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Some Variants of Normality in Relative Topological Spaces
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Abstract. With each topological property $ one can associate a relative version of it formulated in terms
of the location of Y in X in such a natural way that when Y coincides with X, then this relative property
coincides with . Arhangel’skii and Genedi introduced this concept of relative topological properties in
1989. The concept of mild normality or x-normality was introduced independently by Singal and Singal
in 1973 and géepin in 1972. A few years earlier in 1969, Singal and Arya studied the concept of almost
normality. V. Zaicev in 1968 introduced the concept of quasi normal spaces while -normality was studied
by Kalantan in 2008. In this paper we study these variants of normality in a relative sense.

1. Introduction and Preliminaries

The main motivation behind the study of relative topological properties is actually the location problem
of how a certain space Y is located in a larger space X. In different situations topologists have studied
various relative topological properties. In [6] Grothendieck studied relative countable compactness. Rel-
ative topological dimensions was studied by Tkachuk [28] and Chigogidze [5]. A few others who have
contributed initially are Rancin [22], Dow, Varmeer [12], Koc¢inac [16] etc. A systematic study of relative
topological properties was begun by A. V. Arhangel’skii and H. M. M. Genedi in [1]. According to them
each topological property # can be associated with a relative version of it formulated in terms of the location
of Y in X in such a natural way that when Y coincides with X then this relative property coincides with #.
In [2] Arhangel’skii presented a survey on some relative topological spaces.

Normality is one of the most important topological properties and various versions of normality have
been studied in the past such as x-normality [23] or mild normality [24], almost normality [25], m-normality
[18], quasi normality [30], seminormality, A-normality [7] etc. Arhangel’skii in [1] defined normality in a
relative sense. In [1] Arhangel’skii introduced the concept of densely normal spaces which is a relative
topological property and proved its relationship with x-normality. In [3] Arhangel’skii’s raised a question
asking whether every x-normal regular space is a densely normal space and in [15] as an answer to
this question Just and Tartir have given an example of a Tychonoff x-normal space which is not densely
normal. Das and Bhat in [9] introduced another class of spaces which lies between densely normal spaces

and x-normal spaces. In the recent past various relative topological properties were investigated (see
[11, 13, 14, 20]).
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Among the above mentioned versions of normality in the present paper we study x-normality, almost
normality, quasi normality and 7-normality in a relative sense, prove some of their properties and their
relationship with one another and arrive at the conclusion that all other versions of relative normality
discussed in this paper lie between relative strong normality and relative x-normality. In other words
relative x-normality is the most generalized version of relative normality amongst the discussed variants.
Further, it is observed that in the class of f-normal spaces (or seminormal spaces) variants of relative
normality studied in this paper coincide with each other.

Let X be a topological space and A € X. Throughout this paper the closure of a set A will be denoted by
A and the interior by A°.

A set U C X is said to be regularly open [17] if U = U’. The complement of a regularly open set is called
a regularly closed set. The intersection (union) of two regularly closed (regularly open) sets need not be
regularly closed (regularly open). Therefore m-open sets and m-closed sets are defined as finite unions of
regular open sets and finite intersections of regular closed sets respectively.

Definition 1.1. A space X is said to be:

1. ([23], [24]) x-normal or mildly normal if for every pair of disjoint regularly closed sets A and B of X
there exist disjoint open subsets U and V of X such that Ac Uand BC V.

2. ([25]) almost normal if for every pair of disjoint sets A and B one of which is regularly closed and
other is closed, there exist disjoint open sets U and V such that ACc Uand B C V.

3. ([30]) quasi-normal for every pair of disjoint m-closed subsets A and B of X there exist two open
disjoint subsets U and V of X such that A c Uand BC V.

4. ([18]) m-normal if for every pair of disjoint closed subsets A and B of X, one of which is m-closed, there
exist two open disjoint subsets U and V of X such that Ac Uand BC V.

5. ([26]) almost regular if for every regularly closed set A of X and a point x ¢ A, there exist disjoint open
sets U and V such that Ac Uand x € V.

Definition 1.2. Let Y ¢ X. Y is said to be:

1. ([1]) relatively T; in X if for every y € Y, {y} is closed in X.

2. ([1]) normal in X or relatively normal in X, if for each pair A, B of disjoint closed subsets of X, there
are disjoint open subsets U and V in X suchthat ANY cUand BNY C V.

3. ([1]) strongly normal in X or relatively strongly normal in X, if for each pair A, B of disjoint closed
sets in Y, there are disjoint open subsets U and V in X such that Ac Uand BC V.

2. Variants of Normality in a Relative Sense

Definition 2.1. Let X be a topological space. Then Y C X is said to be:

1. relative x-normal in X if for every pair of disjoint regularly closed sets A and B of X, there exist disjoint
opensets U and Vin X suchthat ANY CcUand BNY C V.

2. relative almost normal in X if for any two disjoint closed subsets A and B of X one of which is regularly
closed, there exist disjoint open sets U and V in X suchthat ANY cUand BNY C V.

3. relative quasi normal in X if for any two disjoint 7i-closed subsets A and B of X, there exist disjoint open
sets Uand Vsuchthat AnNYcUand BNY C V.

4. relative m-normal in X if for any two disjoint subsets A and B of X one of which is n-closed and other
is closed, there exist disjoint open sets U and V suchthat ANY cUand BNY C V.

It is clear from the definitions that if X is k-normal (almost normal, quasi normal, T-normal), then Y € X
is relative x-normal (relative almost normal, relative quasi normal, relative -normal respectively) in X.
The following example shows that none of the converses are true.
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Example 2.2. Let X be the set of integers. Define a topology 7 on X, where every odd integer is open and
a set U is open if for every even integer p € U, the successor and the predecessor of p also belong to U.
Let Y be the set of all odd integers. Then Y is relative x-normal, relative almost normal, relative quasi
normal as well as relative 7-normal in X. But X is none of the absolute versions of these properties because
A =1{2,3,4} and B = {6,7, 8} are disjoint regularly closed sets in X which are 7-closed as well and there do
not exist disjoint open sets in X separating them.

Note. If Y is x-normal (almost normal, quasi normal, -normal) in itself that is with respect to the
subspace topology, then Y need not be relative x-normal (relative almost normal, quasi normal, 7-normal)
in X respectively. See the following example.

Example 2.3. Let X be the set of integers with the topology defined in Example 2.2. Let Y be the set of
all even integers. Then Y has discrete topology. So Y is a normal space and hence Y is x-normal as well
as quasi normal and m-normal in itself but Y is none of the relative versions of any of these variants in X
because A = {2,3,4} and B = {6,7, 8} are disjoint regularly closed sets which are n-closed as well in X and
there do not exist disjoint open sets in X separating ANY = {2,4}and BNY = {6, 8}.

Example 2.4. Let X = {1,2,3,4} and 7x = {{2},{3},{1,2},{2,3},{2,3,4},{1,2,3}, X, ). LetY = {1,3,4}. Itis
clear that Y is almost normal in itself, i.e. with respect to the subspace topology but it is not relative almost
normal in X because {3, 4} is regularly closed in X and {1} is closed in X such that {3,4}NY and {1} NY cannot
be separated by disjoint open sets in X.

Theorem 2.5. Let Y C X. If Y is relative k-normal in X, then for every reqularly closed set A and every reqularly
open set B of X such that A C B, there exists a regularly open set O of X suchthat ANY CcOcCOCBU(X\Y).

Proof. Let A be a regularly closed set and B be a regularly open set in X such that A ¢ B. Then A and
X\ B are disjoint regularly closed subsets of X. Since Y is relative x-normal in X, there exist disjoint
open sets U and V in X suchthat ANY c Uand (X\B)NY c V. Thus, (X\ V) Cc BU(X\Y). So,
AnYcUc X\V)cBU(X\Y). Since X\ V is a closed set containing U and U is a smallest closed
set containing U, ANY c Uc Uc BU(X\Y). Take O = U. ThenOisa regularly open set such that
ANYcOcCOcCBUX\Y). O

Theorem 2.6. Let Y C X. If Y is relative almost normal in X, then:

1. for every closed subset A and every regularly open subset B of X such that A C B, there exists an open set U of
Xsuchthat ANY cUcUcBU(X\Y).

2. for every regularly closed subset A and every open subset B of X such that A C B, there exists an open set U of
Xsuchthat ANY cUcUcBU(X\Y).

Proof. 1. Let A be a closed subset and B be a regularly open subset of X such that A € B. Then X \ B
is regularly closed subset of X and A N (X \ B) = 0. Since Y is almost normal in X, there exist disjoint
open sets U and V of X such that ANY c Uand (X\B)NnY c V. Thus, (X\V) c BU(X\Y). So,
ANYcUc(X\V)cBU(X\Y). Since X\ V is a closed set containing U and U is a smallest closed set
containing U, ANY cUcUcBU(X\Y).

To prove 2., let A be a regularly closed subset of X and B be an open subset of X such that A C B.
Then X \ A is regularly open set containing closed set X \ B. By (1), there is an open set U of X such that
(X\B)nYcUcUcC(X\AUX\Y). ThusANYcX\UcX\UcBUX\Y.LetX\U=V.Then Vis
openinXand ANYCcVcVcBUX\Y). O

Theorem 2.7. Let Y C X. If Y is relative quasi normal in X, then for every m-closed subset A and every T-open
subset B of X such that A C B, there exists a reqularly open set O such that AN Y c Oc O c BU(X\Y).



S.S. Raina, A.K. Das / Filomat 36:12 (2022), 4241-4249 4244

Proof. Let A be a m-closed set and B be a m-open set of X such that A ¢ B. Then A and X \ B are disjoint
ni-closed subsets of X. Since Y is relative quasi normal in X, there exist disjoint open sets U and V in X such
that ANY c Uand (X\B)NY C V. Thus, (X\ V) CBU(X\Y).So,ANY cU cC (X\V)CBU(X\Y). Since
X\ Visaclosed set containing U and U is the smallest closed set containing U, ANY Cc U C U C BU(X\Y).
Take O = U . Then Oisa regularly open set suchthat ANY cOcOcBU(X\Y). O

Theorem 2.8. If Y is relative m-normal in X, then:

1. for every closed subset A and every m-open subset B of X such that A C B, there exists an open set V such that
ANYcVcVcBUX\Y).

2. for every m-closed subset A and every open subset B of X such that A C B, there exists an open set U of X such
that ANYcUcUcBU(X\Y).

Proof. The proof is similar to the proof of Theorem 2.6. [

Definition 2.9. ([2]) A subset A of X is said to be concentrated on Y if A is contained in the closure in X
of the trace AN Y of the set A on Y. A space X is normal on Y if every two disjoint closed subsets of X
concentrated on Y can be separated by disjoint open neighborhoods in X.

Definition 2.10. ([2]) A space X is called densely normal if there exists a dense subspace Y of X such that
XisnormalonY.

Definition 2.11. ([9]) A subset A of X is said to be strongly concentrated on Y if A C (ANY)°. Let Y be a
subspace of X. Then X is said to be weakly normal on Y if for every disjoint closed subsets A and B of X
strongly concentrated on Y, there exist disjoint open sets U and V in X suchthat Ac Uand BC V.

Definition 2.12. ([9]) A space is said to be weakly densely normal if there exists a proper dense subspace Y
of X such that X is weakly normal on Y.

Theorem 2.13. ([2]) Every densely normal space is xk-normal.
Theorem 2.14. ([9]) Every weakly densely normal space is x-normal.
From above theorems the following result is obvious.
Theorem 2.15. If X is densely normal (or weakly densely normal), then every subset of X is relative k-normal.

Recall that a space X is called extremally disconnected if it is T; and the closure of any open set in X
is open. Any m-open (r-closed) subset of an extremally disconnected space is an open domain (closed
domain). Any extremally disconnected space is m-normal space [18]. Also a space X is called weakly
extremally disconnected [19] if the closure of any open set is open. In a weakly extremally disconnected
space any regularly closed set is clopen. Every weakly extremally disconnected space is almost normal
[19]. The proofs of the following theorems follows from the above discussed facts.

Theorem 2.16. Every subset of an extremally disconnected space is relative m-normal.
Theorem 2.17. Every subset of a weakly extremally disconnected space is relative almost normal.

Theorem 2.18. Y C X is relative x-normal in X if for every pair of disjoint reqularly closed sets A and B in X, there
exists a continuous function f on X into closed interval [0, 1] such that f(ANY) = {0} and f(ANY) = {1}.

Proof. Let A and B be two disjoint regularly closed subsets of X and f : X — [0, 1] be a continuous function
such that f(ANY) = {0} and f(BNY) = {1}. Since f is continuous on X, ([0, %)) and f‘l((%, 1]) are disjoint
open sets in X containing A N'Y and B N Y respectively. Hence Y is relative x-normal in X. O
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Theorem 2.19. Y C X is relative almost normal in X if for every pair of disjoint closed sets A and B of X one of which
is reqularly closed in X, there exists a continuous function f on X into closed interval [0, 1] such that f(ANY) = {0}
and f(ANY) = {1}.

Theorem 2.20. Y C X is relative quasi normal in X if for every pair of disjoint mi-closed sets A and B in X, there
exists a continuous function f on X into closed interval [0, 1] such that f(ANY) = {0} and f(ANY) = {1}.

Theorem 2.21. Y C X is relative m-normal in X if for every pair of disjoint closed sets A and B of X one of which
is Ti-closed in X, there exists a continuous function f on X into closed interval [0,1] such that f(ANY) = {0} and
flANY) =11,

Remark 2.22. To provide characterization of relative x-normality, relative almost normality, relative quasi
normality and relative m-normality, it is natural to ask whether converses of Theorem 2.18 - 2.21 holds or
not.

The example below establishes that a continuous image of a relative x-normal (relative almost normal)
space need not be relative x-normal (relative almost normal). Thus it is natural to ask Questions 2.24 and
2.25.

Example 2.23. Let X; be the set of integers with the discrete topology and Y be the set of all odd integers.
Then clearly Y is relative x-normal as well as almost normal in X;. Let X, be the set of integers. Define a
topology on X, by taking every odd integer to be open and a set U C X, is open if for every even integer
p € U, the predecessor and the successor of p are also in U. Define f : X; — X; as f(x) = x + 1. Clearly, f is
continuous, one-one but not open. Also f(Y) is the set of all even integers. Since X, has odd-even topology,
A =1{4,5,6}and B = {8,9,10} are regularly closed in X,. But A N f(Y) = {4,6} and BN f(Y) = {8, 10}, which
cannot be separated by disjoint open sets in X,. Hence f(Y) is neither relative xk-normal nor almost normal
in Xz.

Question 2.24. Under what conditions is an image of a relative k-normal (relative almost normal) space is relative
x-normal (relative almost normal)?

Question 2.25. Under what conditions is an image of a relative m-normal (relative quasi normal) space is relative
nt-normal (relative quasi normal)?

Definition 2.26. ([21]) Y C X is said to be relative almost regular in X if for every regularly closed set A in
X and a point y € Y such that y ¢ A, there exist disjoint open sets U and V suchthat AnNY cUand y € V.

Theorem 2.27. ([21]) If Y is relative almost normal and relative Ty in X, then Y is relative almost regular.

In general relative almost normality does not necessarily imply relative almost regularity. See the
following example.

Example 2.28. Let X = {p,q,r} and © = {{p}, {9}, {p, 9}, X, §}. Let Y = {p,r}. Here, the set {g,7} is regularly
closed in X and p € Y such thatp ¢ {g,r}. Butp and {g,7} N Y = {r} cannot be separated by two disjoint open

sets in X. Hence Y is not relative almost regular in X. But Y is relative almost normal in X as there is no
pair of disjoint closed sets in X.

3. Interrelations

The interrelations shown in the following diagram follows immediately from the definitions.
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normality

|

relative strongly normal —— relative normal

|

relative m-normal

/\

relative almost-normal relative quasi normal

\/

relative kx-normal

4. Some Counter Examples

Example 4.1. A finite relative m-normal space which is not relative normal.

Let X = {a,b,c} and 7 = {{a}, {a, b}, {a,c}, X, ¢}. Let Y = {b,c}. Then Y is relative m-normal in X because
there is no proper, non-empty regularly closed set in X. But Y is not relative normal in X because {b} and {c}
are closed in X such that {b} N'Y and {c} N Y cannot be separated by disjoint open sets in X.

Example 4.2. An infinite relative m-normal space which is not relative normal.
Let X= R with cofinite topology and Y= Z. Then Y is relative 7-normal in X because any regularly
closed set in X is either empty or all of X. But Y is not relative normal in X.

Example 4.3. A relative x-normal space which is not relative almost normal.

Let X = {a,b,c,d} and © = {{a, b}, {b},{b,c}, {c}, {b,c,d}, {a,b,c}, X, p}. LetY = {a,c,d}. The non-trivial
regularly closed sets in X are {c, d} and {a, b, d} which are not disjoint. Hence Y is relative x-normal in X. But
Y is not relative almost normal in X because {c, d} is regularly closed in X and {a} is closed in X such that
{c,d} N'Y and {a} N'Y cannot be separated by disjoint open sets in X.

Example 4.4. A relative quasi normal space which is not -normal.

Consider Example 4.3. The non-trivial 7-closed sets in X are {c, d}, {a, b, d} and {d} which are not disjoint.
Hence Y is relative quasi normal in X. But Y is not relative m-normal in X as m-closed set {d} and closed set
{a} cannot be separated by disjoint open sets in X.

Example 4.5. A relative quasi normal space which is not relative almost normal.
Consider Example 4.3. From Example 4.4 Y is relative quasi normal. But from Example 4.3 Y is not
relative almost normal.

Question 4.6. Does there exists a relative almost normal space which is not relative quasi normal?

5. Spaces where all these Variants are Equivalent

Definition 5.1. ([4]) A space X is said to be f-normal if for any two disjoint closed subsets A and B of X
there exist open subsets U and V of X such that A N U is dense in A, BN V is dense in B,and UNV = ¢.

Theorem 5.2. Let X be a f-normal space. Then following statements are equivalent:
(i) Y is relative normal in X.
(ii) Y is relative rt-normal in X.
(iii) Y is relative almost normal in X.
(iv) Y is relative quasi normal in X.
(v) Y is relative k-normal in X.
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Proof. The implications (i) = (ii) = (iii)= (v) and (i)= (ii)= (iv) = (v) are obvious from the interrelations.

To prove (v) = (i), let A and B be two closed sets in X. Since X is f-normal, there exist open subsets U
and V of X such that UNV = ¢, UNA = A,and VN B = B. So, U and V are disjoint regularly closed sets
such that A c U and B ¢ V. Which implies ANY c UNYand BNY c VNY. Since Y is relative x-normal

in X, there exist disjoint open subsets U; and V; of X suchthat ANY C UnYcUandBNYCVNYcCV.
Hence Y is relative normal in X. O

Definition 5.3. ([29]) A space is said to be seminormal if for every closed set F and each open set U
containing F, there exists a regular open set V such that F c V c U.

Theorem 5.4. Let X be a seminormal space. Then following statements are equivalent:
(i) Y is relative normal in X.
(i) Y is relative -normal in X.
(iii) Y is relative almost normal in X.
(iv) Y is relative quasi normal in X.
(v) Y is relative x-normal in X.

Proof. The implications (i) = (ii) = (iii)= (v) and (i)= (ii)= (iv) = (v) are obvious.

To prove (v) = (i), let A and B be two disjoint closed sets in X. Then X \ B is an open set containing A.
Since X is seminormal, there exists a regularly open set U in X such that A c U € X\ B. Now X\ U is a
regularly closed set contained in the open set X \ A. Again by seminormality of X, there exists a regularly
open set V in X such that X\ U c V ¢ X\ A. Here, X\ V and X \ U are disjoint regularly closet sets in
Xsuchthat Ac X\ Vand Bc X\ U. Thus, ANYc X\V)nYand BNY c (X\U)NY. Since Y is
relative x-normal in X, there exist disjoint open sets P and Q in X suchthat ANY c (X\V)NY C P and
BNnYc((X\U)NYcQ. Hence Y is relative normal in X. [

Definition 5.5. ([8]) A space is said to be weakly seminormal if for every closed set F and each open set U
containing F, there exists a -open set V such that F Cc V C U.

Every seminormal space is weakly seminormal but the converse need not be true [8].

Theorem 5.6. Let X be a weakly seminormal space. Then following statements are equivalent:
(i) Y is relative normal in X.
(ii) Y is relative m-normal in X.
(iii) Y is relative quasi normal in X.

Proof. The implications (i) = (ii) = (iii) are obvious from the interrelations.

To prove (iii) = (i), let A and B be two disjoint closed sets in X. Then X \ B is an open set containing A.
Since X is weakly seminormal, there exists a m-open set U in X such that A c U C X\ B. Now X\ U is a
ni-closed set contained in the open set X \ A. Again by weak seminormality of X, there exists a m-open set
Vin X such that X\ U c V c X\ A. Here, X\ V and X\ U are disjoint 7t-closet sets in X such that A c X\ V
and B X\ U. Thus, ANYcX\V)nYand BNY c (X\ U)NY. Since Y is relative quasi normal in X,
there exist disjoint open sets P and Q in X suchthat ANY c X\ V)NnYCcPand BNYCcX\U)NY CQ.
Hence Y is relative normal in X. [0

Remark. Instead of X if we take Y as a f-normal (or seminormal) subspace of X, the results in Theorem
5.2 and Theorem 5.4 will not be the same. Let us consider the Example 4.3 in which X is not f-normal
because for {a} and {d} disjoint closed sets in X, there does not exist disjoint open sets in X satisfying the
conditions of f-normality. Also X is not seminormal because {d} is a closed set in X and {b, ¢, d} is an open
set in X containing {d} and there does not exist any regularly open set V in X such that {d} c V c {b,c,d}.
But we can see that Y is a f-normal as well as seminormal subspace of X. Also Y is relative x-normal in X
but Y is not relative normal in X.
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Definition 5.7. ([10]) A space is said to be almost f-normal if for any two disjoint closed subsets A and B of
X, one of which is regularly closed, there exist disjoint open subsets U and V of X such that A N U is dense

inA,BmVisdenseinB,andﬁﬂVzd).

Theorem 5.8. Let X be an almost B-normal space. Then Y is relative almost normal in X if and only if Y is relative
x-normal in X.

Proof. The direct implications are obvious from the interrelations.
Conversely, let X be an almost f-normal space and Y is relative x-normal in X. Let A and B be two
disjoint closed sets in X of which A is regularly closed. Since X is almost f-normal, there exist disjoint open

sets Uand Vin X suchthat UNV = ¢, ANU=Aand BNV =B. ThusA C Uand B c V. Here Uand V are
disjoint regularly closed sets in X. Since Y is relative x-normal in X, there exist disjoint open sets W; and
W,in XsuchthatUNY c Wyand VNY c W, which implies ANY cUNYcW;andBNYCVNYCW,.
Hence Y is relative almost normal in X. [

Definition 5.9. ([11]) Y C X is said to be relative f-normal in X or f-normal in X if for any two disjoint closed
subsets A and B of X, there exist open subsets U and V of X such that (A NY) N U is dense in AN Y and

(BOY)ﬂVisdenseinBﬂYandﬁﬁqub.

Theorem 5.10. ([11]) Let Y be a relative f-normal space in X. Then following statements are equivalent:
(a) Y is relative normal in X.
(b) Y is relative t-normal in X.
(c) Y is relative almost normal in X.
(d) Y is relative quasi normal in X.
(e) Y is relative x-normal in X.

Definition 5.11. ([11]) Y c X is said to be strong p-normal in X or relative strong f-normal in X if for any two
disjoint closed subsets A and B of Y, there exist open subsets U and V of X such that A N U is dense in A

and BN Visdensein Band UNV = ¢.

Theorem 5.12. ([11]) Let Y be a relative strong B-normal space in X. Then following statements are equivalent:
(a) Y is relative strong normal in X.
(b) Y is relative normal in X.
(c) Y is relative m-normal in X.
(d) Y is relative almost normal in X.
(e) Y is relative quasi normal in X.
(P Y is relative k-normal in X.
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