and the idea of the measure of noncompactness.

In [16], Derbazi et al. established the existence of weak solutions for the following fractional boundary
value problem

Diz(t) =g(t,x(t)), 0<t<T 1<x<2
112(0) + by z(T) = 1 IP1z(n), B1 >0
ﬂzD *z(&) + sz ’z(n) = A2, 0< B, B3 <1,

by using the Monch’s fixed point theorem combined with the technique of measures of weak noncompact-
ness. In [35], Prasad et al. investigated the existence of solutions for infinite systems of regular fractional
Sturm-Liouville problems

D-}/— [pj (t)Dng (Zj(t))] = )\jgj(t/ Z(t))/ O<t< T/ Y € (O/ 1)/
ZJ'(O) =0, DngZJ'(T) =0, jeN,

by an application of Meir-Keeler fixed point theorem in the tempered sequence spaces. Recently, Salem et
al. [36] investigated the existence of solutions for the infinite system

ij)‘j(ij”j+E,)zj(t) = g;(t, z5(1), (*D'2(1))), 0 <t <1, 0 < p5, uj, v <1 <A; <2,
z;(0) = PD*z;(0) = 0, z;(1) = a5z;(m;), 0<nj <1, jeN,
by using the measure of noncompactness technique and applying the Darbo’s fixed point theorem in the

Banach spaces ¢, p > 1. Motivated by aforementioned works, in this paper we study fractional order
differential equation with infinite-point boundary conditions

D). z(t) = g(t,z(t)), £<86<l+1, teR, :=][0,00),

Z(O) — ZN(O) - .. = Z(f)(O) — (1)

lim Dy 'z(t) +Z:cJ (TJ

t—+00

where c; is a positive real number, g : R, X R = R, ¢ : Ry — R are continuous functions and Dg+ is the
Riemann-Liouville fractional derivative of order 6.
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The rest of the paper is organized in the following fashion. In Section 2, we provide some definitions and
lemmas which will be useful in our main results. In Section 3, we study existence of at least one fixed point
theorems for class of operators. In Section 4, we study existence of solution for fractional order boundary
value problem (1) as an application fixed point theorem. Finally, we provide an example to check feasibility
of our results.

2. Preliminaries

In this section, we present some definitions and lemmas on fractional calculus and the concept of
measure of noncompactness. Throughout the paper we assume that X is a Banach space. For a subset E

of X, the closure and convex hull of E in X are denoted by E and conv(E), respectively. Further, we denote
the family of nonempty bounded subsets of X by Mix and iy is the subfamily consisting of all relatively
compact subsets of X. Let C(I) be the space of continuous functions defined on I with the norm given by

llzll = sup |z(t)].

tel

In addition, L;(I) denotes the class of the Lebesgue integrable functions on the interval I with the norm

given by
lzll, = f 2(s)ds.
I

Definition 2.1. [25] The Riemann-Liouville fractional integral of order 3 > 0 for a function £ : (0,00) — R is
defined as

1 T

—_— t—s)P (s ds,
7 | e
provided that the right side is pointwise defined on (0, o).

B _
I.£(t) =

Definition 2.2. [25] The Riemann-Liouville fractional derivative of order 3 > 0 for a continuous function £ :
(0, ) — R is defined as
1 ( d )’" o f(s)

B — =
Dy £(0) = T =y |t

where m = [B] + 1, provided that the right side is pointwise defined on (0, c0).

Remark 2.3. ([25]) In this work we need the following composition relations:
(a) D§. I§. £(t) = £(t), B > 0, £(t) € L'(0, +00);

(b) DYLIP £(t) = IP7V£(t), B >y > 0, £(t) € L(0, +o0).

Remark 2.4. ([5]) For n > -1, we have

IT'n+1
DE;-H] = Lt’]—ﬁ

CI-B+1

g+tf5‘m =0,m=1,2,---,N, where N is the smallest integer greater than or equal to 3.

giving inparticular D
Lemma 2.5. [25] The general solution to D(f;y(t) =0 with 3 € (m—1,m] and m > 1 is the function

y) =atP 4+ atP2 4 g, tF g e R, 1=1,2,-- ,m.
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Lemma 2.6. [25] Let 3 > 0. Then the following equality holds for y(t) :
IPDPy(t) =y(t) +artP ! +mtP 2+ 4, P g e R 1212, m

and m is the smallest integer greater than or equal to y.

m
Lemma 2.7. Suppose Z cjp(t;)°! converges toT(8) and let @ € L'(Ry). Then the fractional order boundary value

j=1
problem

Dhz(t) =@(t), E<d<l+1, teR, )

satisfying infinite-point boundary conditions

2(0)=0,z'(0) =z"(0) =--- = z"D(0) = 0, ?3)
Jim D572(6) + ), c57(p(x)) = 0, 4)
j=1

has a unique solution

2(t) = f T as - B oocD(s)ds
0

r'(6) 2'(5)
0 5)
£8-1 o(T5) (p(T5) — 5)6 1 (
- 21,(5) Z f T) ——————a@(s)ds.
Proof. Let z(t) be a solution of (2). Then, by Lemma 2.6, we have
“(t—s)%!
z(t) =mtP 4t 2 gt 4 f —————a(s)ds (6)
o T
for somea,, € R, m=1,2,---,{+ 1. Using conditions (3), we geta, = a3 = - - - = a¢1 = 0. So, (6) reduces to
— gt 4 (t-s)"" s)*”!
z(t) = mt f F(é) @(s)ds. (7)
Before applying (4), we first take
m
hm D5+1z(t) Z‘cjz (TJ
j=1
and using Remark 2.4 to get
-1 " (p(ry) - 9* !
a = @(s)ds + Cj —————@(s)ds|.
L I )+ 1) [fo © Z i, e °®
Plugging a, value into (7), we obtain
_¢d-1 f f@(TJ) (p(t5) - 5)6 1
z(t) = o(s)ds + (o —————a(s)ds
O T e 16 [y Z J ORI ®)

f(t S)61(D(s)ds
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Since
leja(p(1y))] < cjlloll
and
P(T5) (p(T;) — )" o P(T5)
Cj ](; Tm(s)ds F(é) f u(s)o(s)ds
< % K u(s)o(s)ds
Cj
< 1_.(6)“””L1||Z”L11

where u(s) = (p(t5) — s)°L. Then, by comparison test, the series in (4) and

= () () - 9
jz_;cjfo T() @(s)ds

are convergent. So, by taking the limit as m — oo in (8), we obtain (5).
Conversely, it is clear that (3) satisfies (6). Next applying the operator DJ;! and D}, to the two sides of
(5) respectively and using Remark 2.3 and Remark 2.4, we obtain

1 1 = P(T5) (p(t5) - s)5-1
i 5-1 - - - ) AL e P
Jim Diz(t) = 3 fo o(s)ds - 5 Jzzf < fo o) (9)
and
DY, z(t) = @(s).
Also note that
m m (Tj) ( (T) _ S)é -1 1 m 00
Z (P(TJ ZCJ fw (F)JTCD( )ds — T(é) J'(P(Tj)é_lf @(s)ds
=1 j=1 0
1 & s 1 0 fva(TJ) ((P(Tj)— s)s-1
- — c,o(T; C; ———®(s)ds.
a1 2P s | O
Since Y\I"; cip(t;)®~! converges to I'(8), it follows by taking limit t — +oo that
3 ©) (p(r;) - 5!
; CJ'Z((P(TJ')) =—= j(; o(s)ds + = > Z o fw T®) ——————@(s)ds. (10)

By adding (9) and (10), we get (4). Which shows that the solution of the integral equation (5) satisfies the
differential equation (2) under infinite-point boundary conditions (3) and (4). [

m
Remark 2.8. The supposition Z cy(t5)°! converges to T(8) in the Lemma 2.7 is valid. For example: Let & = 2,

99225
T6rr11/233 7

=
cj = Ty = § and ¢(t) = t*7. Then

& 99225 105
ZCJ'(P(TJ')5 ! Z 16711/26 \/_ I'(8) as m — +oo.
j=1 j=1
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For ¢ € N, C(R,) denotes the space of all real functions which are ¢-times continuously differentiable on
R with the family of seminorms

|Z|T = sup{z(i)(t) :0<i<{, te [Or T]}

for all T > 1. Then the space C‘(R;) is a Fréchet space with respect to the distance
d(u,v) = sup{ mm{l lu — vl } Te ]N}.

For « € (0, 1], the space a-Holder continuous functions Hy(IR+) is the family of all continuous functions
z = z(t) on R, such that, for every T > 0, there exists Nt > 0,

t1) —z(t

sup{w 4, € [O,T],tl * t2} < Nr.
[t1 — t2f*

The space H(R,) is equipped with the family of seminorms

|z(t1) — z(t2)|

[t — to]*

|zlg, = 12(0)| + su { 1,02 €[0,T], th # t2}~

Then, H (R, ) is a Fréchet space with respect to the distance
d(u,v) = sup{ rmn{l [ — U|7_{ } TE]N}.

For fixed « € (0, 1], the space C“*(R ) denotes the space of all functions z € C/(R,) whose ¢th-derivative
is Holder continuous with exponent «. Then C“*(R.) equipped with the family of seminorms

2T, = Izl + 12O,
for all T € IN. Then the space C“*(IR,) is a Fréchet space with respect to the distance
d(u,v) = sup{ mln{l lu — vlT} Te ]N}.

It can be seen that C/*(RR,) is a linear subspace of C/(R;). Further, let M¢.« be the family of all nonempty
and bounded subsets of C“%(R.), and let N¢r.« be the family of all nonempty and relatively compact subsets
Of Cf,O((R+),

Definition 2.9. [20] A family of mapping {fo €}T6N , where x € (0,1]and X' , : Mcea — Ry is said to be a measure
of noncompactness in Ct*(Ry) if it satisfies the following conditions,

(C1) The family Ker (N7} = (S € Mevo : NT (S) =0V T N} # @ and Ker {NT | € Neva.
(C) SCT = ijlf(s) < NLJ(T)for TeN.

(C3) N () =NT (5)for T€ N.

(C4) NT (conv(8)) = NT 5.c(S) for TE€N.

(C5) N (cS+ (1= )T) < N (S) + (1= cNT (7)) for c € [0,1] and T € IN.

(Co) If{Sn};7, be a nonincreasing sequence of closed chains from M.« such that hm NI we(Sn) =0 foreach T € N,

then Se = ﬂsn 0.
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Suppose T € IN, and S is a bounded subset of the space C“*(R,). For z € S and & > 0 we denote

pi(z, €)= SUP{|Z(I)('C1) —20(t) 1y, 1 €[0,T] It —ta] < g,1=1,2,- - ,k},

120(t1) — 20(ty)l
[t1 — to]*

pn(z,€) = Sup{ Tt €0, Tt # to, [ty — 1] < S},

u'(S, ) = sup u'(z, ¢),
z€S

HL(S, €) = sup ui(z, €),
Zz€S

Ni (S €) = (S, &) + ug(S, ).

Theorem 2.10. (Darbo [20]) Let C be a nonempty, closed and convex subset of the Fréchet space C**(R,) and
¥ : C — Cbe a continuous operator such that, for each T € IN, there exists Ly € [0, 1) so that

NL (T (S) < LiRG, (9)

foreach S € C. Then ¥ has at least one fixed point in the set C.

3. Main Results
In this section, we present an extension of Darbo’s fixed point theorem 2.10 and consequence results.
Definition 3.1. [18] Let R denotes the class of functions 7 : R, — [0, 1) such that
(&) =1 = & = 0.

Theorem 3.2. [1] Let & be a Hausdorff locally convex linear topological space, C be a nonempty convex subset of &
and F : C — & be a continuous mapping such that

F(C cAcCC
with A compact. Then F has at least one fixed point.

Theorem 3.3. Let C be a nonempty, bounded, closed and convex subset of the Fréchet space C**(R,) and F : C — C
be a continuous operator such that, for each T € IN,

NI (F(5) < (T ,(5)) N (S) (11)
for any subset S € Cand € R. Then F has at least one fixed point in C.

Proof. By induction, we define a sequence {C,} by taking Cy = C and C, = conv(F Cp—1), p = 1. We have
Cy = conv(F Cp) C Cp, so continuing this process we get

CG2CG2CG2---.

If NT ,(Cn) = 0 for some positive integer N and for all T, then Cy is relatively compact. Thus, Theorem 3.2

gives that # has a fixed point. Otherwise, let T > 0 be a number such that X' ,(C;) # 0 for any p > 0. From
(11), we have

NG o(Cor1) = N&,[(conv(?"cp))

T T T T (12)
= NT (FG) < (N (C))NT, /() < N7, (Gp),
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which implies that N ,(Cp) is a positive decreasing sequence of real numbers, so, there exists a C > 0 such
that NT ,(C;) — Cas p — co. Now we show that C = 0. Suppose by contrary C # 0. Then, from (12), we have

N7 o(Cos1)
“f—m < H(N&,[(Cp)) <l = n(NTX,t,(Cp)) — 1 as n — oo.
Neo(Co)

Since m € R, we obtain C = 0 and hence folt,(cp) — 0 asp — oo. In view of (Cs), Coo = m Cp is nonempty,

ke

1
closed, convex and Co, C C. Also, the set C, is invariant under the operator  and Co, € Ker {N(Tx f} . Therefore,
by Theorem 3.2 the operator ¥ has a fixed point. [

Corollary 3.4. Let C be a nonempty, bounded, closed and convex subset of the Fréchet space C**(R;) and F : C — C
be a continuous operator such that, for each T € IN,

NI (F(S) < ¢ (N (9))

for any subset S € Cand ¢ : Ry — R, is a nondecreasing and upper semicontinuous function such that ¢(t) < t for
all t > 0. Then F has at least one fixed point.

Proof. The proof is similar to the proof of Corollary 2.2. in [2]. O

Corollary 3.5 (Darbo [20]). Let C be a nonempty, bounded, closed and convex subset of the Fréchet space C**(IR,)
and F : C — C be a continuous operator such that, for each T € IN, there exists L1 € [0, 1),

Ne (F(9)) < LR (9)
for any subset S € C. Then ¥ has at least one fixed point in C.
Proof. Put mi(t) = L1 in Theorem 3.3, we get desired result. [
T T
TeN’ {x“/l’Q:TeN s {NOC/&H}TE]N ’

Fréchet spaces Cf’“(]RJ,), C?“(]RJr), e, Cf,’“(IRJr) respectively. Moreover, assume that the function ¥ : [0, c0)" —
[0, o0) is convex and F (@1, @2, - -, @n) = 0 ifand only if ®; =0 fori =1,2,--- ,n. Then

Theorem 3.6. Suppose {N(TX P 1} are n families of measures of noncompactness in

NT (E) = F(NL, . (E), R, o(E), -+ N, ()

defines a measure of noncompactness in Cf'(x(]RO X Cs’a(IRQ XX CY*(R,) where E; denotes the natural projection
of E into C**(R,) fori =1,2,-++ ,n.

Proof. The proof is similar to the proof of Theorem 3.3.1. in [7]. O
Definition 3.7. [13] An element (z1,zp) € E X E is called a coupled fixed point of a mapping ¥ : EXE — E if
F(z1,22) = 21, (22, 21) = 22

Theorem 3.8. Let A be a nonempty, bounded, closed and convex subset of a Fréchet space Cl*(R,)and Y: Ry — Ry
be a nondecreasing and upper semicontinuous function such that (t) < t forall t > 0. Suppose that F : AXA — A
is a continuous operator satisfying

NI (F(E: X E2)) < 0 3 (NLo(B) + N1 (E2))| (13)

forall E1,E; C A. Then G has at least a coupled fixed point.



M. Khuddush et al. / Filomat 36:10 (2022), 3527-3543 3535

Proof. From Theorem 3.6, it can be seen that gfx (E) =N (Eq1) + N ,(E») is a measure of noncompactness
in the space Ci*(R,) x C“*(R,), where E;, E; denote the natural projections of E. Next, consider the map
F : AX A - A x A defined by

F(@n, @2) = (F (@1, @2), F (@2, @1)) .

Since ¥ is continuous on A X A, ¥ is continuous on A X A. Let E C A X A be a nonempty subset. Then, from
C; and (13), we get

g&,e(%(E)) <NT vo (F(E1 X E3) X F(E2 X Ey))
< NT (F(E1 X E)) + NI to (F(Ex X Ey))

< w[ (NT (B0 + 8T (E9)] + 0[5 (N (B2) + XL (E)|
< 293 (NL (B + N (E2)
Taking 87 , = %gfx,é” we obtain

8T (F(E) < (8T ,(E)).

Since NT is a measure of noncompactness, ST ¢ i too. Therefore, all the conditions of Corollary 3.4 are
satlsﬁed and hence, ¥ has a coupled fixed pomt O

Definition 3.9. [9] Denote E* := E X E X E. Then an element (z1,2,,23) € E° is called a tripled fixed point of a
mapping F : E> — E if

F(z1,22,23) = 21, T (22,21,23) = 22, F(23,22,21) = z3.

Theorem 3.10. Let A be a nonempty, bounded, closed and convex subset of a Fréchet space C*(R.) and ¢ :
R+ — Ry be a nondecreasing and upper semicontinuous function such that P(t) < t for all t > 0. Suppose that
F : AX AX A — Aisa continuous operator satisfying

1
N (F(E1 X B2 X E9) < | 5 (T (E0) + N (B + N, (Es))| (14)
forall E1,Ey, E3 C A. Then G has a tripled fixed point.

Proof. From Theorem 3.6, it can be seen that gfx (E) = NI (Ey) + NI (Ez) + N (E3) is a measure of non-
compactness in the space C“*(R;) X C/*(R,) x C“*(IR,), where E1, E5, E3 denote the natural projections of
E. Next, consider the map 7 : A X AX A = A X A X A defined by

%(601,602,603) = (F (@1, @2, @3), F (@2, @1, @3), F (@3, @2, @1)) .

Since ¥ is continuous on A X A X A, F is continuous on A X AX A. Let E € A X A X A be a nonempty subset.
Then, from C; and (14), we get

NT (F(E)) < T, (F(Ex X E2 X E3) X F(E X E1 X E3) X F(Es X Ez X E1)
< NM (F(Eq X E; X E3)) + NT o (F(E2 X Ey X E3)) + NT o (F(E3 X Ex X Ey))

<y [% (NT ((E1) + N (E2) + N, g(E3))] + ¢[ (NT (E2) + NI ((E1) + N K(E3))]
# 9| 5 (NL (B9 + N (B2) + NI (E)|

ss¢[ (N, (Ev) + BT () + KT ()|
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Taking STOL .= 58 owe obtain

ST (F(E) < (8T (E)).

Since NT ; is a measure of noncompactness, ST is too. Therefore, all the conditions of Corollary 3.4 are
satlsfled and hence, ¥ has a tripled fixed pomt D

Definition 3.11. [32] Denote E" := H’J?zl E;. Then an element (z1, 2y, - -, Zy-1,2n) € E" is called an n-fixed point
of a mapping ¥ : E" — E if

7_-(21/ 22,23, ", Zp-1, Zl’l) =7z,

7:(22/ 21,23, " 'y Zp-1, Zl’l) =2,

7:(231 22/ Zl/ Yy Zl’l—ll Zﬂ) = 23/

7:(Zn—lr 23,23, +,21, Zn) = Zy-1

7:(Zi’l/ 22/ 23/ Yy Zn—ll 21) = Zn

Theorem 3.12. Let A be a nonempty, bounded, closed and convex subset of a Fréchet space C“*(Ry) and ¢ : R, —
R+ be a nondecreasing and upper semicontinuous function such that Y(t) < t forall t > 0. Suppose that F : A" — A
is a continuous operator satisfying

f(ﬂE")w[ ZN AE l (15)

forall E; Cc A, j=1,2,---,n. Then G has an n-fixed point.

Proof. From Theorem 3.6, it can be seen that §(TX [E) = Z’;zl fo /(Ej) is a measure of noncompactness in
the space C/*(R,)", where E 5( =1,2,- - -,n) denote the natural projections of E. Next, consider the map
F : A" — A" defined by

/(—:((Dli (DZI @3/ Tty (Dn—ll (DH)—
7:((DZ/ LDl/ @3/ Yy cD)’l—ll LDH)

~ F (@3, @2, @1, * *, D1, ®n)
7:((Dl/ CDZI Tty CDVI—ll CDn) = .

T((Dn—lr W2, @3," **, 01, (DVZ)
,T((DVI/ (D2/ (Dll Tty (anlr (Dl)_

Since ¥ is continuous on A”, ¥ is continuous on A”. Let E C A” be a nonempty subset. Then, from C, (15)
and proceeding similar to the Theorem 3.10, we arrive

NI (F(E) < ny [% Y xg,Z(Ej)l .
j=1

Taking 87 , = %g » We obtain
5T (B) < ¢(3, ,(B)).

Since NT is a measure of noncompactness, ST is too. Therefore, all the conditions of Corollary 3.4 are
sat1sf1ed and hence, ¥ has an n-fixed point. D
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4. Existence of Solutions for Fractional Order Boundary Value Problem

In this section we present an existence result for the nonlinear fractional order infinite point boundary
value problem (1) in the Fréchet space C“*(IR;) where « € (0,1] and § — £ — « > 0. We also provide en
example to check feasibility of our results.

We assume the following conditions are true in the sequel:

(H1) 9:R;xR; — Risa continuous function and there exist increasing functions a,b : Ry — R, satisfying
lim;_pa(t) = lim;_ b(t) = 0,4 € L'(IR,) and there exits A > 0 such that

(@) lg(s, z1) = 9(s, z2)| < a(lz1 — z2l),

(i) fo 195, 21) — g(s, z2)lds < Ab((z1 — 2a])

for all s € R, and z1, z; € R. Also assume that

o° =supllg(s, 0 s € Rul <0, g = [ la(s,Olds <o
0

(Hz) for each T € IN, the exits a positive number Ry such that

(o)

[a(RT) + gs][MT + Np Z c;(t;)° +

i=1

2T6—[—oc

m] +[Ab®e) + " Nr < Rr,

where
Té—p T5 p—1 }
Mp=supd—}, Ny =sup{ ——.
! Ospgf{r(é —p+ 1)} ! OSpgf{zr(é -Dp)

Theorem 4.1. Assume that the conditions (Hi)-(H>) are satisfied. The the fractional order infinite point boundary
value problem (1) has at least one solution in the Fréchet space Cv*(RR,.).

Proof. Define the operator ¥ : C“*(R,) — C“*(R,) by

B t ('t _ S)E—l tB—l 00
F(z)(t) —L WQ(S)dS EG) @(s)ds

S ) - 5)
_zr(zs)z f ) ‘D(S)ds

Then Lemma 2.7 shows that the fixed points of the operator # coincides with the solutions of the problem
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(1). Let z € C“*(R,), then by (H;)-(H,), we have

f(t-s)! IS
0= | S ote260ds -~ g | ol 2(s)ds
i (75)
S T L [ 00D “ 9 (o o(spas
t(t-s)!

6. [|g(s, 2(s)) - 9(s, 0)l + Ig(s, 0>|]ds

21"(5) ['9(5/ z(s)) — 9(s, 0) + lg(s, O)|]ds

tél

> (t5) 5-1
- 2I°(8) Z fw ((P(Tjr(é) ) Ig(s, z(s)) — g(s, 0) + lg(s, O)I]ds

g

: Hee S () - 5)°
f[““Z'a)*gS][ o T0) zr(zs)Z ﬂ T

5-1
+ 400200 + |3
Thus,
a(lzI{Tx)+gS 751 & T I T8-1
el [T I g & oo )]+ [ ol

The similar argument gives that

, T T6 -2 sl T T5—2
I (@)(0) < [a(lzl%) + g ][r«s) -1 i) P+ 20l + o' 55 =
and
|7:(p (2)(v)| = f %g(s z(s))ds — Zl"fép ' )f g(s, z(s))ds
gop-1 & ?(%5) (p(T5) — 5)°7!
O p)Z f TR CECL

. 8-p-1 °° T Té-p-1
< [a(izIt) +g][r(5 p+1) t TG )Z csp(t;)° | + [Ab(lz] )+9]zr(6 =y

forany t € R, andp =2,3,---,{ — 1. From (16)-(18), we get

(]

. TB—p Té p-1
7P @) <[alzll) +¢°][ sup {m} P{m}z ¢sp(1y)°

0<p<t 0<p<[

5-p-1
+[Ab(zl%) + '] sup {m}

0<p<t

3538

(16)

(17)

(18)

(19)
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Further, let t4, t; € [0, T] with t, > t;. Similar to the above process, we arrive
IF O(2)(t2) = FO2)(t1)| < 1 "2 (tp —5)>!
[ta — tq|* Tt - tl* re-10
t 5-0-1 £8-0-1 _ 5 -1
(t1—s) [t ] f
- - d d
 reopole s - e | (s z(s)ds

[ -y fwﬂ (p(rs) =)
2T(6 — 0) ., T(0)

g(s, z(s))ds

g(s, z(s))ds

1 [a(|z|g)+95“2(tz—tl)” +(t§>—f’ B tg-f)
T l-tul*| TE-10 5-¢ 5—C 5-¢

VR R 1 Ab(zly) +ty 070 g
" E(r(é—f) G —5));‘:3 (T ] 2[ [ty — tq|* ] I6-0 F(é—f)]'

tZS t tB—{’ té—é’—l té —t-1

i < 1 <
S1ncet2>t1,(S 7 6—5_0’1’(6—& T6=0) 0 and so we get

FO@)() - FOR)| _ 2ol + o°]ita - 1l
Itz — ta]* ~ =0T -ty —ulx
_ etz + ]
< reé-20+ 1)
From (19) and the above inequality, we deduce that

(20)

[eS) —{—

|F z|%, S[a(lzlfx) + gs][MT + Np Z c;(t;)° + 2T

— o)+ A + o'

Therefore, ¥ (z) € C“*(R,). Next, let

z= {z € C“*(Ry) : |z|%, <Ry for T > 0}.

Then z is nonempty, bounded, closed and convex subset of C“*(R,) and from (H,) it is clear that ¥ is self
mapping on z. Now, we show that ¥ is continuous on z. for this, let z;, z, € z and ¢ be any positive number
such that |z; — z5|}, < €. Let t € [0, T]. Then

a(|21 _ Zzg‘) s, Uy 5 )t
(7 z1)(t) = (F 22)(0)] < TorD) [t 2T 0) ; c5p(t5)° | + Ab(|z1 - Zz|oc)21~(5)- (21)
Similar to the above argument, we have
£6-1 ™2 &
’ _ ’ _ T - . )0
|(¢Zl) (t) (7722) (t)l Sa(lzl ZZla)l:F(é) + 21"(6 _ 1) ; CJ(P(TJ)
T5-2
+ /\b(lzl - Zz|&)m (22)
and
® ®) T P IS . 5
(F20)P(0) = (Fz2) (0 <allz: - 2| (5257 * 775 =) 2, o)
5-p-1
+ /\b(lzl - 22|L)L (23)

2I(6 —p)
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forp=2,3--,{. From (21)-(23), we obtain
(Fz1)P(t) - (Fz2)®(v)]
Té—p Té—p—l s
<a(lz1 — z5|%) | su {—}+su {—} cip(t;)®
(=2 oo A5y * 28\ 2 =1 2 P

T T5—p—1
(=) g (ot - @

forp=0,1,---,¢. Similar to the above process, for t1, t> € [0, T] with t, > t;, we obtain
[(F2)O(t2) = (F2) O (02)] - [(F20) (1) = (Fz) ()] 2180 ( 0
2 — 6| ST+ )21~ 22l
Combining above inequality and (24), we get

b 5—

|F z1 — Fza|%, Sa(|21 - ZZI};)[MT + Np Z cip(t)® +

j=1

2
m] + /\b(lzl - 22| )
From which we conclude that ¥ is continuous on z. Finally, we verify the condition (11). Let B be any

bounded subset of C“*(R;), € be any positive number and T € IN. Let us select z € B and ty, t, € [0, T] with
[t1 — t2] £ &, we have

[(F z)(t2) — (F z)(t1)]
azs) +g’ |2t -t B 1(u! g7 ¢ 5
S[ NO) H 5 5 s 2|Te) T ;Cj(p(ﬁ-)

-1 o1
+ = [/\b(lz(s)l) +9 ] [F(S ﬁ]

5 5 51 g8
Since gl - ?2 <0, W (6) <0, [t — t1] £ € and ¢ > 0 was arbitrary, we have
[(Fz)(t2) — (Fz)(t1) > 0 as € = 0. (25)
Similar to the above arguments, it can be shown that
[(Fz)'(t2) - (F2)(t1)l > 0 as € = 0. (26)
(Fz)®)(t2) - (F2)®(t1)] > 0 as e — 0. (27)

From (25)-(27), we obtain

HT(fz, €) = sup {|z(1°)(t2) — z(p)(t1)| i, €[0,T]It1 -t <ep=0,1,--- ,g}

—0as € > 0.

U (FB,e) =supu'(Fz,e) >0 as ¢ > 0. (28)

zeB

In view of (20), we deduce that

1z0(t1) — z0(ty)|

‘ufx(?‘z, €)= sup{ 1y, €0, T], t1 # to, |t —to] < e}

[t — tof*
P LCRET P
T(5—C+1)

— 0 as ¢ = 0.
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Which gives that
U (FB, &) =supus(Fz,e) >0 as ¢ - 0. (29)

zeB
From (28)-(29), we get
NL((7B) = im N} (7B, ¢) = lim [W(FB, &) + uL(FB,¢)|.

Thus,
NI (FB) < (NI (B))NL, (B),

where 7'[(8& €(B)) = 0. Therefore, from Theorem 3.3, ¥ has a fixed point z in the Fréchet space C“*(RR;)
which belongs to the set z and hence the fractional order infinite point boundary value problem (1) has at
least one solution in C“*(R,). This completes the proof. [

Example 4.2. Consider the following fractional order infinite-point boundary value problem

e 2 sin(z(t) + 1)

5
D2, z(t) = , teRy,
0 Vt+3 ’ 30)
, " .3 = 135 (1
Z(O) =z (0) =2z (0) = 0, t1—1>1’-+20 D0+Z(t) = . mZ(J—z)
J:
135 1

Comparing (30) with (1), we have 6 = g,f =2,¢5 = =, p(ty) = T? and

5T .
2n7/257 7

e 2t sin(z(t) + 1)

Vt+3

1
Let x = 3 Then, 6 — € — a = % > 0. Taking a(t) = b(t) = tand A = 21—\/5 Now, we check the conditions of

g(t,z) =

Theorem 4.1. For this, let s € R, and z1,2z, € R. Then

—2s

lg(s, z1) — 9(s, 22)| = \/eﬁ[SiH(Zl(S) +1) —sin(za(s) + 1)]‘
S
< %Kzl #1) = (24 )|
< |Zl - ZZI/
j:o lg(s, z1) — 9(s, z7)|ds = j:o j;_s3[sin(zl(s) + 1) — sin(z(s) + 1)] ds

S|(21+1)—(22+1)|‘f(; \_/Z;ds
< ngm ~ 220 = Ab(jz1 - 2l),

g° =su {‘ e sin(l)| : s € R }: L and g¢'= foo e sin(1)ds < L

PUVG S ™ 45 v Vsi3 R

Thus, (Hy) satisfied. Also,

m

4y 135 3
cj(p("(j)“3 t= Z —27t7/2j4 =1 Vr=T(5) as m — +oo,

j=1 j=1



M. Khuddush et al. / Filomat 36:10 (2022), 3527-3543 3542

e8] m

;quo(Tj)B = L, % - 11—47c5/2 as m — +oo,
and the relation
°° oo-l-a
[a@r) + 6%|[Mr + s JZ_; cs(ty)° + m] + [Ab(Rr) + " [Ny < Ry
gives
1 72 oTl/6 1 .
[RT+%]|MT+NTE+ v M P R L
which is equivalent to
\%(MT + NT%2 + Z‘T}:) +g'Np

T2
52, 2Tl

1
1_(MT+NTW+W+NTF6)

and the right hand side value of the above inequality is finite, so for each T € IN, Rr > 0 exists, which is the
solution of the inequality in (H>). Hence from the Theorem 4.1, the fractional order infinite point boundary

value problem (30) has at least one solution in the Fréchet space C%5 (R,).
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