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Wave Equation with Internal Source and Boundary Damping Terms:
Global Existence and Stability

Imane Boulmerka?, Ilhem Hamchi?®

* Laboratory of LEDPA, Department of Mathematics, University of Batna 2, Algeria

Abstract. In this work, we consider the wave equation with internal source and boundary damping terms.

First, we use the stable set method to prove the existence of the global solution. Then, we use some integral
inequalities to prove the stability of this solution.

1. Introduction

During the last few decades, many researchers have been interested in the following wave equation
with internal damping and source terms:

Uy — Au+ |2y = [ulP~2u in (0,T)xQ,
u=0 on (0,T)x0Q,
u(0) = ug and us(0) = uy in Q.

Where T > 0, m,p > 2 and Q is a bounded domain of IR"(n > 1) with smooth boundary JQ.

In 1977, Ball [1] showed that in the absence of the dissipatif term |2, the source term u|ulP~2 causes
finite time blow up of solutions with negative initial energy. Haraux and Zuazua [4] in 1988 proved that
in the absence of the source term, the damping term assures the global existence for arbitrary initial data.
In the linear damping case m = 2, Levine [8] in 1974 established a finite time blow up result for negative

initial energy. In 1994, Georgiev and Todorova [6] extended Levine’s result to the nonlinear damping case
m > 2. They gave two results :

e if m > p then the global solution exists for arbitrary initial data,
e if p > m then solution with sufficiently negative initial energy blows up in finite time.

In 2001, Messaoudi [9] improved the result of Georgiev and Todorova and proved a finite time blow
up result for solutions with negative initial energy only. Ikehata [5] in 1995 used the stable set method,
introduced by Sattinger [11] in 1968, to show that the global solution exists for small enough initial energy.
In addition, authors in [3], [12] and [13] have addressed this issue.
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Park and Ha [10] in 2008 used the multiplier technique to get the existence and the uniform decay rates
concerning the semilinear wave equation with boundary damping and source terms.

In 2015, Fiscella and Vittilaro [2] showed two results. The first result is about the existence of the global
solution when the initial data are posed in the energy space and the second result is about the blow up in
finite time of the solution for positive initial energy.

We consider the following system

uy — Au = f(x,u) in (0,T)xQ,
u=20 on (0, T)xTY, )
dvu = —(hv)g(x, uy) on (0,T)xTy,
u(0) = up and u(0) = uy in Q.

Where the boundary dQ = Iy UT; with To N T; = 0. f is a nonlinear internal source function, g represents
a nonlinear boundary damping function and / € IR". The objective of this paper is to apply the stable set
method to prove the existence of the global solution of (1) then to use some integral inequalities to obtain
the stability of this solution. To the best of knowledge, the application of those techniques is new for this
kind of problems.

This paper is organized as follows: in addition to the introduction, section 2 contains assumptions on
the parameters of (1) needed to obtain our results. In section 3, we present the result of the existence of the
maximal solution of our problem. In section 4, we prove that this solution is global. In section 5, we prove
that the obtained global solution is stable.

2. Assumptions

The following assumptions are made.
Assumptions on the partition {I'o, I';} of I':

Let xg € IR" and hp > 0. Put .
h=h(x)=x-xg forall x € Q,

Iy ={xedQ/hv <0},

and
I = {x S 8Q/hv > ]’l()}

Assumptions on the source term f:
f is a Carathéodory real function in Q X IR, f(x,0) = 0 and there exist C;,Cy, p > 0, with

2<p if n=1,2,
2<p<2=l if n>3.

Such that
If(x,u) — f(x,0)| < Cilu—o|(1 + |ulP~> + [of?) forall x € Qand u,v € IR )

and

F(x,u) < %lulp forallx e Qand u € 1R, 3)
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where F is the primitive of f defined by

u
F(x,u) = ff(x, 7)dt  forall x € Qand u € IR.
0

Assumptions on the damping term g:

g is a Carathéodory real function in I'; X IR and there exist Cs, Cy4, Cs, Cg,m > 0, where

2<m ifn=1,2,
2<m< 2 ifn>3.

Such that, for all x € I'1, we have
Calul™™" < lg(x, )] < CalulV"Vif [u] <1,

Cslul < lg(x, u)l < Celul if ful>1 (4)

and
gx,u)u >0 forall x €Ty and u € IR.
3. Preliminaries

This section is concerned with the existence of the maximal solution of (1) and the decreasing of the
usual energy associated to this solution.

Definition 3.1. By a weak solution of (1) in (0, T) we mean a function u
u € C((0, T); H, (Q)) N C'((0, T); L*(QY)),

such that,
for all ¢ € C((0, T); H, (Q)) N C'((0, T); L*(€2)) N L"((0, T) x I'y),

and for all t € (0, T), we have
t ¢
fut(p [ dx = f f(utcp - VuVo + f(x, u)p)dxdt — f f(h.v)g(x, uy)pdl'dr.
0 0
Q Q I

Hi (Q) = {u € H'(Q) : u =0 on Ty).

Where

Definition 3.2. We say that a weak solution u is maximal if u cannot be a restriction of a weak solution in (0,T"),
where T < T".

Now, we introduce the existence of the maximal weak solution of the problem (1) as following.

Theorem 3.3. [2] If ug € H%O(Q) and uy € L*(Q) then there exist T > 0 and a unique maximal weak solution u of
the problem (1) in (0, T).
Also, the following alternative holds:

T = +o0,

or
T < 400 and lin%(llutllz +||Vul|z) = +oo.
t—
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Next, we consider the energy functional E associated with our system defined by

E(t) = %HWH% + %IIVulI% - fF(x, u)dx forallt € (0,T).
Q

We have the following derivative energy identity, which shows that the above energy is a decreasing
function.

Lemma 3.4. [2] Let ug € Hy (Q2) and uy € L*(Q), we have

t

E(t) — E(s) = —ff(h.v)g(x, uudldt  forall0<s<t<T.

S F1

4. Global property of the maximal solution

In this section, we prove the global property of the solution of our system. For this end, we introduce
the following functionals, associated to the maximal solution given in Theorem 3.1, defined by

J0) = ) = 315~ [ P forat e 0,7)

Q

and
K(t) = Ku(b) = IVull; — p fF(x, w)dx forall t€(0,T).

Q
We consider the following set

H = {w € Hf (Q)/K(w) > 0}. (5)
Let C. be the best constant such that

[ull, < ClIVulla  forall u € H%O(Q). (6)
We have the following property of the set H.
Theorem 4.1. If uy € H and u; € L*(Q) with

= GOSN 2 <1, ?)

then the maximal solution u of (1) is global.

Proof.
Firstly, we have
u(tye H forallte(0,T).

Indeed, since
uy € H,

then
K(uo) > 0.

This implies that there exists T" < T such that

K({) =0 forallte[0,T]. (8)
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We have

1 p—-2 2, 1 2 p-2 2 1
J(t) = <lIVull; — fP(xr w)dx = ——||Vull; + =(IVull; — fF(X, u)dx) = ——||Vull; + =K(#).
5 2 2p 2 p 2 PQ 2p 2 p

Q
By (8), we find
-2
OE ’gz—pnwug Forall € [0, T].
Hence )
4
”Vu”% < pTz](t)
Moreover 1
J(#) = E(t) - E”WH% < E(#),
then

2p
IVull; < EE(D- )
Since E is a decreasing function then we have

2p
IVl < SZ5E) (10)

fF(x,u)dx < = flul”dx = 9||u||5.
p o p

Q

By (3), we obtain

(6) leads to
f F(x, u)dx < %c’:nwug = %Ci’||w||’2"2||w||§.
Q

Also, (10) gives
f Flx, w)dx < gCf(z—pE(O))(p’z)”HVuH%.
p p-2

Q
So
PfF(x, u)dx < Csz(z—sz(O))(p’z)/ZIIVul|§ = BIIVull3.

Q P

We then use (7) to find
pfF(x, u)dx < ||Vu||§ forallte[0,T'].
Q
Hence
K(u(t)) = K(t) = ||Vu||§ - pf F(x,u)dx >0 forallte[0,T'].
Q
(5) leads to
u(tye H foralltel[0,T].

By noting that

2p
P 7\ (p—2)/2
czc*(p—_ SE(T) <1,



I. Boulmerka, I. Hamchi / Filomat 36:12 (2022), 4157-4172 4162

we can repeat the proceedings above to extend T’ to T.
Secondly, from the definition of E and K, we get for all t € (0, T)

1 1 1 p-2 1
E() = Sl + Va3 - f Fex ) = 3l + ==Vl + K.
Q

Since
K#)>0 forallte(0,T),

then
E 1, », p—-2 "
(t) > _”utllz + ?”VMHZ fOT' all t e (O, T)
This implies that there exists C > 0 such that
llu2 + IIVull2 < CE(t) forall t € (0,T). (11)

Furthermore, E is a decreasing function, then

lldll5 + IVull3 < CE(Q) forall t € (0,T).

By the alternative statement, we find the desired result. [

5. Stability of the global solution

We have the following stability result.

Theorem 5.1. If ug € Hand u; € L>(Q) with B < 1 then, there exist two positive constants C and w, such that the
global solution of (1) satisfies for all t > 0

E(ty <Ce™  if m=2,

E(t) < if m>2.

£2/(m=2)

Proof. By the integral inequalities due to Komornik [7], it is sufficient to prove that, forall0 < S < T < oo,
there exist C > 0 such that

T
f E™2(t)dx < CE(S). (12)
S

For this end, we proceed in several steps.
Step 1: Energy identity
We put
Mu :=2hVu + (n — Du.

We multiply the first equation of (1) by E™~2/2(f)Mu. Then, we integrate the obtained result over [S, T] X Q,
we find

T

0= f EM=2/2(p) f Mu(uy — Au— f(x,u))dxdt =TI, + I, + I, (13)
S Q

where

T
I = f E=272(4) f upMudxdt,
S Q
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T
L =- f Em=2/2(t) f AuMudxdt
S Q

and
T
Iy = - f Em=212(4) f f(x, u)Mudxdt.
S Q
We have
T
I = f E(m=2/2(1) f uyMudxdt = [ET™2/2(t) f uMudx]§
S Q Q
T T
—mT_Z EM=972())E,(t) f uMudxdt — f Em=272(4) f up(Mu)dxdt.
S Q s Q
But
T T
- f E(=22(p) f u(Mu)ydxdt = — f E=272(4) f wh.Vu + (n — 1)u)dxdt
S Q S Q
T T
=-2 f EM=2/2(p) f u(h.Vu)dxdt — f EM=2/2(p) f u((n — Dyu)dxdt,
S Q S Q
which implies that

T T T

S S

If we apply the following identity

fjl(k.ij)dx=fk.v(]jjz)df—szdiv(]jk)dx,
Q T Q

for all . _
j1,j2€ CH(Q) and ke (CY(Q))",
with
ji=jo=u and k=h,
we find

—fut(h.Vut)dx: —f(h.v)lut|2d1"+futdiv(uth)dx.
T

Q Q
Also, if we apply the following identity

div(jk) = jdivk + k.Vj forall j € CY(Q) and k € (C1(Q))",

with
j=u; and k=h,

- f Em=2/2(p) f uy(Mu)dxdt = =2 f EM=22(t) f u(h.Vuy)dxdt—(n—1) f E(m=212(4) f [y dxdt.
Q Q S Q

4163

(14)

(15)
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we obtain
—fut(h.Vut)dxz —f(h.v)lutlzdl"+fut(utdivh+h.Vut)dx= —f(h.v)lutlzdl"+fdivhlutlzdx+fut(h.Vut)dx,
Q T Q r Q Q
this leads to
—qut(h.Vut)dxz—f(h.v)lutlzdl"+nflutlzdx.
Q T Q

Now, if we replace the above result in (14), we find

T T

T
- [ B2 [waidsds= [ £220) [updsde - [ £ [ Gopar
Q Q S T

S S

So, I; takes the forme

T
I = [E™2/2(1) f uMudx]? - ’”T_z f EM=92(H)E(t) f uMudxdt
Q S Q

T T
+ f E(=202(p) f lusPdxdt — f EUA(p) f (hv)luPdTdt.
S Q S r

For I, we use the Green formula, then we have

T T T

L =- f Em=2/2(1) f AuMudxdt = — f E(m=2/2(1) f Z—zMudth+ f Em=2/2(t) f VuV(Mu)dxdt.
Q T Q

S S S

For the second term in the above identity, we have

T T
f Em=212(4) f VuV(Mu)dxdt = f Em=212(4) f VuV@h.Vu + (n — 1)u)dxdt,
S S Q

Q

it follows that

T T
f EC=2/2(¢) f VuV(Mu)dxdt = 2 f E272(p) f Vu.V(h.Vu)dxdt
S S Q

Q

T
+(n—1) | E"22@) | |Vuldxdt. (16)
Jrro]

But
fVuV(h.Vu)dx:fquIzdx+%fh.V(|VM|2)dx-
O 0

Q
Then, by the identity (15), we get

fVuV(h.Vu)dx: fqulzdx+ %f(h.v)qulzdF—%fdivhqulzdx
Q Q

Q T
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_2 - n f VP + % f (h.v)|Vul2dT.
Q T

So, by replacing it in (16), we find

f E0m=212(t) f VuV(Mu)dxdt = (2 - n) f E"22(p) f VuPdxdt

S

+(n-1) f EM=2/2(p) f [VulPdxdt + f EM=2/2(p) f (h.v)|Vul*dTdt
r
T
= f EM=2/2(p) f [Vuldxdt + f EM=2/2(p) f (h.v)|Vul?drdt.
Q S T

S

T T T
I = f E(m=212(4) f [VulPdxdt + f EMm=22(4) f (hv)|\Vul*dTdt — f E(m=212(4) f g—zMudl“dt.
S Q S r S T

Inserting I, I and I3 in (13) to find

Hence

T
0 = [E™272(f) f uMudx]? - mT—z f EU=92()E (1) f uMudxdt
Q S Q

T T T
+ f EM=2/2(p) f [ugPdxdt + f EM=2/2(p) f [Vuldxdt — f EM=2/2(p) f f(x, u)Mudxdt
S Q S Q S Q
T T
- f E(m=2/2(p) f g—uMudl"dt+ f EM=2/2(p) f (hv)(\Vul? — |u|?)dTdt.
S r Y S r
Thus, we can write it as following
T
fE(mz)/z(t) f(|ut|2+|Vu|2)dth=IQ+I[5,T]xQ+I[s,T]xr, (17)
S
where
= —[E"-2/2(p) f uMudx]?,
Q
T T
LisTixa = ’”T_z E=9/2(pE,(£) f usMudxdt + f Em-272() f F(x, u)Mudxdt,
S Q S Q
and

T

T
Iis ixr f E=272(t) f — Mudldt + f EMm=212(4) f (hv)(u? — |VulP)dTdt.
S T

S
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Step 2: Energy inequality
For the first term I, we can see that

f IMul?dx = f 12h.Vu + (n — DufPdx < f (12h.Vul + |(n — 1)u])?dx.
Q

Q Q

By the following inequality
(@+b)* <2@*+b* forallab>0,

f IMul?dx < 2 f 12h.Vuldx + 2 f [(n — Duf*dx.
Q Q Q

In the rest of the proof, C represents a positive generic constant.
By the Poincare’s inequality, we get

we have

f IMulPdx < C[|[Vull3. (18)
Q

Hence, we have
1 1
IfutMudxl < 5 flutlzdx+ > flMuIzdx < C(Ilutllé + ||Vu||§),
Q Q Q

but, by (11), we obtain

| | usMudx| < CE(¢). (19)
/

Then, the first term I became

I = EM2/2(3) f u(S)Mu(S)dx — E"=2/2(T) f u(T)Mu(S)dx
Q Q

< CE"=22E(S) + CE™2/2(T)E(T).
Since the energy E is a positive decreasing function, then
Io < CE™=2/2(S)E(S) < CE(S). (20)
For the second term I[s 11xq, we have
T

m—2

T
lisTha = —5— EM=92()E (1) f uMudxdt + f E(=22(p) f f(x, u)Mudxdt.
S Q S Q

By (19) and the Young inequality, we get for all e; > 0

T

T T
Iistixa < C f EU=D2(#)(=Ey(t))E(t)dt + 62—1 f EMm=2/2(4) f |Mu|2dxdt+% f E2712(4) f | (x, w)|Pdxdt.
1
S S Q S Q

Using the assumptions on f, (9) and (18), we find

T T T

Iistixa < C f E=22(§)(=E(t))dt + €,C f E™2(t)dt + C(ey) f EM=212()( f lul*dx + f [ulPP=Vdx)dt
S Q Q

S S
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T T

< C[E™?(S) — E™*(T)] + €,C f E™2(t)dt + C(ey) f E0m=2/25)( f lul*dx + f lu*P~Ddx)dt,
Q Q

S S

Since the energy is a positive decreasing function, then we obtain

T

T
IisTixa < CE(S) + €1C f E™2(t)dt + C(ey) f Em=272(4)( f [ul?dx + f lu*P~Ddx)dt,
S Q Q

S

We apply the interpolation inequality

1 1-
Il < lihully™  with =5+ ﬁ“ and a €[0,1].
For
r=2(p-1), a=1/2(p — 1) and p =2(2p - 3),
we obtain D232
- p-3)/2(p—

oy < el >l G020,

then
||M||2(p_1) < 2p-3

2p-1) = ||u||2||u||2(2p_3).

We use the Young inequality to find for all €; > 0

2p-3)

p_ €2 1 2
<= +— .
hl o * el

b < S luly
Using the embedding H, (Q) < L**~9(Q) to have

2p-3)

2
lulf) < exClVull;* ™ + Clex)llull3.

By (9), we get
llully < e2CE(t) + Clea)llull,

Then, we replace it in (21), to find

T T T
IisTixa < CE(S) + €1C f E™2(t)dt + e,C(e1) f E™2(t)dt + C(ey, €2) f E=272(4) f lu|*dxdt,
S S S Q

For the third term Ijs 1jxr, we have

IisTixr =

m%ﬂ

T
E0m=272(p) f g—zMudl”dt+ f E272(p) f (hv) (el = [Vu?)dTdt
r S r

T T
du du
_ (m-2)/2 ou (m-2)/2 ou
f E t) f = Mudldt + f E t) f o Mudldt
S To s o

T
+fE(m—2)/2(t) f(h.1/)(|ut|2 — |Vul?)dTdt +
S o

m%ﬂ

Em-2/2(f) f(h.v)(lut|2 — |Vu|?)drdt
I

4167

(21)

(22)
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= Iis 11, + LisTIxTy (23)
where
T T
IisTixr, = f Em=2/2(t) f g—ZMudth+ f EM=22(t) f (hv)(jus* = |Vul?)dTdt
S Ty S To
and

T T
Iis ity = f E(=22(p) f %Mudrdu f E(=212(p) f (hv)(jugl? = |Vul?)dTdt.
Iy Iy

S S

For Ijs 1ixr,, we use the definition of Mu, then we get

T T T
Iis ixr, = 2 f Em=22(4) f (h.Vu)g—ZdFdH(n—l) f EM=22(t) f ug—zdFdH f Em=2/2(t) f (hv)(Jus*=|Vul?)dT dt.
S Ty S To S To
OnTy, we have
u=0,
_ ., 0du
Vu = .5,

then
{ 125 =O/
2 _ |up2
[Vul= = |51

So, we can write the term on Ijs 7jxr, as following

T T
Tisrixr, = 2 f EMm=22(4) f (h.v)la—ulzdl"dt— f EMm=272(4) f (h.v)la—ulzdl“dt.
ov ov
S r() S r[)

Then
A J
_ u
Tis Tty = f E(m=212(4) f (h.v)|%|2dl"dt.
S To
Since
hv <0 on Ty,
SO we arrive at
I[S,T]xl"o <0. (24)

For Ijsrxr,, we use the assumptions on the boundary term (4) and the definition of Mu to find

T T T

TisTixr, = f E(m=212(4) f (2h.Vu)g—Zdth+(n—l) f E(m=2/2(¢) f ug—ZdFdH f Em=2/2(t) f (hv)(Jus*=|Vul?)dT dt.
I I Iy

S S S

Then

T

T
Iis i<, = — f E22(p) f (h.Vu)(h.v)g(x, up)drdt — (n — 1) f Em=22(4) f u(hv)g(x, us)dTdt
S I S T
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T
+fE(m—2)/2(t) f(h,v)(|ut|2—|Vu|2)dl“dt.
S I

By the Young inequality, we find for all e; > 0

T
? 1 1
tisr, < [ B0 [T 196 uP + S90P) + (0= 1P + 5ot )P
S T

T
EMm=2/2(4) f (h.v)|Vuldrdt + f Em=2/2(4) f (h.v)|uyPdTdt
I‘1 S

T
S Fl
T T
= €1Cf
S

E(m=2/2(y) f lul2dTdt + C(eq) f EC=272(¢) f |9(x, ue)P? (h.v)dTdt
I S I

T
+ f Em=272(4) f () |>dT dt.
S F1

We put dI', = h.v to obtain

T
Iismixr, §61CfE("’2)/2(t)f|u|2dl"hdt
S T

T T
+ f E(m=2/2(1) f |u,[PdT,dt + C(er) f Em=2/2(t) f |9(x, us)PdTdt.
I S It

S

We have

flulzdl"h < %fqulzdx < CE(}).

I, o)
So, the term on I'; became

T T
IisTixr, < €1C f E™2(t)dt + C(ey) f Em=2/2(t) f (IgQx, ur)* + [ug|*)dT,dt. (25)
s s I
We have
I =TI, UT5,
with
I ={x el |ul <1}

and

I3 ={x eIy ul>1}
Then, we obtain

T

T
f EO-D72(p) f g0, ) + )Tt = f Em-272p) f (190G w0 + i)t
S T S Ty



I. Boulmerka, I. Hamchi / Filomat 36:12 (2022), 4157-4172 4170

T
+ f EC"212(t) f (1g9Ce, )P + lu)dTydt. (26)
S T3
We have
lg(x, u)l® = lgx, up) P (1gCe, un) 7" g (x, us) )
= |g(x, u)P™g(x, u) P
and

e = TP Qe ™ 1) = P g P00
For |u] < 1, we use the assumptions on g to find
g, ue)? < GV g (e, gy P
and
|2/m

gl < mlg(x )ity

G
then

T T
[ e f (o, 00f + Pyt < € [ E220) [ gt uaard.
S

S Tl
By the embedding Ll(Tl) in LZ/ "(T1), we get

T

T
fE(m 2)/2(t) f(l!](x Ut |2 + |ut|2)d1”hdt < CfE(m 2)/2(t)[fg(x ut)utdfh]z/’”dt

S S I

T
<C f E=2/2(£)(=E,(t))?/™dt.
S
We apply the following Young inequality

1 1 1
P 4=
ab < €0 + ﬁ/ab for all a,b>0 and a+ =1.

For
a=E"220),  b=(=E)*™, a=m/m-2) and p=m/2,
to find
T T T
f EM=212(1)\(=Ey(#))¥™dt < e, f E™2(1)dt + C(ep) f (—E;(t))dt.
S S S
This implies that
T T
f EM=22(1)(=Ey(1))?™dt < e, f E™2(t)dt + C(e2)E(S).
S S
Hence

T T
f Em=272(4) f (Ig(xe, up)P* + |us*)dTydt < e,C f E™2(t)dt + C(e2)E(S). (27)
S S
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Now, for |u] > 1, we use the assumption on g to obtain

T T
f E(m212(t) f (lg(x,ut)|2+|ut|2>drhdts(Ci+c6> f E2(p) f g0, ur)uydlydt
5
S I3 S

I's3clhy

T
<C f E(=22(—E,(t))dt,
S

then
T
[ £ [ ot + puPrarian < ces). 28)
S T3
We insert (27), (28) in (26) to find
T T
f EMm=272(4) f I(g(x, us)P? + [us[*)dTydt < ,C f E™2(t)dt + C(e2)E(S). (29)
S I S
After that, we put the result (29) in (25) to obtain
T T
Iis i, < €1C f E™2(t)dt + e,C(e1) f E™2(t)dt + C(e1, €2)E(S). (30)
S S
Puting (24) and (30) in (23), to find
T T
Iisixr < €1C f E™2(t)dt + e2C(e1) f E™2(t)dt + C(e1, €2)E(S). (31)
S S

Combining (20), (22) and (31) in (17), we get
T T T
f EMm=2/2(p) f (lu?+|Vul?)dxdt < C(e1, €2) f E(m=212(4) f [u*dxdt+(e;C+€,C(er)) f E™2(1)dt+C(e1, €2)E(S).
S Q S Q S
Taking €, sufficiently small, then ¢, sufficiently small and using the definition of the energy, to obtain
T T
f E™?(ndt < C f Em=2/2(1) f |u|*dxdt + CE(S). (32)
Q

S S

Step 3: End of the proof
By the uniqueness compacteness argument, we can prove that

T T

[ e (e < [ Ev220) (ot uof + i
S Q S I

Then, for all 3 > 0, we have
T T

f EM=2/2(p) f lulPdxdt < e3C f E™2(t)dt + C(e3)E(S).
S Q S
Replacing it in (32) and taking €3 sufficiently small, then the result (12) is finally obtained. [
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