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Abstract. In this paper, we are concerned with some density estimations of vector-valued measures in
the framework of the so-called mixed multifractal analysis. We precisely consider some Borel probability
measures that are no longer Gibbs and introduce some mixed multifractal generalizations of densities in a

framework of relative mixed multifractal analysis. Results on multifractal regularities are developed in the
new framework.

1. Introduction

A first step in the mixed multifractal analysis has been developed by the same author for one very
restrictive class of measures known as the self-affine measures [27] dealing precisely with Rényi dimensions
for finitely many self-affine measures. Next, motivated by this study, a mixed multifractal analysis has been
developed in [5, 28] for vector-valued measures in some more general contexts. By assuming a restrictive
hypothesis looking like Gibbs-type measures and by proving a general mixed large deviation formalism a
mixed multifractal formalism has been proved. In [5] and [6] a mixed multifractal analysis inspired from
the one for measures has been developed in the functional case. By concentring a vector-valued Gibbs-
like measure on the singularities set of finitely and simultaneously many functions, a mixed multifractal
formalism for functions has been developed. General results for almost all functions have been proved and
a mixed multifractal formalism have been proved for self-similar quasi self-similar functions as well as their
superpositions (which are not self-similar neither quasi self-similar). For more details and backgrounds on

multifractal analysis as well as the mixed generalizations the readers may be referred also to the following
essential references [5, 27, 38-46].
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In this paper, we are concerned with the multifractal analysis of measures in a mixed case (which can
already be adapted to single cases) where the hypothesis of the existence of Gibbs-like and/or doubling
measures supported by the singularities sets is relaxed. We aim to consider some cases of simultaneous
behaviors of measures where the local Holder behavior is controlled by a special and suitable function that
allows the extra-hypothesis of Gibbs-like measures not to be necessary.

In the present paper, we are precisely focusing on some density estimations of vector-valued measures
in a general framework of mixed multifractal analysis for measures that have been developed recently
in pure mathematics to extend the multifractal analysis. However, in the applied point of view, mixed
multifractal analysis has been developed independently especially in physics and statistics ([18, 23]). We
propose to extend the existing cases of mixed multifractal analysis of measures to the more general context
that will englobe all the existing cases as special ones by introducing a mixed density notion where the
hypothesis of being Gibbs for the measures is no longer assumed. For backgrounds, we may refer to
[1,2, 11-13, 21-23, 36, 37].

The problem studied here has been the subject of several studies. In [2], some multifractal densities in
the framework of single multifractal analysis have been investigated. Motivated by [2], an extending study
has been developed in [4] where the hypotheses on the applied measure have been revised. The theory was
next applied to a case of quasi Ahlfors regular vector-valued measures introduced in [21]. Next, in [22] a
more general mixed (and thus single) multifractal analysis for vector-valued measures has been developed
extending all the existing cases ([3, 12, 25, 42]) and where the hypothesis of being Gibbs-like is no longer
necessary for the applied measures. Instead, a gauge control function ¢ is included in the definition of the
Hausdorff and packing measures to best control the local behavior of the vector-valued measure p. In the
present paper we aim to consider the last context of mixed multifractal analysis developed in [22] and to
develop some mixed multifractal densities estimations extending the results of [2, 4, 9, 12, 14, 15, 20, 25—
27,29, 30, 32-34, 36, 37].

Finally, we recall that this work has been reformulated with more generalities, extensions and all the
necessary details in the form of a chapter. Eventual discussions of the usefulness of the theoretical results
as well as concrete applications have been developed in [7]. This will respond to readers’ suggestions and
wishes. See also [10] for more applications.

The next section is devoted to the presentation of the general settings of the present study. Section
3 is devoted to the main results. In section 4, results on the regularities of the ¢-mixed multifractal
generalizations of Hausdorff and packing measures are developed leading to the decomposition theorem
of Besicovitch’s type. Section 5 is concerned with an application of the previous results in which a necessary
condition for a strong regularity with the gp-mixed multifractal generalizations of Hausdorff and packing
measures has been established. Section 6 is an appendix in which some useful well-known theorems have
been recalled.

2. The ¢-mixed Hausdorff and packing measures and dimensions

In this section, we review briefly the @-mixed multifractal generalizations of the Hausdorff and packing
measures and dimensions already developed in [22] and [35], and thus we introduce the general settings
and context for our study to be developed next.

Let k € N be a fixed integer and u = (u1, o, ..., ux) be a vector-valued measure composed of Borel
probability measures on R? with common support equal to supp(u). Let also ¢ : R, — R be such that

@ is non-decreasing and ¢(r) < 0 for r small enough. (2.1)

For x € R? and r > 0 we denote B(x, r) the ball of radius r and center x and
u(B(x, 1) = (B, 1), ..., w(B(x, 7))
and for q = (91, 92,..-,9k) € R, we write

(uB(x, )T = (1 (Bx, )™ ... (ur(B(x, ).
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For E C RY nonempty, € > 0 and t € R consider the quantity
7 . :
‘}fy,(p,e(E) = inf { Z(H(B(xu 7i)))qet(p(rl) } ’
i

where the inf is taken over the set of all centered e-coverings of E, and for the empty set, %gi((b) = 0.
Consider next — —
H o (E) = leiﬁ’)l H yp,e(E).

The @-mixed multifractal generalization of the Hausdorff measure is
t _ -5t
%ﬁl(p (E) = sup A, ,(F).
FCE

Similarly, we introduce the ¢-mixed multifractal generalization of the packing measure as follows. Let

ﬁgio,e(E) = sup { Z(#(B(xi, r;))) et }

where the sup is taken over the set of all centered e-packings of E. For the empty set, we set as usual
—qit
1@2#,15((2)) = 0. Next, we denote

_q/t . _q/t . _q/t
2 4 o(E) = 1551 Pupe(E) =inf P, (E)
and finally we obtain the ¢p-mixed multifractal generalization of the packing measure as

q.t s —qt )
LB = inf Y T (E).
1

The following theorem resumes some properties of the gp-mixed multifractal measure %qq,t introduced
above.

Lt t .
Theorem 2.1. j‘ff({, and @ZW are outer metric measures on R%.

It holds as for the case of the multifractal analysis of a single measure that the measures J‘ff(;, gzgr'fp and
q,t

the pre-measure ?WP assign a dimension to every set E C R?. More precisely, the following result hold.

Proposition 2.2. Given a subset E C RY,
1. There exists a unigue number dier(p(E) € [—o0, +o0] such that

+oo for t<dim! (E)
ot wep
Ho(E) = { 0 si t>dim] (E).

2. There exists a unique number DimZ,(IJ(E) € [—o0, +0] such that

+oo for t< Diml (E)
y e
BZZW(E) = { 0 for t> Dimzrqj(E).

3. There exists a unique number AZ/(P(E) € [~o0, +00] such that

_ +oo for t< AT (E)
q.t e
P 1p(E) ={ 0 for t>Al(E).
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Definition 2.3. For all set E C IR?, we have

o dimZ,(P(E) is called the p-mixed multifractal generalization of the Hausdorff dimension of the set E.
. Dimz,(p(E) is called the p-mixed multifractal generalization of the packing dimension of the set E.

o AZ/({,(E) is called the g-mixed multifractal generalization of the logarithmic index of the set E.

When E = supp(u), we denote respectively

bue(q) = dimz,q)(E), Buy(q) = DimZ/(P(E) and Ay (q) = AZ/(’)(E).
Next, we aim to study the characteristics of the mixed multifractal generalizations of dimensions.
Proposition 2.4.

a. bZ,(P(.) and BZ#’(') are non decreasing with respect to the inclusion property in R%.

b. b}, () and B, () are o-stable.
c. The functions g — B,,,(q) and q —> A\, ,(q) are convex.
d. Fori=1,2,..,k, the functions q; = by(q), g = By,(q) and q; —> N ,(q) are non increasing.

e. bp(q) < Buo(q) < Aup(q).

More details about such measures, dimensions, the associated multifractal formalism for non necessary
Gibbs measures and also on applications and links to existing cases may be found in [22] and [35]. For
example, for k =1, ¢ = log, q = 0, we come back to the classical definitions of the Hausdorff and packing
measures and dimensions in their original forms.

3. The p-mixed multifractal densities

In this section we propose to develop our main results by introducing a mixed type of multifractal
density for vector valued non necessary Gibbs measures relatively to the ¢-mixed multifractal analysis
developed in [22], [35]. Consider a vector valued measure p = (u1, la, ..., tx) composed of probability
measures on IR?. For x € supp(u), we define the upper and lower (q, f)-densities of a probability measure v
with respect to y and ¢ by

gl ) = lim supM and d¥ (x,v) = lim infM.
N 0 H (B(x’ r))qet(p(r) - =0 [J(B(x,r))qet(f’(r)

Fora>1land1<j <k wewrite

Pé(y) = limsup
N0

u j(B (x, ar))
sup ——|.
xesupp() ‘Ll](B(X, 1’))
We will now say that the measure y satisfies the doubling condition if there exists a > 1 such that P{;(y) < o0
forall 1 < j <k. Itis easily seen that the exact value of the parameter 4 is unimportant: P)(u) < oo, for some
a > 1if and only if P)(u) < oo, for all a > 1. Also, we will write 2(IR?) for the family of Borel probability
measures on R? and Zp(IRY) for the family of Borel probability measures on R? which satisfy the doubling
condition. Our first main result which extends the results of [2, 4, 12, 14-16, 26, 27, 32, 34] is stated as
follows.
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Theorem 3.1. Let E be a Borel subset of supp(u).

1. If %qt(E) < oo, then there exists a constant & > 0 such that

E%q ‘(E) inf dy (P(x v) < W(E) < A0 (E) sup HZ’;(x, V),
XE

2. Let ¢ be a doubling function and u € Zp(RY). If %[’qﬁ(E) < oo, then

q)(E) 1nfdw,(x,1/) <V(E) < M,(E) sup dw,(x,v).

3. If L@HP(E)<oo then

21 (E) mfd’” L (x,v) S V(E) < 7)), o(E) supd dir (x,v).

Proof.

4229

(3.1)

(3.2)

(3.3)

—q,t
1. Denote m = inhf d:(p(x, v). Without loss of generality we may assume that m > 0. Let ¢, > 0, and
X€ !

F C E be closed set such that n < m. Let finally H C F and denote for 6 > 0,

By(F) = {x € RY; dist(F,x) <.
As Br(6) \, F whenever 6 \ 0, there exists 6y for which
€
v(Br(5)) < v(F) + 5T V0 <6< .

Let next 6 < §y be such that

A (H) ~ T — < < Ty o(H).

and denote

% = (Bl x €0 <r <5 and v{Bx,1) 2 (n = (B )"e).

By applying Theorem 6.1, there exists a & countable or finite set (T} )1<i<e, with T}

i Be,U

—q,t €
T g E)am = 1) +

(m— U)Z‘Z B(xlj’rl]) #0i) g

3
< ; V( k]) B(xij, 1’1']')) + g < éV(Bp((S)) +
< v(F)+e<v(E)+e.

T (H)m — 1)

IA

IA

NI @™

= (B(xi]-, rij))j, such

that, for each i, Z’ consists of pairwise disjoint sets and H C U U B. We then obtain

—qt
We now prove the second inequality of (3.1). Denote M = sup dfw’ (x,v), &,1>0,s € N and consider

xeE

the set

E = {x €E, v(B(x, r)) <M+ r]),u(B(x, r))qet‘/)(’) and 0 <r< %}
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There exists a (1/s)-centered covering (B(xi, ri))i of E;, such that
N N O _&
Zi‘ “(B(x”rl)) er s %W%(ES) T M+ n

Consequently,

v(Es) < Z V(B(X,',T’i))

i

(M +1) Z #(B(xi, ri))qet“)(r’)

IA

< M)Ay, (E)+e.
As E; N\, E whenevers /" oo, we get

WE) < (M + ) (E) + .

q,

—qt
. Letm = inhfdy »(x,v). Without loss of the generality we may assume that m > 0. Consider for s € IN*
X€ ’

the set
yj(B(x, r)) @(r)

We claim as previously, that for any € > 0,0 < 1 < m, s € IN*, for all closed subset F C E; and for any
H C F, we have

1
<s,¥V1<j<kand <s,0<r<g}.

—qt
Ay (H)(m — 1) < V(E) +e¢, (3.4)
which in turns yields that
A (F)m =) < v(E) + e
and
AN (E)(m = 1) < v(E) +e.
Next, as E; /* E whens " oo we get

H(E)m —1n) < v(E) +e.

It remains to prove the inequality (3.4). To do this, we consider for 6 > 0 the set
Iy = {B(x, r),x € H,5r < 6 and V(B(x, r)) > (m— n)y(B(x, r))qet‘P(r)}.

Next let (B (x;, ri))l, be the countable disjoint sub-family of Ts defined in Vitali’s Theorem 6.4, such that

k
H\ U B(x;, 1) C U B(x;,5r1), Vk>1. (3.5)
i=1 ik
From the definition of E;, there exists a constant c = ¢(q, t,s) > 0 such that

ZH(B(xi, 51’i))q€t(’7(5r") c Z y(B(x,-, ri))qet‘P(”)

1

¢ (m=n™Y v(Blx,r))

c(m-— n)_lv(UB(xi, r,-)) < 00,

IA

IA

IA
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We deduce that there exists an integer N, such that
- 5ry) 6?6 < €y — )1
Zy(B(xl,5r,)) e < 3(rrz ).

i>N

. _q/t .
Moreover, since 7 e (H) < 00, we may choose 6 < 89, with

—qt € —q,t
%HKP(H) - 3(7’7’1——77) < %}l,(p,(‘)(H)' (3.6)

It follows from (3.5) and (3.6) that

gt =) < Ty (H)om =) + 5
< ZM(B(xi, Sri))qew(sm + Z y(B(xi, ri)>qetqo(ri) + g
i>N i<N
< ZV(B(X,‘, l’,‘)) + 23—6

i

Recall now that when 0 | 0, there holds that Bp(0) \, F. Consequently, there exists 69 > 0 for which
€
v(Br(9)) < v(F) + 3 0 <56 <0n.
This implies that
—qt 2e
T g (H)(m = 1) < v(Br(9)) + T svb+e
. We start by proving the right inequality of (3.3). Denote a = sup glgfp (x,v) and let F C E. It suffices to

xeE

prove that

WF) <aPy,(F),  YFCE. (37)

Indeed, whenever (3.7) holds, we consider a covering (E;); of E and obtain
vE) = V(U ENE)) < Y WENE)<a) DL ENE)<ay Pry(ED.

Taking the inf over all the coverings (E;);, the result follows immediately. We now proceed by proving
(3.7). Let F C E, €,1,6 > 0 be such that

qt

— —q,t €
P o) < P o(F) + .

a+n

Consider next the set

Ts = {B(x, r,x€Fr<6 and V(B(x, r)) <(a+ U)#(B(X, r))qef@(r)}.
By Theorem 6.3, there exists a 6-packing (B (xi, ri))i C I of F satisfying
V(F \ U;B(x;, 1’1')) =0.

Moreover, we have

v(F) = V( Ui (F N B(x;, 7’i))) < Z v(B(x;, 1) < (a + 7]) Z [J(B(xi, rl,))qet(p(r,-)

i

< @+ Prys(F) <@+ mPry(F) +e.
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Letting € — 0, we obtain

—q,t
V(F) < @+ 02, (F).
Next, making  — 0 equation (3.7) follows immediately.
We now proceed by proving the left inequality of (3.3). Denote m = ing c_lg’fp (x,v) and assume with out
X€ 4

loss of the generality that m > 0. We just need to prove that
PYE)m—1) <v(E)+e,  Ye>0, Y0<n<m.
Fix ¢ > 0 and 0 < n < m. It is sufficient to prove that, for any closed subset F of E,

DL (F)m —n) <v(E) +e.

Recall here again that, if 6 \, 0, then Br(6) N\, F. So, there exists 6y satisfying
v(Br(®) < v(F)+e, Y0 <6< 0.

For s € N, consider the set
1
F, = {x € F,v(B(x, r)) > (m— n)y(B(x, r))qet‘P(r), for 0<r< ;}.

Fixse Nand 0 < 6 < sup{%, Op}. Let (B(x,-, ri))l, be a centered 6-packing of F;. Then,

(m—-n) Z u(B(x;, r;))3eP0) < Z v(B(x,-,ri)) = v( U; B(x;, r,-)) < v(Bp((S)) <v(F)+e<v(E)+e.

1
Hence,
—q,t —q,t
PN = 1) < Pt (F)im =) < Py s(Fs)m = 1) < v(E) +e.
AsF; /' Fwhens / oo, we obtain

PY(F)(m —n) <v(E) +e.

O

In the following part we propose to link the previous estimations of the ¢-mixed multifractal densities
to the exact computation of the both @-mixed generaliations of Hausdorff and packing measures and
dimensions. We will show precisely that these densities permit in some special cases to compute the
@-mixed multifractal generalizations of both Hausdorff and packing dimensions of sets characterized by
the existence of some suitable measure(s) supported on them. This problem has been the object of several
papers such as [2, 4,12, 32], ...

Let E C IR? be a Borel subset and denote by %itq({f LE (resp. L@ﬁl’;LE) the s-dimensional centered Hausdorff

measure %’ﬁ; (resp. t-dimensional centered packing measure @3”;) restricted to E (if the Hausdorff or

packing measure of E is zero, then the restriction measure is in fact a zero measure).
+ .
Forv = %ﬁl@ Lg, we define

—q,t _ =9t q.t —_ a9t
Dy,(p(xl E) - dy,(p(xl V) and Q[,L,(p(xl E) - éy/(p(x/ 1/).

Similarly, for v = 2% ;, we define

Hp

—at _ -t ot _ oaqt
Auo(x, E) =d, ,(x,v) and éﬁr(p(x, E)= glw(x, V).
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Whenever 52:;(36, E)= ngg(x, E) ( resp. Kzt;(x, v) = ég:fp(x, V) ), we write Dg:fp(x, E) ( resp. Agfp(x, E) ) for the
common value.

As a result of Theorem 3.1 we obtain the estimations

}Crelhf DE:;(x, E)<1< leig DZ:;(x, E) and }clelbf éZ’f(p(x, E)<1< sxlelllso égfp(x, E).
An interesting question is then to study the case of equality for the last inequalities. The equality means in
some sense that the measure v plays the role of the Gibbs measure constructed on the singularities set of the
vector valued measure p. Here, it means that the vector valued measure  when controled by the gauge
function ¢ permits the construction of a Borel probability measure v on the p-mixed singularities sets which
permit in turns to prove the validity of an associated variant of the multifractal formalism conjectured in
[22]. So, consider the sets

K={xeE DY E)=1), K=|xeE DV (xE) =1},

T=|veE AY (,E)=1}, T={xeE A, (v E) =1},
K=KNK and T=TNT.
The following result provides a description of these sets by means of their ¢p-mixed multifractal generaliza-
tions of Hausdorff and packing dimensions.
Theorem 3.2. Let E be a Borel subset of supp(u).

1. Let @ be a doubling function and u € Pp(R%). If A(E) < oo, then dim? (K) = t.

e e
a,t i -
2. If P,(E) < oo, then Dimy, ,(T) = t.
3. Let ¢ be a doubling function and u € Pp(RY). If @pr
@ Ay = Py

() D, (x,E)=1=D" (E) for P -aa xeE.
() ZZ'/ZP(x, E)=1= éz";(x, E) for 2" -aa xeE.

e
i r
4. If A = P, < oo, then

(E) < oo, then the following assertions are equivalent

sl (1) — dind — Jim? (T = dimd _
dim,, ,(K) = dim,, ,,(K) = dimy ,,(T) = dim,, ,(T) = t.
Proof. 1. We show firstly that

Bﬁff,,(x, E)<1, for #Y-aa xeL. (3.8)

Consider the sets

F= {x €E, )

(6 E) > 1}

and .
—qt
E, = {x €E, DU (xE)>1+ Z}’ meN.

It follows from (3.2) that

1
(14 33 o8 CE) < 25 E.

Consequently, f%’ﬁ (F,;) = 0. Since F = UF,,, we obtain (3.8).
m
We now prove the inequality

(x,E) for #Y-aa xeE. (3.9)

—qt
1<D iy

e
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We consider as previously the sets
G={xeE, Dy, E) <1
and
—{reE DY (E)<1- N
Gm—{xe , W(x, ) < _Z}’ m € IN.
Applying (3.2) we obtain
1
(1- 4 ) 2t(G = #25G.
Then, jifﬂqf (Gim) = 0. Since G = UGy, we obtain (3.9). Finally, (3.8) and (3.9) lead to the desired result.
2. The proof is similar to assertion 1.

3. (a) = (b). It follows from assertion 1 that for y € &’p(E) and %‘ﬁg (E) < c0. Thus

_qlt _ q/t

D,,(x,E) =1 for ) ,-aa x €E. (3.10)
Next, observe that

+ *

H e (F) = 24 (F), forany FcCE. (3.11)
Thanks to (3.10) and (3.11), we get

—q;t _ qt

DMO(x, E)=1 for #,-aa x€E. (3.12)
Now, we consider the sets

F={xeE DV (x,E) <1,

and ,
_ qt
F, = {x € E,Q},/q,(x,E) <1- E}' m € IN.

From Theorem 3.1 and (3.12), we obtain
1

PFw) = A2 E) < (1= ) ZEED).

This implies that 9:},’;(13,”) =0. As F = UF,,, we obtain f@ﬁ/’;(F) =0,i.e.
m
qt qt
Dyo(x,E)>1 for Z,-aa x€E. (3.13)

Finally, (3.12) and (3.13) lead to (b).
(b) = (a). Consider the set

F={xeE D}, (xE) =1},
It follows from Theorem 3.1 and (b) that

q,t —_ Ut qt q.t qt
Pup(E) = Pyo(F) < A6 (F) < A6 (E) < P/, (E),

which yields that % (E) = 2%, (E).
(b) © (c). It may be checked by following similar techniques as in the proof of ((a) = (b)).

4. It is an immediate consequence of 3.
O
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Remark 3.3. This result is important as it consists of a first information leading to the computation of the multifractal
spectrum due to the introduced densities. Indeed, related to the original form of the multifractal spectrum, the starting
point is to establish an estimation of the form

v(B(x, 1)) ~ (u(B(x, )7e?0, - 0.
For example, when ¢ is the classical logarithm (p(r) = logr), we obtain an estimation of the form
v(B(x,7)) ~ ((B(x,1)"(2N"*¢, 10

which in the case of a Holderian (Gibbs) measur p means that the densities considered above are all equals 1 and thus
permits to compute the multifractal spectrum (evaluated as the Hausdorff dimension of the level sets of the densities)
by means of a Legendre transform of a convex function issued from the multifractal generalized dimensions bZ,(p, B

q
and AM,.

q
Hp

4. Regularities of ¢-mixed Hausdorff and packing measures

In this section, we will prove a decomposition theorem of Besicovitch’s type for the ¢p-mixed multifractal
generalizations of Hausdorff and packing measures.

Definition 4.1. Let E C supp(u) be a Borel set with 0 < %’%(E) < +oo. For backgrounds the readers may refer to
[1, 31-33].

1. A point x € E is called jﬁ%—regular point of E if DZ’;,(x, E) exists. Otherwise x is a jif%—irregular point.

2. Eis said to be ) -regular if 7,1 -almost all its points are ;1 -regular.

3. Eis said to be A -irregular if 7} -almost all its points are ;%-irregular.
Remark 4.2. Similarly, we define the reqularities for the relative @-mixed multifractal packing measure ;@Z/’fp by
replacing 7,7, in Definition 4.1 above by 2/,

Lemma 4.3. Let E C supp(u) be a Borel subset and F C E be %’fé—measumble.

1. Whenever %’ﬁ;(E) < oo we have

=t _ =t q.t _ 1t q,t
D,,(x,E) =D, ,(x,F) and Dy, (x, E) = D/, (x, F), for 7, ,-a.e.x € F.

2. Whenever @pr(E) < oo we have

—at -t ’
Auo(x, E) = Ay, (x, F) and ézi’ip(x, E) = éﬁ’/ip(x, F), for %’%—a.e. x€eF

Proof. Letv € 2(R?) and define the measure vr by
ve(A) = v(F N A),

for all Borel set A. Assume that %‘ifqu (E) < 00. We will prove that for %’ﬁ -a.e.x€F,
t

—at e
dy,(p(xr V) = dy,(p(xr VF) and dg:fp(xl V) = dg:fp(x/ VF)' (41)

Indeed, we already now that

+ + ~at it
dy,(v) 2 dy (xve)  and  d, (x,v) 2 d,,(x,vp).
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Denote next A(A) = v(A\ F) for all A C X. Then,
V(A) = (AN (FFUF)) =v(A\ F) + V(AN F) = A(A) + vi(A).

It holds that .

4% (x,v) < AV (6,vr) + By, (6, A) and Dy (3, v) < Aoy (5, ) + By (3, 1):

Consequently, it suffices to show that Hz; (x,A) =0. So, for k € N, let

—qt 1
Fo={reF a2 1.
By (3.1), we immediately conclude that

éjﬁ%(ﬂ) <AF) =v(E \F)=v(@) =0, forall k>1,
which yields that Eg:;(x, A) =0, for %’ﬁg-a.e. x € F and thus leads to (4.1).

Now, in (4.1), taking v = %’ﬁ L (resp. v = @:’;LE ), we obtain Assertion 1 (resp. Assertion 2) of the
Lemma. [

Lemma 4.4. Let E be a Borel subset of supp(u) with BZZ:;(E) <ocoand F = {x €E; NG

1
Borel subset of F such that %’f(’;(G) =0, then ,@Z:;(G) =0.

(x,E) < +oo}. IfGisa

Proof. It follows from (3.1) by taking v = 93,’;%. d

Theorem 4.5. Let E be a Borel subset of supp(u), ¢ satisfying (2.1) and u € Zp(R?).
1. If A7 (E) < +o, then the set of ;" -regular points of E is J,y-regular and the set of ' -irregular points
of E is 7 -irregular.
2. If P(E) < +oo, then the set of Py,-regular points of E is 2;1,-regular and the set of 2}/,-irregular points
of Eis ,@Z:;—irregular.

Proof.
1. PutF = {x €E; ngfp(x, E) = 1}. Since F C E and %‘}J(E) < oo, from Theorem 3.2, we haveﬁgfp(x, F)=1,
for e%’j%—a.e. x € F. So, we only have to prove that Qf,fp(x, F) =1, for %’ﬁ}(g—a.e. x € F. Lemma 4.3
implies that

qt _ Pt qt
Dyy(x, F) = Dy(x,E), for 2 -ae. x€F

We therefore conclude that ngp(x, F) =1, for jﬁ% -a.e. x € F. Again, by Lemma 4.3,

—q;t _ —q;t q.t
D, (x,E\F)=D,,(x,E), for 7 ,-ae. x€ E\F

and
qt _ Pt q.t
Dyy(x, E\F) =Dy, (x,E), for J ;-ae x€E\FL
Finally, it follows that

A ({xe ENF, DI(x E\F)=1})=0.

2. The proof is similar to assertion 1.
0
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5. Application

Our purpose in this section is to establish a necessary condition for a strong regularity with the ¢-mixed
multifractal generalizations of Hausdorff and packing measures.

Definition 5.1. Let (X, .#, u) be a measure space and E, F in .#. We say that E is a subset of F u-almost everywhere
and write E C F p-a.e., if u(F\ E) = 0.

Consider the following sets

F={xeE DY,(,E)=1] and G={xeE AY,(xE)=1}.

Theorem 5.2. Let ¢ be as in (2.1) and u € Pp(R?). Let E be a @Z:fr,—measurable set with L@Z,’;(E) < oo and

ZZ’;(x, E) < +oo for all x € E. The following assertions are equivalent for any measurable subset B of E.

Lt _ Lt
1. AM(B) = 200(B).

P
2. 2,(F\B)=0.
3. 714(G\B)=0.

It is an easy consequence of the following lemmas.

Lemma 5.3. Let ¢ be as in (2.1), p € Pp(RY) and E be a Borel subset of supp(u) with WZ:;(E) < oo, For all
measurable subset B of E we have

A (B) = P%,(B) if and only if 2,(G \ B) = 0.

Proof. Without loss of the generality, we may assume that 9;}/’;(3) > 0. First, we suppose that %q(; (B) =
L@ﬁl’;(B). By Theorem 3.2, we obtain Agjfp(x, B) =1, for @:},’;-a.e. x € B. By Lemmas 4.3 and 4.4, we obtain

Agj;(x, B) = Azjfp(x, E), for @:},’;—a.e. x € B.

Now, assume that Agj;(x, E) = 1, for 2%}

p-a-e. X € B. Then, we easily see that Agjfp(x, E) =1, for AV qe.
x € B. Using Lemma 4.3, we get

1

qt —_ At q.t
Alo(x, B) = Al (x, E), for #%,-a.e. x € B.

We have Ag:;(x, B) =1, for C}“ﬁ%—a.e. x € B. From Lemma 4.4, we get AY (x,B) = 1, for P _ae. xeB.

e e
Finally, Theorem 3.2 permits to get %q(; (B) = 93,’;(3). O

Lemma 5.4. Let ¢ beasin (2.1), u € Zp(R%) and E be a ,@pr—meusumble set with @g’t (E) < co. Then

%
@Z/’;,(F \ G) = 0. Moreover, z_'fZZ’,;(x, E) < +00 on E, we get BZZ:;(G \ F) =0.
Proof. Without loss of generality, we may assume that @:}/’;(G) > 0. By using Theorem 4.5, we have
Agjﬁp(x, G) =1, for @;‘/’;-a.e. x € G. From Theorem 3.2, we obtain Dg:fp(x, G) =1, for yﬁjé-a.e. x € G. Hence,
Dzjfp(x, G) =1, for %‘Zf-a.e. x € G. Using Lemma 4.3, we get

=t _ =t qt _ nat .t
DWp(x, G) = Dw,(x, E) and D/, (x,G) = D/ (x, E), for Hpmae. x €G.

Then szp(x,E) =1, for %ﬂ;—a.e. x € G. By Lemma 4.4, Dgfp(x, E) =1, for @;}/’;—a.e. x €G.

The remaining part may be proved by similar techniques. [
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6. Appendix

Theorem 6.1 (Besicovitch covering theorem). [8, 19]. There exists & € N such that, for any subset A of R? and
any set of real numbers (ry)xea satisfying

1. n>0,VxeA,

2. supry < 0o,
€A

there exists & countable or finite subfamilies By, ..., Bs of {B(x, ry), X € A}, such that

1. A c U; Uges, B.
2. B; is composed of disjoint sets.

Lemma 6.2 (Vitali’s lemma). [19]. Let X be a bounded compact metric space and 9 a set of closed balls in X, such
that

sup{dim(B), B e %’: < 0.

Then, there exists a finite or countable sequence of disjoint balls (B;); C 9, such that

LBl J(5B)

Be# i

Theorem 6.3 (Vitali 1). [19]. Let p be a Radon measure on RY, A ¢ RY and % a family of closed balls, such that
each point of A is the center of an arbitrarily small ball of 4, i.e.,

inf{r, B(x,r) € %’} =0, forx € A.
Then, there exists a family of disjoint balls (B;); C %, such that
u(AN[ JB)=0.
Theorem 6.4 (Vitali 2). [17] Let X be a metric space, E a subset of X and 98 a family of fine cover of E. Then, there

exists either

1. an infinite (centered closed ball) packing {B(xi, ri)}i C B, with inf{r;} > 0,
or

2. a countable (possibly finite) centered closed ball packing {B(x,-, ri)}i C %, such that for all k € IN,

E\ ij B(x;, ) < |_) Bx, 5ri).
i=1

i>k
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