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An Analysis of the Mixed Least Squares-Total Least Squares Problems
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Abstract. In this paper, we first get further consideration of the first order perturbation with normwise
condition number of the MTLS problem. For easy estimation, we show a lower bound for the normwise
condition number which is proved to be optimal. In order to overcome the problems encountered in
calculating the normwise condition number, we give an upper bound for computing more effectively
and nonstandard and unusual perturbation bounds for the MTLS problem. Both of the two types of the
perturbation bounds can enjoy storage and computational advantages. For getting more insight into the
sensitivity of the MTLS technique with respect to perturbations in all data, we analyze the corrections
applied by MTLS to the data in Ax = b to make the set compatible and indicate how closely the data A, b fit
the so-called general errors-in-variables model. On how to estimate the conditioning of the MTLS problem
more effectively, we propose statistical algorithms by taking advantage of the superiority of small sample
statistical condition estimation (SCE) techniques.

1. Introduction

The problem of linear parameter estimation arises in a broad class of scientific disciplines such as signal
processing, automatic control, system theory, general engineering, statistics, physics, economics, biology;,
and medicine. It can be described by a linear equation:

X1 +ayxy +---+a,x, =b,

where a3, -+ ,a, and b denote the variables and x = [xq,x2,--- ,x,]7 € R” plays the role of a parameter
vector that characterizes the special system. A basic problem of applied mathematics is to determine an
estimate of the true but unknown parameters from certain measurements of the variables. This gives rise
to an overdetermined set of m linear equations (m > n):

Ax~b for Ae R™" and beR", m>n. 1)

In the classical least squares (LS) approach the measurements A of the variables g; (the left-hand side of
(1) are assumed to be free of error and, hence, all errors are confined to the observation vector b. But
this assumption is frequently unrealistic: sampling errors, human errors, modelling errors, and instrument
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errors may imply inaccuracies of the data matrix A. For those cases, TLS has been devised and amounts
to fitting a “best” subspace to the measurement points (Al.T, b),i=1,---,m, where Al.T is the i-th row of A.
Much of the literature concerns the classical TLS problem in which all variables are observed with errors,
see e.g., [8], [12-14], [19-21] and so on. However in many linear parameter estimation problems, some of
the variables g; in (1) may be observed without error. For instance, in regression analysis, e.g., in curve
fitting and intercept models, we often encounter such problems, as well as in system identification and
signal processing applications whenever some signals can be observed without error while the other ones
are disturbed by zero-mean white noise. This implies that some of the columns of A in (1) are assumed to
be known exactly. To maximize the accuracy of the estimated parameters x it is natural to require that the
corresponding columns of A be unperturbed since they are known exactly. In order to maintain consistency
of the result when solving these problems, the classical TLS formulation can be generalized, the mixed least
squares-total least squares (MTLS) problems just as posed in [1, 25]. About the approximate solution of
the MTLS problem (2), one can have them by Cho-INV iteration, Rayleigh quotient iteration method, see
[1, 28], the generalized TLS Algorithm GTLS [24].

Perturbation analysis is an important research area in numerical analysis. In this paper, we get further
consideration of the first order perturbation with normwise condition number of the MTLS problem posed
in [17]. It should be noted that computing the matrix cross product ATA for normwise condition number
is a source of rounding errors and is potentially numerical unstable. For easy estimation, we show a lower
bound for the normwise condition number which is proved to be optimal. Then, we give nonstandard and
unusual perturbation bounds for computing more effectively based Wei's results [14]. The upper bound
are easy to compute and do not need to compute matrix cross product. The efficiency of our bounds will
be demonstrated by numerical examples.

For getting more insight into the sensitivity of the MTLS technique with respect to perturbations in all
data, we analyze the corrections applied by MTLS to the data in Ax = b to make the set compatible. We also
deduce the assumptions about the underlying pertubation model. Thus indicates how closely the data A, b
fit the so-called general errors-in-variables model.

In practice, the efficient estimation for the condition number is difficult. Thus, practical algorithms for
approximating the condition numbers are worth studying. We propose statistical algorithms by taking
advantage of the superiority of the small sample statistical condition estimation (SCE), that a small number
of function evaluations at perturbed arguments suffices to give a highly reliable condition estimate.

Throughout this paper, the following notations are used:

e R™ " denotes the set of m X n matrices with real entries.
o [, stands for the identity matrix with order 7, ¢; is the i-th canonical vector.

e Single vertical bars around a matrix or vector indicate the componentwise absolute value of a matrix or
vector.

e For a matrix A € R™", AT denotes the transpose of A, ||A||> and ||Al|r denote the spectral norm and the
Frobenius norm of A, respectively.

o We define vec(A) = [a],a],--- ,a;]" € R"™ and the "unvec’ operator undoes the operation.
e For a vector g, diag(a) is a diagonal matrix whose diagonals are given as components of a.
e The uniform continuous distribution between a and b is abbreviated U(a, b).

e X' the Moore-Penrose inverse of X.

e Foranya,b € R", we define § = [c1,co, -+ e by

if b; #0,
if a;i=b;=0,
otherwise.

¢ =

g =
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2. Preliminaries

First of all, we give a brief description of the MTLS problem [1, 22-25] in Frobenius norm (F-norm)
stated as:

rgi/{lll(Ez, Plle,
s.t. R(b+ f) CR(A1, Az + Ey),

where A; € R™™, A, € R™", and n; + ny = n. Let (E,, f) be the minimizer of (2), the MTLS solution set
belonging to (E,, f) is defined by

X ={x= 0, xD)TA1x + (A2 + E)xa = b + f).

()

Obviously, if n; = 0, the MTLS problem will become an TLS problem, while n, = 0, it will reduce to an LS
problem. We can factorize (A, b) into the QR form to solve MTLS problem:

ni Mo 1
; (Rn Ria th) ny
Q'(A;,A2,b)=R=\0 Ry, Ry) m-n; ., 3)

then reduce to TLS problem Ry,x, = Ryp. The vector x; can be obtained from Ri1x1 = Ry — Riax2 by back
substitution. Let 0(A) denotes the j-th largest singular value of A. We know that, under the condition

0 = 0p,(R22) > 0pp1(Ro2, Rop) = 5, (4)
the reduced TLS problem and therefore the MTLS have a unique solution [23]
Xyris = (ATA - 52C)_1ATb/ 5)
0 0
where C = 01, )

In [1], it’s proved that the MTLS problem is mathematically equivalent to the WTLS problems (6) to (7).

min ||(E, ,
nin (€, )l ’ ©)
st. (A +E)Cex.=b+f
where
A, =AC', E=EC;! with C. :( 88“ IS ) @)

¢ is a small positive number. In practical computations, with a possible choice for ¢ such that

HAE a7,
1A2]l2
where k(A1) = ||A1||2||A“1L||2 is the condition number of A1, A; = (A, b), u is the machine precision.
Throughout the paper, let UTAV = diag(61,-+- ,64) = 3 be the thin SVD of A € R™" where 61 > --- > 6y,
U e R™", V e R™, and let UT[A,b]V = diag(o1,- - ,0441) = L be the thin SVD of [A,b] € R™ D, where
01 2 -+ = 0pp1. Let UTAV = diag(y,-- ,5,) = = be the thin SVD of A, € R™", where §; > -+ > &,,
U e R™", Ve R, and let UT[A,,b]V = diag(G1,-++ ,5,41) = L be the thin SVD of [A,, b] € R"™ "D, where
01>+ =3y, U, V,and £ are partitioned as follows:

n 1

B _ _ Vii 01\ n _ 5 0
U=, i), V=(27T 522) 1, z=( 0 ) 8)

—

21 On+1
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We assume the genericity condition:
571 > On+1 (9)

to ensure the existence and uniqueness of the WTLS solution x, throughout this paper.
From [1], we know that the unique WTLS solution is determined by

x. = C;HALA. — a2, . D'Alb, (10)
and

lim x, = lim C/HATA, - 62, ,D'Alb,
e—0*

=0t (11)
= (ATA - 5%C)'ATb = xypys
under the condition (4) and the assumption
. 0% — 52
E1ANBIANL < ——— (12)

202

Throughout this paper, we assume that the conditions in Equations (4) and (12) hold.
Let A, = A, + AA; and b = b + b, where AA, and 6b are the perturbations of the input data A, and b
respectively. Consider the perturbed WTLS problem

min (A4, 80)lF st (Ac +AA)CE = b+ b, (13)

and denote the singular values of the matrix [A,,b] by 61 2 62 = -+ 2 41 2 0. If the norm [|(AA, 6b)||r of
the perturbations is sufficiently small, then the well-known perturbation analysis of singular values ensures
that the perturbed WTLS problem above has a unique solution %, and it can be expressed as

%, = C.\(AlA, - &%, D AlD.
For convenience, let the change in the solution be
Ax, = %o — X. (14)

Kronecker product turns out to be convenient for deriving the results in this paper. For clarity we briefly
state a few of its useful properties here.

N N
Lemma2.1. [5] Let A, B, X € RNN D e RMXN y ¢ RNXK F ¢ RKXL F ¢ RMXL p =} ¥ E;® Ez where
i=1j=1
Eij=(eu), k, I=1,--- ,N,isa N X N matrix, and

|1 k=iand I=],
=10 k#iorl#].

Then

(1) vec(X)T =Pvec(X);
(2) (B®A) = PT(A ® B)P;

(3) DYE = F < (E" ® D)vec(Y)=vec(F).
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3. First-order perturbation for the MTLS problem

We know that, by (14) using the definition of the normwise condition number of the WTLS problem
and the expression of f'(A,,b).(AA,, 6b), the upper bound for 122 and the explicit formula for the MTLS

Tl
condition number can be obtained with some Ax corresponding to Ax,, which profits from the connection

between the MTLS problem and the WTLS problem.

Theorem 3.1. [17] We consider the MTLS problem and assume that the genericity assumption holds. Setting
B, = ATA — 52C, then the condition number of Xyms of the MTLS solution is given by

1
KMTLS(A/ b) = ||M”22/ (15)

and the upper bound for 2 i x“ 2 is expressed by

[|Ax]]> LII(A, D)lIE IAA, 6b)lIF
< = B,,, 16
[|xl]2 < IMil lxllz 1ICA, D)l Y (16)
where M is the n X n matrix
M = yB{'ATAB;! + *7B;1(1 - o O’ Cypt (17)

7 =1+|Cxll3, y =1 +|Ix|3, x is the exact solution of the MTLS problem, r is the MTLS residual.
In addition, we have the relative condition number of the MTLS problem

||1/2I|(A Dl

rel
MTLS(A b) “ ||x||

(18)

In many applications, an upper or a lower bound would be sufficient to estimate the normwise condition
number. We next present a lower bound for xyms(A, b), which only involves the singular values of matrix
K. Let first see the theorem [28] about perturbation of the eigenvalues of a matrix.

Theorem 3.2. Let A, B =A+E € C™", A, B, and E are all Hermitian matrices, their eigenvalues are Ay > - -+ > Ay,
p1 >+ 2y and €p > - -+ > €, respectively. Then

lwi—Ail <IIB=Alp, i=1,2,---,n
Theorem 3.3. We have
IMll2 > |07 = 3],
where oy be largest singular value of K, K = B}! ( VPAT IrllaI ), g1 = \/mand y= VE&B;1Cx.

Proof. From the proof of Theorem 3.1, we have

M yB'ATAB ! + |Irl3B;? - 26”B;'Cxx" CB;!

B PAT il )( m‘}‘ ) — (V25B;" Cx)( V25B; 1Cx)

= KK —yy",
where K = Bf( VAT IrllI ), y= \/E&Bfo. And we know
T
y'y = (V2oB;'Cx) (V25B;'Cx)
- D e 0 0 0 -R:IRy, .
= 25T (RL Ry, — 57 1( Ry T )( T )(R Ry — 621 %
= 25%x (R} Rog — 5*I) M1 + (Ry{ R1a) 'Ry R1a) (R}, Roq — 521) xp = 3.
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Let 01 be the largest singular value of K, then by Theorem 3.2, we get the bound
Mz > 10 - 2]
|
We find that we only need to calculate the product of matrices and vectors, since B;' and (R} Ry, — 5°I)™"
can be the intermediate result when the MTLS problem is solved. So the bound enjoys storage and
computational advantages. Moreover, this bound can be attained when y is the left singular vector of K,
see Theorem 2.1 in [27].
In addition, we find that computing the matrix cross product ATA for normwise condition number is
a source of rounding errors and is potentially numerical unstable. In order to overcome these difficulties,

we present a perturbation bound for computing more effectively without using the already well-known
condition number and nonstandard and unusual perturbation bounds which will be shown in Section 4.

4. Nonstandard and unusual perturbation bounds

In this section we derive another perturbation estimates, based on Wei’s results [14], for the MTLS
problem.

Wei [14] derive the perturbation bounds for the TLS solutions, with or without minimal length. We can
use the result in WTLS problems and get the following theorem:

Theorem 4.1. Consider the WTLS problem (6) to (7). Assume that the genericity condition (9) holds. Partition V as
in (8) and let A, € R™", b’ € R", and (A}, ') = (A, b) + (AA,, 6b) with [(AA;, 0b)|| = e < £(5n — Gps), and let
AL (AL V) be 'TALV" = diag(6"1,- - ,0"y) = X be the thin SVD of AL € R™", where 6’1 > -+ > ¢/, U’ € R"™",
V' € R™", and let U'T[AL V1V’ = diag(d’1,++ ,0"ns1) = X/ be the thin SVD of [AL,1'] € R™ D, Partition V'
conformally with V as in (8), and replace Vij by V.. fori, j = 1,2. Define Cx; = (V1)) (@5,)". Then one has the
following estimates:

+On+

’ : 1
ICexe — Cex | < 2227 (3.1 5|1, x, )
Op — Op+1

& + _Vl
< 622 (T ICoxelP).

On =~ On+l

(19)

Then one can attain the following theorem for the MTLS problem by (11) with the same way

Theorem 4.2. Consider the MTLS problem (2). Assume that the genericity condition (4) holds. Let A’ € R™",

V' € R, and (A’,b') = (A,b) + (AA, 5b) with [(AA,8b)l| = 1 < (0 — &), and let R;,, (R}, R},) be UTR,, V" =

diag(c’1,+++ ,0"n,) = X’ be the thin SVD of R, € RmXm qphere 67y > -+ > 0y, U € Rim—nm)xnz 1 g Rraxnz

and let U'T[RY,, Ry, V' = diag(c’y, -+ ,0"n,e1) = L' be the thin SVD of [Rh,, R},] € RUn=m)x(241)  DPaptition V' as

in (8). Define x, = (V] )7))"(v},)". Let x/, = x5 + Axz, then one has the following estimates:
, n+ao

llxz — X, < p— 5(3 + 5x2[)

(20)

+0
= (VT

<6

where 0 = 0,,(R2), 6 = 04,41 (Ra2, Rop).

The proof is easy and we omit it.
We turn now to the problem of obtaining perturbation bounds of Q and R, which is needed for obtaining
the perturbation bound of [|x; — x7[|, for the QR factorization of the matrix A. Stewart [26] show us that
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Theorem 4.3. Let A = QR, where A has rank n and QTQ = L. Let AA € R™" satisfy ||Alll|AA]| < % Then there
are matrices AQ € R™" and AR € R™" such that A + AA = (Q + AQ)(R + AR), (Q + AQ)"(Q + AQ) = I. Let

T = nIIR’lll[l + \%K(R)], ¢ = n(2+ V2)x(R). Define the operator T that maps the space of upper triangular matrices
into the space of symmetric, let Fy = T [RT(QTAA) + (AATQ)R]. If tl|F1|| < §, then there is a unique solution of

TAR = R"(Q"AA) + (AA)"Q)R + (AA)"(AA) - (AR)"(AR) (21)
that satisfies

IARIl < 2[|F1]l < 2¢[|AA]]. (22)
Moreover A + AA = (Q + AQ)(R + AR), where Q + AQ has orthonormal columns

A
IAQI < ———— (23)
1 - 2% (A)Hﬁ:'lilll

and

IAR][ _ lIAA]l IAA]

T = a1+ ) 24

At this point, it is natural that the perturbation domain of ||x; — x}|| is coming.

Theorem 4.4. Consider the MTLS problem (2). Assume that the conditions in Theorems 4.2 and 4.3 hold. Let
X7 = x1 + Axy, then one has the following estimates:

e - < (6’” )<3+5||x2||>+||R 11+ lP)2en + O(P)
(25)
6
“(” (\/1 T2l + IR + [dR)2en + O(?),
or
4(n+0) 31(A) iy 2
e — ) < (3 + 8llxal) + IR+ = —-(1All + 1) + O
C T e ’ (AN KA ) (26)
w 2 -1 A 2
< =5 (VI ThlP) + IR+ — (A)”A(IIAII+17))+O(17)

where 6 is the maximum singular value of the matrix R7. Rlz
Proof. From equation Ri1x1 = Ry — Ry, and genericity condition (4), we have
x1 = R} (Rip — Rygx2)
and
X =x1 4+ Ax; = (Ri1 + AR11) ™ (Rup + AR1p) — (Rig + ARy,)(x2 + Axy)).
Only retaining the first-order terms gives
X, = x1+ R (ARy — RiaAxs — ARy,x2) — Ry AR R (Ryp — Riax2) + O(I(AA, Sb)I),
in which
Ry (ARyp — RigAxy — AR1,x2) — RjJAR11R}) (Rip — Riax2)
= —Ry{ RiaAx + Ri{[ARyp — ARy = ARy Ry (Rap = Ria2)
= =R} RiaAx + Ry} (ARyp — AR1ax2 — ARy1x7)
vec(ARy1) ]

= —R{RisAxy + Ry} (=] @1 —x] @I )| wec(ARy,)
vec(ARyyp)
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Hence,
e —xill < IRy Rla“lIAxZ“ + IR + IKP)IARIE + O(I(AA, 5b)I)
< IRy Rla“ - (3 + 5l1xall) + IR (L + [[x1%)2¢n + OG7)
6
< IR Ruall (17 (Vl + [Ix2l) + IR + [IxI*)2cn + O(n),

where we use |[vec(A)|| = ||Allr and ||A||2 =||AAT|.
Also there is another bound can be found by (23) and (24). Because we have

A

IARI <1+ —————
1- ZK(A)ﬁ

(1Al +m),

so there comes the result (26). O

It is not difficult to find that (25) and (26) can enjoy storage and computational advantages, and a good
estimation for the perturbation of the MTLS solution is provided by it with this point being well illustrated
by examples.

5. General errors-in-variables model

Because we have already established the formulas for the MTLS, the work is rather straightforward.
Comparing (5) with the LS solution shows that  and C determines the differences between both solutions,
in a sense, we could say that & measures the difference between both solutions, as well as the degree of
incompatibility of the set AX ~ b and thus indicates how closely the data A, b fit the so-called general
errors-in-variables model, which is exactly expressed below

Proposition 5.1. Consider the linear system (2), let x = (xI, x1)T be any n-dimensional column vector with x, € R™.
Then

M(x) = (AAy, 6b) = (b — Ax)(xhxa + 1) (x5, 1)

has the minimal Frobenius norm which makes
(A1,A2 + AA)x =b—-0b

consistent.

Proof. For any fixed x, let the matrix (A1, A» + AA,) be such that
(A1, A2 + AA)x =b—-0b

is consistent. Then

A1x1 + Axxy + AArxy b-06b
AAzJCz -6b = b- (A1X1 + AzXz)

(AA2 ob )( = ) = b-Ax
Among all those (AA, 6b)s’,
(A4 6b )= (b-Ax)(xyx2+ 1), D) 27)

has the minimal Frobenius norm. [
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This implies that the MTLS residual is orthogonal to the MTLS approximate subspace R([A, b]), and the
length of the MTLS residual follows immediately

Proposition 5.2. Let x be a solution of the MTLS problem (2) with corresponding correction matrix (AAjy, 6b), and
r be the MTLS residual, then

lIrlly = & /1 + [Ix2l13,

T
2

= T
1+ a3
r

rXx
AAy

1+ |l
and
IAA2, D)IBIx2lE , Ileal?

IAA|I = =0 ,
1+ [lxall3 1+ [lxll3

I(AA2, 6b)IF s 1
1+ lx2ll3 1+ llxally

l16b1l5 =

Proof. By Liu [1], the MTLS problem (2) is equivalent to the following optimization problem

Ib-Axlf —  lb-Ax

min = min =07,
x 1+xTCx ¥ 14+x7x
thereby
lIrll2 = & /1 + llx2ll5.
(27) tells us that
rx}
Ay = —2
1+ [lxall3
_ r
1+ [l
and
T
X2 X
AAJAA; = 5% —2—,
X5 X2 + 1
1
ob"ob = 5% — ,
X;x +1

2
then we have

”(AAZ/ 6b)||123 = 52/
and using the above three relationships reduce to

I(AAs, 6b)IZlIx-I3

IAA,|2 =
F 1+ [lxoll?
, a4y, ob)2
166l = ————+
1+ ||x,2
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In this section, we find that the parameters (¢ and C) are useful tools for getting more insight into the
sensitivity of both techniques with respect to perturbations.

6. Small sample statistical condition estimation

Although the expressions of the condition numbers presented are explicit, they involve the solution and
their computation is intensive when the problem size is large. Thus, practical algorithms for approximating
the condition numbers are worth studying. We propose statistical algorithms by taking advantage of the
superiority of the small sample statistical condition estimation(SCE) techniques.

We apply SCE that a small number of function evaluations at perturbed arguments suffices to give a
highly reliable condition estimate. Based on SCE method, we present a practical method for estimating the
condition numbers for the MTLS problem.

Given a differentiable function f : R — R, we are interested in the sensitivity at some input vector x.
Let z be a unit vector and 6 be a small positive number. For the perturbation z of x, the gradient of f at
x € R is the row vector Vf(x) = (df(x)/dx1,df(x)/dxa,- -+,
df(x)/dx,), and the Taylor expansion of f has the form

Flx +02) = f(x) + 6V f(x)z + OB?).
It is easy to see that up to first-order in 6, we have

[f(x +6z) — f(x)| = OV f(x)z,

then the local sensitivity can be measured by ||V f(x)||,. We can see that the norm of the gradient can measure
the local sensitivity of f appropriately. If z is selected uniformly and randomly from the unit sphere S,_1 in

Vf@)zl
wp

RP, which is denoted by z € U(S,-1). Then from [9], the expected value of the condition estimator & =
satisfies that

E(&) = IVf(x)ll2,

where w, is the Wallis factor which only depends on p. For 6 > 1 we have

Prob(vaéx)”z

2 1
<ELOIIV >1-— —).
<& <OIVf@IR) 2 1- — +0()
Thus ¢ is a linear or first-order condition estimate in the sense that the chance of a catastrophically low
or high estimate is inversely proportional to the size of the error. In practice, the Wallis factor can be
approximated accurately [9] by

(28)

While this is good, there are some situations in which we need more reliability. One way to achieve this is
to use more function evaluations to get different values £, &@, ... £0™ corresponding to independently
randomly generated vectors z1,z®, ... 2" in S,_; and then to take the average

5(1) + 5(2) 4+ e+ E(m)
o .

&(m) =

This is the so called “averaged small-sample statistical method” [9] and it can be shown that for 6 > 1,

IVf@)ll2 2m 1

Prob(T <&(m) < 9||Vf(x)||2) >1- %(%)m + O(W)f

with asymptotic equality as 6 — +o00 or m — +oo. Thus &(m) is an mth-order condition estimator. In
condition number estimation, usually we are interested in finding an estimate that is accurate to a factor
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of 10 (0 = 10). We can use multiple samples of z, denoted zj, to increase the accuracy of the condition
estimator. From [9], we know that

E(NIV AP + V9P + - + V(9 = LIV F0)l

Therefore, we can define the subspace condition estimator as

v(K) = 2 VR + V@l ++ V@,
p

where (z1,22, - ,2k) is orthonormalized after zj,zy,---,z are selected uniformly and randomly from
U(Sp-1). As shown in [9], these condition estimators give better results than the averaged statistical
estimators and are analytically very tractable. Usually, at most two or three samples are sufficient for high
accuracy. As an illustration, for k = 3, the estimator v(3) has probability 0.9989 of being within a relative
factor of 10 of the true condition number ||V f(x)|l2. These estimates are generally very accurate for 6 > 10.

These results can be conveniently extended to vector-valued or matrix-valued functions through viewing
f as a map from R° to IR! by means of the operations vec and unvec to transform between matrices and
vectors, where each of the t entries of f is a scalar-valued function. The unvec operation is defined as
A = unvec(v) which sets the entries of A to a;; = viy(j-1), for v = (01,02, , V) € RIxmn

Here, we use SCE to give an algorithm for computing the normwise condition number. Denote ; the

condition number of the function zTx, where z’s are random orthogonal vectors selected uniformly and

1
randomly from the unit sphere in 7 dimensions. From [3], we know that k; can be computed by ||M;||;

T
M; = 2! (yB;'ATAB;! + 5*pB; (I - 2cx; S)B1)zs, (29)

taking the technique and notations adopted in [10], we see that

(30)

Kmrs =
n

is an estimate for xyms(A, b).

We use the results above to give the SCE-based method for estimating the condition of the solution to
the MTLS problem under the genericity condition (4). Inputs of the method are the matrix A € R™" and
the vector b € R™, and the output is the statistical estimate for the absolute condition number. In Algorithm
SCE-NCE the integer q > 1 refers to the number of SCE samples.

Algorithm 1 SCE-NCE: Subspace condition estimate for «ys(A, b) of MTLS solution
1: Generate q vectors z1,2»,- -+ ,z; € R" with entries in the uniform continuous distribution (0, 1). Or-
thonormalize the vectors using a QR factorization.
2: Forj=1,2,--- ¢, calculate M; by (29).
3: compute the absolute condition number %y by (30) for xymns(A, b).

The sensitivity of componentwise perturbations can be measured by the SCE method similarly. It often
leads to a more realistic indication of the accuracy of a computed solution than that from the normwise
condition number. Just as shown in [3], the exact value of the condition number for the j-th component of
x is computed by

CxxTC

K8 = llef (yBy' ATABY! + 6% yB; (I - 2 )B; ety (31)
This algorithm is based on the original idea of SCE [9], which means that we estimate the Fréchet derivative.

To see the process more clearly, the readers need to notice that y;’s are just the Fréchet derivative estimates



Z. Yang / Filomat 36:12 (2022), 4195-4209 4206

for the components of the MTLS solution. After generating and normalizing the random elements in
the first step, these random elements are overwritten by the componentwise product of (4, b) and these
elements. In the main step we need to calculate y; as

141 A CarT 1 a AT
yj= BA (A + 27)(517] - AA]JC) + B/\ AA] T. (32)

At last, the condition vector containing K;'S are computed by

Algorithm 2 SCE-CCE: Subspace condition estimate for Componentwise condition estimate
1: Generate matrices (AAM,5bW), (AA®,5b@), - (AA®, 5b0)with entries in .4#7(0,1). Orthonormalize
the following matrix

(Ajm) AAD ... AA®

56V sp@ .. s5p®
toobtain (41,42, - -+ , qx) via modified Gram-Schmidt orthogonalization process. Each g; can be converted
into the desired matrices (AA®Y, 5b) with the unvec operation.
2: Letp = m(n + 1). Approximate w, and wy by using (28).
3: Forj=1,2,--+,k, calculate y; by (32).
4: compute the absolute condition vector &, by (33).

,
Fats = AP+l oo (33)

where the square root and power operation are performed componentwise.

7. Numerical tests

In this section we give numerical examples to check the perturbation bounds, the statistical condition
estimates. The following numerical tests are performed via Matlab R2015a with machine precision p =
2.22¢ — 16 in a laptop with Intel Core (TM)2 Duo CPU by using double precision.

Example 7.1. Take m = 100, n = 60, n1 = 30, n2 = 30. Choose 0 as the rand seed and use command rand in Matlab
to generate a random m X n matrix A with a uniform distribution on the interval (0,1).

(1) Choose 1 as the rand seed and generate a random vector b in Matlab. Then ¢? = 9.88¢ — 1,52 = 8.38¢ — 1,
5%/56% = 0.85, where 52 is the second smallest singular value of (R, Ry,). The MTLS problem is well
conditioned .

(2) Let b = 1,, be an all-1 vector. Then ¢ = 9.88¢ — 1, %> = 1.89¢ — 1, 52/5% = 0.19. Therefore, the MTLS
problem is well conditioned.

, =iy ; IAA OB lI—=plz
b ‘ € ‘ Tl ‘ (16) ‘ (20), (25) ‘KﬁTLs(A'b) A DI ‘ ol

rand(m,1) | le-6 | 2.609047e-09 | 9.726393e-8 | 4.726393e-8 7.412667e-7 1.0203e-09
ones(m,1) | le-6 4.1806e-11 4.34547e-9 1.34547e-9 3.05349e-8 2.301%-11

Table 1: Comparisons of forward error and upper bounds for a perturbed MTLS problem and the relative condition number of the
MTLS problem

In Table 1, we compare the exact relative error about MTLS solution with the upper bounds (16), (20) with

(25) and the above bounds !¢ (A, b) ”(lﬁ:,’s)l"l)llp derived from (18). In actual calculation, we omit the high

order term in (25). In addition, we give the exact relative error about smallest sinular value of (A, b).
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Example 7.2. In this example [16] we consider the MTLS problem Ax = b, where (A, b) is defined by

D

(A,b)zY( 0

)ZT € RmX(Vl+1)

where Y = I, = 2yy", y € R™, Z = L1 — 222", z € R™! are random unit vectors, D = diag(n,n —1,--- ,1,1 - ¢,)
for a given parameter &,

Throughout this section, we take two samples and the average of the ratios are obtained by 1000 random
tests.

We compare the statistical result obtained via Algorithm SCE-NCE with the exact condition number
given in (17). Figure 1 shows the performance of SCE on the case where m = 200, n; = 40, n, = 40. It
shows the accuracy of our estimates, and we can find that if ¢, = 9.99976032¢ — 1, ratio = 0.97453, while
&p = 9.99952397¢ - 5, ratio = 1.03608, which confirms the accuracy of the statistical results.

L L L L L
0 100 200 300 400 500 600
Number of random tests.

(b)
T

L L L L L
0 100 200 300 400 500 600
Number of random tests

Figure 1: SCE results &,,ys compared with the exact condition numbers wur.s(A, b) of MTLS. Ratio = Ryris/kmris(A, b). The tested matrices are
of size 200 X 80 (a): &p = 9.99976032¢ — 1 and (b): €, = 9.99952397¢ — 5. The horizontal dotted lines stand for the average ratios.

For componentwise condition estimation, we take m = 200, n; = 40, n, = 40. in this part. In Figure 2,
we plot the ratio for ¢, = 9.99976032¢ — 1 and ¢, = 9.99952397¢ — 5 between the statistical condition estimate
via Algorithm SCE-CCE and the exact value computed by (31). It is observed that the ratio is close to 1 for
every component of MTLS solution. Therefore the statistical estimate is accurate with high probability in
practical computing.
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Figure 2: SCE results ®,s compared with the exact condition numbers K? of MTLS. Ratio = E”bS/K;‘ The tested matrices are of size 200 x 80 (a):
£p = 9.99976032¢ — 1 and (b): &y = 9.99952397¢ — 5. The horizontal dotted lines stand for the average ratios.

8. Conclusions

In this paper, we mainly present the perturbation analysis of the mixed least squares-total least squares
(MTLS). In the analysis of the first order perturbation, we first provide an upper bound that one can establish
the normwise condition number formulas for the MTLS problem from it. For easy estimation, we show
a lower bound for the normwise condition number which is proved to be optimal. In order to overcome
the problems encountered in calculating the normwise condition number, we give an upper bound for
computing more effectively and nonstandard and unusual perturbation bounds for the MTLS problem.
Both of the two types of the perturbation bounds can enjoy storage and computational advantages, and
demonstrate the superiority of them by the numerical examples. For getting more insight into the sensitivity
of the MTLS technique with respect to perturbations in all data, we analyze the corrections applied by MTLS
to the data in Ax = b to make the set compatible. We also deduce the assumptions about the underlying
pertubation model. Thus indicates how closely the data A, b fit the so-called general errors-in-variables
model. They all reveal that the same parameters (6 and C) mainly determine the correspondences and
differences between both techniques. On how to estimate the conditioning of the MTLS problem more
effectively, we propose statistical algorithms by taking advantage of the superiority of SCE techniques. The
SCE results are compared with the exact values in numerical experiments.
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