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Abstract. We consider the class of univalent log-harmonic mappings on the unit disk. Firstly, we present
general idea of constructing log-harmonic Koebe mappings, log-harmonic right half-plane mappings and
log-harmonic two-slits mappings and then we show precise ranges of these mappings. Moreover, coefficient
estimates for univalent log-harmonic starlike mappings are obtained. Growth and distortion theorems for
certain special subclasses of log-harmonic mappings are studied. Finally, we propose two conjectures,
namely, log-harmonic coefficient and log-harmonic covering conjectures.

1. Introduction and preliminary results

Let A be the linear space of all analytic functions defined on the unit discID = {z € C : |z| < 1}, and let B
be the set of all functions i € A such that |u(z)| < 1 for all z € ID. A log-harmonic mapping is a solution of
the nonlinear elliptic partial differential equation

£2) = u@) [%]fz(z), (1)

where y is the second complex dilatation of f and u € 8. Thus, the Jacobian J; of f is given by

I = 1EP = 1P = 1£PA ~ |uP),

which is positive, and therefore, every non-constant log-harmonic mapping is sense-preserving and open
in D. If f is a non-vanishing log-harmonic mapping in ID, then f can be expressed as

f(@) = 2)9(2),
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where h(z) and g(z) are non-vanishing analytic functions in ID. On the other hand, if f vanishes at z = 0 but
is not identically zero, then such a mapping f admits the representation

f@) = 212Ph(z)g(2),

where Re > =1/2, h,g € A, h(0) # 0 and g(0) = 1 (cf. [4]). The class of all functions of this form has been
widely studied. See, for example [3, 8, 15].
For simplicity, we set § = 0 and consider the class Sy, of univalent log-harmonic mappings f of the form

f(2) = 2h(2)9(z),
where h, g € A with the normalization #(0) = g(0) = 1, and such that

o]

h(z) = exp [Z anz”] and g(z) = exp [i bnz”]_ )

n=1 n=1

A complex-valued function f : Q — C is said to belong to the class C}(Q) (resp. C?(Q)) if Re f and
Im f have continuous first order (resp. second order) partial derivatives in Q. For f € C'(Q), consider the
complex linear differential operator Df defined on C!(Q) by

Df =zf. -zf.
In view of the Riemann mapping theorem, it suffices to consider the case when Q = ID.

Definition 1.1. Let a € [0,1). A univalent function f € C}(ID) with f(0) = 0 is called starlike of order a, denoted
by FS'(a), if

Df(Z)) o (Zfz(Z) _Efz(z)) -y
f@) f@@ '
for all z = re’® € D\{0}. We set FS'(0) =: FS", and functions in FS" are C'~(fully) starlike in D. If f € C}(ID) is

replaced by f € S (the class of normalized analytic univalent mappings of the unit disk), then 8" (a) coincides with
the class S*(av), of the class of all normalized analytic starlike functions of order a.

% (arg f(re”)) = Re (

We denote by Sj;(e) and S}, (a) the set of all starlike harmonic functions of order a and starlike log-
harmonic functions of order a, respectively. If a = 0, then we simply denote these classes by S}, and Sj,,
respectively. Thus, S}, and §;, are called the set of all starlike harmonic functions and starlike log-harmonic
functions, respectively. These classes are investigated in detail by a number of authors. See for example
[1,3].

The following theorem establishes a link between the classes S;, (a) and S*(a).

Theorem A. ([5, Lemma 2.4] or [1, Theorem 2.1]) Let f(z) = zh(z)g(z) be a log-harmonic mapping on D,
0 ¢ (hg)(ID). Then f € S;, (@) if and only if p(z) = zh(z)/g(z) € S* ().

In [12], Li et al. proved the following result.

Theorem B. Let f(z) = p)|z*P~D (p > 1), where ¢ € CX(ID) is starlike (not necessarily harmonic) in D. Then
f € CY(D) is starlike and univalent in D.

We state the following simple result which generalizes both Theorems A and B.

Proposition 1.2. Let f(z) = ¢(2)g(z)|* be a complex-valued function on D, where ¢, g € A such that ¢ and g are
non-vanishing in D\{0}. Then f € F8' (@) if and only if p € FS' ().
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Proof. A simply calculation shows that

_ 2 s (29:(2) | z9'(2)
2£:(2) = z9:(2)lg(2)° + p(z)zg (z)g(z)_( oD 0w

)f(Z)

and similarly

s |20 (29'(2)
R _[ ¢(2) +( 9(2) )]f @

which clearly implies that
2f:(2) - Efz(Z)) _ (Z(Pz (z) - E(PZ(Z))
Re( FEEE) e[,

The desired conclusion follows. O

Definition 1.3. Let a € [0,1). A function f € C3(ID) with f(0) = 0 and & f(re'®) £ 0,0 < r < 1, is called a fully
convex of order a, denoted by FC(a), if

d 0 » D?
30 (arg %f(rele)) = Re( D]{((;))) >

for z = re'® € ID\{0} (see also [9, 12] in order to distinguish convexity in the analytic and the harmonic cases), where
D*f = z(Df). = ZDf)=.

We see that
D*f = 2£.(2) + 2f-(2) = 22 fi2(2) + 22 fua(2) + 2 fo2(2).

Set ¥ C(0) =: FC, the class of fully convex (univalent) on ID. In the analytic case, F C(«a) coincides with the class
C(a) of convex functions of order a.

In particular, we denote by TC%(CY) and ¥ Cry(a) the set of all fully convex harmonic functions of order
a and fully convex log-harmonic functions of order a, respectively. If a = 0, we denote these classes by
TC%, and ¥ Cyy, the set of all fully convex harmonic functions and fully convex log-harmonic functions,
respectively. Throughout the paper, we treat fully starlike (or convex) mappings as starlike (or convex)
mappings although this is not the case in strict sense.

We remark that the function f(z) = ¢(z)|g(z)| is not necessarily convex in ID even if ¢(z) is a complex-
valued convex mapping in ID. For example, consider

@) = ——, g(2) = ex (11 (1_2)) -
PE=15 TP TP 8 112))9P 20—y
and therefore, by (1), f defined by

1— |2
14z

z

f@) = p@lgG)F = 1

e (Re(=)

is a univalent log-harmonic mapping in ID but is not convex in ID although ¢(z) = z/(1 — z) is convex in D.
The function f is indeed belongs to #S", according to Proposition 1.2. The image of ID under f(z) is shown
in Figure 1.

For an analytic proof of this fact, we need to show that

V(r,0) = Re{ 57 o)
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Figure 1: Image of ID under f(z)

for some 0 <7 < 1and 0 < 6 < 27 Since f = @|gl?, by direct calculation, we find that

Df =z2¢'gg + 2¢09'g - pgz9’
and . 2_
D*f = 2¢'gg + 229" gg + 22°¢'g'G + 209’7 + 209G — 2292 G — 229’29 + @9z g".
Using this, we see that V(r, 0) < 0 for some values of r and 6. To avoid the technical details, we compute

V(r,0) forr = 8/9,and 0 = 1t/3, m/4, 21/3 with the help of Mathematica (see Table 1). According to this, we
obtain that f(z) is not convex in ID.

Table 1: V(r, 0) for values of r and 6
r 0 V(r, 0)
8/9 | m/4 | —0.284821
8/9 | m/3 | —0.447807
8/9 | 2m/3 | —0.510244

However, with g(z) = z7~! (p > 1), we can obtain a necessary and sufficient condition for the function f
of the form f(z) = ¢(2)|z**~Y to be convex.

Theorem 1.4. Let f(z) = p(z)|z?P~D (p > 1). Then f € FC(a) if and only if p € FC(a).
Proof. We compute

2fo(2) = 2P [20:(2) + (p ~ Dp(2)]
and similarly,

Z2fz(2) = |27 [Zpz(2) + (p — Do(2)].
Thus, we have

Df =zf, = 2f: = |27 (290, - Z92),
which may be conveniently written as F(z) = [z*P~D®(z). Thus, to compute D?f = D(Df) = DF, we first
find that

7®,(2) — 20:(2) = z(P2(2) + 2022(2) — 20z (2)) — Z (29 2(2) — P2(2) — Z9z:(2)),
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so that
D?f = |zP#7D (20, - Z0;) = [z~ (zqoz + 20z — 22z + 22 Qo + ZZ(PEE) )

Finally, we see that

Df 22 — 2z D_§0

and this completes the proof. [

2 S 2. 2 =2 2
Re(D—f)zRe(Z(PZ-'_Z(PZ 212z + 2% + 2 (PZZ]ZRG(D (p),

Example 1.5. Set ¢(z) = z — Alz]>, where 0 < |A| < 1/2. It is easy to see that ¢(z) is log-harmonic mapping in D,
as a solution of (1) with the dilatation as

Az
1+ Az
which is analytic in D and |u(z)l < 1in D (as 0 < |A| < 1/2). Simple calculation shows that

(z) =

Do(z) = z = D*p(2)

and, for 0 < |A] <£1/2,
Jo(z) = [1 = AZ* = |Az* = 1 - 2Re(AZ) > 1 - 2|A| > 0.

Consequently, ¢ is convex and sense preserving in D, and by Theorem 1.4, we find that f(z) = @(2)|z]*P~ is
log-p-harmonic convex in ID. For more details about log-p-harmonic mappings, see [12] or [13]. The images of ID
under ¢(z) and f(z) = p(z)z*P~D for A = 1/4 and p = 2 are shown in Figure 2.
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(a) Graph of ¢(z) = z — |z (b) Graph of f(z) = |z*(z - 1IzI%)

Figure 2: Images of ID under log-harmonic mapping ¢(z) = z — Alz]? and log-p-harmonic mapping f;(z) = @(2)lz??~V for A = 1/4 and
p=2

The rest of the paper is arranged as follows: In Section 2, we construct some interesting univalent log-
harmonic mappings and show ranges of these mappings. In Section 3, we obtain sharp coefficient estimates
for log-harmonic starlike mappings. In Section 4, we study the growth and distortion theorems for the
special subclass of Spy,. Finally, in Section 5, we propose a couple of conjectures concerning coefficients
and covering theorem for log-harmonic univalent mappings, as an analog of Bieberbach conjecture and the
corresponding covering theorem.
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2. Construction of univalent log-harmonic mappings

Clunie and Sheil-Small [10] established a method of constructing a harmonic mapping onto a domain
convex in one direction by “shearing” a given conformal mapping convex in the same direction. In [2, 5], a
method was introduced for constructing univalent log-harmonic mappings f(z) = zh(2)g(z) € Sy, from the
unit disk onto a strictly starlike domain Q.

Following the method of shearing-construction by Clunie and Shell-Small, we now present a method of
log-harmonic mappings with prescribed dilatation p(z) with 1(0) = 0.

Algorithm 2.1. Let f(z) = zh(z)g(z) be a sense-preserving log-harmonic mapping, where h and g are non-vanishing
analytic functions in ID, normalized by h(0) = g(0) = 1. Then the dilatation u, defined by

_ B f@) _ z2f@)/9e) .

MO0 o Trar@m@’

is analytic with |u(z)l < 1 in ID. According to the definition of log-harmonic mapping, the construction of log-
harmonic mappings proceeds by letting zh(z)/ g(z) = @(z), where @ is analytic satisfying (0) = ¢’(0) =1 =0, and
@(2) # 0 for all z € ID\{0}. This gives the pair of nonlinear differential equations

zh(z) zg'(2)/9(z)
90 ¢(z) and T+ @G - u(z), 4)
which may be equivalently written as
z(logh) (2) - z(log g) (2) = Z:z;g) ~1 and z(logg) (2) = u(2) (1 +z(logh) ().
Solving these two equations yield
/ pez '@
1 = . .
(logg) @ =15 o)
Integrating with the normalization g(0) = 1, we arrive at
_ us) @)
9) = exp (f (1 ETERTE) )ds)' ®
In this way, we obtain the log-harmonic mapping f defined by
07 = 2907 - prenp e [ 2O))
f(z) = zh(2)g(2) ) |9(2)I” = p(z)exp|2Re ](; -1 00 ds|. (6)

For the construction of the univalent log-harmonic mappings f of the form f(z) = zh(2)g(z), the following
steps may be used:

(a) Choose an arbitrary ¢ € $" and an arbitrary analytic function i : ID — ID with u(0) = 0.
(b) Establish the pair of equations given by (4).

(c) Solving for (log g)’ (z), and then integrating with normalization g(0) = 1 yields (5).

(d) The desired univalent log-harmonic mapping f € Sy, is then given by (6).

Various choices of the conformal mapping ¢ and the dilatation u produce a number of univalent log-
harmonic mappings as demonstrated below.
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Example 2.2. Let f,(z) = zh(z)g(z) € Sy, be a log-harmonic mapping in D and satisfy the pair of equations

h /
T ™ 0= Tagis = ”

Pal2) = T1+z20@)/hz)

where 0 < a < 1. The resulting nonlinear system

2 (logh)' (2) - z(logg) () = 25— 2%
(log g)’ (2) —z(log ) (z) = 1
has the solution , 124201 —a)
(logg) (2) = =22
which by integration gives
log g(z) = 2(1 — a)lzTZ + (1 -2a)log(1 - 2).

Thus, we have

92) = (1- 2" exp (201 - )7 .

9(z) 1 z ®)
o) = = ~ Tz e 20 - =),
and hence, f,(z) has the form
fa(2) = P92
2 )
= m (1-2)""exp (2(1 - a)lsz) .

Note that @, is starlike of order a. By Theorem A, we know that the log-harmonic mapping f, is also starlike of
order a in ID. Now we discuss two special cases: o =0, 1/2.

Case 1. In the case of a = 0, we have the Koebe function

z
Po(z) = a2
and thus (8) takes the form
2 - 1
SRR,
- (10)
1 2z 1\,
h(z) = 1_Zexp(l—_z):exp ;(2+ E)z ]
Finally (9) gives
fo(z) = zh(z)ﬁ = ﬁll -z exp (Re(14_zz)), (11)

which is the well-known univalent log-harmonic Koebe function. It is known that fy(z) maps ID onto the slit plane
fo(D) = C\fu +iv : u < —=1/e*,v = 0}. This fact is known in [8], but the details were not given. For the sake of
completeness, we include the details below for the benefit of readers.
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Setz =¢Y, 0 < 0 < 2m. A straightforward but tedious calculations show that
. 1 ,
Re {fo(e’a)} =2 and Im {fo(ele)} =0,

so that fo(z) = —% on the unit circle |z| = 1 except at the point z = 1. Now, consider the Mobius transformation

w = =u+1iv,
1-z

which maps D onto the right half-plane Rew = u > 0. Calculations show that

1
(2
fold) = @ =D

o —v? -1+ 2uw
O (u+1)2 402

exp (Re 2(w — 1)))

exp(2(u—-1)), u>0.

Now we observe that:

(a) Each point z such that |z| = 1 (z # 1) is carried onto a point w on the imaginary axis so that u = 0 and
fo(z) = -1/

(b) If uv = 0, we observe that the positive real axis
fw=u+iv: u>0,0=0}

is mapped monotonically onto the real interval (—1/e?, co).
(c) Finally, each hyperbola uv = ¢, where c is a non-zero real constant, is carried univalently onto the set

2
u? — (ﬁ) -1
wy = W exp(2(u — 1)) + 2cexp(u—-1)) :u > 0¢,
which is the entire line {wq = u1 + ivy : —o0 < Uy < oo},

Thus, the log-harmonic Koebe mapping fo(z) is univalent in ID and maps ID onto the entire plane minus the real
interval (—co, —1/e%]. Figure 3 shows that the image of D under Koebe mapping and log-harmonic Koebe mapping.

Case 2. For a =1/2, by (7), we have

z

P1@) =7 =1

and from (8), we obtain

g(z) = exp (12:) = exp [i z”],

n=1

1 iz eXp(li_z) = exp (i (1- %)z”],

n=1

h(z) =

From (9), we obtain the univalent log-harmonic right half-plane mapping

Z

—Z
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(a) The Koebe function (17#2)2 (b) The log-harmonic Koebe mapping fo(z)

Figure 3: Images of ID under Koebe mapping and log-harmonic Koebe mapping

We claim now that f% (D) = {w : Rew > —%} In order to prove this fact, we set z = 9 (0 < 6 < 2n) into (12).
Then a straightforward calculation shows that
. 1 : 1 0
o\ _ _ & oy — — el
Re{f%(el )} =% and Im{f%(e’ )} = % cot > eRR,
so that f% (z) maps the unit circle |z| = 1 (z # 1) onto the line u = —é. With C = 1% = a+ib, wherea > —=1/2, —co <
b < co for z € I, the log-harmonic mapping f1(z) takes the form

&

fi@) = @+ib)exp(2a), z= o= 1+C

This shows that f1 o 17! maps each vertical line
C=ag+ib, ay>-1/2, —co<b< 0,
monotonically onto
{w=u+iv: u=ayexp(ap) > —%, —00 < v = bexp(2a9) < oo},
where these lines correspond to circles in the unit disk. This shows that the mapping w = f1(z) sends ID univalently
onto the right half-plane Rew > —o-. The images under f1(2) of concentric circles and radial segments are shown in

Figure 4(b). For a comparison we include the images of analytic right half-plane mapping and the log-harmonic right
half-plane mapping. See Figure 4(a).

Example 2.3. (Log-harmonic two-slits mapping) We know that s(z) = z/(1 — z?) maps D onto C\{u + iv : u =

0,|v| = 1/2}. Let us now construct a log-harmonic two-slits mapping. Consider LS(z) = zh(z)g(z) € Sy, with

_zh(z)
9(2)

@@ _
1+ 2z () /h(z)

9(2) 5(2) = and  p(z) =

z
1-22
Thus, as before, we have

272

T and (logg) (z) - z* (logh)’ (z) = z.

z(logh)' (z) —z(logg) (z) =
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(a) The right half-plane mapping 1% (b) The log-harmonic right half-plane mapping f1 (z)
2

Figure 4: Images of ID under right half-plane mapping and log-harmonic right half-plane mapping

Solving for the solution yields
z(1 + z%)

(logg) (z) = a-2y

Integrating with the normalization h(0) = g(0) = 1, we arrive at

9@ = V1-Zexp (1 iz) = exp {i (1- ln)ZZ"],
n=1

2
9(2) 1 z . 1y 2
h(z) = T mexp(l_z2)=exp[2(1+ﬁ)22 ],

n=1

and thus,

2z

2
LS@) = 9@y = 7 fz2 1 - 2% exp (Re(l_—ZZ)) (13)

By Theorem A, we know that LS(z) is univalent and starlike in ID. We now claim that LS(z) maps ID onto the
two-slits plane C\{u + iv : [v| > 1/e}. The images of D under s(z) = z/(1 — z2) and log-harmonic two-slits mapping
LS(z) are shown in Figures 5(a) and 5(b), respectively.

In order to prove that LS(D) = C\{u +iv : [v| > 1/e,u = 0}, set z = ¢! (0 € (0, ) U (1, 2m)) into (13). We have

. sinf _1_{ ifle for 0<6O<m,

LS i0 —
) ZIsinGIE —ife for m<0O<2m,

which shows that LS(z) = +i/e on the unit circle except at the points z = £1. The arqument similar to the analysis of

Example 2.2 gives the desired claim and we omit the details.

Remark 2.4. The above three univalent log-harmonic mappings play the role of extremal functions for many extremal
problems over the subclasses of Sty.
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(b) The log-harmonic two-slits function LS5(z)

Figure 5: Images of ID under s(z) and L5(z)

3. Coefficients estimate for log-harmonic starlike mappings

4221

Let 51(2) = Yoeoan2" and s1(z) = Y byz" be analytic functions in ID. We say that s1(2) is subordinate to

52(z) (written by s1(z) < s2(z) or simply by s1 < sp) if

for some analytic function w :

Chapter 6] or [16, p. 35].

51(2) = s2(w(2))

D — D with w(0) = 0. Then, by the Schwarz lemma, |w(z)| < |z| and
lw’(0)] < 1 so that [s](0)] < [s7(0)|. For additional details on subordination classes, see for example [11,

Lemma 3.1. ([11, Theorem 6.4]) If s1(z) < s2(z), where 5;(0) = 0 and s/(0) = 1 (i = 1,2), and

(@) ifs, €C, then |a,| <1forn=2,3,---;

(b) ifs, € S*, then |a,| < n forn

=23,

Theorem 3.2. Let f(z) = zh(z)ﬁ belong to S;, (@) (0 < a < 1), where h(z) and g(z) are given by (2). Then for all

nx>1,

2(1-a)
—

la, — byl <

Moreover,

(@) Il <20 -a)+1;
(b) [l < 2(1 — ) + 221,

Equality holds if f(z) = f.(z) or one of its rotation, where f,(z) is given by (9).

Proof. Let f(z) = zh(z)ﬁ belong to Sj, (a). Then we have

0c<Re(

zf2(2) — Zf:(2)

f@@)

h@ 9@ )

(14)
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By (2) and Theorem A, we obtain

zZ'(z) z9'(z) 1+(1-20a)z
0 - i) < 1> , zeD, (15)

which is equivalent to

1 zh'(z) _z9 "(z) n@a, —b ) z
2<1—a>( TG ) Z 21-a) " “1-7

Also, since z/(1 - z) is convex in ID, by Lemma 3.1, we get

nla, — byl
— " <1 f >1
20—a) — - o =Y

and (14) follows.

The coefficient estimate inequalities (a) and (b) of Theorem 3.2 were obtained in [14, Theorem 2.6].
Finally, it is evident that the equalities are attained by a suitable rotation of h(z) and g(z) given by (9). The
proof is complete. [

For & = 0, one obtains the coefficients estimate of the starlike log-harmonic mappings f € S;,, f(z) =
zh(z)g(2).

Theorem 3.3. Let f(z) = zh(z)ﬁ be a log-harmonic mapping in 1D, where h(z) and g(z) are given by (2), and satisfy
the condition

(o)

anan—bnlﬁl—a (16)

n=1
for some a € [0,1). Then f € S}, ().
Proof. By using the series representation of h(z) and g(z) given by (2), we obtain

2f(2) - Efz(z)) ) S
Re( @ = Re [1 + ; n(a, — by)z ]

(e8]

Z n(a, — b,)z"

n=1

(o]
>1—anan—bn|2a.
n=1

By (16), the desired conclusion follows. [

>1-

In particular, « = 0 in Theorem 3.3 provides a sufficient coefficient condition for the log-harmonic
mappings of the form f(z) = zh(z)g(z) to be starlike in ID.

4. Growth and Distortion Theorem

In this section, we introduce the subclass Cy, of Sy, which yields sharp growth and distortion estimates,
where Cyj, is defined by

Cu = { feSu: ) = 2hz)3@, Z;é? - 1%2}

The following two theorems are the growth theorem and distortion theorem for the class Cr,. We remark

that Theorem 4.1 below follows from [1, Theorem 3.1] and [14, Theorem 2.4] because of the fact that Cyy, is
the subclass of S, (@) for a = 1/2.
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Theorem 4.1. Let f(z) = zh(z)g(z) € Crp. Then for z € ID we have

(@) i exp(52) < @) < o exp (1)
(b) exp () < 1) < exp (155);
—2l2| 2| 2|z|

© s exp () < 1) < 55 exp ()
The equalities occur if and only if f(z) is of the form 1f1(nz), In| = 1, where f1(2) is given by (12).

Theorem 4.2. Let f(z) = zh(z)g(z) € Crn. Then for z € ID we have
2] 20 .
@ iy exp () < 1£0) < o exp ()
] 2l ] 20 .
(b) ity exp () < 1£@)] < iy exp ()
©) g exp () < IDf@ < T exp ()

The equalities occur if and only if f(z) is of the form 1f1(nz), In| = 1, where f1(z) is given by (12).

Proof. Let f(z) = zh(z)ﬁ € Cry. In view of (12), we find that

zh (z) @ 2
i) oo

£(2) = (h(z) + 2 (2)7@) = (1 N

Now the relations

hiz) 1 _ 1+2zW(2)/h(z) — z4'(2)/ 9(2)
0o 1=z o 1@ = 1+ 20 @)/h()
give
ZW(z) z9'(z) 1
h(z) B g(2) T 1-2z
and
14 zh'(z) 1

hz) (- p@)(1-2)
so that f,(z) takes the form

f(2) = ( lgz)P,

1
1-u(@)(1 -2)?
where u € 8 with p(0) = 0. Similarly, we see that

T p(z)/z z
f(2) = 2h(2)g'(2) = ((1 T Z)) T Zlg(Z)IZ.

For |z] = v, we have
1

“1-r

‘ 1
1-u(
by (a) and (b) in Theorem 4.1, so that

1 u(z)/z
Sl—r and T

1 ox (—27
1+7)3 Plier

)s @< _17)3 e"p(12r )

—-r

and
—2r

a -:r)3 eXp(l n r) <lF@l<7 —rr)S e"p(lz—rr)’
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which prove (a) and (b) of Theorem 4.2. Using these two inequalities, we obtain that

_ 1 2
DI = EAG) 24 < EILGN + £@D < n—exp (1)

and

IDf@ = 2£:(2) - 2@ 2 EN (£)] - 1) = fof) op(177)

)3 1+7r
which proves (3) of Theorem 4.2.
Finally, equalities occur if and only if u(z) = 7z, |n| = 1 which leads to f(z) = nf1(nz). O

5. Open problems

The function fy given by (11) plays the role of the Koebe mapping in the set of log-harmonic mappings
(see also [4]). As an analog of analytic and harmonic Bieberbach conjectures, it is natural to propose the
following:

Conjecture 5.1. (Log-harmonic Coefficient Conjecture) Let f(z) = zh(z)g(z) € Sy, where h and g are given
by (2). Then foralln > 1,
@) lanl <2+ 1;

(b) Ibul <2 - %;
(C) |an - bn| < %

We remark that if (b) and (c) hold in Conjecture 5.1, then, by (c), we can obtain

2 2 1 1
la,] < —+la < = +2—-==2+—.
n n n n

Thus, it suffices to prove (b) and (c). It is worth pointing out that Conjecture 5.1 is true for starlike
log-harmonic mappings, see [6, Theorem 3.3] and the case a = 0 of Theorem 3.2.

Conjecture 5.2. (Log-harmonic 1/¢>-Covering Conjecture) For f € Sy, we conjecture that f(ID) covers the
disk {w € C : |w| < 1/e2}.

For log-harmonic Koebe mapping fy(z) defined by (11), the constant 1/¢* (see Example 2.2) cannot be
improved. In [4], it was shown that the range of f € Sy, covers the disk {w € C : |[w| < 1/16}.
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