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Abstract. In this paper, we investigate the split variational inequality problem in Hilbert spaces, in which
an operator is ϖ-inverse strongly ψ-monotone operator and another operator is pseudomonotone. We
construct an iterative algorithm for solving the split variational inequality problem. We show the strong
convergence of the suggested algorithm.

1. Introduction

The split problems have received much attention due to their applications in image denoising, signal
processing and image reconstruction, see, [3, 5, 8–11, 17–20, 22, 24, 34, 47–49] and references therein. In this
paper, we continue to investigate the split problems and relevant iterative algorithms. To begin with, let
us first recall several concepts of the split problems and several popular algorithms in the literature. Recall
that the split feasibility problem is to find a point u† verifying

u† ∈ C and Au† ∈ Q (1)

where C and Q are two closed convex subsets of two Hilbert spaces H and E, respectively, and A : H → E
is a bounded linear operator.

A critical algorithm for solving (1) is Byrne’s ([3]) CQ algorithm listed as follows

xn+1 = projC(xn − ϖA∗(I − projQ)Axn),n ≥ 0, (2)

where ϖ is step-size and projC : H→ C is the orthogonal projection.
Consequently, CQ algorithm and its variant forms have been studied and developed, see, [4, 16, 28]. In

the case where C and Q in (1) are the fixed point sets Fix(S) and Fix(T) of operators S : H→ H and T : E→ E,
respectively, problem (1) is called the split fixed point problem by Censor and Segal [10]. More precisely,
the split fixed point problem is to find a point u† ∈ H such that

u† ∈ Fix(S) and Au† ∈ Fix(T). (3)
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There are a large number iterative algorithms for solving (3), see ([30, 32, 33, 35, 40, 44]). Among them, a
basic algorithm has the following form

xn+1 = S(xn − ϖA∗(I − T)Axn), n ≥ 0. (4)

In the present paper, we are interested in the following split variational inequality problem of finding a
point u† such that

u† ∈ VI(C, f ) and Au† ∈ VI(C, 1), (5)

where f : C → H and 1 : C → H are two nonlinear operators, VI(C, f ) denotes the solution set of the
variational inequality of finding a point x† ∈ C such that

⟨ f (x†), x − x†⟩ ≥ 0, ∀x ∈ C, (6)

and VI(C, 1) means the solution set of the variational inequality of finding a point x† ∈ C such that

⟨1(x†), x − x†⟩ ≥ 0, ∀x ∈ C. (7)

Variational inequalities play critical roles and provide a valuable mathematical modelling for studying
many important problems arising in water resources, finance, economics, medical images and so on ([1, 2,
6, 7, 9, 12, 25, 29, 38, 41–43, 46, 50]). A great deal of algorithms for solving (7) have been investigated, see,
e.g., [14, 15, 26, 31, 36, 37, 39, 45]. An important technique for solving (7) is to use projection which has the
following manner

xn+1 = projC[xn − ζn1(xn)], n ≥ 0. (8)

By applying algorithms (4) and (8), Censor, Gibali and Reich [8] constructed the following iterative algorithm
for solving (5):

xn+1 = projC(I − ζ f )[xn − ϖA∗(I − projQ(I − ζ1))Axn], n ≥ 0. (9)

Motivated by the work in this direction, in the present paper, we investigate the following split variational
inequality problem of finding a point u† such that

u† ∈ VI(C, f , ψ) and ψ(u†) ∈ VI(C, 1), (10)

where ψ : C → C is a nonlinear operator, f : C → H is a ϖ-inverse strongly ψ-monotone operator, 1 is a
pseudomonotone operator and VI(C, f , ψ) denotes the solution set of the generalized variational inequality
([23]) of finding a point x† ∈ C such that

⟨ f (x†), ψ(x) − ψ(x†)⟩ ≥ 0, ∀x ∈ C. (11)

Here, use Γ to denote the solution set of problem (11), that is,

Γ = VI(C, f , ψ)
⋂

ψ−1(VI(C, 1)).

In this paper, we construct an iterative algorithm for solving (10). We show that the presented algorithm
strongly converges to en element in Γ.

2. Preliminaries

Let H be a real Hilbert space with inner product ⟨·, ·⟩ and norm ∥ · ∥. Let C ⊂ H be a nonempty closed
convex set. Recall that an operator f : C→ H is said to be

• strongly monotone if

⟨ f (u) − f (v),u − v⟩ ≥ τ∥u − v∥2, ∀u, v ∈ C. (12)
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• ϖ-inverse strongly ψ-monotone if there exists a constant ϖ > 0 such that

⟨ f (u) − f (v), ψ(u) − ψ(v)⟩ ≥ ϖ∥ f (u) − f (v)∥2, ∀u, v ∈ C.

• f is pseudomonotone if

⟨ f (v),u − v⟩ ≥ 0⇒ ⟨ f (u),u − v⟩ ≥ 0, ∀u, v ∈ C.

• L-Lipschitz (L > 0) if
∥ f (u) − f (v)∥ ≤ L∥u − v∥, ∀u, v ∈ C.

If L < 1, then f is said to be L-contraction. If L = 1, then f is said to be nonexpansive.

An operator T : H → 2H is said to be monotone iff ⟨x − y,u − v⟩ ≥ 0 for all x, y ∈ dom(T), u ∈ T(x), and
v ∈ T(y). A monotone operator T on H is said to be maximal iff its graph is not strictly contained in the
graph of any other monotone operator on H.

For ∀x† ∈ H, there exists a unique point in C, denoted by projC[x†] satisfying

∥x† − projC[x†]∥ ≤ ∥x − x†∥, ∀x ∈ C.

Moreover, projC is firmly nonexpansive, that is,

∥projC[q∗] − projC[v†]∥2 ≤ ⟨projC[q∗] − projC[v†], q∗ − v†⟩, ∀q∗, v† ∈ H. (13)

Further, projC has the following property

⟨q∗ − projC[q∗], x† − projC[q∗]⟩ ≤ 0, ∀q∗ ∈ H, x† ∈ C. (14)

Lemma 2.1 ([13]). Let C be a nonempty closed convex subset of a real Hilbert space H. Let 1 : H → H be a
continuous and pseudomonotone operator. Then x† ∈ VI(C, 1) iff x† solves the following variational inequality

⟨1(u†),u† − x†⟩ ≥ 0, ∀u† ∈ H.

Lemma 2.2 ([27]). Let {ϖn} ⊂ [0,∞), {αn} ⊂ (0, 1) and {ηn} be real number sequences. Suppose the following
conditions are satisfied

(i) ϖn+1 ≤ (1 − αn)ϖn + ηn,∀n ≥ 1;

(ii)
∑
∞

n=1 αn = ∞;

(iii) lim sup
n→∞

ηn

αn
≤ 0 or

∑
∞

n=1 |ηn| < ∞.

Then limn→∞ ϖn = 0.

Lemma 2.3 ([21]). Let {xn} be a real number sequence. Assume there exists at least a subsequence {xnk } of {xn} such
that

xnk ≤ xnk+1

for all k ≥ 0. For every n ≥ N0, define an integer sequence {β(n)} as

β(n) = max{i ≤ n : xni < xni+1}.

Then β(n)→∞ as n→∞ and for all n ≥ N0, max{xβ(n), xn} ≤ xβ(n)+1.
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3. Main results

Let H be a real Hilbert space and C be a nonempty closed convex subset of H. Let h : C → C be
a ρ-contractive operator. Let ψ : C → C be a weakly continuous and τ-strongly monotone operator
with R(ψ) = C. Let f : C → H be a ϖ-inverse strongly ψ-monotone operator. Let the operator 1 be
pseudomonotone on H, weakly sequentially continuous and L-Lipschitz continuous on C. Let {ϖn} and {αn}

be two real number sequences in [0, 1] and {ζn} be a real number sequence in (0,∞). Let ϱ ∈ (0, 1), β ∈ (0, 1),
ς ∈ (0, 1) and α ∈ (0, 2) be four constants.

In what follows, we suppose that Γ , ∅. Here, we present an iterative algorithm for solving problem (5).

Algorithm 3.1. Let x0 ∈ C be a guess. Set n = 0.
Step 1. For given xn, compute

zn = projC[ϖnh(xn) + (1 − ϖn)(ψ(xn) − ζn f (xn))]. (15)

Step 2. Compute

yn = projC[zn − βϱ
n†1(zn)], (16)

where n† is chosen the smallest nonnegative integer number such that

βϱn†
∥1(yn) − 1(zn)∥ ≤ ς∥yn − zn∥. (17)

Write ϱn† = ϱn. If yn = zn, then set un = zn and go to Step 3. Otherwise, compute

un = projC
[
zn − α(1 − ς)∥yn − zn∥

2 vn

∥vn∥
2

]
, (18)

where vn = zn − yn + βϱn1(yn).
Step 3. Compute

ψ(xn+1) = (1 − αn)ψ(xn) + αnun. (19)

Step 4. Set n := n + 1 and return to step 1.

Proposition 3.2. (i) (17) is valid and 0 < ϱς
βL < ϱn ≤ 1(∀n ≥ 0). (ii) If yn = zn, then yn ∈ VI(C, 1). (iii) If yn , zn,

then vn = zn − yn + βϱn1(yn) , 0.

Proof. (i) Since 1 is L-Lipschitz, βϱn†
∥1(yn) − 1(zn)∥ ≤ βϱn†L∥yn − zn∥. Thus, we can choose n† such that

ϱn†
≤

ς
βL . Hence, (17) holds. If n† = 0, then ϱn† = 1. If n† > 0, then 0 < ϱς

βL < ϱ
n† < 1.

(ii) is obvious. (iii) Let z† ∈ Γ. Since yn ∈ C and zn ∈ C, we have ⟨1(z†), yn − z†⟩ ≥ 0 and ⟨1(z†), zn − z†⟩ ≥ 0.
By the pseudomonotonicity of 1, we deduce

⟨1(yn), yn − z†⟩ ≥ 0, (20)

and

⟨1(zn), zn − z†⟩ ≥ 0. (21)

In addition, from (14) and (16), we have

⟨zn − βϱn1(zn) − yn, yn − z†⟩ ≥ 0. (22)



L. J. Zhu, Z. Zhu / Filomat 36:12 (2022), 3941–3953 3945

Thus, in accordance with (20)-(22), we obtain

⟨vn, zn − z†⟩ = ⟨zn − yn + βϱn1(yn), zn − z†⟩

= ⟨zn − yn − βϱn1(zn), zn − z†⟩ + βϱn⟨1(zn), zn − z†⟩

+ βϱn⟨1(yn), zn − yn⟩ + βϱn⟨1(yn), yn − z†⟩

≥ ⟨zn − yn − βϱn1(zn), zn − z†⟩ + βϱn⟨1(yn), zn − yn⟩

= ⟨zn − yn − βϱn(1(zn) − 1(yn)), zn − yn⟩

+ ⟨zn − yn − βϱn1(zn), yn − z†⟩
≥ ⟨zn − yn − βϱn(1(zn) − 1(yn)), zn − yn⟩

≥ ∥zn − yn∥
2
− βϱn∥1(zn) − 1(yn)∥∥zn − yn∥

≥ (1 − ς)∥zn − yn∥
2

> 0.

(23)

Therefore, vn = zn − yn + βϱn1(yn) , 0.

Remark 3.3. (i) By the strong monotonicity of ψ, we conclude from (12) that

∥ψ(x) − ψ(y)∥ ≥ τ∥x − y∥, ∀x, y ∈ C. (24)

Thus, the following varaitional inequality has a unique solution denoted by q∗,

⟨h(x) − ψ(x), ψ(y) − ψ(x)⟩ ≤ 0, ∀y ∈ Γ.

So, we have

⟨h(q∗) − ψ(q∗), ψ(y) − ψ(q∗)⟩ ≤ 0, ∀y ∈ Γ. (25)

(ii) Since f is ϖ-inverse strongly ψ-monotone, for any u ∈ C, we have

∥(ψ(u) − ζ f (u)) − (ψ(q∗) − ζ f (q∗))∥2

= ∥ψ(u) − ψ(q∗)∥2 − 2ζ⟨ f (u) − f (q∗), ψ(u) − ψ(q∗)⟩ + ζ2
∥ f (u) − f (q∗)∥2

≤ ∥ψ(u) − ψ(q∗)∥2 − 2ζϖ∥ f (u) − f (q∗)∥2 + ζ2
∥ f (u) − f (q∗)∥2

≤ ∥ψ(u) − ψ(q∗)∥2 + ζ(ζ − 2ϖ)∥ f (u) − f (q∗)∥2.

(26)

Theorem 3.4. Suppose that the following assumptions hold:

(C1): limn→∞ ϖn = 0 and
∑
∞

n=1 ϖn = ∞;

(C2): 0 < lim infn→∞ αn ≤ lim supn→∞ αn < 1;

(C3): 0 < ρ < τ < 2ϖ and 0 < lim infn→∞ ζn ≤ lim supn→∞ ζn < 2ϖ.

Then the sequence {xn} generated by Algorithm 3.1 converges strongly to q∗ ∈ Γ which solves VI (25).

Proof. Note that q∗ ∈ VI(C, f , ψ) and ψ(q∗) ∈ VI(C, 1). Then, ψ(q∗) = projC[ψ(q∗) − ζn f (q∗)] for all n ≥ 0. By
virtue of (26), we get

∥(ψ(xn) − ζn f (xn)) − (ψ(q∗) − ζn f (q∗))∥2 ≤ ∥ψ(xn) − ψ(q∗)∥2 + ζn(ζn − 2ϖ)∥ f (xn) − f (q∗)∥2

≤ ∥ψ(xn) − ψ(q∗)∥2,
(27)

and

∥ψ(xn+1) − ζn+1 f (xn+1) − (ψ(xn) − ζn+1 f (xn))∥2 ≤ ∥ψ(xn+1) − ψ(xn)∥2 + ζn+1(ζn+1 − 2ϖ)∥ f (xn+1) − f (xn)∥2. (28)
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Based on (15), (24) and (27), we obtain

∥zn − ψ(q∗)∥ = ∥projC[ϖnh(xn) + (1 − ϖn)(ψ(xn) − ζn f (xn))] − projC[ψ(q∗) − ζn f (q∗)]∥
≤ ∥ϖn(h(xn) − ψ(q∗) + ζn f (q∗)) + (1 − ϖn)((ψ(xn) − ζn f (xn)) − (ψ(q∗) − ζn f (q∗)))∥
≤ ϖn∥h(xn) − h(q∗)∥ + ϖn∥h(q∗) − ψ(q∗) + ζn f (q∗)∥
+ (1 − ϖn)∥(ψ(xn) − ζn f (xn)) − (ψ(q∗) − ζn f (q∗))∥
≤ ϖnρ∥xn − q∗∥ + ϖn∥h(q∗) − ψ(q∗) + ζn f (q∗)∥ + (1 − ϖn)∥ψ(xn) − ψ(q∗)∥
≤ ϖnρ/τ∥ψ(xn) − ψ(q∗)∥ + ϖn∥h(q∗) − ψ(q∗) + ζn f (q∗)∥ + (1 − ϖn)∥ψ(xn) − ψ(q∗)∥
= [1 − (1 − ρ/τ)ϖn]∥ψ(xn) − ψ(q∗)∥ + ϖn∥h(q∗) − ψ(q∗) + ζn f (q∗)∥
≤ [1 − (1 − ρ/τ)ϖn]∥ψ(xn) − ψ(q∗)∥ + ϖn(∥h(q∗) − ψ(q∗)∥ + 2ϖ∥ f (q∗)∥).

(29)

According to (27) and (29), we obtain

∥zn − ψ(q∗)∥2 ≤ ∥ϖn(h(xn) − ψ(q∗) + ζn f (q∗)) + (1 − ϖn)((ψ(xn) − ζn f (xn)) − (ψ(q∗) − ζn f (q∗)))∥2

≤ ϖn∥h(xn) − ψ(q∗) + ζn f (q∗)∥2 + (1 − ϖn)∥(ψ(xn) − ζn f (xn)) − (ψ(q∗) − ζn f (q∗))∥2

≤ ϖn∥h(xn) − ψ(q∗) + ζn f (q∗)∥2 + (1 − ϖn)[∥ψ(xn) − ψ(q∗)∥2 + ζn(ζn − 2ϖ)∥ f (xn) − f (q∗)∥2].

(30)

Letting z† = ψ(q∗) in (23), we have ⟨vn, zn − ψ(q∗)⟩ ≥ (1 − ς)∥zn − yn∥
2. This together with (18) implies that

∥un − ψ(q∗)∥2 ≤
∥∥∥∥zn − ψ(q∗) − α(1 − ς)∥yn − zn∥

2 vn

∥vn∥
2

∥∥∥∥2
= ∥zn − ψ(q∗)∥2 +

α2(1 − ς)2
∥yn − zn∥

4

∥vn∥
2 −

2α(1 − ς)∥yn − zn∥
2

∥vn∥
2 ⟨vn, zn − ψ(q∗)⟩

≤ ∥zn − ψ(q∗)∥2 − (2 − α)α(1 − ς)2 ∥yn − zn∥
4

∥vn∥
2

≤ ∥zn − ψ(q∗)∥2.

(31)

Combining (19), (29) and (31), we obtain

∥ψ(xn+1) − ψ(q∗)∥ ≤ (1 − αn)∥ψ(xn) − ψ(q∗)∥ + αn∥un − ψ(q∗)∥
≤ (1 − αn)∥ψ(xn) − ψ(q∗)∥ + αn∥zn − ψ(q∗)∥
≤ (1 − αn)∥ψ(xn) − ψ(q∗)∥ + αn[1 − (1 − ρ/τ)ϖn]∥ψ(xn) − ψ(q∗)∥
+ αnϖn(∥h(q∗) − ψ(q∗)∥ + 2ϖ∥ f (q∗)∥)
= [1 − (1 − ρ/τ)αnϖn]∥ψ(xn) − ψ(q∗)∥

+ (1 − ρ/τ)αnϖn
∥h(q∗) − ψ(q∗)∥ + 2ϖ∥ f (q∗)∥

1 − ρ/τ
.

(32)

An induction yields

∥ψ(xn) − ψ(q∗)∥ ≤ max
{
∥ψ(x0) − ψ(q∗)∥,

∥h(q∗) − ψ(q∗)∥ + 2ϖ∥ f (q∗)∥
1 − ρ/τ

}
.

It follows that

∥xn − q∗∥ ≤
1
τ
∥ψ(xn) − ψ(q∗)∥ ≤

1
τ

max
{
∥ψ(x0) − ψ(q∗)∥,

∥h(q∗) − ψ(q∗)∥ + 2ϖ∥ f (q∗)∥
1 − ρ/τ

}
.

Thus, {ψ(xn)}, {xn}, {zn} and {un} are bounded.
By (19), we derive

ψ(xn+1) − ψ(xn) = αn(un − ψ(xn)), n ≥ 0. (33)
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Then,

⟨ψ(xn+1) − ψ(xn), ψ(xn) − ψ(q∗)⟩ = αn⟨un − ψ(xn), ψ(xn) − ψ(q∗)⟩. (34)

It follows that

∥ψ(xn+1) − ψ(q∗)∥2 − ∥ψ(xn) − ψ(q∗)∥2 − ∥ψ(xn+1) − ψ(xn)∥2

= αn[∥un − ψ(q∗)∥2 − ∥ψ(xn) − ψ(q∗)∥2 − ∥un − ψ(xn)∥2].
(35)

By (31), (33) and (35), we obtain

∥ψ(xn+1) − ψ(q∗)∥2 − ∥ψ(xn) − ψ(q∗)∥2

= αn[∥un − ψ(q∗)∥2 − ∥ψ(xn) − ψ(q∗)∥2 − ∥un − ψ(xn)∥2] + α2
n∥un − ψ(xn)∥2

= αn[∥un − ψ(q∗)∥2 − ∥ψ(xn) − ψ(q∗)∥2] − αn(1 − αn)∥un − ψ(xn)∥2

≤ αn[∥zn − ψ(q∗)∥2 − ∥ψ(xn) − ψ(q∗)∥2] − αn(1 − αn)∥un − ψ(xn)∥2.

(36)

In terms of (29), we get

∥zn − ψ(q∗)∥2 ≤ [1 − (1 − ρ/τ)ϖn]∥ψ(xn) − ψ(q∗)∥2 + (1 − ρ/τ)ϖn

(
∥h(q∗) − ψ(q∗)∥ + 2ϖ∥ f (q∗)∥

1 − ρ/τ

)2
. (37)

There are two cases. Case 1. For some large enough N0 > 0, {∥ψ(xn) − ψ(q∗)∥} is decreasing when n ≥ N0.
Hence, limn→∞ ∥ψ(xn) − ψ(q∗)∥ exists. Based on (36), (37) and (C1), we have

αn(1 − αn)∥un − ψ(xn)∥2 ≤ ∥ψ(xn) − ψ(q∗)∥2 − ∥ψ(xn+1) − ψ(q∗)∥2 + αn[∥zn − ψ(q∗)∥2 − ∥ψ(xn) − ψ(q∗)∥2]

≤ ∥ψ(xn) − ψ(q∗)∥2 − ∥ψ(xn+1) − ψ(q∗)∥2 + (1 − ρ/τ)ϖn

(
∥h(q∗) − ψ(q∗)∥ + 2ϖ∥ f (q∗)∥

1 − ρ/τ

)2
→ 0.

This together with (C2) implies that

lim
n→∞
∥un − ψ(xn)∥ = 0. (38)

Moreover, by (33), we have

lim
n→∞
∥ψ(xn+1) − ψ(xn)∥ = 0. (39)

Thanks to (19), (30) and (31), we deduce

∥ψ(xn+1) − ψ(q∗)∥2 = ∥(1 − αn)(ψ(xn) − ψ(q∗)) + αn(un − ψ(q∗))∥2

≤ (1 − αn)∥ψ(xn) − ψ(q∗)∥2 + αn∥un − ψ(q∗)∥2

≤ (1 − αn)∥ψ(xn) − ψ(q∗)∥2 + αn∥zn − ψ(q∗)∥2

≤ (1 − αn)∥ψ(xn) − ψ(q∗)∥2 + αnϖn∥h(xn) − ψ(q∗) + ζn f (q∗)∥2

+ αn(1 − ϖn)ζn(ζn − 2ϖ)∥ f (xn) − f (q∗)∥2 + αn(1 − ϖn)∥ψ(xn) − ψ(q∗)∥2

≤ ∥ψ(xn) − ψ(q∗)∥2 + αnϖn∥h(xn) − ψ(q∗) + ζn f (q∗)∥2

+ αn(1 − ϖn)ζn(ζn − 2ϖ)∥ f (xn) − f (q∗)∥2.

(40)

It results in that

αn(1 − ϖn)ζn(2ϖ − ζn)∥ f (xn) − f (q∗)∥2 ≤ ∥ψ(xn) − ψ(q∗)∥2 − ∥ψ(xn+1) − ψ(q∗)∥2 + αnϖn∥h(xn) − ψ(q∗) + ζn f (q∗)∥2

≤ (∥ψ(xn) − ψ(q∗)∥ + ∥ψ(xn+1) − ψ(q∗)∥)∥ψ(xn+1) − ψ(xn)∥

+ αnϖn∥h(xn) − ψ(q∗) + ζn f (q∗)∥2

→ 0.
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Accordingly,

lim
n→∞
∥ f (xn) − f (q∗)∥ = 0. (41)

Set wn = ψ(xn) − ζn f (xn) − (ψ(q∗) − ζn f (q∗)) for all n ≥ 0. Applying inequality (14) to (15), we have

∥zn − ψ(q∗)∥2 = ∥projC[ϖnh(xn) + (1 − ϖn)(ψ(xn) − ζn f (xn))] − projC[ψ(q∗) − ζn f (q∗)]∥2

≤ ⟨ϖnh(xn) + (1 − ϖn)(ψ(xn) − ζn f (xn)) − ψ(q∗) − ζn f (q∗), zn − ψ(q∗)⟩
= ϖn⟨h(xn) − ψ(q∗) + ζn f (q∗), zn − ψ(q∗)⟩ + (1 − ϖn)⟨wn, zn − ψ(q∗)⟩
≤ ϖn⟨h(xn) − ψ(q∗) + ζn f (q∗), zn − ψ(q∗)⟩

+
1
2

{
∥wn∥

2 + ∥zn − ψ(q∗)∥2 − ∥ψ(xn) − zn − ζn( f (xn) − f (q∗))∥2
}

≤ ϖn∥h(xn) − ψ(q∗) + ζn f (q∗)∥∥zn − ψ(q∗)∥

+
1
2

{
∥ψ(xn) − ψ(q∗)∥2 + ∥zn − ψ(q∗)∥2 − ∥ψ(xn) − zn∥

2
− ζ2

n∥ f (xn) − f (q∗)∥

+ 2ζn⟨ψ(xn) − zn, f (xn) − f (q∗)⟩
}
.

It yields

∥zn − ψ(q∗)∥2 ≤ ∥ψ(xn) − ψ(q∗)∥2 − ∥ψ(xn) − zn∥
2 + 2ζn∥ψ(xn) − zn∥∥ f (xn) − f (q∗)∥

+ 2ϖn∥h(xn) − ψ(q∗) + ζn f (q∗)∥∥zn − ψ(q∗)∥.
(42)

According to (31), (40) and (42), we obtain

∥ψ(xn+1) − ψ(q∗)∥2 ≤ (1 − αn)∥ψ(xn) − ψ(q∗)∥2 + αn∥zn − ψ(q∗)∥2

≤ ∥ψ(xn) − ψ(q∗)∥2 − αn∥ψ(xn) − zn∥
2 + 2ζn∥ψ(xn) − zn∥∥ f (xn) − f (q∗)∥

+ 2ϖn∥h(xn) − ψ(q∗) + ζn f (q∗)∥∥zn − ψ(q∗)∥,

which implies that

αn∥ψ(xn) − zn∥
2
≤ (∥ψ(xn) − ψ(q∗)∥ + ∥ψ(xn+1) − ψ(q∗)∥)∥ψ(xn+1) − ψ(xn)∥
+ 2ζn∥ψ(xn) − zn∥∥ f (xn) − f (q∗)∥
+ 2ϖn∥h(xn) − ψ(q∗) + ζn f (q∗)∥∥zn − ψ(q∗)∥.

(43)

On the basis of (C1), (C2), (39), (41) and (43), we deduce

lim
n→∞
∥ψ(xn) − zn∥ = 0. (44)

As a result of (31) and (40), we get

∥ψ(xn+1) − ψ(q∗)∥2 ≤ (1 − αn)∥ψ(xn) − ψ(q∗)∥2 + αn∥un − ψ(q∗)∥2

≤ (1 − αn)∥ψ(xn) − ψ(q∗)∥2 + αn∥zn − ψ(q∗)∥2 − αn(2 − α)α(1 − ς)2 ∥yn − zn∥
4

∥vn∥
2 ,

which together with (44) implies that

αn(2 − α)α(1 − ς)2 ∥yn − zn∥
4

∥vn∥
2 ≤ (1 − αn)(∥ψ(xn) − ψ(q∗)∥2 − ∥ψ(xn+1) − ψ(q∗)∥2)

+ αn(∥zn − ψ(q∗)∥ + ∥ψ(xn+1) − ψ(q∗)∥)∥ψ(xn+1) − zn∥

→ 0.

Therefore,

lim
n→∞

∥yn − zn∥
2

∥vn∥
= 0. (45)



L. J. Zhu, Z. Zhu / Filomat 36:12 (2022), 3941–3953 3949

Since {vn} is bounded, it follows from (45) that

lim
n→∞
∥yn − zn∥ = 0. (46)

Note that {xn} and {zn} are bounded. Choose a subsequence {ni} of {n} verifying xni ⇀ p† and

lim sup
n→∞

⟨h(q∗) − ψ(q∗), zn − ψ(q∗)⟩ = lim
i→∞
⟨h(q∗) − ψ(q∗), zni − ψ(q∗)⟩. (47)

Thus, ψ(xni ) ⇀ ψ(p†), yni ⇀ ψ(p†) and zni ⇀ ψ(p†).
Next, we prove z ∈ VI(C, f , ψ). Set

T(u†) =

 f (u†) +NC(u†), u† ∈ C,
∅, u† < C.

Then, T is maximal ψ-monotone. Pick up (u†,u) ∈ G(T). Hence, u − f (u†) ∈ NC(u†) and ⟨ψ(u†) − ψ(xn),u −
f (u†)⟩ ≥ 0. Observe that

⟨ψ(u†) − zn, zn − [ϖnh(xn) + (1 − ϖn)(ψ(xn) − ζn f (xn))]⟩ ≥ 0.

It follows that

⟨ψ(u†) − zn,
zn − ψ(xn)

ζn
+ f (xn)⟩ +

ϖn

ζn
⟨ψ(u†) − zn, ψ(xn) − ζn f (xn) − h(xn)⟩ ≥ 0.

Thus,

⟨ψ(u†) − ψ(xni ),u⟩ ≥ ⟨ψ(u†) − ψ(xni ), f (u†)⟩

≥ ⟨ψ(u†) − ψ(xni ), f (u†)⟩ − ⟨ψ(u†) − zni ,
zni − ψ(xni )

ζni

+ f (xni )⟩

−
ϖni

ζni

⟨ψ(u†) − zni , ψ(xni ) − ζni f (xni ) − h(xni )⟩

= ⟨ψ(u†) − ψ(xni ), f (u†) − f (xni )⟩ + ⟨zni − ψ(xni ), f (xni )⟩

−
ϖni

ζni

⟨ψ(u†) − zni , ψ(xni ) − ζni f (xni ) − h(xni )⟩

− ⟨ψ(u†) − zni ,
zn − ψ(xni )

ζni

⟩

≥ ⟨zni − ψ(xni ), f (xni )⟩ − ⟨ψ(u†) − zni ,
zn − ψ(xni )

ζni

⟩

−
ϖni

ζni

⟨ψ(u†) − zni , ψ(xni ) − ζni f (xni ) − h(xni )⟩.

(48)

Note that ∥zni − ψ(xni )∥ → 0, ϖni → 0 and ψ(xni ) ⇀ ψ(p†). Letting i → ∞ in (48), we conclude that
⟨ψ(u†) − ψ(p†),u⟩ ≥ 0. Thus, p† ∈ T−1(0). So, p† ∈ VI(C, f , ψ).

Next, we show ψ(p†) ∈ VI(C, 1). From (22), we have

⟨zni − βϱn1(zni ) − yni , yni − x†⟩ ≥ 0, ∀x† ∈ C.

It yields

⟨1(zni ), x
†
− zni⟩ ≥ ⟨1(zni ), yni − zni⟩ +

1
βϱn
⟨yni − x†, yni − zni⟩, ∀x† ∈ C. (49)

Owing to (46) and (49), we obtain

lim inf
i→∞

⟨1(zni ), x
†
− zni⟩ ≥ 0, ∀x† ∈ C. (50)
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In view of (50), there exists a positive real numbers sequence {σ j} such that lim j→∞ σ j = 0. For each σ j, there
exists the smallest positive integer ki such that

⟨1(zni j
), x† − zni j

⟩ + σ j ≥ 0, ∀ j ≥ ki. (51)

Moreover, for each j > 0, 1(zni j
) , 0. Setting φ(zni j

) =
1(znij

)

∥1(znij
)∥2 , we have ⟨1(zni j

), φ(zni j
)⟩ = 1. According to

(51), we obtain

⟨1(zni j
), x† + σ jφ(zni j

) − zni j
⟩ ≥ 0.

By the pseudomonotonicity of f , we get

⟨1(x† + σ jφ(zni j
)), x† + σ jφ(zni j

) − zni j
⟩ ≥ 0,

which implies that

⟨1(x†), x† − zni j
⟩ ≥ ⟨1(x†) − 1(x† + σ jφ(zni j

)), x† + σ jφ(zni j
) − zni j

⟩

+ ⟨1(x†),−σ jφ(zni j
)⟩.

(52)

Because of 1(zni j
) ⇀ 1(ψ(p†)), we have

lim inf
j→∞

∥1(zni j
)∥ ≥ ∥1(ψ(p†))∥ > 0.

Then,

lim
j→∞
∥σ jφ(zni j

)∥ = lim
j→∞

σ j

∥1(zni j
)∥
= 0.

This together with (52), we deduce

⟨1(x†), x† − ψ(p†)⟩ ≥ 0. (53)

It follows from Lemma 2.1 that ψ(p†) ∈ VI(C, 1). Therefore, p† ∈ VI(C, f , ψ) ∩ ψ−1(VI(C, 1)) = Γ.
From (47), we obtain

lim sup
n→∞

⟨h(q∗) − ψ(q∗), zn − ψ(q∗)⟩ = lim
i→∞
⟨h(q∗) − ψ(q∗), zni − ψ(q∗)⟩

= ⟨h(q∗) − ψ(q∗), ψ(p†) − ψ(q∗)⟩ ≤ 0.
(54)

By (15), we have

∥zn − ψ(q∗)∥2 = ∥projC[ϖnh(xn) + (1 − ϖn)(ψ(xn) − ζn f (xn))]

− projC[ψ(q∗) − (1 − ϖn)ζn f (q∗)]∥2

≤ ⟨ϖn(h(xn) − ψ(q∗)) + (1 − ϖn)wn, zn − ψ(q∗)⟩
= ϖn⟨h(xn) − h(q∗), zn − ψ(q∗)⟩ + ϖn⟨h(q∗) − ψ(q∗), zn − ψ(q∗)⟩
+ (1 − ϖn)⟨wn, zn − ψ(q∗)⟩
≤ [1 − (1 − ρ/τ)ϖn]∥ψ(xn) − ψ(q∗)∥∥zn − ψ(q∗)∥
+ ϖn⟨h(q∗) − ψ(q∗), zn − ψ(q∗)⟩

≤
1 − (1 − ρ/τ)ϖn

2
∥ψ(xn) − ψ(q∗)∥2 +

1
2
∥zn − ψ(q∗)∥2

+ ϖn⟨h(q∗) − ψ(q∗), zn − ψ(q∗)⟩.

It follows that

∥zn − ψ(q∗)∥2 ≤ [1 − (1 − ρ/τ)ϖn]∥ψ(xn) − ψ(q∗)∥2 + 2ϖn⟨h(q∗) − ψ(q∗), zn − ψ(q∗)⟩.
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Therefore,

∥ψ(xn+1) − ψ(q∗)∥2 ≤ (1 − αn)∥ψ(xn) − ψ(q∗)∥2 + αn∥zn − ψ(q∗)∥2

≤ [1 − (1 − ρ/τ)αnϖn]∥ψ(xn) − ψ(q∗)∥2

+ 2αnϖn⟨h(q∗) − ψ(q∗), zn − ψ(q∗)⟩.

(55)

By Lemma 2.2 and (55), we conclude that ψ(xn)→ ψ(q∗) and xn → q∗.
Case 2. There exists an integer n0 > N such that ∥ψ(xn0 ) − ψ(q∗)∥ ≤ ∥ψ(xn0+1) − ψ(q∗)∥. Let ψn =

{∥ψ(xn) − ψ(q∗)∥2}. Then, we have ψn0 ≤ ψn0+1. Let {βn} be an integer sequence defined by, for all n ≥ n0,

β(n) = max{l ∈N|n0 ≤ l ≤ n, ψl ≤ ψl+1}.

Note that β(n) is non-decreasing and satisfies limn→∞ β(n) = ∞ and ψβ(n) ≤ ψβ(n)+1,∀n ≥ n0.
Similarly, we can deduce

lim sup
n→∞

⟨h(q∗) − ψ(q∗), zβ(n) − ψ(q∗)⟩ ≤ 0 (56)

and

ψβ(n)+1 ≤ [1 −
2(1 − ρ/τ)ϖβ(n)αβ(n)

1 − ϖβ(n)ρ/τ
]ψβ(n) +

2(1 − ρ/τ)ϖβ(n)αβ(n)
1 − ϖβ(n)ρ/τ

×

{ ϖβ(n)
2(1 − ρ/τ)

M +
1

1 − ρ/τ
⟨h(q∗) − ψ(q∗), zβ(n) − ψ(q∗)⟩

}
.

(57)

Note that ψβ(n) ≤ ψβ(n)+1. By (57), we have

ψβ(n) ≤
ϖβ(n)

2(1 − ρ/τ)
M +

1
1 − ρ/τ

⟨h(q∗) − ψ(q∗), zβ(n) − ψ(q∗)⟩. (58)

Based on (56) and (58), we derive
lim sup

n→∞
ψβ(n) ≤ 0,

and thus

lim
n→∞

ψβ(n) = 0. (59)

From (57), we can deduce
lim sup

n→∞
ψβ(n)+1 ≤ lim sup

n→∞
ψβ(n).

This together with (59) implies that
lim
n→∞

ψβ(n)+1 = 0.

By Lemma 2.3, we obtain
0 ≤ ψn ≤ max{ψβ(n), ψβ(n)+1}.

Therefore, ψn → 0. That is, ψ(xn)→ ψ(q∗) and thus xn → q∗. This completes the proof.

In Algorithm 3.1, choose ψ = I, identity operator and f : C→ H is a ϖ-inverse strongly monotone operator.
Then, we have the following algorithm and corollary.

Algorithm 3.5. Let x0 ∈ C be a guess. Set n = 0.
Step 1. For given xn, compute

zn = projC[ϖnh(xn) + (1 − ϖn)(xn − ζn f (xn))].

Step 2. Compute

yn = projC[zn − βϱ
n†1(zn)],
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where n† is chosen the smallest nonnegative integer number such that

βϱn†
∥1(yn) − 1(zn)∥ ≤ ς∥yn − zn∥.

Write ϱn† = ϱn. If yn = zn, then set un = zn and go to Step 3. Otherwise, compute

un = projC
[
zn − α(1 − ς)∥yn − zn∥

2 vn

∥vn∥
2

]
,

where vn = zn − yn + βϱn1(yn).
Step 3. Compute

xn+1 = (1 − αn)xn + αnun.

Step 4. Set n := n + 1 and return to step 1.

Corollary 3.6. Suppose that Γ1 := VI(C, f ) ∩ VI(C, 1) , ∅. Assume that conditions (C1)-(C3) are satisfied. Then
the sequence {xn} generated by Algorithm 3.5 converges strongly to q∗ = projΓ1 h(q∗).
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