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Higher Dimensional [, C]-Isometric Commuting d-Tuple of Operators

Ahmed Himadan Ahmed?

?Department of Mathematics College of Science and Arts, Qassim University, Ar-Rass, Saudi Arabia

Abstract. In this paper we recover an [m, C]-isometric operators and (m, C)-isometric commuting tuples of
operators on a Hilbert space studied respectively in [11] and [16], we introduce the class of [m,C]-isometries
for tuple of commuting operators. This is a generalization of the class of [m, C]-isometric commuting

operators on a Hilbert spaces. A commuting tuples of operators S = (Sy,---,5,) € B(H) is said to be
[m, Cl-isometric p-tuple of commuting operators if

w,(s,0):= i(—n’”f('?)(z %cst’cs‘*) —0

j=0 lal=j

for some positive integer m and some conjugation C. We consider a multi-variable generalization of these
single variable [, C]-isometric operators and explore some of their basic properties.

1. Introduction

Let H be an separable complex Hilbert space and .L(H) be the algebra of bounded linear operators on

H. We shall use the notations IN, Ny and C be the set of natural numbers, set of positive integers and set of
complex numbers respectively .

A conjugation is a conjugate-linear operator C : H —> H, which is both involutive (i.e., C*> = I) and

isometric (i.e., (Cx | Cy) =y | x) (¥ x,y € H)). In particular, if C is a conjugation on H, then ||IC|| = 1,
k "

(CTC) = CT*C and (CTC) = CT"C for every positive integer k. Isometries, play a critical role in operator

theory. This class of operator has been generalized by many authors to non-isometric operators. The

invention of m-isometric operators was well-received (as can be checked out in [1-3]) and was naturally
followed by a many papers.

In 1995, J. Agler and M. Stankus [1] introduced the class of m-isometric operators and showed some basic
results. For an integer m € IN and an operator S € L(H), S is said to be an m-isometric operator if

(_1)m—k(m)5*ksk =0.
L0

1.1)

2020 Mathematics Subject Classification. Primary 47B20; Secondary 47B99

Keywords. [m, C]-isometric operators, (1, C)-isometric commuting tuple of operator, Hilbert space
Received: 05 April 2021; Accepted: 14 August 2022

Communicated by Dragan S. Djordjevi¢
Email address: ah.mohamed@qu.edu.sa (Ahmed Himadan Ahmed)



A. H. Ahmed / Filomat 36:12 (2022), 41734184 4174

In [9] and [10], the authors introduced the concepts of an (i, C)-isometric operator and an (co, C)-isometric
operator for a single variable operator as follows: an operator S € L(H) is said to be an (m, C)-isometric
operator if there exists a conjugation C such that

Z(—1)m-k(’2)5*kcskc =0 1.2)
k=0
and it is called an (oo, C)-isometric operator if
1
. —_k m i k m _
limsup (H Y ( k)s ics CH) 0. (1.3)

0<k<m

In [11], M. Chg, ]. Lee and H. Motoyoshi introduced the concept of [, C]-isometric operators with conju-
gation C as follows: an operator S € L(H) is said to be [m, C]-isometric if there exists a conjugation C on H
such that

Z(—l)"’-k(’Z)skcskc - 0. 1.4)
k=0

Equations (1.1)-(1.2) and (1.4) was extended to so called n-quasi-m-isometric, n-quasi-(m, C)-isometric and
n-quasi-[m, C]-isometric operators as follows. An operator S € £L(H) is called

(i) n-quasi-m-isometric operator if

s*"(i(—1)m-k(’l’:)5*’fsk)s" —0, (1.5)

k=0
for some positive integers n and m. (See [18, 21]).

(if) n-quasi-(m, C)-isometric operator if

s*"(g(—1)m-k(’]’z)s*kcskc)sn _0, (1.6)

for some positive integers 1, m and a conjugation C. (See [16]).

(iif) n-quasi-[m, C]-isometric operator if

s*"(g(;(—1)m-k(’]’:)cskcsk)5" —0, (1.7)

for some positive integers nand m and a conjugation C. (See [23]).

The investigation of multivariable operators belonging to some specific classes has been quite fashionable

since the beginning of the century, and sometimes it is indeed relevant. The originally much of this

involved study of tuples of commuting operators was introduced by many authors. Some developments

on this subject have been done in [4-8, 12-15, 17, 22, 24] and the references there in. For p € IN, let

S = (S1,-++,Sp) € L(H) be a tuple of bounded linear operators. Let a = (ai,---,a,) € ]NS denote tuple
p

of nonnegative integers, and set |a| := Z lajl, a! := a;!---ap!. Further, define S* := ST S‘z)‘2 ‘e SZ” where
j=1

sjf =5;S;---Sj(1<j<p)and §* =(S},---,Sp).

|
aj—times
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The authors J. Gleason et al. in [15] extended Eq.(1.1) to the case of commuting p-tuples of bounded linear
operators on a Hilbert space H. The defining equation for an m-isometric p-tuple S = (S1,---,S,) € LIH)

2( 1" k( )(Z s*asa)— (1.8)

lal=k

The authors Sid Ahmed et al. in [17] extended Eq.(1.2) to the case of (m, C)-isometric p-tuple of commuting
operators. A p-tuple S = (S1,---,S,) € L(H)" of commuting operators is called (m, C)-isometric p-tuple if

g(—l)m—k(’l’:)( y %s*“csac) —0 (1.9)

lal=k

Eq.(1.5) was extended to n = (ny,---,n,)-quasi-m-isometric p-tuple of commuting operators by the
authors in [8] as follows. A p-tuple of commuting operators § = (Sy,---,Sp) is called n = (11, - - -, 1,)-quasi-
m-isometric p-tuple if

( Z( 1y k( )(Zlv‘k S*asa))sn 0, (1.10)

for some multiindex n = (ny,---,7n,) and some positive integer m. This paper investigates tuples of m-
isometric operators towards the so-called [m, C]-isometric p-tuple of commuting operators

2. [m, Cl-Isometric d-tuple of commuting operators

In the following, we consider a multivariable generalization of these single variable [m, C]-isometric
operators and explore some of their basic properties.Let S = (S, -+ ,S4) € L(H)? be a commuting d-tuple
of operators. Set for [ € Z,

WS, 0): i 1)~ ()(Z%csacs*). @.1)

j=0 lal=j
For example
P
Wi(S, C) = Y CS;CS;—Iu 2.2)
j=1
and
P P P
WS, C) = Iy —2 Z CS;CS; + Z CS2CS2 +2 Z CS;SkCS;S%. 2.3)
j=1 j=1 j, k=1(j#k)

Definition 2.1. Let S = (S1,-++,Ss) € L(H)? be a commuting d-tuple of operators. Then S is said to be an
[m, Cl-isometric p-tuple if there exists a conjugation C on H such that

i(—l)’” f( )(Z] S‘*CS“)— 2.4)
j=0 lorl=j

or equivalently if ‘I’m(S, C) =0.
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Remark 2.2. (1) Ifp = 1, Definition 2.1 coincides with the definition of an [m, C]-isometric operator in single variable
operator introduced by M. Cho et al. [11].

(2) 1t is not difficult to see that if S;C = CS; forall j = 1,2,--- ,p, then S is an [m, C]- isometric p-tuple if and only
if S is an m-isometric p-tuple.

Remark 2.3. (1) Since the operators Sq,S,,- -+ , S, are commuting, every permutation of [m, Cl-isometric d-tuple is
also an [m, Cl-isometric d-tuple.

(2) S = (S1,---,Sy) is an [m, Cl-isometric d-tuple with a conjugation C if and only if CSC := (C51C, cee, CS,,C) is
a joint an [m, C]-isometric d-tuple with a conjugation C.

Remark 2.4. (1) Ifp = 2and S = (S1,S,) € L(H)? is a commuting 2-tuple of operators, then S is an [1, Cl-isometric
pair if
Wy(S, C) = CS1CS; +CS,CSy — Iy =0

and also [2, C]-isometric pair if

WS, C) = CSICS? + CS3CS3 +2515,CS1CSy — 2(CS1CSy + CS,CSy) + Iy = 0. (2.5)
(2) Let S = (S1,- -+, Sq) be a commuting p-tuple of operators. Then S is a [1, Cl-isometric d-tuple if and only if

w(s, C)=0. (2.6)
and also [2, C]-isometric p-tuple if and only if

WS, C)=0. 2.7)

Example 2.5. Let C be a conjugation defined by C[x1, x2] = [x2, x1]. Consider
1 _

L 1 L
slz( g L)ez-z(c:z)amiszz( g L)eza(crzz).
V2 V2

Twill show that S = (51, S2) isa [1, Cl-isometric 2-tuple. Indeed, observe that S1 and Sy are commuting and moreover,
a simple calculation shows that
1

1
C81C51 = ( \75 )and C52C52 = ( —i/i

Now using these equalities and we done Q(S) = CS1CS1 + CS2CS; — Iz = 0.

0

1
2

Ni= O
S —

Example 2.6. Let C be a conjugation on H and S € L(H) be an [m, Cl-isometric operator. Then the operator tuple
S = (iS e, \rS) is an [m, Cl-isometric d-tuple of operators. Indeed, by the multinomial expansion,

Vi’
k_ k
o)

S () £ o

lal=j

Z( 1)"- ](T) ( ) csllcgl
Z(—l)m—f(".i)csfcsf
= J

0.

|al=ar +-+a,=k

we get

i(—l)m J( )Z 2 csecse
=0

lal=j
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Remark 2.7. It was observed in [11] that If S € L(H) is an [m, Cl-isometric and invertible operator, then S™* is an
[m, Cl-isometric operator. It is natural to ask if similar result holds for an [m, Cl-isometric n-tuple S = (S1,---,Sp) €
L(H) of operators.

Definition 2.8. ([14]) Let S = (Sq,---,Sp) € L(H)", we will call S entry -wise invertible if the bounded inverse of
each operator exists and in which the inverse of a tuple S = (Sq,- -+ , Sp) is given by the tuple S~ := (S7%,---, S;1).

Example 2.9. Let S = ( ‘}I \}I ., Lpl) € B(H)’ and C be a conjugation. It is easy to see that S satisfying

c Iy =Ip —Ip = 0.

\M'“
ﬂ

Therefore, S is an [1, Cl-isometric p-tuple of operators by (2.6). However, S™! = ( VpPL -+, \/ﬁl) satisfying
- iy o
Y () el =t = Y- 20
=1 =1

This means that S~! does not [1, Cl-isometric p-tuple. We observe that a direct analogue of [11, Theorem 3.4] does
not hold for general [m, C]-isometric p-tuples.

Theorem 2.10. Let S = (Sy,---,Sp) € L(H)' be a commuting p-tuple of operators and C be a conjugation on H.
Then the following statements hold.

(1)
d
W,.1(S, C)+W,(S Z (CsiC)Wu(s, C)s). 2.8)
]:1

2)
! o o '
|a§|—n —Z!cs CS* = }Zzo (’;)\p](s c), (2.9)

for every integer n > 1.

(3) S is an [m, C]-isometric p-tuple of operators if and only if
Z —csacsa = Z (".)\If,-(s, C) VneN. (2.10)
la|= n 0<j<m-1 J

(4) If S is an [m, Cl-isometric p-tuple of operators, then

,}EE‘Q( = Z " esecse = w,, (s, ). 2.11)
Ial n al
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Proof. (1) According to equation (2.1), we get

\ym+1(s, c)

m+1

- Z( 1ym- "(m”)(z csacsa)

lal=k

— (_1)m+11 Z( 1 m— k( ) (k 1) Z CsttCSa Z (m;'l)

|Bl=m+1

1 1
= —w,(s, O)+ (1) k(’”)( (k+ )csacsa) y (m* D! cgacgs
0<k<m 1 la|=k+1 ' ol

k
|a|l=m+1
- a1+ +a ml(ag + -
- —\I/m(S,C)+Z(—1)’"‘k Y et + ) cgaga @
k arl-an!--ap! ar! - ap!
k=0 la|=k+1 4 la=m+1
pomol B L klaj
= —W,(S,C)+ (1)””() (1)”’()
;‘Zo' |a|Zk‘+1 ol agl )
aq a j+ ap a o P ap,
xCsicle(sy -8 sy )o(sy ) S 8y
m!a]- @ a s a ay aj-1
+ ). —al!_(){2!_”()(plcs]-c[c(s1 SIS s )C(sy ST ST

1<j<p |a|=m+1

cs*cs”

gL,

4178

= W,(S)+ Zp:mz_l(—l)m k( )Z( 1) ( ) (CS,C)CS*CS™(S)) + Z Z f(cs C)CS*CS*(S))

j=1 lal=m

=1 k=0 lal=k
_ —\I/,n(S,C)+ZP“(CSjC)(i( 1" k( )Z CS“CS“)(S)
=1 k=0 lal=k
= —W,(S,C)+ ) (CS,OWu(S)(S)).
1<j<p

(2) We prove (2.9) by induction on n. Obviously for n = 0 and # = 1 it holds. Assume that Eq. (2.9) is hold

for n.. By taking into account Eq.(2.1) and Eq. (2.9), we have

Z Z—icsacsa

la]l=n+1

lal=j

n+1
v, s c (-1)"+1- f( ) csﬁcsa
LY )y

= w5 e ) (s

=0 k=0

- ‘I’,,+1(S, C) - i \yk(s, C)) Z n(—1yr1- ](n J]r 1

j=k

I

_ n+1 S C Z \I/k(S)( Z (- 1)n+1 ](71 ‘]: 1)(71 -;-E I; k))

k<j<n

= (S, c)—Z(”Zl)wk(s, c)(zn"( Ly

k=0 =k

(

n+1l-k
j—k

)
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5+ 1 &t wrlirn+1—k
= W,a(S,0)- Z( . )\yk(s,c)( “1+ Y (1) ( ; ))
k=0 r=0
=0
_ (” ;: 1)cpk(s, Q).

0<k<n+1

(3) If S is an [m, C]-isometric tuple, then \I’q(S, C) = 0 for all ¢ > m by Corollary2.11. Then Eq.(2.10)

follows from Eq.(2.9). However , if Eq.(2.10) holds for all # > 1. Then \I’k<S, C) = 0 for g > m by Eq.(2.10),
so S is an [m, C]-isometric tuple. Therefore the necessity of the existence of the polynomial mapping

n!
ne Z —'CSﬁCS‘6 follows from Eq.(2.10).
IBl=n """
(4) By Eq.(2.10) if S is an [m, C[-isometric p-tuple of operators, we have

m—2

Y Z—icsacsa =Y (’;)\yj(s, C) + (m'i 1)%,,1(8, C).

la|l=n j=0

Dividing both sides by (mri 1), we get that

(”)Z ™ csrese = Z(H () (S,C) + Wi (S, ).

lal=n

By the fact that (n) — 0forj=0,---,m—2,it follows by taking n — oo that

1
G\ j

lim — o )|;7« " esacst = w, (s, ).

O

Corollary 2.11. Let S = (S1,---,S4) € L(H)" be a commuting d-tuple of operators and C be a conjugation on H.
If S is an [m, CJ-isometric d-tuple, then S is an [n, Cl-isometric p-tuple for all n > m.

Proof. This statement is an immediate consequence of the statement (1) of Theorem 2.10. [

The following Corollary is a particular case of the statements (3) and (4) of Theorem 2.10.

Corollary 2.12. Let S = (S1,---,S,) € L(H) be a commuting p-tuple such that S is an [2, Cl-isometric p-tuple
where C is a conjugation on H. Then the following identities hold.

/1 IS -
E —a!CS‘ CS* = n( E CS]-CS]-) -(mn-1I., YnelN. (2.12)
lal=n j=1
1
i Z acgh = 2 -
r}l_rgo " CS CS CS;CS; -1 (2.13)

|a|:n j=1
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Recall that for an operator S € L(H), the numerical range W(S) of S is defined by
W(S) = {(Sx1x); xeH, |xl=1}.

An operator S € L(H) is said to be convexoid if W(S) = coo(S), that is, the closure of the numerical range of
S is equal to the convex hull of the spectrum of S.

Definition 2.13. Let S = (S1,---,Sp) € L(H)? be commuting p-tuple of operators. We said that S is [C]-power

bounded if
|
'Z T csecst|| < oo
a!

lal=n

sup
n

Theorem 2.14. Let S = (S1,---,Sp) € L(H)P be commuting p-tuple of operators such is [2, Cl-isometric p-tuple. If
S is [C]-power bounded and \1’1(5, C) is convexoid, where \Pl(S.C) is given in Eq.(2.4). Then S is a [1, C]-isometric
p-tuple.

Proof. We need to prove that W(‘I’l S C Z CS;CS; - I = {0}. Assume that the claim is not true i.e;

(‘I’l S C Z CS,CS; - I # {0}. By the assumption that W (S, C) is convexoid, it follows

W(W1(S, C)) = coo( (S, C).

From which there exist a number A € C, A # 0 and (u,),, € H with |lu,]| = 1 such hat

n—oo

lim ((\yl(s, 0))- )\)un 0.
Since S is an [2, C]-isometric p-tuple, it follows in view of Eq. (2.13) that

p
%( Y ZT!!CS“CS“ - 1) =), CSiCS;~1=W(s,C).

lar|=n j=1

This means that

1( Y Zesecst -1- i Jin = (W3(8,C) = A,
n a

lal=n
and hence
I 1(2 " esecse — - /\) -
e 71 4 al A Jn =
a|=n
[

Proposition 2.15. Let S = (S1,---,S,) € L(H)' be an [m, Cl-isometric p-tuple where C is a conjugation on H. If
CS;j=S;Cforj=1,---,p, then S satisfying the following identity

RREE

k=0 lal=k
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Proof. Under the assumption that S is an [m, C]-isometric p-tuple, we get that

. m—k[M k! camca)
é(_l) k(k)(z cs Cs) 0.

lal=k

By using the conditions CS i= S jC forallj=1,2,---,p, we have

CZ( )" k( )(Z S“S“C)—O

lal=k

From which we deduce that

v
I
e

Z( 1" "( )(Z

lal=k
|

Lemma 2.16. ([8]) Let a = (ay,---,ap) € N}, pu = (1, ,pp) € Ni, k € No and n € N be such that
lal + |l +k=n+1. For1 <1 <p,let 1 be the element of INF such that all its components are zero except the |
component which is equal to 1. Then,

n+1 (( n ) ( n )) ( n )
= + + . (2.14)
(a,y,k) 1;13; a—1;,uk a,u—1;,k a,u k-1

In order to prove that the perturbation of a [m, C]-isometric p-tuple by a nilpotent p-tuple is a [n, C]-
isometric tuple under suitable conditions, we need to introduce the following lemma. It should be noted
that some technics of our proof are inspected from [17, Lemma 2.2].

Lemma 2.17. Let S = (Sy,---,S,) € L(H)? and N = (Ny,--- ,N,) € L(H)" be two commuting operators such
that SiNy = NiS; for all j,k and let C be a conjugation on H. Then the following identity holds:

W,(S+N, C) = Z ( )C(S+N)“ CN¥ - W(S,C) - CSHC-N*. (2.15)

||+ pl+k=n

Proof. By mathematical induction on 1., we prove that the identity (2.15) is holds. In fact assume thatn =1
we have

( )C(S +N)* - CNF - (S, C) - CS“C - N*
o\ k
lat]+|ul+k=1

= ic(sj+Nj)CNj+ Y CNiCS;j+ Y CSiCsi—1

j=1 1<j<p 1<j<p

(CSCN +CN/CN; + CN/CS; +cscs)

- 1D

(C(S; + N)))®o(S +N,C)(C(S; + Nj)) - Wo(S + N, C)

]
—_

j
= Wy(S+N,C) (from Eq.2.8).

Now assume that (2.15) holds for n. In view of Eq.2.8, we have
W,1(S+N,C)

= Zp" (C(S1+ N)C)Wu(S + N, C)(S + Ni) = W, (S + N, ))

=1
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p

Y (cesi+ Npc)(

( n
o
I=1 lal+ul+k=n ¥ H

k)C(S +N)* - CN¥ - WS, C)-CS*- CN”‘)(SZ +N))

- ), ( nk)C(S+N)“~CN“-\I/k(S,C)CS“C-N“
at]+|pt|+k=n ’

- ¥ ( " k)C(S +N)*C- N"( Zp" C(S1+ Ni)CW(S, C)(S: + Ni) - Wi(S, c))

|+ ul+k=n L 1=1

-CSH*C - N* )
= Z ( n k)C(S + N)“C i N“(\Ijk+1(s, C) + Z‘ {CS;C\I’k(S, C)Nl

o +|ul+k=n V7 =1

+Ni- Wy(S,C) - C(51+ N)C - WS, C) - Ni}) - Cs# - ON°

_ Z ( n k)C(S+N)a.CN# .\ykﬂ(s,c).cspc,Na

lal+lpl+k=n N7 7

' Z ( p k){ Z C(S+N)“C(51+N1)C-N#-\yk(s,c)-cs#c-N“-Nz}
ladstprek=n & B,

+ Z ( n k){ z C(S+N)“-CN“-N1~‘I’k(S)~CS,-S#C.Na}
lad+lrk=n T,

By taking into account the identity (2.14), it follows that

n+1

k)C(S + N)*CN* - \yk(s, C) .CSHC - N*

o
a|+,u|+k—n+1( st

= Won(S,0)+ )] (”;1)C(S+N)‘“C.Na+ Y

lat|=n+1

(” y 1)N“CS“C

|ul=n+1

n 1}() C(S + NY*CN¥ - W(S, C) - CS'C - N°

(a/ 7
|+l +k=n+1
———

= Woa(s,0)+ Y (”;1)C(S+N)“C-N“+ Y

la)l=n+1 |ul=n+1
I3

+

(” * 1)N“CS“C

n

4
" " ACNH -
Y a—lz,u,k)+(a,y—11,k))+(a,y,k—1)')C(S+N) CN

+ ((
|| +|ul+k=n+1 " I=1

wi(s,C)- cstC - N

S A 4
la|=n+1 a o1

+ (01, Z, k) g C(Sl + N,)(s + N)aCN“‘I’k(S, C)CSHCNlNa

+ Z (01, Z, k) Zp; C(S + N)“CNzN”\I’k(S, C)CslsyCNa

||+ +k=n

||+ +k=n
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+ 2: (,”Jyxs+Nychq%ﬂac)C9@_Na

||+ ul+k=n

(a, Z, k) i C(S + N)aCNlN“\Ilk(S, C)CS[S‘“CN’X

|+l +k=n

+Z(a,

||+ pl+k=n

C(S + N)*CNF - W 4(S, C) - CS*C - N°

n
uk
n
+ Z (a/ulk)C(S+N)“CN“-\I’k+1(S,C)-CS“C-N“

|| +|ul+k=n

\yn+1(s +N, C).

Therefore, the proof is completed. [

Theorem 2.18. Let S = (Sy,---,S,) € L(H)’ be an [m,Cl-isometric p-tuple of commuting operators where C
is a conjugation and let N = (Ny,--- ,N,) € L(H)’ be a r-nilpotent p-tuple of commuting operators such that
SiNk = NS forall jk=1,--- ,p. Then S + N := (§1 + Ny, -+, S, + Np) is an [m + 2r — 2, Cl-isometric p-tuple.

Proof. We will prove that ‘I’m+2q_2(S + N, C) = 0. From Lemma 2.17, we have

m+2r—2

\Ifn(S+N,C)= ok

( )C(S +N)*C-NH - W(S,C) - CS“C - N*.
|+ ul+k=m+2r-2
(1) If max {|al, |ul} = 7, then N* =0 or N* = 0.
(2) If max {|al, |ul} < r - 1, then k > m and hence W(S, C) = 0 (by Corollary 2.11).

By tanking into account (1) and (2), we get that ‘I’m+zq_2(5 + N, C) =0.
Therefore, S + N is an [m + 2q — 2, C]-isometric tuple as required. [

Let H®H denote the completion, endowed with a reasonable uniform cross-norm, of the algebraic
tensor product H ® H of H with H. Given nonzero T,S € L(H),let T® S € L(H®H) denote the tensor
product on the Hilbert space H®H. A particularly interesting consequences of Theorems 2.18 are the
following.

Corollary 2.19. Let S = (Sy,...,5,) € L(H) be an [m,Cl-isometric p-tuple of commuting operators with a
conjugation C and let N = (N1, -+ ,Np,) € L(H) be a r-nilpotent p-tuple of commuting operators.Then
SRI+I®N:=(S1®I+I®Ny,---,S, @I +1®N,) € LIHIH) is an (m + 2q — 2, C ® C)-isometric p-tuple.

Proof. Tt is well known that (5 ® (I ® Nj) = (I ® N)(Sx ®I) for all j,k = 1;--- ,p However, it is easy to
check that S®I = ($51®1, ---,S, ®1) € LIHRH) is an [m, C ® C]-isometric p-tuple and I® N € L(HH)
is a nilpotent p-tuple of order . So S®I and I ® N satisfy the conditions of Theorem 2.18. From which,
S®I +I® N is an [m + 2q — 2, C ® Cl-isometric p-tuple of operators. [J

Corollary 2.20. Let Q = (Q1,---,Qp) € L(H)’ be an [m, Cl-isometric p-tuple where C is a conjugation on H. If
S=(5,,5)¢€ L(HD) is defined by

Qi Al 0
Si=| . _._' on HO =He oM

0 0 Qj



A. H. Ahmed / Filomat 36:12 (2022), 41734184 4184

where Aj € Cforj=1,---,p, then Sis an [m+2r—2,C"]-isometric tuple where C") := C&C---&C is a conjugation
on H®.,

Proof. Consider the p-tuples of operators R = (R, ,Ry)and J = (J1,-- -, J,) where

Qj 0 0 0 )\]’I 0
Rj: . . . 0 and ]j: . . . A for j:L"',P-
. . . . . . j
0 - 0 Q 0 . 0 0

Obviously we have that S = R+] = (Ry + J1,--- ,R;, + ],). Since Q is an [m, C]-isometric p-tuple, it follows
that R is an (m, C")-isometric p-tuple. However J is a r-nilpotent p-tuple. According to Theorem 2.18, S is
an (m + 2r — 2, C")-isometric tuple. [0
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