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Abstract. In this paper, we study skew (A, m)-symmetric operators in a complex Hilbert space H. Firstly, by
introducing the generalized notion of left invertibility we show that if T € B(H) is skew (A, m)-symmetric,
then €7 is left (A, m)-invertible for every s € R. Moreover, we examine some conditions for skew (A, 11)-
symmetric operators to be skew (A, m — 1)-symmetric. The connection between c¢o-semigroups of (A, m)-
isometries and skew (A, m)-symmetries is also described. Next, we investigate the stability of a skew
(A, m)-symmetric operator under some perturbation by nilpotent operators commuting with T. In addition,
we show that if T is a skew (A, m)-symmetric operator, then T" is also skew (A, m)-symmetric for odd n.
Finally, we consider a generalization of skew (A, m)-symmetric operators to the multivariable setting. We

introduce the class of skew (A, m)-symmetric tuples of operators and characterize the joint approximate
point spectrum of such a family.

1. Introduction and preliminaries

Throughout this paper H stands for an infinite separable complex Hilbert space with inner product
(- | ). By B(H) we denote the Banach algebra of all bounded linear operators on H. For T € B(H), we write
R(T), N(T), o(T), 0,(T) and 0,,(T) for the range space, the null space, the spectrum, the point spectrum and
the approximate point spectrum of T, respectively. The cone of positive (semi-definite) operators is given
by

B(H)" = {A € BEH) : (Au | u) 2 0, V u e H|.
For A € B(H)*, let
Ba(H) = {T € BH) : R(T"A) ¢ R(A)}.

Any A € B(H)" defines a positive semi-definite sesquilinear form: (- | J4 : HXH — C, (u| o) :=
(Au | v). By || - [la we denote the semi-norm induced by (- | -)4, i.e. ||u||124 =<{(u | u)s. Observe that || - ||4 is a
norm if and only if A is injective.
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For R, S, X € B(H), let consider the map Ors : B(H) — B(H), Ors(X) := RXS — X. An induction
argument shows that

erx) =Y (- * (7,’:) REXSK, m > 0. O
k=0

The m-isometric operators were introduced by Agler back in the early nineties and were statued in detail
by Agler and Stankus in a series of three papers ([1-3]). An operator T € B(H) is said to be an m-isometry if

@;@T(I )= ®(Tm) (I) = 0. Equivalently, T is left m-invertible with T* as a left inverse. Recently, Sid Ahmed et al.

([27]) generalized the concept of those operators on a Hilbert space. They introduced the (A, n)-isometric

operators: For m > 1, an operator T € B(H) is said to be an (A, m)-isometry if ®(Tm) (A) =0, thatis T is left
(A, m)-invertible with T* as a left inverse (see Definition 2.4). They showed many important results of such
an operator (for more details see again [27-29]).

ForR, S € B(H), let Sg s : B(H) — B(H) be the generalized derivation operator defined by Sg s(X) :=
RX — XS. For every integer 1, we have

SO = Y (-1 (Z) REX Sk, )
k=0

The concept of the Helton class of an operator has been the object of some intensive study (see [24, 26]).
For R, S € B(H), we say that S € Helton,,(R) if Sg’g([) = 0. In [16],[17], J. W. Helton initiated the study
of m-symmetries. A bounded linear operator T is said to be m-symmetric if T € Helton,,(T"), that is
SST,)T(I) = S(T'")(I) = 0. In light of complex symmetric operators, using the identity (2), M. Cho defined
(m, C)-complex symmetric operators as follows: an operator T € B(H) is said to be (m, C)-complex sym-

metric if there exists some conjugation C such that S(Tm)(C)C = 0. For more details, we refer the readers
to [6-9, 13-15, 20-23, 25]. Recently, in [19], we have introduced the class of (A, m)-symmetric operators,

i.e operators satisfying S(Tm) (A) = 0 where A € B(H)*. We have shown that some properties and results
related to m-symmetries and (m, C)-symmetries hold true also for the new class. Sid Ahmed et al. ([10])
extended the study of such a family to the multivariable setting. Particularly, they showed that if T is
(A, m)-symmetric, then ¢ is (A, m)-isometric for every t € R (Theorem 2.6).

We aim in this paper to study the class of skew (A, m)-symmetric operators introduced in [10]. We will
show that some results for skew m-symmetric and skew m-complex symmetric operators remain true if we
consider an additional semi-inner product defined by a positive operator A. Recall that T € B(H) is said to

be skew (A, m)-symmetric if C(T’”)(A) = 0, where

)=y (7:) T*AT"*, 3)

k=0
Remark 1.1. 1. T is skew (A, 1)-symmetric (or skew A-symmetric) if AT = =T*A.
2. T is said to be skew (A, 2)-symmetric if
AT? +2T"AT + T?A = 0.

3. Anoperator T € B(H) is said to be strict skew (A, m)-symmetric if T is (A, m)-symmetric, but it is not a skew
(A, m — 1)-symmetric operator.
4. For an invertible operator A, let

=1
T2
It is easy to see that R is A-symmetric, S is skew A-symmetricand T = R + S ([19]).

R:= %(T + A-lT*A), S (T - A‘lT*A).
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5. If T is (A, m)-symmetric, then (aT) is skew (A, m)-symmetric for o pure imaginary ([19]).

The following example ensures that, in general, skew (A, m)-symmetric operators are not skew m-
symmetric and vice versa ([19]).

Example 1.2. Let H = C, ||(x,y)I> = [P + [yP for all x,y € C. Take A = ( _11 _11 )’ r= ( 8 1 )’

S = (1) _01 ) Then, T is skew A-symmetric and not skew 3-symmetric. Moreover, S is skew symmetric and not
skew (A, 3)-symmetric.

A family (T(#))i»0 of bounded linear operators on H is called a strongly continuous (one-parameter)
semigroup (or a Cyp-semigroup) if it satisfies the functional equation

T(t+s)=T()T(s) forallt,s>0,
TO) =1,

and is strongly continuous in the following sense: the orbit maps t = T(t)x are continuous from R, into H
for every x € H ([11]). The generator B : D(B) € ‘H — H of a Cp-semigroup (T(t))=0 on H is the operator

. L Thx—x .
D(B) = {x eH: ;11210 — exzsts},
B = lim XY e ),

h—0 h !

Our study of skew (A, m)-symmetric operators is motivated by the connection between C,-semigroups of
(A, m)-isometries and their generators, as mentioned by the following theorem.

Theorem 1.3. ([19]) Let (T(t))is0 be a Co-semigroup on H with generator (X, D(X)). Assume that T(t) € Ba(H)
for every t > 0. Then, the following properties are equivalent:

1. (T())t=0 is an (A, m)-isometry for every t > 0.

2. The generator X is skew (A, m)-symmetric on D(X™).

Inspired by [4] and [10], we extend (3) to commuting d-tuples. A d-tuple of commuting operators
T =(Ty, -+, Ts) € B(H)" is said to be skew (A, m)-symmetric if

m

Y (’Z) (TS 4+ TFA(T) + -+ Ty =0,
k=0

equivalently, if (T1 + --- + T,) is a skew (A, m)-symmetric bounded linear operator. In this framework, we
aim to give some basic properties concerning such a family.

The present paper is organized as follows: In Section 2, the notion of left (A, m)-invertible operators is
introduced. Theorem 2.5 shows that, under a suitable assumption, a left (A, m)-invertible operator is also
left (A, m — 1)-invertible. In Theorem 2.6, 2.7 and 2.8 we study the power, the product and the bounded
perturbation of left (A, m)-invertible operators. Theorem 2.11 shows that if T is skew (A, m)-symmetric, then
T is left (A, m —1)-invertible. Asa consequence of such a characterization, we prove in Theorem 2.12 that if
T is skew (A, m)-symmetric, then it is skew (A, m —1)-symmetric. Moreover, it is shown in Theorem 2.15 that
if R is skew (A, m)-symmetric and S is skew (A, n)-symmetric, then ¢*®*9) is left (A, m +n — 1)-invertible. The
connection between cp-semigroups of (A, m)-isometries and skew (A, m)-symmetric operators is described
in Theorem 2.16. The aim of Section 3 is to study the stability of skew (A, m)-symmetries under bounded
nilpotent perturbation. We show in Theorem 3.3 that if T and Q are commuting operators, T is skew
(A, m)-symmetric and Q is I-nilpotent, then (T + Q) is skew (A, m + 2] — 2)-symmetric. Moreover, we show
that for n odd the power of a skew (A, m)-symmetry is also skew (A, m)-symmetric. Finally, in the closing
section, we introduce the skew (A, m)-symmetric tuple of commuting operators. Especially, we characterize
the joint spectrum and the joint approximate spectrum related to such a family.
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2. Basic properties of skew (A, m)-symmetric operators

In this section we aim to give some properties and some characterizations of skew (A, m)-symmetric
bounded linear operators.

In [10], the authors introduced the following polynomials

{(y + x)m}a — {kZ:O‘ (T:) ykxmfk}a = kZ:O‘ (7;:) ykaxmfkl
(-2, = {;H)”‘k (’;) yr = Y v (’;) vax',
{x-m), = {i(—l)m-" (’}j) v} o= Y (’,’j) yax
k=0 2 k=0

For T € B(H) and A € B(H)*, it follows that
A = {+0") (T, T,A), SP(A) ={y-»"] (T, T,4)
and  ©"(A) ={(yx - 1)m}a(T*, T, A).

For nonzero R, S € B(H), we denote by R ® S the tensor product of R and S on the Hilbert space HRH
(7@7{ denotes the completion, endowed with a reasonable uniform cross-norm, of the algebraic tensor

product H ® 7{) It is defined as follows:
(R®S(x1®y1) | x2®@ y2) := (Rx1 | x2) (Sy1 | y2),  x1,%2, Y1, Y2 € H. (4)

Proposition 2.1. Let T; € B(H), Ai € B(H)* (i = 1,2). Then, the following statements hold.

1. If T; is skew (A;, m)-symmetric (i = 1,2), then (T ® T») is skew (A1 & Ay, m)-symmetric.
2. If Ty is skew (A1, m)-symmetric and T, is skew (A, n)-symmetric, then (T, ®I) is skew (A1 ® Ay, m)-symmetric
and (I ® Ty) is skew (A1 ® Ay, n)-symmetric.

Proof. 1. Assume that T; is skew (A;, m)-symmetric for i = 1, 2. Then, we have
{(y+0"] (e ), Ti e T, A @A)
= {w+0"} (T}, T, A @{+0"] (T3, T2, 42) = 0.

(=0) (=0)
Hence, (T1 ® T>) is skew (A1 & Ay, m)-symmetric.
2. Letu=u;Quy; € H®H. Since (R®S)(A®B) =RA®SBand (R® S)*(R® S) = R* R® S*S, it holds

({g+0m) (Mol Tie LA @ A)u | u)
= <{(y + x)m}a(TI,Tl,Al)ul | M1> <A2Ll2 | u2> =0.

(=0)
Arguing in the same way as previously, we obtain

({y+0m] (G Ty, 10Ty, A1 @ AsJu | u)
= <{(y + x)m}a(T;, Tz,Az)Mz | M2> <A1M1 | u1> =0.

(=0)
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n
Remark 2.2. It follows from (1)-Proposition 2.1 that if T; is skew (A;, m)-symmetric (i =1,--- ,n), then ( EB Tl-) is
i=1

skew ( @ A;, m)—symmetric.
i=1

If there exists an integer k > 1 such that S € B(H) satisfies Sg)S(A) = (0, we say that S belongs to the

Helton, class of an operator R with order k. We denote this by S € Helton x(R). Recall that an operator
Q € B(H) is said to be nilpotent of order n if Q" = 0 and Q" # 0.
In the following theorem, we consider a class of (2 X 2) upper triangular operator matrices.

) 1 X T X A 0
. , + (= - — 1 _
Theorem 2.3. Let T;, X € B(H), A € B(H)* (i=1,2),R = ( 0 T, ), S= ( 0 T )and A = ( 0 A )

be operators on H & H. Then, the following statements hold true.
1. If T; is skew (A;, 2)-symmetric (i = 1, 2). Then, we have

(R € Helton(5)) &= ((A1T1 + 2T A)X + A1XT, = —X(2A2Ts + TyA2) — T; XAy).
2. If Ty is (A1, m)-symmetric and T, is n-nilpotent, then R satisfies R*"{(y + x)’“}a(R*, R, A)R” =0.

Proof. 1. The desired statement follows from the following equality

(5 S0 ) 4))

{(y+xp} (1}, T, 41) Y
0 {+»7 (T3, T2 4) )
where
Y = Aj(TiX + XTa) + 2T A1 X + XA To) + (T; X + XT)As.
k-1
2. Since RF = T ]Z TiXT’ZH_] fork > 1, we get
0 T
R™{(y +2)"} (R, R, A)R" = ( T+, (T3, Ty AT 8 ) =0,
O

We introduce below the notion of left (A, m)-invertibility, which will play a central role in this paper,
and we give some of their useful properties.
Definition 2.4. Let A € B(H)* and T, S € B(H). We say that the operator T is left (resp. right) (A, m)-invertible
by S, for some integer m > 1, zf{(yx - 1)m}a(S, T, A) =0 (resp. {(yx - 1)’“}a(T, S, A) = 0).

Sid Ahmed et al. have proved in [10, 27] that if T is (A, m)-isometric where m is even and T is invertible,

then T is an (A, m — 1)-isometry. Under suitable assumptions, we extend a similar property to left invertible
operators.

Theorem 2.5. Let A € B(H)* and T € B(H) be invertible. Assume that {(yx - 1)m-1 }a(R, T, A) and R”H{(yx -

1)m‘1}a(R‘1, T‘l,A)T’”‘1 are nonnegative. If T is left (A, m)-invertible with inverse R where m is even, then T is left
(A, m — 1)-invertible.
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Proof. Since m is even, we have (=1)f = —(~=1)"~1"%, Then, it holds

Rm—l{(yx _ 1)n1—1}a(R—1,T—1IA)Tm—1 — i(_l)m—l—k (7;:) Rm=1-k g m-1-k
k=0

~{x -1} (R,T,4) > 0.

Therefore {(yx - 1)m1 }a(R, T, A) = 0. Hence, T is left (A, m — 1)-invertible. O

Theorem 2.6. Let A € B(H)* and R, S € B(H). If R is a left (A, m)-inverse of S, then R" is a left (A, m)-inverse of
S" for each n.

Proof. Since, for some constants Ax (k =0,--- ,m(n — 1)), it holds

m(n—1)

(ynxn _ 1)111 — Z Akym(n_l)_k(]/x _ 1)mym(n—1)—k.
k=0

Hence, we have
m(n—-1)

{(ynxn _ 1)m}a — Z Akym(n—l)—k{(yx _ 1)m}aym(n—1)—k

k=0

and
m(n-1)

(o= JRs4a) = Y, AR D[ —1y") (RS, 4)sm0-F,

k=0
If R is a left (A, m)-inverse of S, then ({(yx - 1)’”} )(R, S,A) = 0. From which we deduce that ({(y”x” -
1)”’} )(R, S,A) =0, and so R" is a left (A, m)-inverse of S" for eachn. O

Theorem 2.7. Let A € B(H)* and Ry, Ry, S1, So € B(H) such that RiR, = RyRy and 515, = S,51. Assume that
Ry is a left (A, m)-inverse of S1 and R, is a left (A, m)-inverse of Sy, then RiR; is a left (A, m +n — 1)-inverse of 515,.

Proof. Fixx,y € H and leta;; = (RilRéASi1 Sé x | y). Then, for all non-negative integers k and /, we have
airig = (RIASH (S5, x) | (RYRYY)),  api; = (RLAS)(SES x) | (RRyy)).

The left (A, m)-invertibility of S; by R; and the left (A, n)-invertibility of S, by R, gives

m n
2(_1)m_iak+i,l =0, Z(—l)"’fak,m =0.
i=0 j=0
Applying [12, Corollary 2.5] we deduce that
m+n-1 m+n-1 man—1
0= ) (-1 =a = Y (< ( . ) ((RiR2Y A(S152)")xly).
s=0 s=0
Since x and y are arbitrary in H, it follows from that
m+n—1 man—1
Y, (et ( . ) (RiR2 A(S152)° = 0.
s=0

Hence, R1R; is a left (A, m + n — 1)-inverse of 51S,. O
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Theorem 2.8. Let A € B(H)" and R, S, P, Q € B(H) such that Q is nilpotent with order I, P is nilpotent with
order ', RP = PR and SQ = QS. If R is a left (A, m)-inverse of S, then (R + P) is a left (A, m + 1 + 1" — 2)-inverse of
(S+Q).

Proof. From the multinomial formula we get

{(+9x+n-1") {(x-D+@+9)t+s0"]

n n—k
(n)( )(y+s)ks](yx 1)+ ]x]tk}

(n) (n ) (y+ s)ks’{(yx -1 k‘j}axjtk.

k=0 j=0
By using this identity with x replaced by S, y replaced by R, s replaced by P, t replaced by Q, we obtain

a

n n—k

k=0 j=0

{(+s)x+H-1)"} R+PS+QA)

n n—k

Z(“) (” k) (R + P)Pi{(yx 1)} (R,5,4)S1Q".

k=0 j=0

Letn=m+I+I'=2.1fk 2 lor j > I',then Q = 0 or P = 0. Hence (R + PYP/{(yx — 1)"*} (R, S, A)SIQ* = 0
a

On the other hand, if k </and j < I’, we have

n—k—-j=m+l+l'-2-k—jzm+I1+I'-2-(1-1)-(10"-1)=

Since R is a left (A, m)-inverse of S, we get {(yx - 1)”‘k‘f} (R,S5,A) = {(yx - 1)'”} (R,S5,A) =0. Hence, (R + P)
isaleft (A,m+1+1 —2)-inverse of (S+ Q). O

Exponential operators (eiST, T € B(H) and s € ]R) are with some interest since they act on a wave

function to move it in time and space (see [5], [30]). Note that (eiT) is a function of an operator f(T)
which is defined by its expansion in a Taylor series. Due to this, we devote most of our interest to distin-
guish some connection between skew (A, m)-symmetric operators and their associated exponential operator.

k Ak
Using the formula e*M := Z a k]!VI (M € B(H), a e C), we can write
k=0
s . ( )2 (15)3 isT* : ( )2 * (15)3 *.
ST =T+ (is)T + 5 —T? + 3 T, ST =14 ()T 5 T2+ 3 —T3 4 (5)
and it follows from that
RA(S) = eisT'AeisT
Y )3
= A+(s)AT+TA)+ %(AW +2T"AT + T?A) + %(Aﬁ +3T"AT? + 3T2AT + T%A) + -
) is is
= A+ @+ E @+ o 4 ©

Let consider the following algebraic conditionon T

POL,(A): Ra(s)=A+ Z SEy,  Epi=Ef(A T, TY) € B(H). @)
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Note that

dd"RA(S) = i"eT CT")(A) T, neN. (8)

The POL,(A) condition is equivalent to ;;::1 (eiST*A eiST) 0 and consequently to C erl)(A) =0. As a conse-
quence of (8), T € B(H) is skew (A, m)-symmetric if it satisfies POLm_l(A).

We begin our study of exponential operators with the following result in which we characterize
isT

cos (ST) = % and sin (sT) == forseR.

2i

Proposition 2.9. Let A € B(H)* and T € B(H). For s € R, if T and e7*T are skew A-symmetric operators, then
cos (ST) is skew A-symmetric and sin (ST) is A-symmetric.

Proof. Since e*T and ¢7*T are skew A-symmetric, we get
Acos(sT) + (cos(sT))*A = %{AEiST + AeT 4 o5 A 4 eiST*A}
= %{ —e A+ AT+ T A+ T AL =0,
Asin(sT) — (Sin(sT))*A = %{AeisT _ Ae T 4 T 4 eisTxA}
= l{ —e " TA+eT A+ TA- T Al =0
2i

and this allows to conclude. [

Proposition 2.10. Let A € B(H)" and T € B(H). If T is skew (A, m)-symmetric, then for each positive integer k,
the following identity holds

3
N

(eisT*)k A<€isT)k - iS,I'{)] C; (A), with C(TO)(A) =A. ©)
4 !

1l
o

Proof. It follows from (6) that

(ZS)m 1km 1

(m—1)!

(eiST*)kA<eisT)k = A+ (lS)kCg})(A) 4 (IS) CTZ)(A) (m 1)(14) (ZS) (m)(A) EE (].O)

Since T is skew (A, m)-symmetric, Cgﬁq )(A) = (0 for n > m, and this finishes the proof. [

In [10, Theorem 2.6], the authors proved that if T is an (A, m)-symmetric operator, then e is (A, m)-
isometric for every t € R. By using the generalized notion of left invertible operators introduced above we
give a characterization related to skew (A, m)-symmetries.

Theorem 2.11. Let A € B(H)" and T € B(H). If T is skew (A, m)-symmetric, then for every s € R, the operator
T is left (A, m)-invertible with left inverse e .
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Proof. By (9), it holds that

m

{(yx 1)m} ( isT* est,A) — Z(_l)m—k (TZ) (eisT*)kA<eisT)k

k=0

- mk (M (D) (S)k ® (ZS) 3) (ls)m Lk D
e () s aorcan s GERu + D@ o T )

A(i“(_l)m—k (’;(1))+(i5)c(7})(A)(i(_l)m_k (’Z) ) (ls) (2)(A)(ki;d _qym- k( ) )+...+
o+ (f: 1),6’" D(A)(i )" k( )km-l).

k=0

Since
ek (M) [0, if0<j<m-1;
Yo (i)e={ o (1

we get {(yx - 1)’”}3(61'5?, T, A) = 0 and this allows to conclude. [

In [19] we have shown that if T is (A, m)-symmetric and m is even, then T is always (A, m — 1)-symmetric.
In the case of skew (A, m)-symmetries, we establish the following characterization.

Theorem 2.12. Let A € B(H)*" and T € B(H). Assume that {(yx - l)m‘l}a(eiST*,e’IST,A) and (eiSTx)’”‘l{(yx -

1)1 }a(eiST*,e‘iST, A)(e*TY"=1 are nonnegative. If T is skew (A, m)-symmetric where m is even, then T is skew
(A, m — 1)-symmetric.

Proof. Since T is skew (A, m)-symmetric, Cgf')(A) = 0 for all n > m and, by Theorem 2.11, ¢*T is left (A, m)-
invertible. On the other hand, since m is even and €7 is invertible, it follows from Theorem 2.5 and the
hypothesis that ¢*7 is left (A, m — 1)-invertible for all s € R. On the other hand, Equation (10) gives

m—1

— {(yx 1)m 1}a st 15T )m 1-k (m 1) (eisT*)kA(eisT)

k=0

k

m=1 )
= Z(_l)mfl—k (m]; 1){A + (is)(m -1 - k)C(Tl)(A) + (ls)(mz;'l_k)zc(TZ)(A)

(15)3(7” 1-k)° 3 (ls)m Ym—-1-k""
S D)+ " oy, @)
m—1 m—1

=AYy (’”,j 1)) + )0 ) MOl (’”,; 1)(m ~1-K)

k=0

(15) C(z)(A)(le( 1yn-1-k (mk 1)( _q _k)z)

(1) ety (N gyt (1= 1 .
+ o 1),c< 1><A)(Z(—1) ”( L )(m—l—k) 1).

k=0

By using the identity (11), we obtain C(Tmfl)(A) = 0. Hence T is skew (A, m — 1)-symmetric. [J

Proposition 2.13. Let A € B(H)" and T € B(H). Then the following statements hold.
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1. If (Ty)n is a sequence of skew (A, m)-symmetric operators such that 71li_r>r(1>o ||eiST” - ei5T|| = 0 then €T is left
(A, m)-invertible.
2. If T is skew (A, m)-symmetric, then *"7 is left (A, m)-invertible with left inverse ¢*"T for all n € IN.
3. If T is (A, m)-symmetric, then "7 is left (A, m)-invertible for a pure imaginary.
4. If T is skew (A, m)-symmetric and A-symmetric, then the operator T belongs to the Heltona class of T .
Proof. 1. Since T, is skew (A, m)-symmetric, ¢*Tr is left (A, m)-invertible. On the other hand, the fact that
the class of left (A, m)-invertible operators is closed in norm and nmo ”eiST*’ - eiST|| = 0 allow to deduce

that 7 is left (A, m)-invertible.

2. Since T is skew (A, m)-symmetric, it holds from Theorem 2.11 that é*T is left (A, m)-invertible with left
inverse ¢*T . Applying Theorem 2.6 we can conclude.

3. The claim follows immediately from Remark 1.1.

4. It follows from (5) that

) ia)2 ia)3
AT = A+ (is)AT + %AT2+%AT3+~~,
. )2 i3
TA = A+(is)T*A+%T*2A+(lg—')T*3A+---.

If T is A-symmetric (that is AT = T*A), then AT* = T*A for all k > 0. Hence, from the two above
equalities we get Ae"T = T A.
|

Proposition 2.14. Let s € R, A € B(H)* and T € B(H) be a skew A-symmetric operator. Then, the following
statements hold.

1. cos(sT) is A-isometric if and only if R(I - cos(ZST)) c N(A).
2. sin(sT) is A-isometric if and only if R(3I - cos(ZsT)) Cc N(A).

Proof. Since T is skew A-symmetric, €7 is left A-invertible with left inverse ¢*T, that is A = T Ae®T.
Therefore, we obtain

A- (cos(sT))*A cos(sT) = A- jI{AeZiST +2A + Ae_ZiST} = A{I - cos(ZST)},

NI— N+

A~ (sin(sT)) Asin(sT) A- %{AeﬂsT —2A + Ae ?T} = ~A[3] - cos(2sT))

and the above two identities allows to conclude. [

Theorem 2.15. Let A € B(H)" and R, S € B(H) such that RS = SR. If R is skew (A, m)-symmetric and S is skew
(A, n)-symmetric, then e*®+9 is left (A, m + n — 1)-invertible with left inverse e*R+S)",

Proof. Since R is skew (A, m)-symmetric and S is skew (A, nn)-symmetric, it holds from Theorem 2.11 that
S1 = e*R is left (A, m)-invertible with left inverse R; = ¢} and S, = ¢*° is left (A, n)-invertible with left
inverse R, = ¢, for every s € R. It is clear that R1R; = RyR; and S15; = 5,51. Applying Theorem 2.7, we
deduce that 5,5, = ¢**R) is left (A, m + n — 1)-invertible with left inverse RiR, = ¢*®*S)"

As an immediate consequence of Theorem 1.3 and Theorem 2.11, we have the following result in which
we examine the relation between a semigroup of (A, m)-isometries and the exponential operator of its
infinitesimal generator.

Theorem 2.16. Let A € B(H)* and (T(1))i=0 be a Co-semigroup on H with generator (X, D(X)). Assume that
T(t) € Ba(H) for every t > 0. If (T(t))i0 is (A, m)-isometric for every t > 0, then e*X is left (A, m)-invertible on
DX™).
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3. Sum with a nilpotent operator and power of a skew (4, m)-symmetry

In this section, we investigate the stability of a skew (A, m)-symmetric operator T under some perturba-
tion by a nilpotent operator. Moreover, in the closing part of this section, we examine the integer power of
a skew (A, m)-symmetry.

Lemma 3.1. Let T, Q € B(H) with TQ = QT. Then the following identities hold.

1.
I 1=k
SIROEDY ()( _) QI A (12)
k=0 j=0
2.
1 1=k
s0 =Y Z(‘Dk(;i ) (l ; k) Qi DAy, (13)
k=0 j=0

Proof. 1. The desired identity follows from the following
((+9)+@+0)") (T, T,4) = (((y +x) +5+ "] (T, T, A)

{Zl:i(;l()( -k)s*f(y+X)l - ’t"} (T", T, A)
(

k=0 j=0

| —
j
3 (Z) (l ) k) si{(y+ ) ¢, T, 4)
k=0 j=0 k j a o

~
— -

-
1l

I -k
- L) eswe
k=0 j=0 J
2. We have
{(+9 - @+ (T, T,4) = {(y -0~ ¢ =9)"} (T, T, A)
I -k N—k\ .
= (—1>k()( .)s*f<y—x>“—k‘f>t’< (T", T, A)
{kZ—o; kJ\ j }a
1 I-k N (1-k
( Py kI\ j { }a )
11—k
- LL)( ) e me
k=0 j=0 k J
|

In the following theorem, we examine conditions for the operator (T + Q) to be skew (A, m + 2I — 2)-
symmetric (resp. (A, m + 2] — 2)-symmetric ([10, 19])), where Q is [-nilpotent.
Theorem 3.2. Let T, Q € B(H) satisfying TQ = QT and Q is I-nilpotent. Then the following statements hold.

1. If T is skew (A, m)-symmetric, then the following claims hold true:
(a) The operator (T + Q) is skew (A, m + 21 — 2)-symmetric.
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(b) The operator (T + Q) is strict skew (A, m + 21 — 2)-symmetric if and only if
Q*l—lcgf”—l)(A)Ql—l +£0.
2. If T is (A, m)-symmetric, then the following assertions hold true:
(a) The operator (T + Q) is (A, m + 2] — 2)-symmetric.
(b) The operator (T + Q) is strict (A, m + 21 — 2)-symmetric if and only if
Q*l_ls(%n_l)(A)Ql_l 0.

Proof. Letn =m+2[-2.

1. Assume that T is skew (A, m)-symmetric, that is C(T'”)(A) =0.
(a) According to Lemma 3.1, identity (12), it follows that

11—k N (—k o
Sor=Y X (1)) o
j=0

Ifj>lork> I, then QY = QF = 0. On the other hand, if j </ and k <, then n —k — j > m and so
C(T" k= )(A) = 0. Hence, C(T"lQ(A) =0, that is T is skew (4, n)-symmetric.
(b) Since Q is I-nilpotent, Q' = 0 and Q"~! # 0. Hence, we have

-4y = (7~ 1)1 = D) g1 00 4y -1
and the claim follows from that.
2. Using the identity (13) and arguing as in the previous statement, we can show easily the assertion.
For more details, we also refer the readers to [19, Theorem 4.2].
|

Theorem 3.3. Let A € B(H)*, T € B(H) and Q € B(H) be I-nilpotent. Then, the following statements hold true.

1. If T is skew (A, m)-symmetric, then T ® Iy, + I3y ® Q is a skew (A ® A, m + 21 — 2)-symmetric operator.
2. If T is (A, m)-symmetric, then T ® Iy + I3y ® Q is (A ® A, m + 2] — 2)-symmetric.

Proof. 1. Since T is skew (A, m)-symmetric, it follows from Lemma 2.1 that T ® Iy is skew (A, m)-
symmetric. Moreover, Iy ® Q € B(H&H) is a I-nilpotent operator. Hence, applying Theorem 3.2 we
can conclude.

2. Arguing in the same way as in the previous statement, we prove the desired claim.
|

As a consequence of Theorem 2.11 and [10, Theorem 2.6], we have the following result.

Corollary 3.4. Let A € B(H)*, T € B(H) and Q € B(H) be an I-nilpotent operator. Then, we have:

1. If T is skew (A, m)-symmetric, then e*T®n*+11®Q js Jeft (A ® A, m + 21 — 2)-invertible.
2. If T is (A, m)-symmetric, then e*T®+1#®Q js (A ® A, m + 21 — 2)-isometric.

It is known from [19, Theorem 4.4] that if T € B(H) is an (A, m)-symmetric operator, then T" (n > 2)
is also (A, m)-symmetric. We will give a simple proof of such a result ([10]). For skew (A, m)-symmetric
operators, we have the following result.

Theorem 3.5. Let A € B(H)* and T € B(H). Then, the following statements hold true.

1. If T is skew (A, m)-symmetric, then T" is skew (A, m)-symmetric for n odd.
2. If T is (A, m)-symmetric, then T" is (A, m)-symmetric for all n € IN.
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Proof. 1. Assume that T is skew (A, m)-symmetric. For an odd integer #n, the following formula holds
true

{(yn + xn)m}a — {((]/ + x)(yn—l _ yn—Zx T yxn72 + xn—l)m}

m(n—-1)
{ Z ékyln(n—l)—k(y+x)mxk}
k=0 a
m(n—1)
PR (VR (14)

k=0

where & are constants fork = 0,--- , m(n — 1). It follows from (14) that
m(n—1)

(' + 2 (T, 7,4) = Z ETMDH(y + ") (T, T, AT (15)
k=0

By (15), if {(y + x)’”}a(T*, T, A) =0, then {(y” + x")’”}a<T*, T'A) = 0. Hence, T" is skew (A, m)-symmetric.

2. Assume that T is (A, m)-symmetric. The following formula hold true

{(yn _ xn)m}a {((]/ _ x)(yn—l + yn—zx ot yxn—2 " xn—l)m}

m(n—-1)
= { Y. nkym(”‘”"‘(y—x)mx"}
k=0 a
m(n—1)
DI VA (VL R (16)
k=0

where 1) are constants for k = 0,--- ,m(n — 1). It follows from (16) that

m(n-1)
{r =y (T, 1,4) = ) gDy -0} (T, T, A)T, (17)
k=0
By (17), if {(y - x)’”}a(T*, T,A) =0, then {(y” - x”)"‘}a(T*, T, A) = 0. Hence, T" is (A, m)-symmetric.

0
Remark 3.6. When n is even, (1)-Theorem 3.5 is not true. Let H = C?, ||(x, y)ll2 = |x? + |y for all x,y €
C A= ( _11 _11 ) and T = ( 3 } ) Then, T is skew A-symmetric. Moreover, it is easy to verify that
{(y + x)}a(T*z, TZ,A) # 0, so T is not skew A-symmetric.

4. Skew (A, m)-symmetric tuples and spectral properties

In this section, we introduce the class of skew (A, m)-symmetric commuting tuple of bounded linear
operators. Some of their spectral properties are studied.

FormeIN,Ae B(H) and T = (T4, -, Ty) € B(H), set

@) =Y (-1 (’,’:) (T; 4o+ T ATy 4o+ T, (18)
k=0
W(T) = Z (’;:) (T% 4o+ TOFA(T) + - + Ty)" . (19)
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Definition 4.1. Let A € B(H)* and T = (Ty,---,T;) € B(H)*. A d-tuple of commuting operators T is said to

be skew (A, m)-symmetric tuple (resp. an (A, m)-symmetric tuple) if W}(T) = 0 (resp. oN(T) = 0), equivalently

if (T1 4 -+ Ty) is a skew (A, m)-symmetric bounded linear operator (resp. an (A, m)-symmetric operator), that is
¢ (A) =0 (resp. S, (A) =0).

T1+ +Ty Ty++Ty
Remark 4.2. 1. If A =1, then T is a skew m-symmetric tuple if and only if T is a skew (A, m)-symmetric tuple.
2. If A =0, then any commuting d-tuple of operators is skew (A, m)-symmetric.
3. Let T=(Ty, -+, Ta) € B(H) be a commuting d-tuple of operators. Then:
(a) T is a skew A-symmetric tuple if

AT+ -+ Ty) = =(T] + - + T)A.

(b) T is a skew (A, 2)-symmetric tuple if
0 = AT+ +Ta) +2T; + ~--+T*)A(T1 +o+ T+ (T +-- + TH)PA
d
— 2 *2 * “T* A * *
= Y@rr+ TA+2TAT)+2( Z AT{T; + T;T; )+2 Z T;AT;.
i=1 1<i<j<d 1<i#j<d

Example 4.3. 1. Take A = ( _1 -1 ), T, = ( 2.0 ), T, = ( —2 1 ) Then, T = (T1,T») is a skew

1 1 0 2 0 -1
A-symmetric tuple of bounded linear operators
2. If T is skew (A, m)-symmetric, then T = (T, --- ,T) is a skew (A, m)-symmetric d-tuple.

SetRy, =T, + - +T; , R:==T{+--+T, Sy :=Tin+ -+ Tpnand S :=T1 +--- + Ty

Proposition 4.4. Let A € B(H)* and T = (Ty,--- , Tz) € B(H) . Then, the following assertions hold true.
1. N(S) c N(AS™).
2. If T'is skew (A, m)-symmetric, then T is skew (A, n)-symmetric for all n > m.
3. If S is invertible, then
(a) Tis skew (A, m)-symmetric if and only zf St is skew (A, m)-symmetric.
(b) If S*AS"* = S"kAS* fork = 0,1,--- ,m, then T is skew (A, m)-symmetric if and only if S~ is skew
(A, m)-symmetric.
4. If T is skew (A, m)-symmetric, then (T — A) is skew (A, m)-symmetric, for A = (Aq,- -+, Ag).

Proof. 1. Since S is skew (A, m)-symmetric, we obtain for x € H

*mAx+Z( ™ k( ) s*AS"kx = 0. (20)

Letx € NI (S) The identity (20) gives S Ax = 0, and hence x € N (S*’"A).
2. The statement follows immediately from the equality below

{y+0m1) (5,54) = {yy+0"+y+x"x (5,5,4)
= (w+o), +{w+o)2) (5,54
= ST +A)S
= S'WI(T) + W(T)S.
3. (a) Assume that T is skew (A, m)-symmetric. Then it follows that

m

0 = S*—m\ljz(T)Sfm — Z (7;;[) (S—l)*(m—k)A(Sfl)k,

k=0

which completes the proof.



R. Rabaoui / Filomat 36:10 (2022), 3261-3278 3275

(b) Assume that S*AS"* = §"*AS* fork =0,1,--- ,m. Then, we have

0=5"c (5" = sm(Y (’;:) (s a0

k=0

_ S*m(i (7;:) (S—l)*(m—k)A(S—l)k)Sm

k=0
w(T).

4. The proof follows from
d d
{(y + x)"’} (s* ~Y as-Y AI,A) { (y+ x)’”} (s,5,4).
a i=1 i=1

O

In the following theorem we show that the class of skew (A, m)-symmetric commuting tuples of operators
is closed in norm.

Theorem 4.5. Let (Tn = (T, - ’Td”))n be a sequence of skew (A, m)-symmetric commuting tuples such that
Tjy — Tj foreach j = 1,--- ,d as n — oo in the strong topology of L(H). Then, the commuting tuple T =
(Ty,- -+, Ty) is skew (A, m)-symmetric.

Proof. Since T;, = (T1n, -+, Tan) is skew (A, m)-symmetric, we have
(W (DI = W5(T,) = W5 (DI

I3 (3}t X (i) as

k=0
< ”Zm: (’Z) R’,‘,AS;f"‘—i (TZ) RiAs™ |
k=0
AT )5 o
=0
<

||Z(T)Rﬁf‘<52"‘“5”|| I, (2) -5 =0 sn e
k=0

So WY(T) = 0 and hence the commuting tuple T is skew (A, m)-symmetric. [

An operator T € B(H) is said to have the single valued extension property at A (abbreviated SVEP at
A) if for every open set D containing A the only analytic function f : D — H which satisfies the equation
(T = A)f(A) = 01is the constant function f = 0 on D. We say T has SVEP if T has SVEP at every point A € C
(18], [24]).

Theorem 4.6. Let A € B(H)* and T = (Ty,--- ,T;) € B(H)? be a commuting d-tuple. Assume that 0 ¢ op(A). If
S* has the SVEP and T is skew (A, m)-symmetric, then S has the SVEP.

Proof. Let f : D — H be an analytic function such that (A —S)f(A) = 0 for all A € D. By (4)-Proposition 4.4,
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we have
Z (’”) S*AS™HF(A) = (5" = A)"AF(A)
k=0 k
- Z (’:) (8" = AFAS = )" FF(A) = (S = A)"AF(A)
k=0

-1

3

i gk

{

Since T is skew (A, m)-symmetric, we obtain (S — A)"Af(A) = 0. Using an induction argument, we get
Af(A) = 0. Since 0 ¢ 0,(A), it holds f(A) = 0 for all A € D. Hence, S has the single valued extension
property. [

(’}j) (5= DA = s = D) =

In the rest of this section, we provide spectral properties of skew (A, m)-symmetric operators. Recall
that two vectors x and y are A-orthogonal if (Ax | y) =

For a commuting tuple T = (Ty, -+, Ts) € B(H)?, we denote by 0ja(T) (resp. 0,(T)) the joint approximate
point spectrum (resp. the joint point spectrum) of T.

Definition 4.7. Let T = (Ty, -+, T;) € B(H)". We say that :
1. A= (A1, , Ag) € 0ja(T) if there exists a sequence x,, of unit vectors such that
(Ti=Ai)x, — 0 asn— oo foralli=1,---,d.
A= (A, -+, Ag) € 0jy(T) if there exists a nonzero vector x € H such that
(Ti-=Ai)x=0 foralli=1,---,d.
Theorem 4.8. Let A € B(H)* and T = (Ty,- -+, T4) € B(H)? be a commuting d-tuple. Assume that 0 ¢ oap(A). If
T is skew (A, m)-symmetric, then the following statements are satisfied.
L IfA= (A, Ag) € 0a(T), then —(Ay + -+ + Ag) € 04p(S).

2. IfA=(Ay, e+, Ag) € 0p(T), then —(Ay + -+ + A4) € 0,(S).
3. Let A= (A, , Ag)and p = (u1,- -+, 4a) be to two joint eigenvalues of T corresponding to the eigenvectors u

d
and v. If ( Z(A j+u j)) # 0, then u and v are A-orthogonal.
j=1

d
4. Let A = (Ay,---, Ag) and p = (u1,-- -, 4a) be to two joint eigenvalues of T such that (Z(/\j + y]-)) +#0. If
=1
{tntn, {vn}n are two sequences of unit vectors such that (T;—Aj)u, — Oand (T;— uj)v, — 0(as n —> +00),
j=1,---,d, then (Au, | v,) — 0 (as n — +oo).
Proof. 1. Assume that 0 ¢ o,,(A). Let A = (A1, ,Ag) € 0js(T). Then there exists a sequence (x;), with
llxx]l = 1 such that lim (T; — A;)x, =0, i=1---,d. Since T is skew (A, m)-symmetric, we get
n—>00

0 = HH_I)I}X’ (i (7:) S*kAS"’_k)xn
k=0
= dm I (E) st e e
= nllllo (S*+(A1+---+/\d))mAxn
. . " Axy
= Jim (s (e an)) )
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Since (Ilﬁ x"“) is a sequence of unit vectors, it holds that —()\1 +--- /\d) € 04p(S).

d
2. Let A = (Ay,--+,Ag) € 0j,(T), that is ﬂ N(T; — A;) # {0}. Then, there exists a nonzero x € H such that
i=1
(Ti—Aj)x=0,i=1---,d. Since T is skew (A, m)-symmetric, it follows (S* + ()\1 +-- 4 /\d))mAx =0.If
—(Al +- 4 /\d) ¢ 0,(5%), then S* + (/\1 +-t )\d) is injective. Hence Ax = 0, which is a contradiction.
Hence —(Al +ooo+ /\d) € 0,(5%).
3. Let A = (Ay,---,Ag) and u = (u1,---, 4a) be to two joint eigenvalues of T corresponding to the
eigenvectors # and v (i.e (Tj - )\j)u =(T; - /\j)v =0,forj=1,--- ,d). By using the statement (2), we
obtain —(A; + -+ Ay) € 6,(S*) and —(u1 + -+ + pa) € 0,(57). Since T is skew (A, m)-symmetric, it holds

(Z( ) S*AS™ k)ulv =k0( ) (As"Hu | sto)

m
k=0
(T;z) A+t )\d)m_kAu | (yl +o+ yd)kv>

d m

(2(/\ ) ) (Au | v).

=

o
I

m

k=0

d
Since ()" (4 + 1)) # 0, we get (Au | ¢) = 0
j=1
4. By arguing in the same way as in the assertion (3), we can prove the desired claim.
|

Applying arguments similar to those established in proving statements (1) and (2) of Theorem 4.8, we
get the following result in which we characterize the joint approximate point spectrum and the joint point
spectrum of a commuting d-tuple of operators.

Theorem 4.9. Let A € B(H)* and T = (Ty, -+, Tq) € B(H)" be a commuting d-tuple. Assume that 0 & azy(A). If
T is skew (A, m)-symmetric, then the following statements hold true.

1. o]-,,(T)C{(/\l, ) el Re ZAk }

o]

Mn

2. 0jp(R) C {(/\1,"' ,Ag) € CY e %e
k:
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