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Abstract. The aim of this work is to develop quantum estimates for g-Simpson type integral inequalities
for co-ordinated convex functions by using the notion of newly defined g,4,-derivatives and integrals. For
this, we establish a new identity including quantum integrals and quantum numbers via g14,- differentiable
functions. After that, with the help of this equality, we achieved the results we want. The outcomes raised
in this paper are extensions and generalizations of the comparable results in the literature on Simpson’s

inequalities for co-ordinated convex functions.
1. Introduction

Simpson’s rules are well-known techniques for the numerical integration and numerical estimation of
definite integrals. This method is known to be developed by Thomas Simpson (1710-1761). However, Jo-

hannes Kepler used a similar approximation about 100 years ago, so this method is also known as Kepler’s
rule.

Simpson’s quadrature formula (Simpson’s 1/3 rule) is stated as:

b p—a a+p
f POOdn » — [CP(Of) +4¢ (T) + qb(ﬁ)} :

There are a large number of estimations related to these quadrature rules in the literature, one of them is
the following estimation known as Simpson’s inequality:

Theorem 1.1. Suppose that ¢ : [a, f] — R is a four times continuously differentiable mapping on (a, B), and let
[p@]|. = sup [p® ()| < co. Then, one has the inequality

xe(a,p)

p
‘%[¢(a);¢(ﬁ)+2¢(a;ﬁ)]‘5iafa o0
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In recent years, many authors have focused on Simpson type inequalities for various classes of functions.
Specifically, some mathematicians have worked on Simpson and Newton type results for convex mappings,
because convexity theory is an effective and strong method for solving a great number of problems which
arise within different branches of pure and applied mathematics. For example, Dragomir et al. presented
new Simpson type results and their applications to quadrature formulas in numerical integration in [14].
What is more, some inequalities of Simpson type for s-convex functions are deduced by Alomari et al. in
[5]. Afterwards, Sarikaya et al. observed the variants of Simpson type inequalities based on convexity in
[34]. For more recent results, one can read [16, 20, 33].

On the other side, in the field of g-analysis, many studies have recently been carried out, starting
with Euler owing to a vast requirement for mathematics that models quantum computing g-calculus
occurred for the relationship between physics and mathematics. In different areas of mathematics, it has
numerous applications such as combinatorics, number theory, basic hypergeometric functions, orthogonal
polynomials, and other sciences, mechanics, the theory of relativity, and quantum theory [17-19, 21, 23].
Apparently, Euler invented this important mathematics branch. He used the g parameter in Newton’s work
on infinite series. Later, in a methodical manner, the g-calculus that knew without limits calculus was firstly
given by Jackson [17]. In 1908-1909, the general form of the g-integral and g-difference operator is defined
by Jackson [21]. In 1969, for the first time Agarwal [3] defined the g-fractional derivative. In 1966-1967,
Al-Salam [6] introduced a g-analog of the g-fractional integral and g-Riemann-Liouville fractional. In 2004,
Rajkovic gave a definition of the Riemann-type g-integral which was generalized to Jackson g-integral. In
2013, Tariboon introduced ,, D;-difference operator [7]. Recently, in 2020, Bermudo et al. introduced the
notion of # D, derivative and integral [9].

Many well-known integral inequalities such as Holder inequality, Hermite-Hadamard inequality, Simp-
son’s inequality, Newton’s inequality, Ostrowski inequality, Cauchy-Bunyakovsky-Schwarz inequality,
Gruss inequality, Gruss- Cebysev inequality and other integral inequalities have been studied in the
setup of g-calculus using the concept of classical convexity. For more results in this direction, we refer
to[1,2,7,8,11,13,15,17-19, 22, 25, 26, 29-32, 35, 37-42].

Inspired by this ongoing study, we establish some new quantum bounds for g-Simpson’s type inequal-
ities for g-differentiable co-ordinated convex functions. This is the primary motivation of this paper. The
ideas and strategies of the paper may open new venues for further research in this field.

2. Preliminaries of g-Calculus and Some Inequalities

In this section, we present some required definitions and related inequalities about g-calculus. Through-
out the paper, we consider that 0 < q,41,92 <1, < B, y <6,and A = [a, ] X [y, 6] € R

We have to give the following notation which will be used many times in the next sections (see, [23]):
_q-1
=TT

[n],

Definition 2.1. [36] We consider that a function ¢ : [a,B] — R is continuous. Then, the q,-derivative of ¢ at
u € [a, B] is defined in the following way;

adgp (%) = qb(%)(—l?(qq)}z}j_(la; 7 a)' n#a. 1)

If we assume » = v in (1), we define ,dyp (@) = lim, o odgP (%) if it exists and it is finite.

Definition 2.2. [36] We assume that a function ¢ : [a, ] — R is continuous. Then, the q,-definite integral on
[, B] is defined as:

[o@ wte =0-n6-0 Y roax+a-aa @
p n=0

for n € [a, B].



N. Alp et al. / Filomat 36:12 (2022), 3919-3940 3921

Moreover, we give the succeeding lemma which is necessary to prove the key results of this paper:

Lemma 2.3. We have the equality

B
. (‘B a)a+1
f(}t —a)" adgn wr il
fora € R\ {-1}

In [7], Alp et al. established the succeeding quantum integral inequality of Hermite-Hadamard type for
the convex functions in the developing of g-calculus:

Theorem 2.4. (q,-Hermite-Hadamard inequality) We assume that a function ¢ : [, B] — R is convex differentiable
function on [a, B] and 0 < q < 1. Then, we have the succeeding inequality:

¢(¢7a+ﬁ) f¢( ) d 4 < 19@+o(F) [)2?)(@' )

In [7] and [29], the authors offered some estimates for the right and left hand sides of the inequality (3).
On the other side, Bermudo et al. gave the following new definitions and related Hermite-Hadamard
type inequalities in quantum calculus:

Definition 2.5. [9] We consider that a function ¢ : [a,f] — R is continuous. Then, the qP-derivative of ¢ at
n € [a, B] is defined in the following way;

P -p(gn+(1-q)p)
(1-9)(c=p) ’

If we consider x = p in (4), we define ,d, (B) = lim, g odyP (%) if it exists and it is finite.

Py () =

% #p. (4)

Definition 2.6. [9] We assume that a function ¢ : [a, B] — R is continuous. Then, the qP-definite integral on [, B]
is defined as:

ﬁ o0
[o@ tar =a-p@-0Y roqxa-gp
P n=0

for x € [a, B].

Theorem 2.7. (qP-Hermite-Hadamard inequality, [9])We assume that a function ¢ : [a, B] = R is convex differen-
tiable function on [a, B]. Then, we obtain the succeeding inequality

a+qp ¢ (a) +9¢ (B)
qb( ) fcb() P, ST. (5)

In [10], Budak offered some estimates for the right and left hand sides of the inequality (5).
In [28], Latif defined g,,-integral and partial g-derivatives for two variables functions as follows:



N. Alp et al. / Filomat 36:12 (2022), 3919-3940 3922

Definition 2.8. We suppose that a two variables function ¢ : A — R is continuous. Then, the definite q,,-integral
on A is defined by

x Yy
ffqb(w) yg0 adgt = (I-q)(1-q2) (x—a)(y-7y)
a vy

XZZ@’MT o+ (1-a) gy +(1-43)7)

n=0 m=0

for (%, y) € A.
Lemma 2.9. [24] If the assumptions of Definition 2.8 hold, then

Yy Yy e
f f ¢ (1,0) ody T 4,0 f f O (1,0) odg T dg,0 — f f ¢ (1,0) odg T ,d4,0
Y1 Vo 1 Ja y1 Ja
Yy rr U
f f ¢ (1,0) ody T ,dg,0 —f f O (1,0) ody, T dg,0
y Ja y a
Y 11 Y1 11
—f f ¢ (1,0) adql’rydq20+f f ¢ (1,0) ady, T ,dy,0.
y Ja y a

Definition 2.10. [28] We consider that a two variables function ¢ : A — R is continuous. Then, the partial
q1-derivatives, go-derivatives, and g1q,-derivatives at (x,y) € A can be given as follows:

0P (y) PGy —d(px+(1-q)ay)

a&ql}‘ B 1-q1) (e —a) P HFEF
9p000Y) 0Ly - qy+(1-42)y) yty
90,y (1-92)@-7) '
o, y92 10 (%, )
9, zt¢9%yy T )y - y)l(l —q)(1-q) [ Gaer @ -aa ey + A=)

+0 (6 y) =[x+ (1 -g)ay) o qy+(1-q))], x#ay £y,
For more details related to g-integrals and derivatives for the functions of two variables (see, [28]).

On the other side, Budak et al. gave the following definitions of g3, q;),/ and ¢ integrals:

Definition 2.11. [12] We suppose that a two variables function ¢ : A — R is continuous. Then, the following g3,
qﬁ, and qf° integrals on A are defined by

n 0
ff¢(TrU) Yo ol = (1-q2) (0~ 3/)2‘72 f‘f’ T‘izy"‘ 1 ‘7?)6) ady, T
a vy

1-g)(A-g2)(x-a)(6-y)

(o)

x Y Y diare g+ (1-af) gy + (1-42)0),

n=0 m=0

1-9)A-g2)B-2)(y-) (6)

By
ffgb(’c,a) ydg,0 Pdgt
%

p e
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X

1
1=

gy (g2 +(1-47) g gsy +(1-33) )

3
Il
o
3
I
o

and

B o
ff‘i’“'“) o Pyt = (1-q)(1-0)(B-%)(6-y) )
n oy

gk
gk

x iy (1% + (1-q7) B gay + (1 -3 )

0

I
(=}
3
I

n

respectively, for (%, y) € A.

Theorem 2.12. (g19,-Holder’s inequality for two variables functions, [28]) Let %,y > 0, p1 > 1 such that pll +% =1
Then

fok foy )‘P (%,y)G(%,y)|dq1%dqzy < (fok foy )‘73 (%ry)rl dm%dqzy);l (]0"‘ ](;y|G(%ry)‘rl dm%dqzy)}l-

In [4], Ali et al. gave new definitions of partial 414,-derivatives in the following way:

Definition 2.13. [4] Let a two variables function ¢ : A — R be continuous. Then the partial gi-derivatives,
qo-derivatives, and q1qo-derivatives at (#,y) € A can be given as follows:

Pl L, y)  dlpx+ (1 —q)By) — P (6, y)

FRPE A-mG-n < 7F
2,000Yy) G OLRpy+(1—42)8) - (%, y) 5
Py (1-g2©-y) Oy
803,50 (L Y) 1
aaql%éngy = (%_a)(é_]/)(l_lh)(l_qz) [¢(‘71%+(1—Ih)ar‘hy"'(l—’h)é)

~p(qx+(1-q)a,y) - qy+(1-9)0) +d (6 y)], x#a,y#9,

P2 @ (%, Y) 1
Y M2 _ _ _
PO ydny  (B-0)-11T-q)(1-q) [ Gaer A=y + (- 2)n)

—p(@x+ (1 =q)ByY) —dGLpy+(1—q) M)+ S0 )], x £p, y#7,

b 6821, 2¢ (%’ y) 1
T R e T I e R L AR

~p(@x+(1=q)By) — P gy + (1-02)0) + ()|, x =B, y #5,
P94 (%, y) 0Ly =P (@x+(1-91)B,y)

P T-me-p 7P
POy G0y —obemyrU-g)d)
oy T-mu-o /77
a, Vaél,qz(P (%r }/) _ 1
Ady T A A [ ey -a))

~p(qx+(1-q)ay) - py+(1-90))) + oG Y|, x £a,y#y.
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3. Crucial Lemmas

In this section, we offer a new identity involving the quantum derivatives, quantum integrals, and
quantum numbers. Moreover, we give some calculated quantum integrals.
Let us start with the following useful lemma.

Lemma 3.1. Let ¢ : A — R be a twice partially g1qo-differentiable function on A°. If the partial g1q,-derivative
B 3(]1 1, $(T,0)

Py~ P9 is continuous and integrable on A. Then the following identity holds for q,q,-integrals:

B b—[th ) 8)

1l Fo92  d(ta+(1-1)B,0y+(1-0)0)
= (ﬁ—a)(é—J/)fo fo Agy (D) Ay, (0) — 2 R dyg, T dgy0,

where

ﬁ, 5[%#2 ((P)

B 1 q1[4],, (a+q1ﬁ ) (a+q15 )
= T, [61q2{ » \, )t el 0

a+qp v +g20 q2 [4]q2 ( Y+ q2 ) ( qzé)}
a4 21, ' 2, )+ ol @, ) e\,
d)(a V) + 019 (B,y) + q2¢ (2, 0) + 1929 (B, 6)
0]1Q2 [6]q1 [6]q2

1 + g0
T (6L, G- a) f [") G+ a4l ¢ (“’ G, ) el 6)] it

), [po0 b () o]
‘71 1

B b
+’hﬂlz(ﬁ—a)(6—y)j; f:‘P(%}/) dg x °dg,y

and

Proof. Because of the Lemma 2.9 and Definitions of A, (1) and A, (0), it is easy to see that

1l Bog2  d(ta+(1-1)B,0y+(1-0)0d)
7,92
f(; f Aq1 (T) qu ( ) /‘8 K bang dq1 T quO' (9)

([5]5,2 By (Bg 003 ¢ (ta+ (1 -1)B,0y+(1-0)0)
[6 0 [6]q2 f f ﬁ&ql’f 68,720'
5]q1 f‘mql f ( 5]q2) ooz ¢ (ta+(1-1)B,0y +(1-0)0)

Td, o
[6l,, By, T 29,0 e

T dg,0
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S]q2 -1 f fqu ( ~ )ﬁ 29 ¢ (ta+ (1 —=17)p,07+(1-0)0)

T d o
o 7 q2
o, T 94,0

I, [5],72 o9z ¢ (ta+(1-1)B,0y +(1-0)0)
" fo fo (T - [6l, ) (“ B [6],72) TR dg, T dg,0.

= L+L+13+14

By considering the Definition 2.13, we have

P bagl thb(’ra + (1 - T),BIG)/ + (1 - O') (5)
Py, T 09y,0
1

T TGt 0Oy (o))

- (tqa+ (A —tq1)Boy+(1-0)0)—p(ta+ (1 —1)B,007 + (1 —042) )

+¢ (ta+ (1 - 1), 0y + (1-0)0)|.

It is necessary to compute the integrals in the right side of (9) to conclude the proof. By using the definition
of g1g4z-integrals, we obtain that

(10)

by 1 00,0 n'T 40

f[z]“ fqu 9z, ngb (ta+ (1 —-1)B,0y+(1—-0)0)

_ [2]'11 Hz 1 . _ B
T RT AT, el -y +(-emo)

-¢(tqa+ (A —tq1)B,oy+(1-0)0)—¢p(ta+ (1 —1)B,0027 + (1 —04g2) )
+o(ta+(1-1)B,0y+(1- (5)]d,hT dg,0
n+1 n+1 m+1 qr2n+1
- Foe {Z mzf’[ I, ( o, )ﬁ 2, (l i qu)é]
n+1 n+1
‘P( -1 mq]

¢( +(1-5

(2],

o)
o i)
R

s e 1D T
[ 3D iM8

" n=0 m=0 (P ( [2]% ( [2141 ﬁ [211/72 ) )
_ B 7P Y+ 6]25 a+qp y+qd
- w—mw—w%“ﬁ® ¢(mm’) ( )+¢(2M’ mw)}

For that reason, we obtain that

(81, - 1) (1, - 1) + P Y+ 42d a+qp y+gad
1‘whwmm—mw—wﬁwﬁ) ¢( 2, ) ¢@’mm)+¢(vh’ m%)}
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Now from Definition 2.11, we obtain the following

fm{hf ooz ¢ (ta+(1-1)B,0y+(1-0)0) a1
0

ﬁa’hT 6aq20 0T g0
1 By (1
- TR Tty -
- (tqa+ A —tq1)B,oy+(1-0)0)—¢(ta+ (1 —1)B,0027 + (1 —04q2)0)
+p(ta+(1-1)Boy+(1-0 5)]dq17dng

DI a)(é 2 {ZZ%( (e fo- "M]ﬂqzw(l )5

n=0 m=0

-t Koo
)

£y 1))

a+(1 [2]q1 q2y+ 1 75 ))}
qn+1 n+1
: ([2] +(1‘ oI, ]5 rly (1= )
. q” 71 m+ m+
S (AN A )
3 m . qn m m S
+Z‘72 Zﬂb(ﬁ“‘*(l_ﬁ)ﬁ/‘h)""(l_‘h)b)
qT+1 ( q111+1] }}
- +|1- + 1 6
n_()qb([z]qla ‘B q27/ qZ

= (ﬁ—a)lTy) {Z o (B ayty +(1-g5)o) - Z 5o (Bgyy +(1-a5)0)
m=0

+ Z q;”qb(a[;—]qlﬁ,%”y +(1-43) 6) -, q’z”qb(a[; D gy + (a2 5)}
)

[;;8

1 1

m=0 ]ql

m=0

= L 1- 12 m m l
T a6 7/){ Y- o (Bt + (1-42)0) - 206.)
14 +qp 1 (a+qip
S Z 2¢( 5127/+(1 qz) )+%¢( 2, ,7,)
1

m—0

_ 1 o7 . at+tqmp ),
= ooy [qz«s y)ny) e i § ¢( 2, ’y) Ty

1 +q1P
_q_Z(P(ﬁ,)/) (P( 2]q1 ’ )]
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By using the similar operations used in (10), we have

f[zfqlf 008 ¢ (ta+ (1=1)B,0y +(1-0)0)

oy T 00,0

dyg, T dg,0 (12)

- m[cb(ﬁ,é)w(“[;ﬁjﬁ ) qe )+¢( 21311[5 )]

From (11) and (12), we obtain that

= [51,, ~ 1 1 ° 5 _ 1 0 (0‘"“115 )5 }
b e e, 18 e [ () e

151, (151, - 1) a+qif
[6]'11 [6]'72 (.8 0‘) (6 7/) [¢( [2]q1 ’ 6) - ¢ (ﬁ’ 6)]

Bly at+qmp | ]
92 6]y, [61,, (B — a)(fS ”) [qb( 21, fV) B

Similarly, we have

_ [S]qz -1 ( 7/"'1125) B }
13_[6]qz(/3—a)(5—y){ql(ﬁ a)fqb(% 0) M= 5 a)f “m, )

7 - ’ 0
[6]’11 [6 q2 (ﬁ 0() (6 V) ¢ “ [2]'72 ¢ (a )

[5]‘71 ([5]% ) Y +q
6l 6, B-® (0 -7) [‘P (5 2, ) *E 6)}

Moreover, we have

[ [t ooy,
- m[¢<ﬁ,6>—q><a,es>—q><ﬁ,y>+¢><a,y>],

[, .,
- a0 w{qz(é wf P69 Mf‘w’” "y

06+ o),

ffl pogR (Ta-;a(l;’c;ﬁ(;ay+(1—a)5) duo 5)

- (ﬁ 0() ((S )/) {ql (ﬁ a)f (P(% 6) d‘h% (ﬁ a)f Qb(% V) dlh%
~0 o)+ o)
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and

fl fl " 6(9; qz¢(Ta+(l_T)ﬁray-'-(l_(j)é)dq quG (16)

ﬁa‘h'rballzcI
= & a)(é - {;; O (aia+ (1=qi™)ap™ly + (1-g5"") o)

_Z ‘11‘72‘?(‘710“"(1 ql)ﬁ q;””y+(1 ngl)é)

Y diaro(ata+ (1-q1) B ayy + (1-2)0)
=0

gy (g + (1-q7)g.aity + (1-q%) )}

1
= m{qlqz [qulqz "710(4'(1 ql)ﬁ q2y+(1 qz))

m=0 n=0

_Zq Qb( ‘727/"‘(1 ‘72 Z% ‘71“"'(1 ql)ﬁ?’)"“?(“?)l

0
—ql {Z Y digro(gia+ (1-a7) sy + (1-45)o)
1 m=0 n=0
=Y (e ary +(1-q3) } HXZ qiay o (aia+ (1—ai) a5y + (1 -43)0)
m=0 m=0 n=0

—zq7¢(q¢a+(1—q7>ﬁ,y)]
n=0
~ 1 {(1 —q1)(1- )

i (qra+ (1)) g sy + (1 - qz")é)}

0

gk ﬁMg

iy (1o + (1 - q0) g sy + (1-43)0)

(o]
n=0
(o)
n=0

B-a)(0-y) 7192 —
1-¢g - 1-gq
- lhq; mza‘bq) @ q2y+ ) 0 qzl nzé‘h ’110‘+(1 ’11).3 V) ?‘P(a,)/)}

_ 1 1 P
- oo ), fy P00 ) oy

_; 0 s _; B ; L }
171612(6—)/)]; plary) "y q1qz(ﬁ—a)j,; P0er) dql%+41qz¢(a'7/) :

From (13)-(16), we obtain that

- : ! o B 5
T B~ “)(6 V){IMZ(ﬁ a)(6- V)ff¢(%’y) g1 2dg,y
[5],,
T a)f““ D i [ 00

[5]
+

171(/3 Oé)f (P(% )/) d!h mf (;[)(0( y) dl]z
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_% 1 ? o % 1 f‘é 5
[6]'11 q2 (6 - V) f ¢ (‘Bl ]/) dqz]/ * 6]ql g2 (6 7/) ¢ (0(, ]/) dﬂzy
qb (0(, 7) [5]% ]112 [ 9 [S]Ih }
T O R R R A I TR AT TR S

Now, the calculated integrals from I; to I yield

L+Lh+I3+14

~ 1 q1 (4],  (a+qiB ) (a+171ﬁ )
~ e, [6]qz(ﬁ—a)(5—7){ 72 ¢( 2, )T Bl @ (21, 0

o q (4] N I 5
Tzl [4]”2¢(a[;131ﬁ’y[;132 )+ o ¢(“'y[§£’2 )*qz [41q2¢(ﬁf o )}

¢(a V) + @ (B,y) + 320 (@, 0) + 1929 (B, 6)
mq2 6], [6], (B—a) ()

_ 1 A 2 Y+ Q25) ] P
na2[61;, (6 — )’ (6—y>fa [o6en+attan o e ML

1
7192 [6,, (B — @) (6 = 7’

1 B o
+q1’72(/3‘“)2(5—y)2fa f ¢ (%, y) Py *dgy

and multiplying the resultant one with (8 — a) (6 — ), we obtain the desirable equality (8) which accom-
plishes the proof. [

O
f [‘71‘? By + L]% (4], ¢ (a[;—]zlﬁ, y) + ¢ (a, y)] 5dq2y
Y 1

Remark 3.2. Under the given conditions of Lemma 3.1 with q1,q, — 17, we obtain the succeeding identity

o)+ 0(£.0) 40 (. 2) +0 (0 3) 005 5) .
9

0@+ 9@ +9(67)+ 9 (,0)
36

1 b y+0
—mf [qﬁ (%) +4¢ (%, )+¢(%,6)] dn

a+[3

+mﬁﬁ¢(%/y)d%dy
- (ﬁ—a)((s_y)j:j:A(T)A( )az¢(Ta+(1_T)ﬁ Loy +(1 - 6)6)

Jt do
T— %, T€E [0,%)
A(t) =

)+¢(ﬁ,y)]dy

where

-2, TE[%,l]
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and
o— %, o€ [O, %)
Ao) =
o— %, o€ [l, 1]
which is proved by Ozdemir et al. in [33, Lemma 1].
For reasons of brevity, let us prove another lemma that we will use frequently in our transactions:

Lemma 3.3. The following g-integrals hold:

foa 20212 +q[3], [61
_ 4= 2 q q q 18
4@ Of T e T [ 21 (31, (61} } "
1 2[23 3], [6], - 29 [212 + (-1 + ¢° + ¢*) [3], [6]
Az(m:f(l—m——m:q[ : (19)
J [el,| " (213 [3], 6]
G
- _ 1
As(g) = fT T 6], dyt (20)
e
242 212 [5];’—(q+3q2+5q3+6q4+4q5+2q6)[6]§
- 21 [3], [6]] ’
flBsl
Ayg) = ff—ﬁ (1 -7)dyt (21)
2[(q7 + * - 1)13), + 121, 151, ] [5]; L LRh g2l (2541
21, 131, [6]; 21 [6], (2131,
En 1 2q[21; + [6]; - [2]; [6],
A = - = 22
@ = [ e HGH =
LBl (1+[2B)[6]; - (1+[7],) 1212 [5],
A = - —|d,T = . (23
6(q) j[;]q T [6]q qT [2]3 [6]5 )

Proof. Since ﬁ > ﬁ for g € (0,1), we have the following equality:

A = [+
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2 B\EE [ g3 2\
(mq ol - @)0 ' (E e [6]q)[61]

L2215 +q 3] [6];
215 131, [6];

Similarly, the g-integrals (19)-(23) can be obtained and the proof is completed. [

4. Some new g14>-Simpson’s type inequalities

In this section, we prove some new quantum boundaries for quantum Simpson’s inequalities using the
Lemma 3.1.

Theorem 4.1. We assume that the conditions of Lemma 3.1 are satisfy. Then, we obtain the succeeding inequality

provided that %(0) is convex on A
‘ oY )
L@ < B-a)©-7) [(Al (72) + A3 (41)) (A1 (42) + 43 (32) %{f” 24)

ﬁ’68171,42¢ (0(, 6)

+(A1(q1) + A3 (q1)) (A2 (92) + A4 (92)) RS
ﬁ,(s& 1,42 4

+(A2 (90) + As (90)) (A1 (42) + A3 (42)) %j‘”)

0
+(A2(q1) + As (1)) (A2 (92) + As (92)) %;BU) ] :

Proof. By taking the modulus of the identity in Lemma 3.1, because of the properties of the modulus, we
find that

P21, (9)| (25)
e P32 b (ta+ (1= 7)oy +(1-0)0)
< @-00-9 [ [ @0 e doo
q1 q2
B 052 7,0
Using the convexity of M , the inequality (25) becomes
& ty Py T 29g,0 1 y
0 L0,0.(9)] (26)
P97 0 (a,0y +(1-0)0)

< (ﬁ—a)(é—y)f Ap (@)

qqqqu(ﬁ 07/+ l_ )6)
By, 1 0d,,0

1
f Ay, (1) { BT 29,0
} dy, T} dy,0.

+(1- )
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}dql”[

Now, we compute the integrals appeared in the right side of the inequality (26)
flA ( { Bog2 & (a,0y+(1-0)0) B °8§1q2¢(ﬁ,0y+(1—0)6)
a1 (0)
0

q1.4q2
o o
ﬁaqlT 8,120 5%7 aqch

Bog2 ¢ (a,0p+(1—-0)0)

+(1-1)

1

B fhl]]’f’f—— qlqz T
Jo [6l, By, 29,0 n
y B 652 Loy +(1—-0)6
f Q- L[| a0y e
0 6], $9y T 09g,0
+f1 .- [5],1 Fog2 0 (@07 +(1-0)0) ]
e, P T 200 d
o 5], ||# °a2 Loy +(1-0)6
+f[] (1—’1’)’[—[]‘1 q1q2¢(ﬁ Y ( ) )dql’[.
) (61, P T 90,0

From (18)-(21), we obtain that

1 B, 652 a,0v+(1—-0)d B 052 oy +(1-0)6
f Ag (){7 '11'129[;( (Z/ ( )0) -1 qu(i:(ﬁ Z/ ( )0) dql’l'
’ aqlT 8,720 a‘hT al]za
Prog2 ¢ (07 +(1-0)0)

q1,92
POy T 00,0 (A1 (q1) + A3 (q1))
Bog2 ¢ (B,ay +(1-0)0)
q1,92
POyt %00 (A2 (71) + As ()

Thus, we have

|ﬁ, 6IQ1,W2 (¢)|

1 5@ (@, 0y +(1-0)0)
< (ﬁ—a)(é—)/)jo‘ qu(ff)[ i qqza”éaqg (A1 (q1) + A3 (q1))
B "agl 2P B0y +(1-0)0) ]
(A2 (1) + As(q1)) | dg,0
Py, 1 00,0
! PogZ o (a,7) Prog2 1 (a,0)
< (ﬁ—“)(é—y)fo qu(U)[{ ﬁ (1-0 )ﬁaqqi—aqo
56212( ) ﬁ68212(’6)
X (A1 (q1) + Az (91)} +{ ﬁazq—faﬁ‘y (1-o0) %

X (A2 (1) + As (q1)}] dg,0

= (B-a)(6-7) (A (@) + As (m))[ L

B3R 0 (@) 1
(61,

g—
ﬁa‘h T 68!720_

dg,0

1
I
o
0

Bog2 b (a,8)| [ar B og2 a, 1 5
' 0 ® fmq a-os : . ? (@) f o‘a— [5]4 4,0
g T °9g,0 0 g, T 29,0 e [6]q

B ‘3831 (@, 0)

o

»

ﬁ(?ql”[ b()qzﬁ [6]q
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B o9 glqch(ﬁ 7/) f[;]qO|O—Ld -
0 [6]q

3933
+(B—a)(0-y)(A2(q1) + As (1)) {

by T 00,0 2
Poo7 L@ (B,0)| (En 1 Pr00% B [5]
9142 1 9142 ! 9
| 1-0)|o = | dpyo + | -2 [ glo - |d
POt 200 fo =00~ {1 | %+ | 753, r 99,0 f”q ‘ 61, "’
Podl L@ (B,0)| (T (5]
02 q
+|— 1-0)|oc— ——|dy,0]|.
ﬁa‘hT aqu f[zllq( )| [6]17 "

From (18)-(21), we have

(2P ;
ProTpm@)| < B-a)©-y) [(A1 (q1) + Az (1)) (A1 (2) + A3 (2)) ;hq;;ﬁa(a;)
q q2
,0
(A1 (1) + A3 (01)) (A2 (42) + As (42)) %f”
‘71/'12(75 (ﬁ' 7/)

+(A2 (1) + As (91)) (A1 (92) + A3 (ﬂlz))

/33%7 66‘720

ﬁléa‘hﬂh(z) (ﬁ/ 6) ]

+(A2 (1) + As(91)) (A2 (92) + As(q2)) TFay a0 ||

Hence, the proof is completed. [J

Remark 4.2. Under the given conditions of Theorem 4.1 with q1,q, — 17, we obtain the succeeding inequality
q5<a+ﬁ'7/) + qb(mﬁ ) + 4¢(a+ﬁ V+b) + qi)( y+5) n ¢(,3/ VTH))
5 @)
L 8@)+9@0)+9 () +0 (D)
36

R a)f[ (», y)+4q>( )+qi)(% 5)]d%
- y)f[cp(a a0 5] o0

+m f fy CP(%,y)d%dy'

Folar)| | |Po@d)|  |Eo(r)
25 (ﬁ — a) (6 — V) Jtdo Jdtdo Jtdo

72 72

Pp(p.0)
+ dtdo

IN

which is shown by Ozdemir et al. in [33, Theorem 3].

P29l (00

Theorem 4.3. We assume that the conditions of Lemma 3.1 hold. If m

1 1 _ . . . .
7 T3 =1, then we obtain the succeeding inequality

|ﬁ’ 5‘['11, q2 (¢)‘

e oy T (27 ) (a5, (20 1))
212, [212, 61, [61,, [r + 11;, [r + 11;,

1s convex on A for some p > 1 and

(28)
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B o) |PPR e 0)f

X 2 1,92
ﬁaqlT 5:720 ﬁa’hT a’720'
i ﬁaqﬂ "m0 e 58%76&%0 :

Proof. Applying the well-known Holder’s inequality for g14,-integrals to the integrals in the right side of
(25), it is found that

P21, (@) (29)

1 Al 7

< F-w6-) [( [ [ @anof a,c0)
p ;
dg,T dqzo] }

y fl fl Fog2 L@ (ta+(1=1)B,0y +(1-0)0)
0 Jo
, the inequality (29) becomes

ﬁg‘h T baﬂza
By applying the convexity of

*9i1ap 2(00) &
B9y 1 004y0

|ﬁ, 6'[%, q2 (Qb)‘ (30)

1 . 7
< B-w)©-7) [( [ [ v, <a>|’dqlquzo)

592 592 p
f f B &m ROl [ t—0) Progz ¢ (a,0)
ﬁ& T 020,,0 By 1 0d,,0
1
5%, 0 ()] #0010 (0 *"
1- L +(1 =17 (1= L d zd )
Now, for0 < 7,0 £ 1, we know 7 — ﬁ <Tt- ﬁ,’l’— % <Tt- 7[[5 , and this yields
91 7 1
1 1 .
f f |Ag, (7) Ag, (0)| dg g0
[2] ]qz
= f f n dqzad,ht
]
|Aq1 )| d 0dy, T
[21 ]
ﬁ 1 [ fmq 1|
= T———| dy7 00— —| dg,o
f(; [6]q1 1 0 [6]q2 1
1 [5]1]1 ﬁ 1 '
+f T- dg Tf 0— | dyg,0
ﬁ [6]171 0 [6]q2
oy 1 [ ! [51,,
+ T - dy Tf o- d ,0d, T
fo [6l,, o | 16l !

12lg,



IN

and
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1 515, ! (51,
+ f T— —" dg,T f o— —2 d ,0dg, T
ﬁ [6]q1 %ﬂz [6]q2
By ! oy !
2lg, 2lgy
T - dg,T o - dy,0
fo [61q1 d f [61%
. 1 ’5[5]q1 Ty
" [6]q2 o
f” f o5l
+ T -
0 [6]q1 [6],72
1 7[5] o[5
+ q ]qz d
- el
1 ' 1 [2]71 [Z]qz
1- 1-—
‘ [6l, | | 16, fo fo v g0y T
151, | 1 e
+1- 1- v'o’dg,0d, T
[6]q1 [6]972 ﬁ 0 ! i
1 r [S]qz f[z]ql f
+[1- 1- t'o'd,,od, T
[6l, | | [6l,, me
5. | 5
+ 11— [6]q1 1- [6]‘72 f f T Urdqzo-dﬂl’[
(61, (61 | Jot- J i
1

2177 215 L6y, (6], [r + 11, [r + 1],
x {73 151;, 15T, + ay'a3 [51;, (1217 = 1) + g3 (51, (121" - 1
+ayay (12157 - 1) (1215 - 1))
{7 11, +ay (121" = 1)} gz 151, + 43 (121" - 1))
17 217 (61, (6], [r + 11, [r + 1],

1 Al :
(j; j; |Aq1 (1) Ay, (o)|rdq1’cdqzo)

{qg [5];1 + ql ([2]r+1 1)}% {5]; [5];2 + qgr ([ ]r+1 )}%
21,7 1217 161, 6, [r + 115, [r + 11,

3935

(31)

Additionally, if we apply the concept of Lemma 2.3 for a = 0 to the above quantum integrals, we attain

1l 1 1 1

j; j; T0dg, Tdg,0 = (j; Tdg, "C) (j(; adqzo) = —[2],71 i, ,
_ 42

f f (1-0)dytdg,0 = 2l Bl T2,

(32)

(33)
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_ @
f f (1 =1)o0dy tdg,0 = []q] [2]q2 (34)

_ Mgz
ff(l_T)(l 0)dg,tdg,0 = [Z]m 2 (35)

By substituting the calculated integrals (31)-(35) in (30), we obtain the desired inequality (28) which finishes
the proof. [

8, 6 32 P
P03 05

W 1S convex on AfOV somep > ].,

Theorem 4.4. We suppose that the assumptions of Lemma 3.1 hold. If

then we obtain the succeeding inequality

224, 0.(9) (36)
B-06-]4s" @A) @)
|

P09 ¢ (@ )]
P] ;17

IN

b éaél qz¢ (a’ 6)

ﬁa‘h baﬂza

P 29%0:9 (B,0)

by 1 20,0

+ Az (32

X{Al(ql)[f\l(qz) P30, 5900

P09 §1q2¢(ﬁ n[

+A2 (%) 68
172

A1(q2) + Az (q2)

1-1 1-1
+A5 ! (ql)A6 ! (42)

P2 o (@y)| P92 16 (@, 0)[
Al (‘“71) A3 (qZ) L A4 (qZ —
{ T %dg,0 by 1 20,0
ﬁ°2¢ww pog2 oo’
A A 41,92 A 41,92
A2 )] 4 (@) Pog,T 29g,0 +() PO, T 00,0

1-1 1-1
+A6 ! (’11)A5 ! (112)

P03 o (a )/) B, 692 (p(a,é)p
th A2 q1.92
X{As (31)] A1 (42) TFagriae | TR (2) RIS
ﬁ@z¢@w po Lo GO
+As(q1) | A1 (92) a0 | T (92) Py, 9,0

1-1 1-1
+A6 ! (ql)As ! (112)

K 6 21 z¢( 7/) }30821 2 (a’é)p
x{A3 (q1)[A3 (42) 811‘1—8!]2 + A4 (q2) % ]

032 o) #0306
+As (1) | A3 (92) l@zlq—a% As(92) #80 ]} ]

Proof. Applying the well-known power mean inequality for g;4,-integrals to the integrals in the right side
of (25), it is found that

P21, (@) (37)
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1-1
T, (P 1 g
< B-a)(6- )/)(f f dg,td a]
[6]q1 N
L j
6]111 [6]%
y P29 @ (ta+(1=1)B,0y +(1-0)0) pd i !
By, 29,0 e
Sl
2l 1 [5 ]qz
+ — dg, T dg,0
[fo fl all 161, ]
f lzlq2 fl [5]q2
X
0 [6]q1 [6]q2
1
. FO2 L (ta+(1—-1)B,0y +(1-0)0) ”d s v
Py, 1 00,,0 e
15 o
[2]‘71 '11 1
d, td;,o
[f Lo 6l || Tl | ]
f f [Z]% [5171 1
o+ 16, |7 Tl
55851,12(;5(Ta+(1—T)B,oy+(1—o)6)pd P ’
% FAy T 00,0 T feo
q1 q2
A I (51,
+ f f — ——| dgTdy,0
ot Vot - I6l,, (6l,,
1l 5 5
y f f [6]q1 _ [6]q2
o Je- | (Ol (6],
P02 ¢ (ta+(1—-1)B,0y +(1-0)0) ”d ] ’
% POyt 200 T Ana) -
n q2
By applying the convexity of % , we have
1-1
T, (P 1 ’
38
[f f ‘ [6]% " iy, | ") %
fqu f‘mql 1
6],41 [6],,

Bog2  d(ta+(1-1)B0y+1-0)d)]
X

41,92
o
By, 1 2d,,0

14
dg,T dqza]
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1 1 1-1
2y 1 Pl 1 !
< T———|\d Tf 0— ——|dg,o
[ fo lel, | Jo [6l,,| " ]
fmlflz 1 fmlfh 1 ﬁé&%ﬂ]ng(a’ay-'-(l_a)é)p
0— — T - T -
0 [6]‘72 0 [6]'11 ﬁaﬂlT ‘33420

6831 w® B0y +(1-0)0)
by T 09,0

A (‘11)f

Fog2 @ (B,oy +(1-0)0)

0 oy, T 20,0
Bloy
A1 (q1) f
0

%
Bdg2 o (a,d)f o=
" 0P (@, 4) dqzmAz(ql)f”” o
0 q2
7,92

Py, T 90,0
p 5
d
By 109y,0 ] qzﬁl

P
ﬁ 68%1 qz¢(a/ V)
By 1 2d,,0
P92 ¢ (e, )]
171 q2
— | 4 A
Py 9950 2(92)

ﬁ 6631 qub (ﬁ/ 6)
$pT 00,0

p z
+(1-1) ]dm’c} d,hol

P02 b (a,0y+(1-0)0)[

By, 1 00,0

P ’
dqza}

ﬁ d&gl qZ(P ((X, 7/) $
By 40,0

= AT @AY (40)

12]1
+A, (ql)f " o —
0

1-1 1-1
< A5 ! (511)A5 ! (512)

720

'12

- [6l,

+(1-o0)

XF

1-1 1-1
= A5 ! (Q1)A5 ! (q2)

B 692 ,0
+(1-0) —(P(a )

71,92
5
by T 09y,0

1

Bog2  ¢(a,d)

J

A1 (q1) {Al (92)

prog2 dB|

F9pT 990 +42(02)

+A2(q1) {Al (92)

By applying the similar operations, we obtain that

fm’ﬂ f 1 [5]q2 [f[zlyz f ‘ 5]172
- 0— —|dg,Tdg,0 39)
[ O I O ey 6l
B o2 +1-0B807+1-0)0)|
X pan® (@ + (1 - Dp,oy+(1-0)0) dg, T dg0
By 1 2d,,0 e
o B o2 P B o2 I
1-1 1-1 %,,0,® (@) un® (@,0)
A PAT A A _— A 89 -~o59 -~
< A TA, 1(41){ 3(92) P, T 90,,0 + A4 (92) by T 09,0
2928 067 w52 06| ]
L N
+A2 (1) {AS (42) T90,,0 + 44 (02) By, 29,,0 '
[z]q1 [5]71 f f[zln n 1
—| dj,1d, - 40
[f f [6]111 [6]% g 12lg, m [6]q2 ( )
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1
. 2 °a§1q2¢(7a+(1—T),B,Gy+(1—c7)(5)pd s ’
By, T 20,,0 e
B 02 B, 632 14
1-1 1-1 Iy 20;)( /V) 9 1 2¢ (0(, 6)
< A TA T A3 (1) { A1 (92) ﬁ +A2(q2) ﬁ
n q2 n q2
1
P02 0 B pog2 B O\
A A '11 q2 +A q1.92
HA @A) |15 T 202175 a0
and
f 1 f -t - 2] 4,0 1 Bl Bl (41)
q1 q2
@ ﬁ [6]'71 [6]‘12 [2],1 [Z]q [6]‘71 [6]'72
FO2  d(ta+(1-1)p,0y+(1-0)0)| '
X 14 Td, o
oy T 00,0 e
Pog2 9 (a7 P92 0 (@0
1 1,92 4 1,42 4
< Ay AT A3 (@) {43 (92) % A @) |~ a5
q2 92
1
003,067 b0 06,0 ||
A A th,tlz +A qlr‘iz .
+ 4((]1) 3(672) ﬁaqlT 8:720_ 4(512) ﬁamTéaqza

From (37)-(41), we obtain the desired inequality and the proof is ended. [

5. Conclusion

In this research, we have proved a new integral identity involving quantum integrals and quantum
numbers. We have proved some new Simpson’s inequalities for g;4,-differentiable co-ordinated convex
functions using the newly derived equality. It is also shown that the results presented in this research
transformed into some classical results by taking the limits g1,4» — 17 in the main results. It is an
interesting and new problem that the upcoming researchers may use the techniques of this research and
prove Newton's inequalities and similar inequalities for different kinds of convexities in their future work.
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