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New Formulae of the Drazin Inverse of Anti-Triangular Complex Block
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bFarzanegan Campus, Semnan University, Semnan, Iran

Abstract. Let E,F € C™". If EF'E = 0 for all i € IN, we give the explicit representation of the Drazin inverse

of the block complex matrix F ool We thereby solve a wider kind of singular differential equations

posed by Campbell [S.L. Campbell, The Drazin inverse and systems of second order linear differential
equations, Linear & Multilinear Algebra, 14(1983), 195-198].

1. Introduction

Let A be a n X n complex matrix. The Drazin inverse of A is the unique n X n matrix AP satisfying the
following equations

AAP = APA, AP = APAAD, Ak = AF1 A

for some k € N. The Drazin index i(A) is the smallest k € IN satisfying rank(AX) = rank(A**!). The Drazin

inverse was extensively applied to many fields, such as Markov chains, differential equations, cryptography,
control theory, etc (see [1-3, 7-9, 12, 13]).

Let E, F be n X n complex matrices and I be the identity matrix, and let M = IE: (I) . Asis well known,

the solutions to singular systems of differential equations is determined by the representation of the Drazin
inverse of the preceding matrix M (see [1, 2]). In [1, Theorem 3.2], Bu et al. investigated the Drazin inverse
of the preceding matrix M under the condition EF = FE. Alteratively, Xu et al. obtained a new expression of
the Drazin inverse MP under the same condition (see [10, Theorem 3.8]. In [4, Theorem 2.2], Cvetkovi¢-Ili¢
considered the Drazin inverse of M under the condition EFE = 0, EF? = 0. We refer the reader [7, 10, 11, 14]
for much progress made in the representation of the block complex matrix M.

The motivation of this paper is to further study the representation of the Drazin inverse of this complex
matrix M. If EF'E = O for alli € IN, we shall give the explicit representation of the Drazin inverse of the block
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complex matrix ( IE: é ) Evidently, this provides a new class of singular differential equations which is

solved.

Throughout the paper, C stands for the field of all complex numbers. Let C"™*" be the algebra of all n X n
complex matrices. IN denotes the set of all natural numbers. Let A be a 2 x 2 block complex matrix. We
always write it by (A;j) wherei,j =1,2.

2. Main results

We begin with the following elementary result.

Lemma 2.1. Let

M:(él g)or(g E)EC”X”
Then
AP 0 BP Zz
w7 )oY )
where

m . . m.o .
7 = Z(BD)1+2CA1AT( + Z BanC(Ad)1+2 _ BDCAD,
i=0 i=0
and m > i(A) + i(B) — 1.

Proof. For any s > i(A) and t > i(B), we have A°A™ = 0 and B'B™ = 0. The result follows by [5, Lemma
1.1]. O

Lemma 2.2. Let P,Q € C™". IfPQ'P=0fori=1,2,--- ,n, then
(P+QP =I+UPP+QP(I+U)+PPVQ+QPWQ
+VQQP + WQQP + UPPVQ + Y, UP'P™(QP)*1,
i=0

where
u = Z(QD)HlPH—an + Z Qi+1Qn(PD)i+1 _ QQDPPD,
i=0 i=0

vV = g(pD)iHQiQn + g pi+1pn(QD)i+2 _ PPDQD,
i=0 i=0
= uv+ Y [(QD)k—iPl+1Qan +Qi+1QnPl+1(QD)k+l—j]
i+l+j=m-2

_ f{)[(QD)iHPH—l(V +QP) + (U + QQD)PHl(QD)HZ]’
and m > i(P) + 2i(Q).
Proof. This is obvious by [6, Theorem 2.3.1]. O
We now come to the main result of this paper.

E I

Theorem 2.3. Let E,F € C*" and M = ( r o

). IfFE'F = 0 for all i € N, then

MD

ET+A EA+E
T FA !
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(1

— FD + (ED)Z + Z[EZHZEn(FD)HZ + E21+1En(FD)z+2E] _ EEDFD
i=0

_ EDFDE + Z[(ED)21+4F1+1 + (ED)21+5F1+1E] _ (ED)ZFFD
i=0

" . )
_ (ED)BFPDE + Z(FD)1+2E21+2ET[ _ FDEED
i=0

m . .
+ Z F1+1Fn(ED)2z+4 _ FFD(ED)Z +n+K+ (P + X,

i=0
— (ED)3 + g E2i+1En(FD)i+2 _ EDFD + rzn“(ED)ZHSFHI

i=0 i=0
— (EPYFFP + f [(FD)i+2E2i+1 _ (FD)i+2E2i+2ED] _ FDPED
i=0

m . .
+ Y FHIFY(EPY2*5 — FFP(EPY¥ + 0+ ¢+ ¢ + w,

i=0
— FDE + g(FD)iJrZEZH?)En _ FDE2ED

i=0

4 f [Fi+1 _ Fi+2FD](ED)2i+3 — FEPED,

i=0
- Dy g [(FD)i+2E2i+2 _ (PD)i+2E2i+3ED] _ FDEED

i=0

+ f [Fi+1 _ Fi+2FD](ED)2i+4 _ FFD(ED)Z.
i=0

y (QD)m+2—i[( ED)2m—2i+4 FlH1p2j#2Em 4 ( ED)2m—2i+5 Fl+1E2)+3 En]

i+l+j=m-1
E [7/1 +&i+ (ED)2i+41:i+1EED + (ED)2i+5Fi+1E2ED + (ED)ZFI'+1(ED)21'+2
i=0
I(ED)3F1'+1(ED)21’+1] ta,
y (QD)m+2—i[( ED)2m-2i+4 FIH1E2j+1 ETe y (ED)2m-204+5 Pl F2)+2 En]

i+l+j=m-1

g [61, + Ci + (ED)2i+4Fi+1ED + (ED)2i+5Fi+1EED + (ED)ZFi+1(ED)2i+3
i=0

Z(ED)3Fi+1(ED)2i+2] +B;

M=

b

[ i=0
m

[ Z(ED)2i+5Fi+l _ (ED)3FFD][ y ((FD)i+1E2i+3En + Fi+1(ED)2i+1
i=0 =0

[(ED)2i+4Fi+1 + (ED)2i+5Fi+1E] _ (ED)ZFFD _ (ED)SFFDE]

1l
[=}

M=

((FD)i+1E2i+1 _ (FD)i+1E2i+2ED + Fi+1Fn(ED)2i+3) _ FFDED]

3

+

Flz'12FD(ED)2i+1) _ FFDEZED]
[ ZE)[(ED)21+4F1+1 4 (ED)21+5F1+1E] _ (ED)ZFFD _ (ED)SFFDE]
1=l
[f ((FD)i+1E2i+1 — (FP)*+1E2i+2ED 4 Fi+1Fn(ED)2i+3) _ FFDED]
i=0
m

[ g(ED)ZHSFiH _ (ED)SFFD][ y ((FD)i+1E2i+2 _ (FD)i+1E2i+3ED
i=0

+

+

Pi+1(ED)Zi+2 _ Fi+2FD(ED)2i+2) __ FFDEED].
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y [E2i+2EnF1+1(ED)2m+4—2j + (E2+1 - E2i+2ED)FI+1(ED)Zm+3—2j]

i+l+j=m-1

f [01 + /\Fz‘+1(ED)2i+4 + HF:’+1(ED)21‘+3 + (ED)2i+2Fi+1(ED)2
i=0

(ED)2i+3Fi+1ED + EEDFI'+1(ED)21'+4 + EDFi+1(ED)27'+3] + é,

y [E2i+2EnFl+1(ED)2m+5—2j + (E2+1 - E2i+2ED)Fl+1(ED)2m+4—2j]

i+l+j=m-1

g“ [Ti + AF:‘+1(ED)21‘+5 + yFi+1(ED)2i+4 + (ED)2i+2Fi+1(ED)3
l:OD 2i+3 i+l (D)2 D ri+1(pD\2i+5 D ri+1(pD\2i+4 .
(EP)2#3Fi+1(EPY2 4 EEPF*1(EP)%+5 + EPF*1(EP)2%+4 4 p;

+

(ED)2i+41:i+1[ )IE ((FD)j+1E2j+2En + Pj+1Pn(ED)2j+2) _ FFDEED]
j=0

(ED)2i+51:i+l[ f ((FD)j+1E2j+3En + FIFI(ED)2i+1 — Fj+21:D(ED)2]'+1)
j=0

FFPE?EP),

(ED)2i+4Fi+1[ g ((FD)j+1E2j+l _ (FD)]'+1E2]'+2ED + Fj+an(ED)2j+3)
=0
FFDED] + (ED)2i+5F1’+1[ £ [(FD)j+1E2j+2 — (FP)+1E2+3ED
j=0

FI*1(ED)2i+2 — Fj+2FD(ED)2j+2) _ FFDEED];

& = [ fO(ED)szFj - (ED)ZFD]Fi+2(ED)2i+2
j=

+ [}gO(ED)zijj — (ED)3FD]F1’+2(ED)21'+1/

G = []g)(ED)zjﬂpj _ (ED)ZFD]Fi+2(ED)2i+3

+ [go(ED)zﬁs Fi — (EP)? FD] Fi+2(ED)2i42;

£ = )L[ f Fi+1Fn(ED)2i+4 _ FFD(ED)Z]
i=0
4 H[ y (Fi+1 _ Fi+2FD)(ED)2i+3 _ PFDED]
o
p = /\[ Z Fi+1Fn(ED)2i+5 _ FFD(ED)3]
i=0

+ y[g) (Fi+1 _ Fi+2FD)(ED)2i+4 _ FFD(ED)Z]/.

g [(ED)2i+2Fi+1 2 (ED)2i+3Fi+1 E— (ED)2i+3Fi+2FD E]

i=0

ﬁ E2i+2ET[(FD)i+1 _ EEDFFD + f EZHIE‘/I(FD)HlE _ EDFFDE
i=0 i=0

f(ED)2i+3Fi+1Fn + f E2i+1En(FD)1’+1 _ EDFFD'

i=0 i=0
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¢

Proof. Clearly, we have

where

4255

™M=

;
[

[ f“ E2i+1En(FD)i+2 _ EDFD][
i=0

Pli+2PD(ED)2i+1) _ PPDEZED],
m . . . .

[ Z(EZH—ZEH(FD)H—Z + E21+1EH(FD)1+2E) _ EEDFD _ EDFDE]
i=0

(E21+2ET((FD)Z+2 + E21+1ER(FD)1+2E) EEDFD _ EDFDE]

Il
(=}

iras

((FD)i+1E2i+2En + Fi+1Fn(ED)2i+2) _ FFDEED]

5

=0

+

((FD)i+1E2i+3En + Fi+1(ED)2i+1

[f ((PD)i+1E2i+1 _ (FD)i+1E2i+2ED + Fi+1Fn(ED)2i+3) _ PFDED]
i= O
[Z EZH—lEn(FD)H—Z EDFD][ ( FD)i+1E2i+2 _ (FD)i+1E2i+3ED
20

Fz+1(ED)21+2 F1+2FD(ED)21+2) FFDEED].

+

+

[ f ((ED)2i+2Fi+1Fn + (ED)2i+3Pi+1E _ (ED)21'+31:1+2FDE)]
i=0

[(ED)Z + f Fi(ED)2i+2] + [ f(ED)ZHSFHan][ f Fi(ED)ZiH],
i=1 i=0 i=1

[ i": ((ED)2i+2Fi+1 F™ + (ED)2+3Fi+1E — (ED)2i+3Fi+2pD E)]
i=0
[(ED)S + £ Fi(ED)2i+3] + [ g(ED)ZHSFiHFn][ i": Fi(ED)ZHZ];
i=1 i=0 i=1

m = i(E) + 2i(F) + 1

In light of Lemma 2.1, we have

where

For any i > 2, we have

PP =

o- |

X F° )
(EPy (EP)
0

2i(F)-1 ) ) . )
Z [Fan+1E(FD)1+2 + (FD)1+1EF1F71]
i=0

FPE.

( X Fl — FE,X; = X;1F + FE;
D\i
F ) F%)z ’ Yl = FDE/ Yi = FDYi—l;

E2z ) (QD) ( (ED)21’ (ED)2i+1

PD)I (
. E21
- ( 0 0 0
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Since FE'F = 0 for all i € IN, we verify that

We easily check that

X; = F'E,Y; = (FP)'E.

FE F 0 0 FE

2i 2i—1
PQP = F 0\(E¥ E )( F 2)
( FEZi FEZi—l )( E

0
FE?*1  FE% FE F

for all i € N. In view of Lemma 2.2,

M)P = (P+Q)P

where

We compute that

where

Hence,

Also we see that

u
vV =
W_

(UPP)n

(UPP)y,

(UPP)x
(UPP)z

PP + QP + UPP + QPU + PPVQ + QPWQ

VOQP + WQQP + UPPVQ + ¥ UPIPH(QP)+1,
i=0

+

£ [(QD)i+1Pi+1pn + Qi+1Qn(PD)i+1] _ QQDPPD,

i=0

g [(PD)i+1QiQn + Pi+lpn(QD)i+2] _ PPDQD/

i=0

uv+ Y [(QD)nz+1—iPl+1Qan + Qi+1QnPl+1(QD)m+2—j]

i+l+j=m-1

i[(QD)HlPHl(V + QD) + (u + QQD)PiH(QD)HZ]’
i(E) + 2i(F) + 1 > i(P) + 2i(Q).

upP = Z Q*1Q™(PPY*2 — QQPPP,

i=0

Qi+1Qn(PD)i+2
E2i+2 E2i+1 Er _ED (FD)i+2 0
0 0 ( 0 I )( (FD)i+2E (FD)i+2 )
E2i+2En(FD)i+2+E2i+1En(FD)i+2E E2i+1En(FD)i+2 )

0 0
QQPpP
E2 E (ED)Z (ED)3 FD 0
0 0 0 0 )( FPE FD)
( EEPFP + EPFPE EDFD )
0 0o )

— f[E2i+2ET((FD)i+2 + E2i+1E71(FD)i+2E] _ EEDFD _ EDFDE,
i=0

— g E2i+lEn(FD)i+2 _ EDFD,
i=0

m
QPU = Z(QD)i+2Pi+1pn - QPppP,
i=0
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where
(QD)i+2Pi+1 Pr
((ED)2i+4 (ED)2i+5 )( Fi+l 0 )( ™ 0 )
- 0 0 FEg pi#l, )\ —FFPE F"
(ED)2i+4Fi+1 +(ED)2i+5Fi+1E (ED)2i+5Fi+1 E™ 0
- 0 0 ( ~FFPE F™ )
3 (ED)2i+4F1'+1 +(ED)21'+5P1‘+1E (ED)21'+5F1'+1 )
B 0 0 ’
QDPPD
3 ( (EP)2  (EP)? F 0 P 0
B 0 0 FE F FPE FP
(EPYF + (EPY’FE (EPYF \( P 0
0 0 FPE FP
3 ( (EP)2FFP + (EP3FFPE  (EP)*FFP )
- 0 0 ’
Hence,
(QDU)H — Z[(ED)21+4F1+1 + (ED)21+5F1+1E] _ (ED)2FFD _ (ED)SFFDE,
i=0
m . .
(QDU)12 — ZE)(ED)21+5F1+1 _(ED)BFFD/
1=
bu = 0,
ESDUE = 0
Clearly, we have
m
PDVQ — Z(PD)HZQH—lQT( _ PDQQD/
i=0
where
(PD)i+2Qi+1Qn
(FD)i+2 0 E2i+2 E21+1 ET —ED
= ((PD)H?E (FD)i+2) 0 0 | OA I
_ (FD)1+2 0 E21+2ET[ E21+1 _ E2z+2ED
- (FD)1'+2E (FD)i+2 0 0
3 (FD)1:+2E21:+2E71 (FD)z:+2E2i+l_(FD)I'+2E21'+2ED
(FD)1+2E21+3En (FD)1+2E21'+2 _ (FD)i+2E2i+3ED
PDQQD
FP 0 EEP EP
FPE FP 0 0 )
FPEEP  FPED
( FPE?EP  FPEEP )
Hence,
m . .
(PDVQ)11 — Z‘b(FD)HZEZHZEn_FDEED’
1=
(PDVQ)lz — Z‘b [(FD)1+2E21+1 _ (FD)1+2E21+2ED] _ FDED,
1=
(PD VQ)Zl — g(FD)i+2E2i+3Eﬂ _ PDEzED,

=0
m . . . .

(PDVQ)22 — Zb [(FD)1+2E21+2 _ (FD)1+2E21+3ED] _ FDEED.
i=



We observe that

Therefore

Hence
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QDWQ — QDUVQ-’r Z (QD)m+2—iPl+1Q]’+lQn _ g[(QD)H-ZPiHVQ
i=0

(VQn
(V2
(VQ)
(VQ)

i+l+j=m-1

+ QDupi+1(QD)i+1 +(QD)1‘+2P1‘+1QQD+QDP1‘+1(QD)1'+1]I

VQ = i [(PD)i+1Qi+1Qn 4 Pi+1pn(QD)i+1] _ PPDQQD’

i=0

(PD)i+1 Qi+1 Qn
(FD)i+1 0 E2i+2 E2i+1 E™ —ED
( (FD)I'+1E (FD)i+1 ( 0 0 0 I )

(PD)i+1E2i+2ET[ (FD)i+1E2i+1 _ (1:D)1'+1 E2i+2ED
(FD)i+1 E2i+3En (FD)i+1 E2i+2 _ (FD)i+1E2i+3ED

Pi+1pn(QD)i+1

Fi+1 0 E™ 0 (ED)2i+2 (ED)2i+3

F*E F+1 |\ -FFPE F" 0 0 )

Pi+1 0 Fn(ED)2i+2 Fn(ED)2i+3
( Fi+1E Fi+1 _FFD(ED)ZiH _FFD(ED)ZH-Z

Fi+11:n (ED)2i+2 Fz‘+11:n (ED)2i+3

( Fi+1(ED)2i+1 _ Fi+2FD(ED)2i+1 Fz'+1 (ED)2i+2 _ Fi+2FD(ED)2i+2 )/
PPDQD

FFD 0 (ED)Z (ED)S

FFPE FFP 0 0

PFD(ED)2 PPD(ED)3
( FFDED PPD(ED)2 )/
PPPQQP
FFP(EPY? FFP(EPY \( E® E
( FFPEP  FFP(EPY? )( 0 )
FFPEEP  FFPEP
( FFPE?EP  FFPEEP )

— f [(FD)i+1E2i+2En + Fi+an(ED)2i+2] — FFPEEP,

— zg) [(FD)i+1E2i+1 _ (FD)i+1E2i+2ED + Pi+1Fn(ED)2i+3] — FFPED,

— l%? [(FD)i+1E2i+3En + Fi+1(ED)2i+1 _ Fz‘+2FD(ED)2i+1] — FEPE2ED,
= %Z [(FD)i+1 F2i+2 _ (FD)i+1 243D | pis](EDY2i+2 _ pix?2 FD(ED)2i+2]
— FFPEEP

uve-Quo-(§ §)
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where
a = [i[(ED)2i+4Fi+1 + (EP)2#5Fi+1E] — (EPYFFD — (ED)span]
[% ((FD)i+1E2i+1 _ (FD)i+1E2i+2ED + Fi+1Fn(ED)2i+3) _ FFDED]
+ [Z%Z(ED)Z%FM _ (ED)SFFD][f ((FD)i+1E2i+3En + Fi+1(ED)2i+1
i= -
Fi+2PD(ED)2i+1) _ FPDEZED],
B = [g“[(ED)2i+4Fi+1 + (EP)2+5Fi+1E] — (EPYFFD — (ED)3FFDE]
[lg ((FD)i+1E2i+1 _ (FD)i+1E2i+2ED + Fi+1Fn(ED)2i+3) _ FFDED]
+ [lgg(ED)znsFm _ (ED)3FFD][ i((l—"D)"“Ez”z — (FD)i+1E2+3ED
i= i=
+ Pi+1(ED)Zi+2 _ Fi+2FD(ED)2i+2) _ FFDEED],.

Moreover, we have

— (ED)Zm—2i+4FI+1E2j+2E77 + (ED)2m—2i+5Fl+1 E2/+3Em

((QD)m+2fiPl+1 Qj+1Qn)
( (QPym+2-ipl+1Qj+1 Qn)ll = (ED)2m-2i+4pl+1E2j+1pT 4 (ED)2m-2i45plA1E2j42 R

N

((QD)m+2—iPl+1 Q1 Q™ ! =0,
((QD)m+2—iPl+1Qj+1Qn 0.

21

22

We easily see that

(QD)i+2pi+1 _ ((ED)2i+4 (ED)2i+5 )( l:z'+1 0

0 0 Fi+1E Fi+1
( (ED)2i+4Fi+1 + (ED)2i+5Fi+1E (ED)2i+5Fi+1 )
- 0 0 ’
) . Fi+l 0 EDY2i+2  (ED)2i+3
PHl(QD)Hl Fi+1E Fi+1 ( ()) ( 3 )
_ F1:+1 (ED)211+2 Pz:+1(ED)211+3
Fz+1 (ED)21+1 Fz+1 (ED)21+2
Hence,
((QD)i+2Pi+1QQD)H — (ED)2i+4Fi+1EED + (ED)2i+51:i+1E2ED,
((QD)i+2 pi+l QQD) = (ED)2+4pi+1ED 4 (ED)2i+5pi+1EED
((QD)i+2Pi+1 QQD)Z = 0,
((QD)i+2Pi+1 QQD)22 = 0
(QDPHl(QD)iH)H = (ED)2F+1(ED)2i+2 4 (ED)3Fi+1(ED)2i+1
(QDPi+1 (QD)i+1)12 (ED)2Fi+1 (ED)2i+3 + (ED)SFi+1 (ED)2i+2’
(QDPi+1(QD)i+1) 0
(QDPi+1(QD)i+1)21 0.
22

Moreover, we have

>

(QD)i+2Pi+1VQ — [(QD)i+2Pi+1][VQ] — ( 761'

)

o
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where
vi = (ED)2i+4Fi+1[ f ((FD)j+1E2j+2En + Fj+1Pn(ED)2j+2) _ FFDEED]
j=0
+ (ED)2i+51:i+1[ )IE ((FD)j+1E2j+3En + Pj+1(ED)2j+1 _ Fj+2FD(ED)2j+1)
=0
- FFPE2EP],
5 = (ED)2i+4Fi+1[ f ((FD)]'+1E2]'+1 _ (FD)]‘+1E2]‘+2ED + Fj+1Fn(ED)2]'+3)
=0

_ PFDED] + (ED)2i+5Fi+1[ g [(FD)]'+1E2]'+2 _ (FD)j+1E2j+3ED
j=0
+ FI(EDY*2 - Fj+2FD(ED)2j+2) _ FFDEED];
Also we have

QDUPi+1(QD)i+1 — [QDUHPH—l(QD)Hl] — ( éé)l %i )/

where
e = [iO(ED)2j+4Fj_(ED)ZFD]Fz’+2(ED)2i+2
) []go(ED)2j+5Fj _ (ED)3FD]F1’+2(ED)21'+1/
. [fi(ED)szPj_(ED)zpD]Fi+2(ED)2i+3
. []go(ED)szrSFj _ (ED)SPD]Fi+2(ED)2i+2;
j=

Therefore we compute that

where
n = Z (QD)m+2—i[(ED)2m—2i+4Fl+1 E2j+2En + (ED)Zm—2i+5Fl+1E2]'+3En]
i+l+j=m-1
— g [7/1 + &+ (ED)2i+4Fi+1 EED + (ED)2i+5Fi+l EZED + (ED)ZFi+1 (ED)21'+2
i=0
+ (ED)SFi+1(ED)2i+1] +a,
6 = Z (QD)m+2—i[(ED)Zm—2i+4Fl+1E2j+1En + (ED)Zm—2i+5Fl+1E2]'+2En]

i+l+j=m-1

- g“ [61, + Ci + (ED)2i+4Fi+1ED + (ED)2i+51:i+1EED + (ED)ZFi+1(ED)2i+3
i=0

+ (ED)3F1'+1(ED)21'+2:|+‘B;

Further, we get

m X
(VQQD)11 — Z F1+1Fn(ED)21+4 _ FFD(ED)Z,
i=0
m . .
(VQQD)12 — Z Fz+1Fn(ED)21+5 _ FFD(ED)3,
i=0
(VQQD)Zl =y [F’” _ F1+2FD](ED)21+3 _ FFDEDI
i=0

(VQQD)22 — g‘(‘)[FHl _ Fi+2FD](ED)2i+4 _ FFD(ED)Z.
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We now compute

WQQP

+

UVQQD + Z Qi+1 QnPl+1Q(QD)m+3—j

i+l+j=m-1

i[(QD)iHPiH(V + QD)QQD + (u + QQD)Pi+1(QD)i+2]

UvQQP + Y  QWQrp+(QPym+2-i — Z [ (QP)*1 P+ QQP

i+l+j=m-1

upi+1(QD)z+2 + (QD)1+1P1+1QD + QQDPIH(QD)HZ].

One checks that UP™ = Y (QP)*1P*1P™ and so

i=0

(UP™)y; = f [(ED)2i+2F1’+1F7z + (ED)2i+3Fi+1E _ (ED)2i+3F1’+2FDE],
?n .
(upn)lz — Z(ED)21+3F1+1F71’
i=0
(upn)21 = 0/
(UP")» = 0.
Then . .
(UPPD)11 — Z E2i+2ET£(FD)i+1 _ EEDFFD + Z E2i+1En(FD)i+1E _ EDFFDE,
i=0 i=0
m . .
(UPPD)12 — Z E21+1EH(FD)1+1 _ EDFFD,
i=0
(UPPP),; = 0,
(UPPP),, = 0.
Hence,
A
— T D _ H
u=upr™ + UPP —( 0 0 ),
where
A = )r_ﬂ‘ [(ED)2i+2Fi+1Fn +(ED)2i+3Fi+1E_(ED)2i+3Fi+2FDE]
i=0
m . . m . .
+ Z E21+2En(FD)1+1 _ EEDFFD + Z E21+1En(FD)1+1E _ EDFFDE,
i=0 i=0
po= f(ED)2i+3Pi+1FTL + g E2i+1En(FD)i+1 _ EDFFD.
i=0 i=0

It follows that

where

uvQQP = U(vQQP) = ( p )

5 — /\[ E Pi+1pn(ED)2i+4 _ FPD(ED)Z] + [,1[ g (Pi+1 _ Fi+2FD)(ED)2i+3 _ FFDED]
i=0 i=0

p = /\[ f Fi+1Fn(ED)2i+5 _ FFD(ED)3] + y[ g (Fi+1 _ Fi+2FD)(ED)2i+4 _ FFD(ED)Z]_
i=0 i=0

Moreover, we have

Qz+1Q71pl+1 QD m+2—j

— E21+2E71Fl+1 (ED)2m+4 2j + (E21+1 E2i+2ED)Pl+1 (ED )Zm+3—2j
11 !

Qz+1 anl+1 (QD m+2—j » = F2i+2pnpl+l (ED)2m+5 2j 4 (E2z+1 E2i+2ED)FI+1 (ED)2m+4—2]’,

| 3
(Q1+l QnPl+1 (QD)m+2 ])21
(Qz+1 QT PH1(QPym+2- ])

22
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; ' ED 2i+2 ED 2i+3 Fi+1 0
(QD)+1P = ( ( ()) ( 3 )( pi+lp  pitl
( (ED)2i+2Pi+1 +(ED)2i+3Fi+1E (ED)2i+3Fz‘+1 )
- 0 0 ’

(QP)*1 Py QQP = [(QP)* 1P ][VQQP] = ( %i ’(C)z ),

where
o = (ED)21+21:1+2[ Z FIF"(EP)2i+4 — FD(ED)Z] + (ED)21+3F1+2[ g (Fj _ Fj+1FD)(ED)2j+3 _ FDED],
j=0
7. = (EP) 21+2F1+2[ Z FIF™(EP)2+5 — FD(ED)S] + (ED)21+3F1+2[ y (Fj _ Fj+1FD)(ED)2j+4 _ FD(ED)Z],
j=0
(upi+1(QD)i+2)11 = AFHL(ED)2i+4 4 HFi+1(ED)2i+3[
(upi+1(QD)i+2)12 = AFL(ED)2+5 4 HFi+1(ED)2i+4,
(upm(QD)Hz)Zl = 0,
(upi+1(QD)i+2)22 = 0

((QD)i+1Pi+l QD)H = (ED)2+2Fi+1(ED)2 4 (EP)2+3Fi+1ED,
((QD)i+1pi+1 QD)12 = (ED)2+2Fi+1(ED)3 4 (ED)2+3Fi+1(ED)2,
((QD)[+1P1'+1QD)21 - 0,

((QD)i+1 pi+l QD)22 = 0

(QQDPHl(QD)HZ)H EEDFi+1(ED)2i+4 + EDFi+1(ED)2i+3’
(QQDPi+1(QD)i+2>12 — EEDFi+1(ED)2i+5+EDFi+1(ED)2i+4’
D pi+1(DYi+2 _
(QQDP’+ @ ), = O
i+1 i+2 _
(Q@rP*(@QP)*?) = 0.
Therefore we obtain
D_[| K ¢
where
Kk = [E21+2EnFl+1(ED)2m+4 2j 4 (E2i+1 — p2i+2ED)pl+1(ED)2m+3- 2]]
1+l+] m—1

_ Zb[oi + )\Fi+1(ED)2i+4 + [.1Fi+1(ED)2i+3 + (ED)21'+2F1'+1(ED)2
1=
+ (ED)2i+3Fi+1ED + EEDFi+1(ED)2i+4 + EDFi+1(ED)2i+3] + 5
c = [E21+2EnPl+1(ED)2m+5 2j 4 (E2i+1 — p2i+2D)pl+1(ED)2m+4- 2]]

1+l+] m—1
_ Z [Tz +AF1+1(ED)21+5 + yF1+1(ED)21+4 + (ED)21+21:1+1(ED)3
+ (ED)21+3F1+1(ED)2 +EEDF1+1(ED)21+5 +EDF1+1(ED)21+4+p
Further, we obtain

UPPVQ = (UPP)(VQ) =( %) ¢ )
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where .
(P — [Z (E21+2En(FD)z+2 + E21+1EH(FD)1+2E) EEDFD _ EDFDE]
i=0
[ ?Zn“ ((FD)1+1E21+2E77 Fi+ll:n(ED)2i+2) _ FFDEED]
i=0
m . . . .
+ [ ZE)E21+1EH(FD)1+2 EDFD][ ((FD)1+1E21+3E77 + F1+1(ED)21+1
1=
_ Fz+2FD(ED)21+1) FDEZED]
p = [g EZH—ZEH(FD)H—Z + E21+1En(FD)1+2E) EDFD _ EDFDE]
i=0
[f ((FD )i+1E2i+1 _ (FD)i+1E2i+2ED Pi+1Fn(ED)2i+3) _ FFDED]

+

Z E21+1En(FD)1+2 EDFD][ f ((FD)1+1E21'+2 _ (FD)i+1E2i+3ED
i=0

+

Fz+1 (ED)21+2 Fz+2FD(ED)2i+2)__ FFDEED]

Obviously, we have
m m
Z UP'P™(QP)*! = (upn)[QD " Z Pi(QD)iH].
i=0 i=1

Also we see that

erbrer (5 )5 ) )
i (EP)? + gPi(ED)ZHZ (EP)? +§‘1 Fi(ED)2i+3
= f:lFi(ED)zm f‘lF"(ED)Z”Z
Then .
; UPPY(QPY*! = ( )(g C(t)) ),
where ;
x = [ig)((ED)zuszFn +(ED)21'+3F1’+1E_(ED)21’+3F1’+2FDE)]
[(ED)2 + g Fz’(ED)zi+2] + [7§(ED)21’+3F£+1F11][£§ Fi(ED)ZiH]’
w = [,i ((ED)2i+2Fi+1Fn +(ED)2i+3Fi+1E_(ED)2i+3Fi+2FDE)]

[(ED)S + £ Fi(ED)2i+3] + [ f(ED)zi+3Fi+1Fn][ g Fi(ED)ZH—Z].
i=1 i=0 i=1
Accordingly, we derive

T

orr = (4 2],

where I', A, A and E are given as in (*) by direct computation. Therefore

MP = M(MP)
E I
=\ F o)™

(7o) <)

ET+A EA+E
T FA !

[ >

4263
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as asserted. [

This following example illustrates that Theorem 2.3 is valid even EF? # 0. (see [4, Theorem 2.2]).

E I

Example 2.4. Let M = ( r o

) e C1%%16 where

e C¥8,

ORrRr OO OO OO
R OO rOOoOOoOo
SO OO OO oo
SO OO OO oo
SO OO OO OO
SO OO OO OO
SO OO OO oo
SO OO OO OO
SO OO OO oo
SO OO OO oo
SO OO O OO

SO OO OO oo
~
~
Il
SO OO OO OO
SO OO O OO
[N eNeleNell o)
[=NeNeNell e No N

Then FEF = 0 and FE? = 0, while FE # 0 and EF? # 0. Construct P and Q as in Theorem 2.3. Since E*> = 0 and
F? = 0, we prove that P and Q are nilpotent. We check that

F 0\(E B
2 _ _
P =\ F )l 0 o |70

F OB E\(F 0
PQP:(FE F)(O 0)(PE F):O'

In light of Lemma 2.2, M* = P + Q is nilpotent. Therefore M is nilpotent, i.e., MP = 0.
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