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Approximation by Szász-Baskakov Operators Based on
Boas-Buck-Type Polynomials
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Abstract. This paper concerns with a generalization of Szász-Baskakov operators, which includes Boas-
Buck-type polynomials. The convergence properties are studied in weighted space and the rate of conver-
gence is obtained by using weighted modulus of continuity. A Voronovskaya-type theorem is investigated.
Also, the theoretical results are demonstrated by choosing the particular cases of Boas-Buck-type polynomi-
als, namely Appell polynomials, Hermite polynomials, Gould-Hopper polynomials, Laguerre polynomials
and Charlier polynomials.

1. Introduction

Approximation theory concerns with the approximation of functions by using simpler calculated func-
tions. Linear positive operators play a crucial role in this area. One of the well-known linear and positive
operators are Szász operators, which is the extension of the Bernstein operators to the infinite interval. In
1950, Szász operators are introduced by Szász [23] which is defined as

Ss( f ; x) = e−sx
∞∑

v=0

(sx)v

v!
f
(v

s

)
, (1)

where s ∈N, x ≥ 0 and f ∈ C[0,∞). In 1957, Baskakov operators are proposed by Baskakov [9] as follows:

Ls( f ; x) =
1

(1 + x)s

∞∑
v=0

(
s + v − 1

v

)
xv

(1 + x)v f
(v

s

)
, s ∈N+, x ∈ [0,∞).

In 1983, Szász-Mirakyan-Baskakov operators are studied by Prasad et al. [22] which is given by

Ds( f ; x) = (s − 1)
∞∑

v=0

e−sx (sx)v

v!

∫
∞

0

(
s + v − 1

v

)
tv

(1 + t)s+v f (t) dt. (2)

In 1969, Szász operators are combined with Appell polynomials by Jakimovski and Leviatan [17]. In 1974,
Szász operators by utilizing the Sheffer polynomials are studied by [15]. After that, in 2012, Varma et al. [25]
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Email addresses: melek.sofyalioglu@hbv.edu.tr (Melek Sofyalıoğlu), kadir.kanat@hbv.edu.tr (Kadir Kanat)
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pioneered a generalization of the Szász operators involving Brenke-type polynomials. They showed that
under special choices these polynomials turn to the Appell polynomials and Gould-Hopper polynomials. In
the same year, Varma and Taşdelen [26] studied Szász operators with the discrete orthogonal polynomials
such as Charlier polynomials. At about the same time, Sucu et al. [24] investigated the linear positive
operators, which involve the Boas-Buck-type polynomials as follows:

Bs( f ; x) =
1

A(1)B(sxH(1))

∞∑
v=0

pv(sx) f
(v

s

)
, x ≥ 0, s ∈N. (3)

After that, Mursaleen et al. [19] studied Cholodowsky type generalization of Szász operators which
include Boas-Buck-type polynomials. Recently, Çekim et al. [12] dealed with Kantorovich-Stancu operators
based on Boas-Buck-type polynomials. We also refer some of the important papers in this area [1, 3–
6, 8, 10, 11, 18, 20]. The Boas-Buck-type polynomials have generating functions of the form

A(u)B(xH(u)) =
∞∑

v=0

pv(x)uv, (4)

where A(u), B(u) and H(u) are analytic functions

A(u) =
∞∑

r=0

arur, B(u) =
∞∑

r=0

brur, H(u) =
∞∑

r=1

hrur, (5)

with the conditions a0 , 0, br , 0(r ≥ 0) and h1 , 0 [16]. We assume that the following restrictions are
satisfied:

(i) A(1) , 0, H′(1) = 1, pv(x) ≥ 0, v = 0, 1, 2, ..,

(ii) B : R→ (0,∞),

(iii) The power series (4) and (5) converge in the disk |u| < R, (R > 1).

In (3), by choosing A(u) = 1, H(u) = u and B(u) = eu, in view of the generating functions (4), we ob-
tain pv(sx) = (sx)v

v! and the operators (3) reduce to the Szász operators (1). In the current paper, we aim to
construct a generalization of the Szász-Mirakyan-Baskakov operators [22] by utilizing the Boas-Buck-type
polynomials. Then we show that the Boas-Buck-type polynomials include the Appell polynomials, Her-
mite polynomials, Gould-Hopper polynomials, Laguerre polynomials and Charlier polynomials as special
cases. We consider the Szász-Baskakov operators including Boas-Buck-type polynomials as follows:

D∗s( f ; x) =
(s − 1)

A(1)B(sxH(1))

∞∑
v=0

pv(sx)
∫
∞

0

(
s + v − 1

v

)
tv

(1 + t)s+v f (t) dt, (6)

where s ∈N, x ≥ 0 and f ∈ C[0,∞).

2. Approximation properties of D∗s

Lemma 2.1. For every x ∈ [0,∞), we write

D∗s(1; x) = 1,

D∗s(e1; x) =
sB′(sxH(1))

(s − 2)B(sxH(1))
x +

A(1) + A′(1)
(s − 2)A(1)

, s > 2,



M. Sofyalıoğlu, K. Kanat / Filomat 36:11 (2022), 3655–3673 3657

D∗s(e2; x) =
s2B′′(sxH(1))

(s − 2)(s − 3)B(sxH(1))
x2 +

s (4A(1) + 2A′(1) + A(1)H′′(1)) B′(sxH(1))
(s − 2)(s − 3)A(1)B(sxH(1))

x

+
2A(1) + 4A′(1) + A′′(1)

(s − 2)(s − 3)A(1)
, s > 3,

D∗s(e3; x) =
s3B′′′(sxH(1))

(s − 2)(s − 3)(s − 4)B(sxH(1))
x3 +

s2 (9A(1) + 3A′(1) + 3A(1)H′′(1)) B′′(sxH(1))
(s − 2)(s − 3)(s − 4)A(1)B(sxH(1))

x2

+
s (18A(1) + 18A′(1) + 9A(1)H′′(1) + 3A′′(1) + 3A′(1)H′′(1) + A(1)H′′′(1)) B′(sxH(1))

(s − 2)(s − 3)(s − 4)A(1)B(sxH(1))
x

+
6A(1) + 18A′(1) + 9A′′(1) + A′′′(1)

(s − 2)(s − 3)(s − 4)A(1)
, s > 4,

D∗s(e4; x) =
s4B(ıv)(sxH(1))

(s − 2)(s − 3)(s − 4)(s − 5)B(sxH(1))
x4 +

s3 (16A(1) + 4A′(1) + 6A(1)H′′(1)) B′′′(sxH(1))
(s − 2)(s − 3)(s − 4)(s − 5)A(1)B(sxH(1))

x3

+
s2B′′(sxH(1))

(s − 2)(s − 3)(s − 4)(s − 5)A(1)B(sxH(1))
{72A(1) + 48A′(1) + 48A(1)H′′(1) + 6A′′(1)

+12A′(1)H′′(1) + 4A(1)H′′′(1) + 3A(1)(H′′(1))2
}

x2

+
sB′(sxH(1))

(s − 2)(s − 3)(s − 4)(s − 5)A(1)B(sxH(1))
{96A(1) + 144A′(1) + 48A′′(1) + 4A′′′(1)

+72A(1)H′′(1) + 48A′(1)H′′(1) + 16A(1)H′′′(1) + 6A′′(1)H′′(1) + 4A′(1)H′′′(1) + A(1)H(ıv)(1)
}

x

+
24A(1) + 96A′(1) + 72A′′(1) + 16A′′′(1) + A(ıv)(1)

(s − 2)(s − 3)(s − 4)(s − 5)A(1)
, s > 5,

where em = tm for m = 1, 2, 3, 4.

Proof. One can easily check that
∞∑

v=0

pv(sx) = 1,
∫
∞

0
pv(sx)dx =

1
s

(7)

and
∞∑

v=0

(
s + v − 1

v

)
tv

(1 + t)s+v = 1,
∫
∞

0

(
s + v − 1

v

)
tv

(1 + t)s+v dt =
1

s − 1
. (8)

The lemma given above is proved by using the generating functions of the Boas-Buck-type polynomials.
By taking into consideration (4), we get

∞∑
v=0

pv(sx) = A(1)B(sxH(1)),

∞∑
v=0

vpv(sx) = A′(1)B(sxH(1)) + sxA(1)B′(sxH(1)),

∞∑
v=0

v2pv(sx) = (A′(1) + A′′(1)) B(sxH(1)) + sx (A(1) + 2A′(1) + A(1)H′′(1)) B′(sxH(1))

+s2x2A(1)B′′(sxH(1)),
∞∑

v=0

v3pv(sx) = (A′(1) + 3A′′(1) + A′′′(1)) B(sxH(1)) + sx (A(1) + 6A′(1) + 3A(1)H′′(1)

+3A′′(1) + 3A′(1)H′′(1) + A(1)H′′′(1)) B′(sxH(1))
+s2x2 (3A(1) + 3A′(1) + 3A(1)H′′(1)) B′′(sxH(1)) + s3x3A(1)B′′′(sxH(1)),
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∞∑
v=0

v4pv(sx) =
(
A′(1) + 7A′′(1) + 6A′′′(1) + A(ıv)(1)

)
B(sxH(1))

+sx (A(1) + 14A′(1) + 7A(1)H′′(1) + 18A′′(1) + 18A′(1)H′′(1) + 6A(1)H′′′(1)

+4A′′′(1) + 6A′′(1)H′′(1) + 4A′(1)H′′′(1) + A(1)H(ıv)(1)
)

B′(sxH(1))

+s2x2 (7A(1) + 18A′(1) + 18A(1)H′′(1) + 6A′′(1) + 12A′(1)H′′(1) + 4A(1)H′′′(1)

+3A(1)(H′′(1))2
)

B′′(sxH(1)) + s3x3 (6A(1) + 4A′(1) + 6A(1)H′′(1)) B′′′(sxH(1))

+s4x4A(1)B(ıv)(sxH(1)).

Having regard to these equalities, we achieve the assertions of the lemma.

Let the class of K be

K :=
{

f : x ∈ [0,∞), | f (x)| ≤ aebx, a, b positive and finite
}
. (9)

Also, assume that

lim
s→∞

B′(s)
B(s)

= 1, lim
s→∞

B′′(s)
B(s)

= 1, lim
s→∞

B′′′(s)
B(s)

= 1, lim
s→∞

B(ıv)(s)
B(s)

= 1. (10)

Theorem 2.2. Let f ∈ C[0,∞) ∩ K and Eqn. (10) be satisfied. Then

lim
s→∞

D∗s( f ; x) = f (x), (11)

and in each compact subset of [0,∞) the operators D∗s converge uniformly.

Proof. By taking into consideration Lemma 2.1 and Eqn. (10), we obtain

lim
s→∞

D∗s(em; x) = em(x), m = 0, 1, 2. (12)

Thusly, the new constructed operators D∗s converge uniformly in each compact subset of [0,∞). Then we
complete the proof by applying universal Korovkin-type property with respect to positive linear operators
([2], Theorem 4.1.4).

Lemma 2.3. For every x ∈ [0,∞), we have

D∗s(t − x; x) =

(
sB′(sxH(1))

(s − 2)B(sxH(1))
− 1

)
x +

A(1) + A′(1)
(s − 2)A(1)

, s > 2,

D∗s((t − x)2; x) =

(
s2B′′(sxH(1))

(s − 2)(s − 3)B(sxH(1))
−

2sB′(sxH(1))
(s − 2)B(sxH(1))

+ 1
)

x2

+

(
s (4A(1) + 2A′(1) + A(1)H′′(1)) B′(sxH(1))

(s − 2)(s − 3)A(1)B(sxH(1))
−

2A(1) + 2A′(1)
(s − 2)A(1)

)
x

+
2A(1) + 4A′(1) + A′′(1)

(s − 2)(s − 3)A(1)
, s > 3,
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D∗s((t − x)4; x) =

(
s4B(ıv)(sxH(1))

(s − 2)(s − 3)(s − 4)(s − 5)B(sxH(1))
−

4s3B′′′(sxH(1))
(s − 2)(s − 3)(s − 4)B(sxH(1))

+
6s2B′′(sxH(1))

(s − 2)(s − 3)B(sxH(1))
−

4sB′(sxH(1))
(s − 2)B(sxH(1))

+ 1
)

x4

+

(
s3 (16A(1) + 4A′(1) + 6A(1)H′′(1)) B′′′(sxH(1))

(s − 2)(s − 3)(s − 4)(s − 5)A(1)B(sxH(1))

−
4s2 (9A(1) + 3A′(1) + 3A(1)H′′(1)) B′′(sxH(1))

(s − 2)(s − 3)(s − 4)A(1)B(sxH(1))

+
6s (4A(1) + 2A′(1) + A(1)H′′(1)) B′(sxH(1))

(s − 2)(s − 3)A(1)B(sxH(1))
−

4A(1) + 4A′(1)
(s − 2)A(1)

)
x3

+

(
s2B′′(sxH(1))

(s − 2)(s − 3)(s − 4)(s − 5)A(1)B(sxH(1))
{72A(1) + 48A′(1) + 48A(1)H′′(1) + 6A′′(1)

+12A′(1)H′′(1) + 4A(1)H′′′(1) + 3A(1)(H′′(1))2
}

−
4s (18A(1) + 18A′(1) + 9A(1)H′′(1) + 3A′′(1) + 3A′(1)H′′(1) + A(1)H′′′(1)) B′(sxH(1))

(s − 2)(s − 3)(s − 4)A(1)B(sxH(1))

+
12A(1) + 24A′(1) + 6A′′(1)

(s − 2)(s − 3)A(1)

)
x2

+

(
sB′(sxH(1))

(s − 2)(s − 3)(s − 4)(s − 5)A(1)B(sxH(1))
{96A(1) + 144A′(1) + 48A′′(1) + 4A′′′(1)

+72A(1)H′′(1) + 48A′(1)H′′(1) + 16A(1)H′′′(1) + 6A′′(1)H′′(1) + 4A′(1)H′′′(1) + A(1)H(ıv)(1)
}

−
24A(1) + 72A′(1) + 36A′′(1) + 4A′′′(1)

(s − 2)(s − 3)(s − 4)A(1)

)
x

+
24A(1) + 96A′(1) + 72A′′(1) + 16A′′′(1) + A(ıv)(1)

(s − 2)(s − 3)(s − 4)(s − 5)A(1)
, s > 5.

Proof. By the help of

D∗s(t − x; x) = D∗s(e1; x) − xD∗s(1; x), s > 2,
D∗s((t − x)2; x) = D∗s(e2; x) − 2xD∗s(e1; x) + x2D∗s(1; x), s > 3,
D∗s((t − x)4; x) = D∗s(e4; x) − 4xD∗s(e3; x) + 6x2D∗s(e2; x) − 4x3D∗s(e1; x) + x4D∗s(1; x), s > 5

we get the desired result of the lemma.

Lemma 2.4. We have following results

lim
s→∞

sD∗s(t − x; x) = xµ1(x) +
A(1) + A′(1)

A(1)
(13)

lim
s→∞

sD∗s((t − x)2; x) = x2µ2(x) + x(2 +H′′(1)) (14)

lim
s→∞

s2D∗s((t − x)4; x) = x4µ3(x) + x3µ4(x) + x2
(
12 + 12H′′(1) + 3(H′′(1))2

)
, (15)

where

µ1(x) = lim
s→∞

s
(

sB′(sxH(1)) − (s − 2)B(sxH(1))
(s − 2)B(sxH(1))

)
(16)

µ2(x) = lim
s→∞

s
(

s2B′′(sxH(1)) − 2s(s − 3)B′(sxH(1)) + (s − 2)(s − 3)B(sxH(1))
(s − 2)(s − 3)B(sxH(1))

)
(17)
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µ3(x) = lim
s→∞

s2

(
s4B(ıv)(sxH(1)) − 4s3(s − 5)B′′′(sxH(1) + 6s2(s − 4)(s − 5)B′′(sxH(1))

(s − 2)(s − 3)(s − 4)(s − 5)B(sxH(1))

−
4s(s − 3)(s − 4)(s − 5)B′(sxH(1))

(s − 2)(s − 3)(s − 4)(s − 5)B(sxH(1))
+ 1

)
(18)

µ4(x) = lim
s→∞

s2

(
s3 (16A(1) + 4A′(1) + 6A(1)H′′(1)) B′′′(sxH(1))

(s − 2)(s − 3)(s − 4)(s − 5)B(sxH(1))

−
4s2(s − 5) (9A(1) + 3A′(1) + 3A(1)H′′(1)) B′′(sxH(1))

(s − 2)(s − 3)(s − 4)(s − 5)A(1)B(sxH(1))

+
6s(s − 4)(s − 5) (4A(1) + 2A′(1) + A(1)H′′(1)) B′(sxH(1))

(s − 2)(s − 3)(s − 4)(s − 5)A(1)B(sxH(1))

−
(s − 3)(s − 4)(s − 5)(4A(1) + 4A′(1))B(sxH(1))

(s − 2)(s − 3)(s − 4)(s − 5)A(1)B(sxH(1))

)
. (19)

3. Weighted approximation

We need weighted spaces in order to compute the rate of convergence of the boundless function defined
on [0,∞). Here, we investigate the approximation properties of the new constructed operators D∗s on the
weighted spaces of functions with exponential growth on [0,∞). Firstly, we recall the notations of the
weighted spaces. Let R f be a positive constant and ρ(x) = 1 + x2 be the weighted function.
Bρ([0,∞)) =

{
f : [0,∞)→ R| | f (x)| ≤ R fρ(x)

}
is a normed linear space endowed with

∥∥∥ f
∥∥∥ = sup

x∈[0,∞)

| f (x)|
ρ(x) .

Cρ([0,∞)) =
{

f ∈ Bρ([0,∞))| f is continuous
}
, C∗ρ([0,∞)) =

{
f ∈ Cρ([0,∞))| lim

x→∞

f (x)
ρ(x) < ∞

}
. The relation be-

tween these spaces can be shown as C∗ρ([0,∞)) ⊂ Cρ([0,∞)) ⊂ Bρ([0,∞)).

Lemma 3.1. [28] The sequence of linear and positive operators (Bs), s ≥ 1 act from Cρ([0,∞)) to Bρ([0,∞)) if and
only if there exists a positive constant R such that

||D∗s(ρ; x)||ρ ≤ R. (20)

Lemma 3.2. Let the weight function be ρ(x) = 1 + x2 and

lim
s→∞

B′(s)
B(s)

= 1, lim
s→∞

B′′(s)
B(s)

= 1

be satisfied. If f ∈ Cρ([0,∞)), then

||D∗s(ρ; x)||ρ ≤ R, (21)

where R is positive constant.

Proof. Using Lemma 2.1 and substituting ρ(x) = 1 + x2 we have

D∗s(ρ; x) = D∗s(1; x) +D∗s(e2; x)

= 1 +
s2B′′(sxH(1))

(s − 2)(s − 3)B(sxH(1))
x2 +

s (4A(1) + 2A′(1) + A(1)H′′(1)) B′(sxH(1))
(s − 2)(s − 3)A(1)B(sxH(1))

x

+
2A(1) + 4A′(1) + A′′(1)

(s − 2)(s − 3)A(1)
, s > 3.



M. Sofyalıoğlu, K. Kanat / Filomat 36:11 (2022), 3655–3673 3661

Therefore, we write

||D∗s(ρ; x)||ρ = sup
x≥0

{∣∣∣∣∣∣ s2B′′(sxH(1))
(s − 2)(s − 3)B(sxH(1))

∣∣∣∣∣∣ x2

1 + x2

+

∣∣∣∣∣ s (4A(1) + 2A′(1) + A(1)H′′(1)) B′(sxH(1))
(s − 2)(s − 3)A(1)B(sxH(1))

∣∣∣∣∣ x
1 + x2

+

∣∣∣∣∣∣
(

2A(1) + 4A′(1) + A′′(1)
(s − 2)(s − 3)A(1)

+ 1
)∣∣∣∣∣∣ 1

1 + x2

}
, s > 3.

Since

sup
x≥0

1
1 + x2 = 1, sup

x≥0

x
1 + x2 =

1
2
, sup

x≥0

x2

1 + x2 = 1, (22)

we have

||D∗s(ρ; x)||ρ ≤
s2B′′(sxH(1))

(s − 2)(s − 3)B(sxH(1))
+

s (4A(1) + 2A′(1) + A(1)H′′(1)) B′(sxH(1))
2(s − 2)(s − 3)A(1)B(sxH(1))

+
2A(1) + 4A′(1) + A′′(1)

(s − 2)(s − 3)A(1)
+ 1, s > 3.

By using the condition (10), there exist a positive constant R

||D∗s(ρ; x)||ρ ≤ R.

It can be understood from Lemma 3.2 that the operators D∗s act from Cρ([0,∞)) to Bρ([0,∞)).

Theorem 3.3. [27], [28] The sequence of linear and positive operators (Bs), s ≥ 1 act from Cρ([0,∞)) to Bρ([0,∞))
such that

lim
s→∞
||D∗s(t

m; x) − xm
||ρ = 0, m = 0, 1, 2. (23)

Then for any function f ∈ CR
ρ ([0,∞)),

lim
s→∞
||D∗s f − f ||ρ = 0. (24)

Theorem 3.4. Let the weight function be ρ(x) = 1 + x2 and

lim
s→∞

B′(s)
B(s)

= 1, lim
s→∞

B′′(s)
B(s)

= 1

be satisfied. Then for every f ∈ CR
ρ ([0,∞)),

lim
s→∞
||D∗s f − f ||ρ = 0. (25)

Proof. In order to prove this theorem, it is enough to show the conditions of the weighted Korovkin theorem
for m = 0, 1, 2

lim
s→∞
||D∗s(t

m; x) − xm
||ρ = 0. (26)

It can be easily seen from Lemma 2.1

lim
s→∞
||D∗s(1; x) − 1||ρ = 0. (27)
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After that, by using Lemma 2.1 we have

||D∗s(e1; x) − e1(x)||ρ = sup
x≥0

{∣∣∣∣∣ sB′(sxH(1))
(s − 2)B(sxH(1))

− 1
∣∣∣∣∣ x

1 + x2 +

∣∣∣∣∣A(1) + A′(1)
(s − 2)A(1)

∣∣∣∣∣ 1
1 + x2

}
≤

1
2

∣∣∣∣∣ sB′(sxH(1))
(s − 2)B(sxH(1))

− 1
∣∣∣∣∣ + ∣∣∣∣∣A(1) + A′(1)

(s − 2)A(1)

∣∣∣∣∣
for s > 2. Thusly, we obtain

lim
s→∞
||D∗s(e1; x) − e1(x)||ρ = 0. (28)

In the same manner,

||D∗s(e2; x) − e2(x)||ρ = sup
x≥0

{∣∣∣∣∣∣ s2B′′(sxH(1))
(s − 2)(s − 3)B(sxH(1))

− 1

∣∣∣∣∣∣ x2

1 + x2

+

∣∣∣∣∣ s (4A(1) + 2A′(1) + A(1)H′′(1)) B′(sxH(1))
(s − 2)(s − 3)A(1)B(sxH(1))

∣∣∣∣∣ x
1 + x2

+

∣∣∣∣∣2A(1) + 4A′(1) + A′′(1)
(s − 2)(s − 3)A(1)

∣∣∣∣∣ 1
1 + x2

}
≤

∣∣∣∣∣∣ s2B′′(sxH(1))
(s − 2)(s − 3)B(sxH(1))

− 1

∣∣∣∣∣∣ +
∣∣∣∣∣ s (4A(1) + 2A′(1) + A(1)H′′(1)) B′(sxH(1))

2(s − 2)(s − 3)A(1)B(sxH(1))

∣∣∣∣∣
+

∣∣∣∣∣2A(1) + 4A′(1) + A′′(1)
(s − 2)(s − 3)A(1)

∣∣∣∣∣
for s > 3. So, we have

lim
s→∞
||D∗s(e2; x) − e2(x)||ρ = 0. (29)

Therefore, we get

lim
s→∞
||D∗s(t

m; x) − xm
||ρ = 0 (30)

for m = 0, 1, 2. Finally from Theorem 3.3, we obtain the desired result

lim
s→∞
||D∗s f − f ||ρ = 0. (31)

4. Weighted modulus of continuity

If f is not uniformly continuous on [0,∞), then the modulus of continuity ω( f , δ) does not tend to 0 as
δ→ 0. Thus, the weighted modulus of continuity is defined by Gadjieva and Doğru [27] in 1998 as follows:

Ω( f ; δ) = sup
x≥0, |h|≤δ

| f (x + h) − f (x)|
(1 + x2)(1 + h2)

.

In 2006, Yüksel and Ispir [29] gave the definiton of weighted modulus of continuity as follows:

Ω( f , δ) = sup
x≥0

sup
0<h≤δ

| f (x + h) − f (x)|
1 + (x + h)2 ,

where f ∈ C∗ρ[0,∞). In the next lemma, we will present the properties of Ω(., .).
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Lemma 4.1. [29] If f ∈ C∗ρ[0,∞) then
(i) Ω( f , x) is monotone increasing function of δ,
(ii) lim

δ→0+
Ω( f , x) = 0,

(iii) for any λ ∈ [0,∞), Ω( f , λx) ≤ (1 + λ)Ω( f , x).

Now, we will obtain the rate of convergence for f ∈ C∗ρ[0,∞) by using the weighted modulus of continuity.

Theorem 4.2. If f ∈ C∗ρ[0,∞), then

sup
x∈[0,∞)

|D∗s( f ; x) − f (x)|

(1 + x2)
5
2

≤ 2
(
2 +M∗

0(s) +
√

M∗

1(s)
)
Ω

(
f ,

√
M∗

0(s)
)
,

where

M∗

0(s) =

(
s2B′′(sxH(1))

(s − 2)(s − 3)B(sxH(1))
−

2sB′(sxH(1))
(s − 2)B(sxH(1))

+ 1
)

+
1
2

(
s (4A(1) + 2A′(1) + A(1)H′′(1)) B′(sxH(1))

(s − 2)(s − 3)A(1)B(sxH(1))
−

2A(1) + 2A′(1)
(s − 2)A(1)

)
+

2A(1) + 4A′(1) + A′′(1)
(s − 2)(s − 3)A(1)

, s > 3 (32)

M∗

1(s) =

(
s4B(ıv)(sxH(1))

(s − 2)(s − 3)(s − 4)(s − 5)B(sxH(1))
−

4s3B′′′(sxH(1))
(s − 2)(s − 3)(s − 4)B(sxH(1))

+
6s2B′′(sxH(1))

(s − 2)(s − 3)B(sxH(1))
−

4sB′(sxH(1))
(s − 2)B(sxH(1))

+ 1
)
+

3
√

3
16

(
s3 (16A(1) + 4A′(1) + 6A(1)H′′(1)) B′′′(sxH(1))

(s − 2)(s − 3)(s − 4)(s − 5)A(1)B(sxH(1))

−
4s2 (9A(1) + 3A′(1) + 3A(1)H′′(1)) B′′(sxH(1))

(s − 2)(s − 3)(s − 4)A(1)B(sxH(1))

+
6s (4A(1) + 2A′(1) + A(1)H′′(1)) B′(sxH(1))

(s − 2)(s − 3)A(1)B(sxH(1))
−

4A(1) + 4A′(1)
(s − 2)A(1)

)
+

1
4

(
s2B′′(sxH(1))

(s − 2)(s − 3)(s − 4)(s − 5)A(1)B(sxH(1))
{72A(1) + 48A′(1) + 48A(1)H′′(1) + 6A′′(1)

+12A′(1)H′′(1) + 4A(1)H′′′(1) + 3A(1)(H′′(1))2
}

−
4s (18A(1) + 18A′(1) + 9A(1)H′′(1) + 3A′′(1) + 3A′(1)H′′(1) + A(1)H′′′(1)) B′(sxH(1))

(s − 2)(s − 3)(s − 4)A(1)B(sxH(1))

+
12A(1) + 24A′(1) + 6A′′(1)

(s − 2)(s − 3)A(1)

)
+

3
√

3
16

(
sB′(sxH(1))

(s − 2)(s − 3)(s − 4)(s − 5)A(1)B(sxH(1))
{96A(1) + 144A′(1) + 48A′′(1) + 4A′′′(1)

+72A(1)H′′(1) + 48A′(1)H′′(1) + 16A(1)H′′′(1) + 6A′′(1)H′′(1) + 4A′(1)H′′′(1) + A(1)H(ıv)(1)
}

−
24A(1) + 72A′(1) + 36A′′(1) + 4A′′′(1)

(s − 2)(s − 3)(s − 4)A(1)

)
+

24A(1) + 96A′(1) + 72A′′(1) + 16A′′′(1) + A(ıv)(1)
(s − 2)(s − 3)(s − 4)(s − 5)A(1)

, s > 5. (33)

Proof. From the definition of the weighted modulus of continuity and Lemma 4.1, we write∣∣∣ f (t) − f (x)
∣∣∣ ≤ (

1 + (x + |t − x|)2
) (

1 +
|t − x|
δ

)
Ω( f , δ)

≤ 2(1 + x2)
(
1 + (t − x)2

) (
1 +
|t − x|
δ

)
Ω( f , δ).
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Furthermore, applying D∗s for both sides, we obtain

|D∗s( f ; x) − f (x)| ≤ 2(1 + x2)
(
1 +D∗s

(
(t − x)2; x

)
+D∗s

((
1 + (t − x)2

) |t − x|
δ

; x
))
Ω( f , δ).

By using the Cauchy-Schwarz inequality in the term D∗s
((

1 + (t − x)2
)
|t−x|
δ ; x

)
we obtain

|D∗s( f ; x) − f (x)| ≤ 2(1 + x2)
{
1 +D∗s

(
(t − x)2; x

)
+

1
δ

√
D∗s ((t − x)2; x) +

1
δ

√
D∗s ((t − x)4; x)

√
D∗s ((t − x)2; x)

}
Ω( f , δ).

From Lemma 2.3, we can write D∗s
(
(t − x)2; x

)
≤M∗

0(s)(1+x2) and D∗s
(
(t − x)4; x

)
≤M∗

1(s)(1+x2)2. Here, M∗

0(s)
and M∗

1(s) are given by (38) and (39), respectively. Thusly, when we choose δ =M∗

0(s), we have

|D∗s( f ; x) − f (x)| ≤ 2(1 + x2)
{
1 +M∗

0(s)(1 + x2) + (1 + x2)1/2 +
√

M∗

1(s)(1 + x2)3/2
}
Ω( f , δ)

≤ 2(1 + x2)5/2
{
2 +M∗

0(s) +
√

M∗

1(s)
}
Ω( f , δ).

Finally, we achieve the desired result

sup
x∈[0,∞)

|D∗s( f ; x) − f (x)|

(1 + x2)
5
2

≤ 2
(
2 +M∗

0(s) +
√

M∗

1(s)
)
Ω

(
f ,

√
M∗

0(s)
)
.

Here, M∗

0(s) and M∗

1(s) as given in (32) and (33), respectively.

5. Voronovskaya-type theorem

Theorem 5.1. For f , f ′, f ′′ ∈ C[0,∞) ∩ K and x ∈ [0,∞), we get

lim
s→∞

s
(
D∗s( f ; x) − f (x)

)
=

(
xµ1(x) +

A(1) + A′(1)
A(1)

)
f ′(x) +

1
2

(
x2µ2(x) + x(2 +H′′(1))

)
f ′′(x)

uniformly in each compact subset of [0,∞), where µ1(x) and µ2(x) are respectively given by Eqn. (16) and Eqn. (17).

Proof. By using the classical Taylor expansion of the function f , we have

f (t) = f (x) + (t − x) f ′(x) +
(t − x)2

2
f ′′(x) + r(t, x)(t − x)2, (34)

where the remainder term r(t, x) ∈ C[0,∞) ∩ K and lim
t→x

k(t, x) = 0. Applying the D∗s operators to the both

sides of Eqn. (34), we obtain

D∗s( f ; x) = f (x) + f ′(x)D∗s(t − x; x) +
f ′′(x)

2
D∗s((t − x)2; x) +D∗s(r(t, x)(t − x)2; x).

Then

lim
s→∞

s
(
D∗s( f ; x) − f (x)

)
= f ′(x)lim

s→∞
sD∗s(t − x; x) +

f ′′(x)
2

lim
s→∞

sD∗s((t − x)2; x)

+lim
s→∞

sD∗s(r(t, x)(t − x)2; x).

When we use the Cauchy-Schwarz inequality for sD∗s(r(t, x)(t − x)2; x), we obtain

sD∗s(r(t, x)(t − x)2; x) ≤
√

D∗s(r2(t, x); x)
√

s2D∗s((t − x)4; x).
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Since r(t, x)→ 0 as t→ x,

lim
s→∞

D∗s(r
2(t, x); x) = r2(x, x) = 0 (35)

is verified uniformly in each compact subset of [0,∞). Thusly, from (13), (14) and (35) we achieve the desired
result.

6. Special cases of the operators D∗s

In this section, we obtain some special polynomials under particular choices of analytic functions A,B
and H.

6.1. Appell polynomials

Appell [7] introduced the sequences of s-degree polynomials Rs, s = 1, 2, . . . satisfying the recursive
relation

R′s(x) = sRs−1(x), s = 1, 2, . . . (36)

There exists a power series A(u) =
∑
∞

m=0 amum, (a0 , 0) such that

A(u)eux =

∞∑
s=0

Rs(x)us. (37)

If we choose B(t) = et and H(t) = t in Boas-Buck-type polynomials (4), then we obtain Appell polynomials.
As a new devolopment, Njionou Sadjang [21] studied (p, q)-Appell polynomials in the year 2019.
Now, we present moments, central moments and important theorems for Szász-Baskakov operators includ-
ing Appell polynomials.

Lemma 6.1. For every x ∈ [0,∞), we have

DR
s (1; x) = 1,

DR
s (e1; x) =

s
s − 2

x +
A(1) + A′(1)
(s − 2)A(1)

, s > 2,

DR
s (e2; x) =

s2

(s − 2)(s − 3)
x2 +

s (4A(1) + 2A′(1))
(s − 2)(s − 3)A(1)

x +
2A(1) + 4A′(1) + A′′(1)

(s − 2)(s − 3)A(1)
, s > 3,

DR
s (e3; x) =

s3

(s − 2)(s − 3)(s − 4)
x3 +

s2 (9A(1) + 3A′(1))
(s − 2)(s − 3)(s − 4)A(1)

x2

+
s (18A(1) + 18A′(1) + 3A′′(1))

(s − 2)(s − 3)(s − 4)A(1)
x +

6A(1) + 18A′(1) + 9A′′(1) + A′′′(1)
(s − 2)(s − 3)(s − 4)A(1)

, s > 4,

DR
s (e4; x) =

s4

(s − 2)(s − 3)(s − 4)(s − 5)
x4 +

s3 (16A(1) + 4A′(1))
(s − 2)(s − 3)(s − 4)(s − 5)A(1)

x3

+
s2(72A(1) + 48A′(1) + 6A′′(1))
(s − 2)(s − 3)(s − 4)(s − 5)A(1)

x2 +
s(96A(1) + 144A′(1) + 48A′′(1) + 4A′′′(1))

(s − 2)(s − 3)(s − 4)(s − 5)A(1)
x

+
24A(1) + 96A′(1) + 72A′′(1) + 16A′′′(1) + A(ıv)(1)

(s − 2)(s − 3)(s − 4)(s − 5)A(1)
, s > 5.
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Lemma 6.2. For every x ∈ [0,∞), the operators DR
s satisfy

DR
s (t − x; x) =

2
s − 2

x +
A(1) + A′(1)
(s − 2)A(1)

, s > 2,

DR
s ((t − x)2; x) =

(
s2

(s − 2)(s − 3)
−

2s
(s − 2)

+ 1
)

x2 +

(
s (4A(1) + 2A′(1))
(s − 2)(s − 3)A(1)

−
2A(1) + 2A′(1)

(s − 2)A(1)

)
x

+
2A(1) + 4A′(1) + A′′(1)

(s − 2)(s − 3)A(1)
, s > 3,

DR
s ((t − x)4; x) =

(
s4

(s − 2)(s − 3)(s − 4)(s − 5)
−

4s3

(s − 2)(s − 3)(s − 4)
+

6s2

(s − 2)(s − 3)
−

4s
(s − 2)

+ 1
)

x4

+

(
s3 (16A(1) + 4A′(1))

(s − 2)(s − 3)(s − 4)(s − 5)A(1)
−

4s2 (9A(1) + 3A′(1))
(s − 2)(s − 3)(s − 4)A(1)

+
6s (4A(1) + 2A′(1))
(s − 2)(s − 3)A(1)

−
4A(1) + 4A′(1)

(s − 2)A(1)

)
x3

+

(
s2(72A(1) + 48A′(1) + 6A′′(1))
(s − 2)(s − 3)(s − 4)(s − 5)A(1)

−
4s (18A(1) + 18A′(1) + 3A′′(1))

(s − 2)(s − 3)(s − 4)A(1)

+
12A(1) + 24A′(1) + 6A′′(1)

(s − 2)(s − 3)A(1)

)
x2

+

(
s(96A(1) + 144A′(1) + 48A′′(1) + 4A′′′(1))

(s − 2)(s − 3)(s − 4)(s − 5)A(1)
−

24A(1) + 72A′(1) + 36A′′(1) + 4A′′′(1)
(s − 2)(s − 3)(s − 4)A(1)

)
x

+
24A(1) + 96A′(1) + 72A′′(1) + 16A′′′(1) + A(ıv)(1)

(s − 2)(s − 3)(s − 4)(s − 5)A(1)
, s > 5.

Lemma 6.3. We have following results

lim
s→∞

sDR
s (t − x; x) = 2x +

A(1) + A′(1)
A(1)

,

lim
s→∞

sDR
s ((t − x)2; x) = x2 + 2x,

lim
s→∞

s2DR
s ((t − x)4; x) = 3x4 + 12x3 + 12x2.

Theorem 6.4. For f , f ′, f ′′ ∈ C[0,∞) ∩ K and x ∈ [0,∞), we have

lim
s→∞

s
(
DR

s ( f ; x) − f (x)
)
=

(
2x +

A(1) + A′(1)
A(1)

)
f ′(x) +

1
2

(
x2 + 2x

)
f ′′(x)

uniformly in each compact subset of [0,∞).

Theorem 6.5. If f ∈ C∗ρ[0,∞), then

sup
x∈[0,∞)

|DR
s ( f ; x) − f (x)|

(1 + x2)
5
2

≤ 2
(
2 +MR

0 (s) +
√

MR
1 (s)

)
Ω

(
f ,

√
MR

0 (s)
)
,

where

MR
0 (s) =

(
s2

(s − 2)(s − 3)
−

2s
s − 2

+ 1
)
+

1
2

(
s (4A(1) + 2A′(1))
(s − 2)(s − 3)A(1)

−
2A(1) + 2A′(1)

(s − 2)A(1)

)
+

2A(1) + 4A′(1) + A′′(1)
(s − 2)(s − 3)A(1)

, s > 3 (38)
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and

MR
1 (s) =

(
s4

(s − 2)(s − 3)(s − 4)(s − 5)
−

4s3

(s − 2)(s − 3)(s − 4)
+

6s2

(s − 2)(s − 3)
−

4s
(s − 2)

+ 1
)

+
3
√

3
16

(
s3 (16A(1) + 4A′(1))

(s − 2)(s − 3)(s − 4)(s − 5)A(1)
−

4s2 (9A(1) + 3A′(1))
(s − 2)(s − 3)(s − 4)A(1)

+
6s (4A(1) + 2A′(1))
(s − 2)(s − 3)A(1)

−
4A(1) + 4A′(1)

(s − 2)A(1)

)
+

s2(18A(1) + 12A′(1) + 3/2A′′(1))
(s − 2)(s − 3)(s − 4)(s − 5)A(1)

−
s (18A(1) + 18A′(1) + 3A′′(1))

(s − 2)(s − 3)(s − 4)A(1)
+

3A(1) + 6A′(1) + (3/2)A′′(1)
(s − 2)(s − 3)A(1)

+
3
√

3
16

(
s(96A(1) + 144A′(1) + 48A′′(1) + 4A′′′(1))

(s − 2)(s − 3)(s − 4)(s − 5)A(1)
−

24A(1) + 72A′(1) + 36A′′(1) + 4A′′′(1)
(s − 2)(s − 3)(s − 4)A(1)

)
+

24A(1) + 96A′(1) + 72A′′(1) + 16A′′′(1) + A(ıv)(1)
(s − 2)(s − 3)(s − 4)(s − 5)A(1)

, s > 5. (39)

Here, we obtain Hermite polynomials and Gould-Hopper polynomials under special choices of A.

6.1.1. Hermite polynomials

If A(u) = e−
ξu2

2 then Rs(x) = H(ξ)
s (x) is the Hermite polynomials of variance ξ, which is

H(ξ)
v (x) =

[ v
2 ]∑

m=0

(
−
ξ
2

)m v!
m!(v − 2m)!

xv−2m. (40)

Here, [.] denotes the integer part. The generating function of the Hermite polynomials is given by

∞∑
v=0

uv

v!
H(ξ)

v (x) = eux− ξ2 u2
. (41)

Then the Szász-Baskakov operators including Hermite polynomials of variance ξ is given by

DH
s (x) = (s − 1)eξ/2−sx

∞∑
v=0

H(ξ)
v (sx)
v!

∫
∞

0

(
s + v − 1

v

)
tv

(1 + t)s+v f (t) dt. (42)

Under the assumption ξ ≤ 0, restrictions i)–iii) and assumptions (10) for the operators DH
s are verified.

Lemma 6.6. We have following results

lim
s→∞

sDH
s (t − x; x) = 2x + 1 − ξ,

lim
s→∞

sDH
s ((t − x)2; x) = x2 + 2x,

lim
s→∞

s2DH
s ((t − x)4; x) = 3x4 + 12x3 + 12x2.

Theorem 6.7. For f , f ′, f ′′ ∈ C[0,∞) ∩ K and x ∈ [0,∞), we get

lim
s→∞

s
(
DH

s ( f ; x) − f (x)
)
= (2x + 1 − ξ) f ′(x) +

1
2

(
x2 + 2x

)
f ′′(x)

uniformly in each compact subset of [0,∞).



M. Sofyalıoğlu, K. Kanat / Filomat 36:11 (2022), 3655–3673 3668

Theorem 6.8. If f ∈ C∗ρ[0,∞), then

sup
x∈[0,∞)

|DH
s ( f ; x) − f (x)|

(1 + x2)
5
2

≤ 2
(
2 +MH

0 (s) +
√

MH
1 (s)

)
Ω

(
f ,

√
MH

0 (s)
)
,

where

MH
0 (s) =

2s + 11 − 8ξ + ξ2

(s − 2)(s − 3)
,

MH
1 (s) =

3(8 + 3
√

3)s2 + s(596 + 273
√

3 − 6(25 + 17
√

3)ξ + (6 + 9
√

3)ξ2)
4(s − 2)(s − 3)(s − 4)(s − 5)

+
816 + 270

√
3 − 3(424 + 195

√
3)ξ + 36(17 + 5

√
3)ξ2

− (88 + 15
√

3)ξ3 + 4ξ4

4(s − 2)(s − 3)(s − 4)(s − 5)
.

By taking f (x) = x2

1+x3 , we can see the error estimation of the Szász-Baskakov operators including Hermite
polynomials by the help of weighted modulus of continuity in Table 1.

s ξ = −0.005 ξ = −0.6 ξ = −0.85 ξ = −1.5

10 2.09861 2.2582 2.32598 2.50571
102 0.344189 0.348233 0.35008 0.355279
103 0.106257 0.10639 0.106452 0.106626
104 0.0337866 0.0337909 0.0337929 0.0337985
105 0.0107167 0.0107169 0.0107169 0.0107171
106 0.00339262 0.00339262 0.00339263 0.00339263
107 0.00107322 0.00107322 0.00107322 0.00107322

Table 1: Error estimation of DH
s by using weighted modulus of continuity

6.1.2. Gould-Hopper polynomials
By taking A(u) = ehum

, then Rs(x) = Gm
s (x, h) is the Gould–Hopper polynomials. The explicit representa-

tion of these polynomials is given as:

Gm
v (x, h) =

[ v
m ]∑

j=0

v!
j!(v −mj)!

h jxv−mj. (43)

Here, [.] denotes the integer part. The generating function of the Gould–Hopper polynomials [14] is given
by

∞∑
v=0

uv

v!
Gm

v (x, h) = eux+hum
. (44)

Then the explicit form of the Szász-Baskakov operators including Gould-Hopper polynomials are given by

DG
s ( f ; x) = (s − 1)e−h−sx

∞∑
v=0

Gm
v (sx, h)

v!

∫
∞

0

(
s + v − 1

v

)
tv

(1 + t)s+v f (t) dt. (45)

It is worhty to note that for h = 0, we have Gm
v (sx, 0) = (sx)v and the operators (45) lead to the Szász-Baskakov

operators. Under the assumption h ≤ 0, restrictions i)–iii) and assumptions (10) for the operators DG
s are

verified.
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Theorem 6.9. For f , f ′, f ′′ ∈ C[0,∞) ∩ K and x ∈ [0,∞), we get

lim
s→∞

s
(
DG

s ( f ; x) − f (x)
)
= (2x + 1 + hm) f ′(x) +

1
2

(
x2 + 2x

)
f ′′(x)

uniformly in each compact subset of [0,∞).

Theorem 6.10. If f ∈ C∗ρ[0,∞), then

sup
x∈[0,∞)

|DG
s ( f ; x) − f (x)|

(1 + x2)
5
2

≤ 2
(
2 +MG

0 (s) +
√

MG
1 (s)

)
Ω

(
f ,

√
MG

0 (s)
)
,

where

MG
0 (s) =

h2m2 + hm2 + 6hm + 2s + 11
(s − 2)(s − 3)

,

MG
1 (s) =

816 + 270
√

3 + 4h4m4 + h3m3(40 + 15
√

3 + 24m) + (596 + 273
√

3)s + 3(8 + 3
√

3)s2

4(s − 2)(s − 3)(s − 4)(s − 5)

+
h2m2(260 + 90

√
3 + 15(8 + 3

√
3)m + 28m2 + 6s + 9

√
3s)

4(s − 2)(s − 3)(s − 4)(s − 5)

+
hm(560 + 345

√
3 + 5(8 + 3

√
3)m2 + 4m3 + 138s + 84

√
3s +m(260 + 90

√
3 + 6s + 9

√
3s))

4(s − 2)(s − 3)(s − 4)(s − 5)
.

By taking f (x) = x2

1+x3 and m = 0.5, we obtain the error approximation of the Szász-Baskakov operators
including Gould-Hopper polynomials by using weighted modulus of continuity as we see in Table 2.

s h = 0.005 h = 1.5 h = 2 h = 4

10 2.09782 2.2599 2.31555 2.55013
102 0.34417 0.348459 0.350073 0.357392
103 0.106256 0.106397 0.106451 0.106698
104 0.0337866 0.0337911 0.0337929 0.0338008
105 0.0107167 0.0107169 0.0107169 0.0107172
106 0.00339262 0.00339262 0.00339263 0.00339263
107 0.00107322 0.00107322 0.00107322 0.00107322

Table 2: Error of DG
s by using weighted modulus of continuity for m = 0.5

6.2. Laguerre polynomials
The Laguerre polynomials are Boas–Buck-type polynomials with A(u) = 1

(1−u)α+1 , H(u) = − u
(1−u) , B(u) = eu,

where 0 ≤ u < 1, x < 0 and α is a nonnegative integer. The Laguerre polynomial of degree v is defined as

L(α)
v (x) =

v∑
j=0

(
v + α
v − j

)
(−x) j

j!
, α > −1.

It can be seen that for x ≤ 0 Laguerre polynomials are positive. Generating functions of L(α)
v are

1

(1 − u)α+1 e
−xu
1−u =

∞∑
v=0

L(α)
v (x)uv, 0 ≤ u < 1. (46)
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In order to ensure the restrictions i)-iii) ans assumption (10), the generating function (46) should be modified
when u→ u/2 and x→ −x/2. The new form of the generating function is given as follows

1(
1 − u

2

)α+1 e
xu

2(2−u) =

∞∑
v=0

L(α)
v (−x

2 )
2v uv, 0 ≤ u < 2.

Thus, DL
s the Szász-Mirakyan-Baskakov operators including Laguerre polynomials are given by

DL
s ( f ; x) =

(s − 1)e−sx/2

2α+1

∞∑
v=0

L(α)
v (−sx

2 )
2v

∫
∞

0

(
s + v − 1

v

)
tv

(1 + t)s+v f (t) dt.

Theorem 6.11. For f , f ′, f ′′ ∈ C[0,∞) ∩ K and x ∈ [0,∞), we get

lim
s→∞

s
(
DL

s ( f ; x) − f (x)
)
= (2x + α + 2) f ′(x) +

1
2

(
x2 + 2x

)
f ′′(x)

uniformly in each compact subset of [0,∞).

Theorem 6.12. If f ∈ C∗ρ[0,∞), then

sup
x∈[0,∞)

|DL
s ( f ; x) − f (x)|

(1 + x2)
5
2

≤ 2
(
2 +ML

0(s) +
√

ML
1(s)

)
Ω

(
f ,

√
ML

0(s)
)
,

where

ML
0(s) =

20 + 3s + 10α + α2

(s − 2)(s − 3)
,

ML
1(s) =

24(124 + 45
√

3) + 6(10 + 3
√

3)s2 + 68(44 + 15
√

3)α + (932 + 225
√

3)α2

4(s − 2)(s − 3)(s − 4)(s − 5)

+
(104 + 15

√
3)α3 + 4α4 + s(1352 + 870

√
3 + 3(94 + 79

√
3)α + 6(1 + 3

√
3)α2)

4(s − 2)(s − 3)(s − 4)(s − 5)
.

If we take f (x) = x2

1+x3 , then we achieve the error approximation of the Szász-Baskakov operators including
Laguerre polynomials with the help of weighted modulus of continuity in Table 3.

s α = 1.0 α = 2.0 α = 3.0 α = 4.0

10 3.10694 3.44874 3.83697 4.27149
102 0.429377 0.437536 0.446734 0.456903
103 0.130051 0.130325 0.13064 0.130997
104 0.0413435 0.0413524 0.0413627 0.0413743
105 0.0131207 0.013121 0.0131213 0.0131217
106 0.00415461 0.00415462 0.00415463 0.00415464
107 0.00131438 0.00131438 0.00131438 0.00131438

Table 3: Error of DL
s by using weighted modulus of continuity
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6.3. Charlier polynomials
The Charlier polynomial of degree v is defined as

L(b)
v (x) =

v∑
j=0

(
v
j

)
(−x) j

v!b j ,

where b > 1, x ∈ [0,∞), (x)0 = 1, (x) j = x(x + 1) . . . (x + j − 1), j ≥ 1 Generating functions of teh Charlier
polynomials are

eu
(
1 −

u
b

)x
=

∞∑
v=0

C(b)
v (x)uv, |u| < b. (47)

The Charlier polynomials are Boas–Buck-type polynomials with A(u) = eu, H(u) = ln
(
1 − u

b

)
, B(u) = eu,

where |u| < b. In order to ensure the restrictions i)-iii) ans assumption (10), the generating function (47)
should be modified. The new form of the generating function is given as follows

eue−(b−1)x ln(1−u/b) =

∞∑
v=0

C(b)
v (x)uv, |u| < b.

Thus, DC
s the Szász-Mirakyan-Baskakov operators including Charlier polynomials are given by

DC
s ( f ; x) =

(s − 1)
(
1 − 1

b

)(b−1)sx

e

∞∑
v=0

C(b)
v (−(b − 1)x)

∫
∞

0

(
s + v − 1

v

)
tv

(1 + t)s+v f (t) dt.

Theorem 6.13. For f , f ′, f ′′ ∈ C[0,∞) ∩ K and x ∈ [0,∞), we get

lim
s→∞

s
(
DC

s ( f ; x) − f (x)
)
= (2x + 2) f ′(x) +

1
2

(
x2 +

(
2 −

1
(1 − b)2

)
x
)

f ′′(x)

uniformly in each compact subset of [0,∞).

Theorem 6.14. If f ∈ C∗ρ[0,∞), then

sup
x∈[0,∞)

|DC
s ( f ; x) − f (x)|

(1 + x2)
5
2

≤ 2
(
2 +MC

0 (s) +
√

MC
1 (s)

)
Ω

(
f ,

√
MC

0 (s)
)
,

where

MC
0 (s) =

38 + 3s + 2(b2
− 2b)(19 + 2s)

2(s − 2)(s − 3)(b − 1)2 ,

MC
1 (s) =

4312 + 1740
√

3 − 17248b − 6960
√

3b + 25872b2 + 10440
√

3b2
− 17248b3

− 6960
√

3b3

8(s − 2)(s − 3)(s − 4)(s − 5)(b − 1)4

+
4312b4 + 1740

√
3b4 + 1092s + 432

√
3s − 5088bs − 2322

√
3bs + 8472b2s + 4131

√
3b2s

8(s − 2)(s − 3)(s − 4)(s − 5)(b − 1)4

+
−5968b3s − 3000

√
3b3s + 1492b4s750

√
3b4s + 30s2 + 9

√
3s2
− 144bs2

− 54
√

3bs2

8(s − 2)(s − 3)(s − 4)(s − 5)(b − 1)4

+
264b2s2 + 99

√
3b2s2

− 192b3s2
− 72

√
3b3s2 + 48b4s2 + 18

√
3b4s2

8(s − 2)(s − 3)(s − 4)(s − 5)(b − 1)4 .

By taking f (x) = x2

1+x3 , we get the error analysis of the Szász-Baskakov operators including Charlier polyno-
mials by the help of weighted modulus of continuity which is shown in Table 4.
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s b = 2.5 b = 4.5 b = 5.5 b = 6.5

10 2.22605 2.31353 2.3208 3.32444
102 0.332545 0.347242 0.348516 0.34916
103 0.100514 0.0105397 0.10582 0.106033
104 0.0318717 0.0334487 0.0335853 0.0336542
105 0.010105 0.0106072 0.0106507 0.0106726
106 0.0031987 0.00335785 0.00337163 0.00337858
107 0.00101186 0.00106222 0.00106658 0.00106878

Table 4: Error of DC
s by using weighted modulus of continuity

7. Conclusion

In this work, the Szász-Baskakov operators including Boas-Buck-type polynomials are introduced.
Uniform convergence of these operators is shown in each compact subset of [0,∞). The rate of convergence
of the boundless function defined on [0,∞) is computed in weighted spaces and by using weighted modulus
of continuity. Then a Voronovskaya-type theorem is given for quantitative asymptotic estimation. In the
last part, some special polynomials are obtained under particular choices of analytic functions A,B and H.
Finally, the error approximations of the Szász-Baskakov operators including special polynomials are given
by using weighted modulus of continuity.
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M. Sofyalıoğlu, K. Kanat / Filomat 36:11 (2022), 3655–3673 3673

[19] M. Mursaleen, A.H. Al-Abied, A.M. Acu, Approximation by Cholodowsky type of Szász operators based on Boas-Buck-type
polynomials, Turkish Journal of Mathematics 42 (2018) 2243-2259.

[20] M. Mursaleen, S. Rahman, K.J. Ansari, On the approximation by Bézier–Pǎltǎnea operators based on Gould–Hopper polynomials,
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