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Abstract. In this paper, we investigate Fibonacci polynomials as complex hyperbolic functions. We
examine the roots of these polynomials. Also, we give some exciting identities about images of the roots of
Fibonacci polynomials under another member of the Fibonacci polynomials class. Finally, we obtain some
excellent relationships between the roots of Fibonacci polynomials and the modular group, Hecke groups
and generalized Hecke groups with geometric interpretations.

1. Introduction

In recent years, many recursive sequences have been extensively studied from many points of view in
the literature. The most famous sequences are Fibonacci and Lucas. They are used in various fields of
science and art. Interesting large classes of Fibonacci and Lucas polynomials can be defined by Fibonacci-
like recurrence relation. On the other hand, the sum of the coefficients of the polynomials is the Fibonacci
and Lucas number. Besides, the ratio of two consecutive numbers or polynomials of Fibonacci and Lucas
families converges to the golden ratio, which appears in many fields in the literature, such as nature, art,
architecture, biology, physics, chemistry, cosmos, theology, finance, and so on (see [13], [20], [25], [28], [32],
[34]). There are many interesting studies related to the number sequences, polynomials, and the golden
ratio mentioned above (see [12], [25], [35] for more details). The recursive formula of the Fibonacci sequence

1S

F,=F,1+F,» (1)

for n > 2 with initial conditions Fy = 0 and F; = 1. Fibonacci numbers can also be calculated by the Binet
formula

n __ n
Py
where ¢ = %g and ¢ = PT\@ Catalan defined the recursive formula for Fibonacci polynomials in the
following manner [25].
Fn(x) = an_l (x) + Fn—Z(x) (3)
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where n > 2 and Fy(x) =0, F1(x) = 1.
Fibonacci polynomials hold the following properties. The Binet formula of Fibonacci polynomials is
obtained as

_ 9" - ')
0 — V()

where (x) = Y24 and y(x) = =24 [25]. Also, the Fibonacci polynomials are generated by a matrix
P 2 2 poly. 8 y

Qx) [22].

Fy(x) (4)

] x 1 niwy _ | Fne1(x)  Fu(x)
Q@—L,JIQW—[HQ Foa® |

In [25], the Cassini-like (Simpson) formula for Fibonacci polynomial F,(x) is given as

Fn+1(x)Pn—l(x) - P%(X) = (_1)”' (5)
Using the above recurrence relation, we can reach the following equation [41].
Fua(x) = (1 +x%)Fy(x) + XFy1 (). (6)

The relations between Fibonacci polynomials and the diagonal of Pascal’s triangle were generalized in
[22] by Hoggatt and Bicknell in 1973. In the same year, they expressed Fibonacci polynomials as complex
hyperbolic functions. They obtained the root formula for these polynomials in [21]. Then, the roots of the
derivative of Fibonacci polynomials were obtained in [39].

There are many studies in the literature that state the conditions under which these groups or semi-
groups are free groups (semi-groups) or not free groups (semi-groups). The main results can be given
as [2], [4], [8], [10], [11], [14], [29], [30], [33], [40], [41], [42]. In these studies, the provision of different
conditions about the freeness of linear groups or semi-groups that have two or more generators is obtained
with similar approaches. We briefly summarize some of these studies: In [33], when a,b,¢,d,a,5,7,0 > 0;
d—a>2;0—a>2;the matrices

A:[:‘Z Z],Bz[_ya _(Sﬁ]eSL(Z,]R)

generate a free group. In [2], Bachmuth proved when x,y,z € C; x|, |yl, |z| > 4.45 ; the following three
matrices

1 x 1 0 1-z -z
A=[0 1LB=[y 1]mdcz[ ) 1_2]

generate a free group.

In [8], [10], [40], [41], the matrix representations of the generators were defined by the following form
of a linear group in the same form and complementary studies were carried out for different conditions of
this form in these articles. We briefly express these studies as follows.

They examine the generators of the linear group which

1 a 1 0
Aﬂz[o 1]ande=[b 1]

whenaand b € C.

Sanov, Brenner, and Chang proved the group’s freeness while these generators A, and B, have the
following conditions

a=b=2;a=banda| >22;|ab| 2 2,|ab—2| > 2 and |ab + 2| > 2, respectively.

Also, in [41], Stanina proved the group is not free which generators mentioned above A, and B,
for a that root of Fibonacci polynomials.

In [41], some facts about Fibonacci polynomials are used to solve this problem.

Stanina showed some properties about the linear group as follows.
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(i) ais a root of Fibonacci polynomial Fy,(x) if and only if (A,B,)" = L.
(ii) a is a root of Fibonacci polynomial F,.1(x) if and only if (A,B,)"(BsA,)" is a lower triangular matrix
which commutes with B, .

Hence, we get if a is a root of Fy,(x), Font1(a) = Fau—1(a) = 1 from (7).
In [19], Hecke introduced the groups H(A) generated by two Mébius transformations

T(z) =-1 and U(z) =z+ A
where A is a fixed positive real number. Let 5 = TU i.e.

S(z) = —5.

The transformation Z*% is represented by the matrices A = [

a
cz+d c

b .
J ] or —A. Notice that, T and S have the
matrix representations are

0 -1 0 -1
Tz[l 0 ]andS:[1 1 ]

Hecke showed that H(A) is discrete if and only if A = A; = 2cos 7,4 € N,q 2 3 or A > 2. These groups
have come to be known as the Hecke groups and denoted by H(A,), H(A) for ¢ > 3, A > 2, respectively.
Hecke group H(A,) is the Fuchsian group of the first kind when A = A, or A = 2 and H(A) is the Fuchsian
group of the second kind when A > 2. In this study, we focus the case A = A;,q > 3. Hecke group H(A,) is
isomorphic to the free product of two finite cyclic groups of orders 2 and g and it has a presentation

H(/\q):Hq :<T/S|T2 =S’7=I>§C2>(-Cq'

Some important Hecke groups H; are H3 = I' = PSL(2,Z) (the modular group), Hy = H( \2), Hs =
H(X55), and H = H(V3).
Lehner studied in [27], a more general class H,; of Hecke groups H;, by taking

X(z)= =t and V(z) =z+ A, + A4

z=Ay

where2 <p <g, p+4g>4. Here, if wetake Y = XV = Z;—}lq then the group presentation is
Hyy =X, Y| Xt =Y1=1)=C,=+C,

These groups are named as generalized Hecke groups H, ;. Also, from [27] H,, = H;. Furthermore, all
Hecke groups H, are included in generalized Hecke groups H,,. The modular group, Hecke groups, and
generalized Hecke groups have been studied extensively. (See for more details [5], [6], [9], [19], [23], [24],
[36], [37].) Moreover, there are many remarkable studies on 2 cos % and cos 27” in the literature. Finding the

minimal polynomial of cos 27” is an old problem due to its connection to the cyclotomic polynomials. The
algebraic numbers are investigated in many papers related to Chebyshev polynomials, Gaussian periods,
Dickson polynomials, Ramanujan sums, and Mobius inversion (see for more details [1], [3], [17], [26]).

In this study, we focus on the roots of Fibonacci polynomials. In Section 2, we give some background
knowledge about Fibonacci polynomials. Then, we study Fibonacci polynomials in terms of complex
hyperbolic functions in Section 3. We examine the roots of Fibonacci polynomials. Also, we investigate the
image of a root of a polynomial under another member of the family. Finally, we obtain strong relationships
between the roots of Fibonacci polynomials and the modular group, Hecke groups, generalized Hecke
groups in Section 4.
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2. Motivation and background

In [21], V. E. Hoggatt and M. Bicknell have been obtained the roots of large classes of polynomials
Fibonacci and Lucas using hyperbolic trigonometric functions. Hence, the general root formulas for the
polynomials have been obtained. This contribution is quite remarkable for the fundamental theorem of
algebra and the Abel-Ruffini theorem. There are numerous papers on this topic from different aspects (see
[7], [16], [18], [31], [38], [39]).

Hoggatt and Bicknell studied on hyperbolic function represent of Fibonacci polynomials as follows.

Theorem 2.1. [21] Let x = 2 sinh z then,
e¥? — (=1)?"e7?"*  sinh2nz

Fanlx) = 6% + 72 ~ “coshz @

6(2”+1)z _ (_1)2n+1e—(2n+1)z _ cosh (271 + 1)2

F =
241(%) ez +e? coshz ®)
Theorem 2.2. [21] Let x = 2i cosh z then,

Fn(x) _ ehz — jne—nz _ i”_l sinh nz (9)

ie? —je~=2 sinh z

It is known from W. N. H. Abel that an algebraic equation of degree five or more has no solution.
Also, considering the Abel-Ruffini theorem, we can interpret that the general root formulas for Fibonacci
polynomials are very valuable. At that point, the existence of the formulas is outstanding and significant
for this study.

3. Main results

In this section, we prove the root of the Fibonacci polynomial by clear expression compared with [21].
We give some results about roots of Fibonacci polynomials. We consider Fibonacci polynomials as complex
hyperbolic functions. Then, we get interesting identities about images of a root of a Fibonacci polynomial
under another member of the family.

Theorem 3.1. The roots of Fibonacci polynomials are
Fon(x) =0: x = £2isi ke (10)
() =0 x = £2isin -~

2k + 1)n

Foui1(x) =0: x = £2isin anT1)2

(11)
wherek=0,1,...,n—1.

Proof. Firstly, we deal the roots of the even subscripted Fibonacci polynomials. Consider the Theorem 2.1.
If F»,(x) = 0 then, 20222 — ( which yields sinh 2nz = 0 and cosh z # 0. Therefore,

7 coshz

sinh 2nz = sinh (2na + i2nb) = sinh 2na cos 2nb + i cosh 2nasin 2nb = 0

coshz = cosh (a + ib) = coshacosb + isinhasinb # 0

for z = a + ib, where a,b € R. Since cosh2na > 1 for n € IN, sin2nb must be zero. Hence, b = % for

0 <k <2n-1and k € N. We use this in the real part of the preceding equation in the above line.

sinh 2na cos 2n % =sinh2nacoskm =0
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Here, a = 0 because sinh 2na must be zero. The error now we have is the Fibonacci polynomial Fy,(x)
has degree 2n — 1. Hence, we must collect at most 21 — 1 zeros. Unlikely, we have one value of b which
should not be a member. That one is obtained when k = n is impossible because it leads the denominator

Fou(x) = % to be zero. Therefore, we omit it. It can be easily seen that coshacosb + isinhasinb # 0 for

other possible values of k. Since Fy,(x) is an odd function, we can restrict k as 0 < k < n — 1 and give roots
as x = +2isin ’;—Z
Roots of odd subscripted Fibonacci polynomials can be calculated similarly. [

Theorem 3.2. The roots of the n'" Fibonacci polynomial F(x) are x = 2icos & fork =1,2,...,n - 1.

Proof. Let F,(x) = "1 % = 0 for x = 2i cosh z from Theorem 2.2. Then, the nominator sinh nz = 0 and the

denominator sinh z # 0. For z = a + ib, where a and b are real numbers.

sinh nz = sinh (na + inb) = sinh na cos nb + icoshnasinnb = 0

sinh z = sinh (g + ib) = sinhacosb + icoshasinb # 0
Hence, the real numbers a and b must satisfy both of the following equalities.

sinhnacosnb =0 (12)
and

coshnasinnb =0 (13)

Furthermore, the real numbers a and b which have the equations above must also satisfy at least one of the
followings.

sinhacosb # 0 (14)
or

coshasinb # 0 (15)

From Equation 13, we have sinnb = 0, since coshnb = M > 1 for all b € R. Therefore, b = "7’7 for some
k € Z excluding multiples of n because of Equation 15. In addition, one can solve a = 0 from Equation 12.
As a result, we have F,(x) = 0 if and only if x = 2i cos '% Observe that, F,,(x) = F,,(—x) = 0 where x is a zero
of F,,(x). Owing to the fact that Fibonacci polynomial F,(x) has degree n —1, we restrictk = 1,2,...,n—=1. [J
Now, we are ready to calculate images of the roots of a Fibonacci polynomial under other members of the
family.

Theorem 3.3. If a is a root of the Fibonacci polynomial Fy,_1(x), i.e. Fay—1(a) = 0, then Fy,(a) = +i and Fy,41(a) =
+ai.

Proof. Let x = abe a root of Fp,_1(x). Using the Cassini-like formula for Fibonacci polynomials, we get

F3,(a) = -1
Therefore,
an(a) = +i.

Now, we need the image of a2 under the polynomial F,,.1(x). For this purpose, we use the recurrence
formula

Foup1(x) = xFou(x) + Fopo1(x)

If we put x = a, we obtain Fy,.1(a) = aFy,(a) = +ai. Thus, we get the desired result. O
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Corollary 3.4. Fy,_1(a) = 0, implies Fp,(a).Fon+1(a) = —a.
Theorem 3.5. If a is zero of the Fibonacci polynomial Fy,_1(x) i.e. F2,-1(a) = 0, we have Fy,(a)F2n+1(a) # 0.

Proof. We know from Corollary 3.4 that if F»,—1(a) = 0 then F»,(a).F2,4+1(a) = —a. Hence, if F»,(a).Fon11(a) = 0
then a must be zero. The roots of F,_1(x) can be calculated by Theorem 3.2 as

Tt
=92
a lCOSZ;/l_1

k7t
2n-1

fork=1,2,...,2n-2. By considering all possible values of k, we have
one has n — k = 1 which is a contradiction. []

= % By elementary calculations,
It is able to verify the following theorems by using the same techniques. So, we leave the proofs to the
readers.

Theorem 3.6. If a is a root of the Fibonacci polynomial Fy,41(x), i.e. Fayy1(a) = O then, Fy,(a) = +i and F,_1(a) =
Fai.

Proof. It can be proved using by recurrence relation and the Cassini formula for Fibonacci polynomials. [
Corollary 3.7. Fy,.1(a) = 0, implies Fy,(a).Fou—1(a) = a.
Theorem 3.8. If a is root of the Fibonacci polynomial Fp,.1(x) i.e. Foni1(a) = 0, we have Fo,(a)F2,-1(a) # 0.

Proof. It can be proved by using the same technique in Theorem 3.5. [

Now, we need some identities proved in [15] and [25].

Theorem 3.9.

Z Fox) = Fra(x) +an(x) -1 (16)

r=1

Fr(0)IF () (17)

Frin(x) = Fps1 (X)F (%) + Fppy () F -1 (x) (18)

dFy(x)  nFu1(x) = xFu(x) + nF,1(x)  2nF, 1(x) + (n = 1)xF,(x) (19)
dx X2 +4 B X2 +4

[ Bt = L (Fres) 4 Fors) = Faa(©) = Fua0) (20)
0 n

Proof. This identities were proved in [15] and [25]. O
We obtain some interesting properties about the roots of Fibonacci polynomials via the above equalities.
Theorem 3.10.
(i) Fans1(a) =0 © Fi(a) + F2(a) + ... + Fau(a) = 2L = ﬂl;—_ékﬂ
4n+2
fork=0,1,...,n-1
(if) Fx(a) =0 < Fyp(a) =0fork,n € N
(111) FZn(a) =0 Fm+2n+1 (x) = iPm+1 (X)
(IV) F2n+1(a) =0e Fm+2n+1(x) = id:m(x)
(V) PZn(a) =0 Fm+2n(x) = iFm(x)
(Vl) F2n_1(tl) =0 Fm+2n(x) = iiFm+1(x)
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Proof. The proof can be seen by Theorem 3.2, Theorem 3.3, Theorem 3.6, and Theorem 3.9 as follows.

(i) Itis proved by using Equation 16 and Equation 11 together with Theorem 3.6.
(ii) By using Equation 17 it is obtained.
(iii) This is followed by changing in Equation 18 n by odd subscript 21 + 1 and using F,41(a) = +1 when
Fou(a) = 0.
(iv) This is followed by changing in Equation 18 n by odd subscript 21 + 1 and using Theorem 3.6.
(v) This is followed by changing in Equation 18 n by even subscript 2n and using Fj,+1(a) = +1 when
an (Cl) =0.
(vi) This is followed by changing in Equation 18 n by even subscript 21 and using Theorem 3.3.
0

Theorem 3.11.
(i) ;Znsca) :oolH sz;—;ll(x) __ =intan ki seckn
ork=0,1,...,n—
(i) chfzn;(a)():lo o % = i(zivzrz)l*.se ) (Zf,:f%“
ork=0,1,...,n—
(ifi) Fau(@) = 0 o dF2_V;C(x) _—amsectl
fork=0,1,...,n-1
(V) Faa@) =0 < % vea F 2. cot 5t esc 57

fork=1,2,...,2n -2

L (k)m

(v) Faus1(a) =0 & foa Fou(x)dx = %
fork=0,1,...,n—-1

(Vi) Fau@) =0 & [} Foy(x) dx = £

n

1 cos K —
(Vi) F2y-1(2) = 0 & [ Fyy(x) dix = 2521

fork=1,2,...,2n-2

Proof. The proof can be seen by Theorem 3.1, Theorem 3.2, Theorem 3.3, Theorem 3.6, and Theorem 3.9 as
follows.

(i) This is followed by changing in Equation 19 n by odd subscript 2 + 1 and using F»,41(a) = £1 when
F»,(a) = 0 together with Equation 10. Finally, the proof is completed via the below equalities using by
some trigonometric function properties and algebraic calculations.
dF2n+1(x) - p2m _ + i4nisin% — intan Ié_z sec S_Z

=2
dx  lw=a T 4(1-sin? iz

fork=0,1,...,n—1when F,,(a) = 0.

(ii) This is followed by changing in Equation 19 n by odd subscript 27 + 1 and using Theorem 3.6 together
with Equation 11. Finally, the proof is completed via the below equalities using some trigonometric
function properties and algebraic calculations.

AF2u1(X)| s@nsi | +(ne2)i _ )i o @ktD)n
.

_. a2+4 T . kel 4n+2
dx x=a 4(1fsm e

fork=0,1,...,n—1when Fy,11(a) = 0.

(iii) This is followed by changing in Equation 19 n by even subscript 2n and using Fj,+1(a) = =1 when
Fy,(a) = 0 together with Equation 10. From where, after some algebra the desired result is obtained
via below equalities.
dFu(x) x
;—”x = o = ok = tnsec

fork=0,1,...,n—1when Fy,(a) = 0.

2 kn
2n
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(iv) Thisis followed by changing in Equation 19 n by even subscript 2n and using Theorem 3.3 together with
Theorem 3.2 as by changing in the theorem n by odd subscript 2n — 1. Finally, the proof is completed
via the below equalities using some trigonometric function properties and algebraic calculations.
dF 2n (X)

dx x=a 4(1 cos? 2’;771
fork=1,2,...,2n —2when F,,_1(a) =
(v) This is followed by changing in Equation 20 n by even subscript 21 and using Theorem 3.6 together

with Equation 11. From where, after some algebra the desired result is obtained via below equalities.
@+ _ g

f” Fau(x)dx = ¢az 2 _ sing
fork=0,1,. n - 1 when Foui(a) =

(vi) Thisis followed by changing in Equatlon 20 n by even subscript 2n and using Fa,+1(a) = F2,-1(a) = +1
when Fy,(a) =0

(@n-1)ai _ _ (4n-2)cos £ F @2 kn knt
= a’+4 - 4

(vii) This is followed by changing in Equation 20 #n by even subscript 2n and using Theorem 3.3 together
with Theorem 3.2 as by changing in the theorem 7 by odd subscript 2n — 1. From where, after some

algebra the desired result is obtained via below equalities.

_kn_
Fcos -1
fo an(x) dx = ial 2 _ 2n 1

fork=1,2,. 2n - 2 when Fru—1(a) =
O

4. Relationships between the roots of Fibonacci polynomials and the modular group& Hecke groups&
generalized Hecke groups

In this section, we consider the complex numbers as vectors in the complex plane. All the roots of
Fibonacci polynomials are pure imaginary complex numbers. Also, each norm of the roots of a Fibonacci
polynomial is smaller than two. We interpret the roots in the complex plane as related to the parameter of
the modular group, Hecke groups, generalized Hecke groups.

Corollary 4.1. We examine the relationship between parameter of the modular group and roots of Fibonacci poly-
nomial in the complex plane geometrically. The parameter of the modular group Az = 2cos 5. All of the roots of

Fibonacci polynomial F3(x) are known as 2i cos & and 2i cos 3 from Theorem 3.2 for k = 1,2. If the first root 2i cos %

of the Fibonacci polynomial F3(x) is rotated 270 degrees counterclockwise around the origin in the complex plane, the
parameter of the modular group is obtained. Therefore, we can state that the Fibonacci polynomial F3(x) generates a
parameter for the modular group as a geometric interpretation.

Corollary 4.2. The parameter of Hecke group as Fuchsian group of ﬁrst kind is Ay = 2cos T for q = 3 and all

of the roots of Fibonacci polynomial Fy(x) are known as 2icos 2, 2icos & g s 21008 == fg-m from Theorem 3.2 for
k=1,2,...,9—1. If the first root 2i cos n of the Fibonacci polynomzal Fq(x) is rotated 270 degrees counterclockwise

around the origin in the complex plane, the parameter of the Hecke group is obtained. Therefore, we can state
geometrically that the Fibonacci polynomial F,(x) generates a parameter for the Hecke group as Fuchsian group of
first kind.

Corollary 4.3. The parameters of generalized Hecke groups are A, = 2.cos 3} and A, = 2 cos . Also, all the roots of
Fibonacci polynomial F,(x) are known as 2i cos ﬂ , 2icos 27” ...,2icos M from Theorem 3.2 fork=1,2,...,p—1.

All the roots of Fibonacci polynomial Fy(x) are known as 2icos - 21 cos 2%, .., 2icos LT from Theorem 3.2
fork =1,2,...,9 = 1. If the first roots 2icos i of the Fibonacci polynomzal F (x) and 2i cos of the Fibonacci
polynomial F,(x) are rotated 270 degrees counterclockwise around the origin in the complex plane, the parameters of
the generalized Hecke groups are obtained. Therefore, we can state geometrically that the Fibonacci polynomial Fp(x)
and F,(x) generate parameters for the generalized Hecke groups.
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Remark 4.4. Using the root of the Fibonacci polynomial, it is not the only way to obtain a modular group parameter.
For instance, another way finding parameter of the modular group is using the Fibonacci polynomial F¢(x). Then the
second root of the polynomial Fe(x) is obtained as 2i cos 5 from Theorem 3.2 for k = 2. Also, the parameter is obtained
from another Fibonacci polynomial Fo(x) using Theorem 3.2 for k = 3. Therefore, we can state that the parameter
of the modular group related to the Fibonacci polynomials F3;(x) when t € IN. More generally, the parameter of the
Hecke group H,, can be derived from the Fibonacci polynomial Fy,(x) when k is a whole number and m is an integer
greater than two.

Remark 4.5. Each Fibonacci polynomial F,(x) for n > 3 generates at least one parameter for the Hecke group. For
example, the Fibonacci polynomial F3(x) generates one parameter as 2 cos 5 via the root 2i cos 5 rotated 270 degrees
counterclockwise around the origin in the complex plane. The Fibonacci polynomial F4(x) generates one parameter
as 2cos § via the root 2icos § rotated 270 degrees counterclockwise around the origin in the complex plane. The
Fibonacci polynomial Fe(x) generates two parameters as 2cos & and 2 cos % via the roots 2icos 2 and 2icos &

rotated 270 degrees counterclockwise around the origin in the complex plane.

Corollary 4.6. We set a general way to get the relationship between the parameter of Hecke group as Fuchsian group
of the first kind and Fibonacci polynomial F,(x). All the roots of Fibonacci polynomial F,(x) are known as 2i cos %"
fork=1,2,...,n—1 from Theorem 3.2. F,(x) generates the parameter for Hecke group every provided condition that
k divides n except for k = % and k = n. For instance, F1o(x) = x” + 8x7 + 21x° + 20x> + 5x generates exactly two

parameters for Hecke groups denoted by Hyo and Hs = H(“z‘g).

Theorem 4.7. (Birol-Hecke-Fibonacci Theorem)
The number of the parameters for Hecke groups generated by F,(x) is calculated by the formula

ﬁ(ui +1)-2 ifneven
F(n) = 15!

[I@i+1)-1 ifnodd

i=1

t
where n = [] p¥ for p; distinct prime numbers and a; positive integers.
i=1

i

Proof. It can be proved using the fundamental theorem of arithmetic, the formula for the total number of
divisors of a number considering the root formula of Fibonacci polynomials and the parameter of the Hecke
group as A; = 2cos %,q €N,g>3. O

Corollary 4.8. Considering the polynomial space, the {F,(x) : n > 3} set of Fibonacci polynomials is a relation with
the ability to generate parameter for Hecke groups. This relation has reflection and symmetry properties.

Remark 4.9. We call the above relation as g. Notice that, o is not reflexive relation. We give a counterexample to
prove that. (F3(x), F21(x)) € pvia Hs and (le(x), F7(x)) € o via Hy but (F3(x), F7(x)) ¢ 0. Although F3(x) and F7(x)
generate one parameter for the Hecke groups, these polynomials do not generate a common parameter for any Hecke
group. F3(x) and F;(x) generate a parameter for the Hecke groups Hs and Hy, respectively.

Definition 4.10. (Birol-Hecke-Fibonacci Number Sequence)
We define a new number sequence derived from the Theorem 4.7. This sequence shows the relationship between the
root of the Fibonacci polynomial and the Hecke groups interestingly. The first, the fourth and the thirteenth terms of
the number sequence are obtained as 1, 2 and 3 from Fibonacci polynomials F5(x), F¢(x) and Fi5(x), respectively. This
sequence is as follows.

1,1,1,2,1,2,2,2,1,4,1,2,3,3,1,4,1,4,3,...
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