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Abstract. Let E,F ∈ Cn×n. If EFiE = 0 for all i ∈N, we give the explicit representation of the Drazin inverse

of the block complex matrix
(

E I
F 0

)
. We thereby solve a wider kind of singular differential equations

posed by Campbell [S.L. Campbell, The Drazin inverse and systems of second order linear differential
equations, Linear & Multilinear Algebra, 14(1983), 195–198].

1. Introduction

Let A be a n × n complex matrix. The Drazin inverse of A is the unique n × n matrix AD satisfying the
following equations

AAD = ADA,AD = ADAAD,Ak = Ak+1A

for some k ∈ N. The Drazin index i(A) is the smallest k ∈ N satisfying rank(Ak) = rank(Ak+1). The Drazin
inverse was extensively applied to many fields, such as Markov chains, differential equations, cryptography,
control theory, etc (see [1–3, 7–9, 12, 13]).

Let E,F be n× n complex matrices and I be the identity matrix, and let M =
(

E I
F 0

)
. As is well known,

the solutions to singular systems of differential equations is determined by the representation of the Drazin
inverse of the preceding matrix M (see [1, 2]). In [1, Theorem 3.2], Bu et al. investigated the Drazin inverse
of the preceding matrix M under the condition EF = FE. Alteratively, Xu et al. obtained a new expression of
the Drazin inverse MD under the same condition (see [10, Theorem 3.8]. In [4, Theorem 2.2], Cvetković-Ilić
considered the Drazin inverse of M under the condition EFE = 0,EF2 = 0. We refer the reader [7, 10, 11, 14]
for much progress made in the representation of the block complex matrix M.

The motivation of this paper is to further study the representation of the Drazin inverse of this complex
matrix M. If EFiE = 0 for all i ∈N, we shall give the explicit representation of the Drazin inverse of the block
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complex matrix
(

E I
F 0

)
. Evidently, this provides a new class of singular differential equations which is

solved.
Throughout the paper, C stands for the field of all complex numbers. Let Cn×n be the algebra of all n× n

complex matrices. N denotes the set of all natural numbers. Let A be a 2 × 2 block complex matrix. We
always write it by (Ai j) where i, j = 1, 2.

2. Main results

We begin with the following elementary result.

Lemma 2.1. Let

M =
(

A 0
C B

)
or

(
B C
0 A

)
∈ Cn×n

Then

MD =

(
AD 0
Z BD

)
, or

(
BD Z
0 AD

)
,

where
Z =

m∑
i=0

(BD)i+2CAiAπ +
m∑

i=0
BiBπC(Ad)i+2

− BDCAD,

and m ≥ i(A) + i(B) − 1.

Proof. For any s ≥ i(A) and t ≥ i(B), we have AsAπ = 0 and BtBπ = 0. The result follows by [5, Lemma
1.1].

Lemma 2.2. Let P,Q ∈ Cn×n. If PQiP = 0 for i = 1, 2, · · · ,n, then

(P +Q)D = (I +U)PD +QD(I +U) + PDVQ +QDWQ

+VQQD +WQQD +UPDVQ +
m∑

i=0
UPiPπ(QD)i+1,

where
U =

m∑
i=0

(QD)i+1Pi+1Pπ +
m∑

i=0
Qi+1Qπ(PD)i+1

−QQDPPD,

V =
m∑

i=0
(PD)i+1QiQπ +

m∑
i=0

Pi+1Pπ(QD)i+2
− PPDQD,

W = UV +
∑

i+l+ j=m−2

[
(QD)k−iPl+1Q jQπ +Qi+1QπPl+1(QD)k+1− j

]
−

m∑
i=0

[
(QD)i+1Pi+1(V +QD) + (U +QQD)Pi+1(QD)i+2

]
,

and m ≥ i(P) + 2i(Q).

Proof. This is obvious by [6, Theorem 2.3.1].

We now come to the main result of this paper.

Theorem 2.3. Let E,F ∈ Cn×n and M =
(

E I
F 0

)
. If FEiF = 0 for all i ∈N, then

MD =

(
EΓ + Λ E∆ + Ξ

FΓ F∆

)
,
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where

Γ = FD + (ED)2 +
m∑

i=0
[E2i+2Eπ(FD)i+2 + E2i+1Eπ(FD)i+2E] − EEDFD

− EDFDE +
m∑

i=0
[(ED)2i+4Fi+1 + (ED)2i+5Fi+1E] − (ED)2FFD

− (ED)3FFDE +
m∑

i=0
(FD)i+2E2i+2Eπ − FDEED

+
m∑

i=0
Fi+1Fπ(ED)2i+4

− FFD(ED)2 + η + κ + ϕ + χ,

∆ = (ED)3 +
m∑

i=0
E2i+1Eπ(FD)i+2

− EDFD +
m∑

i=0
(ED)2i+5Fi+1

− (ED)3FFD +
m∑

i=0

[
(FD)i+2E2i+1

− (FD)i+2E2i+2ED
]
− FDED

+
m∑

i=0
Fi+1Fπ(ED)2i+5

− FFD(ED)3 + θ + ς + φ + ω,

Λ = FDE +
m∑

i=0
(FD)i+2E2i+3Eπ − FDE2ED

+
m∑

i=0

[
Fi+1
− Fi+2FD

]
(ED)2i+3

− FFDED,

Ξ = FD +
m∑

i=0

[
(FD)i+2E2i+2

− (FD)i+2E2i+3ED
]
− FDEED

+
m∑

i=0

[
Fi+1
− Fi+2FD

]
(ED)2i+4

− FFD(ED)2;

η =
∑

i+l+ j=m−1
(QD)m+2−i

[
(ED)2m−2i+4Fl+1E2 j+2Eπ + (ED)2m−2i+5Fl+1E2 j+3Eπ

]
−

m∑
i=0

[
γi + εi + (ED)2i+4Fi+1EED + (ED)2i+5Fi+1E2ED + (ED)2Fi+1(ED)2i+2

+ (ED)3Fi+1(ED)2i+1
]
+ α,

θ =
∑

i+l+ j=m−1
(QD)m+2−i

[
(ED)2m−2i+4Fl+1E2 j+1Eπ + (ED)2m−2i+5Fl+1E2 j+2Eπ

]
−

m∑
i=0

[
δi + ζi + (ED)2i+4Fi+1ED + (ED)2i+5Fi+1EED + (ED)2Fi+1(ED)2i+3

+ (ED)3Fi+1(ED)2i+2
]
+ β;

α =
[ m∑

i=0
[(ED)2i+4Fi+1 + (ED)2i+5Fi+1E] − (ED)2FFD

− (ED)3FFDE
]

[ m∑
i=0

(
(FD)i+1E2i+1

− (FD)i+1E2i+2ED + Fi+1Fπ(ED)2i+3
)
− FFDED

]
+

[ m∑
i=0

(ED)2i+5Fi+1
− (ED)3FFD

][ m∑
i=0

(
(FD)i+1E2i+3Eπ + Fi+1(ED)2i+1

− Fi+2FD(ED)2i+1
)
− FFDE2ED

]
,

β =
[ m∑

i=0
[(ED)2i+4Fi+1 + (ED)2i+5Fi+1E] − (ED)2FFD

− (ED)3FFDE
]

[ m∑
i=0

(
(FD)i+1E2i+1

− (FD)i+1E2i+2ED + Fi+1Fπ(ED)2i+3
)
− FFDED

]
+

[ m∑
i=0

(ED)2i+5Fi+1
− (ED)3FFD

][ m∑
i=0

(
(FD)i+1E2i+2

− (FD)i+1E2i+3ED

+ Fi+1(ED)2i+2
− Fi+2FD(ED)2i+2

)
− FFDEED

]
;
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κ =
∑

i+l+ j=m−1

[
E2i+2EπFl+1(ED)2m+4−2 j + (E2i+1

− E2i+2ED)Fl+1(ED)2m+3−2 j
]

−

m∑
i=0

[
σi + λFi+1(ED)2i+4 + µFi+1(ED)2i+3 + (ED)2i+2Fi+1(ED)2

+ (ED)2i+3Fi+1ED + EEDFi+1(ED)2i+4 + EDFi+1(ED)2i+3
]
+ ξ,

ς =
∑

i+l+ j=m−1

[
E2i+2EπFl+1(ED)2m+5−2 j + (E2i+1

− E2i+2ED)Fl+1(ED)2m+4−2 j
]

−

m∑
i=0

[
τi + λFi+1(ED)2i+5 + µFi+1(ED)2i+4 + (ED)2i+2Fi+1(ED)3

+ (ED)2i+3Fi+1(ED)2 + EEDFi+1(ED)2i+5 + EDFi+1(ED)2i+4 + ρ;

γi = (ED)2i+4Fi+1
[ m∑

j=0

(
(FD) j+1E2 j+2Eπ + F j+1Fπ(ED)2 j+2

)
− FFDEED

]
+ (ED)2i+5Fi+1

[ m∑
j=0

(
(FD) j+1E2 j+3Eπ + F j+1(ED)2 j+1

− F j+2FD(ED)2 j+1
)

− FFDE2ED
]
,

δi = (ED)2i+4Fi+1
[ m∑

j=0

(
(FD) j+1E2 j+1

− (FD) j+1E2 j+2ED + F j+1Fπ(ED)2 j+3
)

− FFDED
]
+ (ED)2i+5Fi+1

[ m∑
j=0

[
(FD) j+1E2 j+2

− (FD) j+1E2 j+3ED

+ F j+1(ED)2 j+2
− F j+2FD(ED)2 j+2

)
− FFDEED

]
;

εi =
[ m∑

j=0
(ED)2 j+4F j

− (ED)2FD
]
Fi+2(ED)2i+2

+
[ m∑

j=0
(ED)2 j+5F j

− (ED)3FD
]
Fi+2(ED)2i+1,

ζi =
[ m∑

j=0
(ED)2 j+4F j

− (ED)2FD
]
Fi+2(ED)2i+3

+
[ m∑

j=0
(ED)2 j+5F j

− (ED)3FD
]
Fi+2(ED)2i+2;

ξ = λ
[ m∑

i=0
Fi+1Fπ(ED)2i+4

− FFD(ED)2
]

+ µ
[ m∑

i=0

(
Fi+1
− Fi+2FD

)
(ED)2i+3

− FFDED
]

ρ = λ
[ m∑

i=0
Fi+1Fπ(ED)2i+5

− FFD(ED)3
]

+ µ
[ m∑

i=0

(
Fi+1
− Fi+2FD

)
(ED)2i+4

− FFD(ED)2
]
;

λ =
m∑

i=0

[
(ED)2i+2Fi+1Fπ + (ED)2i+3Fi+1E − (ED)2i+3Fi+2FDE

]
+

m∑
i=0

E2i+2Eπ(FD)i+1
− EEDFFD +

m∑
i=0

E2i+1Eπ(FD)i+1E − EDFFDE,

µ =
m∑

i=0
(ED)2i+3Fi+1Fπ +

m∑
i=0

E2i+1Eπ(FD)i+1
− EDFFD;
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ϕ =
[ m∑

i=0

(
E2i+2Eπ(FD)i+2 + E2i+1Eπ(FD)i+2E

)
− EEDFD

− EDFDE
]

[ m∑
i=0

(
(FD)i+1E2i+2Eπ + Fi+1Fπ(ED)2i+2

)
− FFDEED

]
+

[ m∑
i=0

E2i+1Eπ(FD)i+2
− EDFD

][ m∑
i=0

(
(FD)i+1E2i+3Eπ + Fi+1(ED)2i+1

− Fi+2FD(ED)2i+1
)
− FFDE2ED

]
,

φ =
[ m∑

i=0
(E2i+2Eπ(FD)i+2 + E2i+1Eπ(FD)i+2E) − EEDFD

− EDFDE
]

[ m∑
i=0

(
(FD)i+1E2i+1

− (FD)i+1E2i+2ED + Fi+1Fπ(ED)2i+3
)
− FFDED

]
+

[ m∑
i=0

E2i+1Eπ(FD)i+2
− EDFD

][ m∑
i=0

(
(FD)i+1E2i+2

− (FD)i+1E2i+3ED

+ Fi+1(ED)2i+2
− Fi+2FD(ED)2i+2

)
− FFDEED

]
;

χ =
[ m∑

i=0

(
(ED)2i+2Fi+1Fπ + (ED)2i+3Fi+1E − (ED)2i+3Fi+2FDE

)]
[
(ED)2 +

m∑
i=1

Fi(ED)2i+2
]
+

[ m∑
i=0

(ED)2i+3Fi+1Fπ
][ m∑

i=1
Fi(ED)2i+1

]
,

ω =
[ m∑

i=0

(
(ED)2i+2Fi+1Fπ + (ED)2i+3Fi+1E − (ED)2i+3Fi+2FDE

)]
[
(ED)3 +

m∑
i=1

Fi(ED)2i+3
]
+

[ m∑
i=0

(ED)2i+3Fi+1Fπ
][ m∑

i=1
Fi(ED)2i+2

]
;

m = i(E) + 2i(F) + 1.

Proof. Clearly, we have

M2 =

(
E2 + F E

FE F

)
= P +Q,

where

P =
(

F 0
FE F

)
,Q =

(
E2 E
0 0

)
.

In light of Lemma 2.1, we have

PD =

(
FD 0
X FD

)
,Pπ =

(
Fπ 0
−FX Fπ

)
;

QD =

(
(ED)2 (ED)3

0 0

)
,Qπ =

(
Eπ −ED

0 I

)
.

where

X =
2i(F)−1∑

i=0
[FπFi+1E(FD)i+2 + (FD)i+1EFiFπ]

= FDE.

For any i ≥ 2, we have

Pi =

(
Fi 0
Xi Fi

)
,X1 = FE,Xi = Xi−1F + FiE;

(PD)i =

(
(FD)i 0

Yi (FD)i

)
,Y1 = FDE,Yi = FDYi−1;

Qi =

(
E2i E2i−1

0 0

)
, (QD)i =

(
(ED)2i (ED)2i+1

0 0

)
.
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Since FEiF = 0 for all i ∈N, we verify that

Xi = FiE,Yi = (FD)iE.

We easily check that

PQiP =

(
F 0

FE F

) (
E2i E2i−1

0 0

) (
F 0

FE F

)
=

(
FE2i FE2i−1

FE2i+1 FE2i

) (
F 0

FE F

)
= 0.

for all i ∈N. In view of Lemma 2.2,

(M2)D = (P +Q)D

= PD +QD +UPD +QDU + PDVQ +QDWQ

+ VQQD +WQQD +UPDVQ +
m∑

i=0
UPiPπ(QD)i+1,

where
U =

m∑
i=0

[
(QD)i+1Pi+1Pπ +Qi+1Qπ(PD)i+1

]
−QQDPPD,

V =
m∑

i=0

[
(PD)i+1QiQπ + Pi+1Pπ(QD)i+2

]
− PPDQD,

W = UV +
∑

i+l+ j=m−1

[
(QD)m+1−iPl+1Q jQπ +Qi+1QπPl+1(QD)m+2− j

]
−

m∑
i=0

[
(QD)i+1Pi+1(V +QD) + (U +QQD)Pi+1(QD)i+2

]
,

m = i(E) + 2i(F) + 1 ≥ i(P) + 2i(Q).

We compute that

UPD =

m∑
i=0

Qi+1Qπ(PD)i+2
−QQDPD,

where
Qi+1Qπ(PD)i+2

=

(
E2i+2 E2i+1

0 0

) (
Eπ −ED

0 I

) (
(FD)i+2 0

(FD)i+2E (FD)i+2

)
=

(
E2i+2Eπ(FD)i+2 + E2i+1Eπ(FD)i+2E E2i+1Eπ(FD)i+2

0 0

)
,

QQDPD

=

(
E2 E
0 0

) (
(ED)2 (ED)3

0 0

) (
FD 0

FDE FD

)
=

(
EEDFD + EDFDE EDFD

0 0

)
.

Hence,

(UPD)11 =
m∑

i=0
[E2i+2Eπ(FD)i+2 + E2i+1Eπ(FD)i+2E] − EEDFD

− EDFDE,

(UPD)12 =
m∑

i=0
E2i+1Eπ(FD)i+2

− EDFD,

(UPD)21 = 0,
(UPD)22 = 0.

Also we see that

QDU =
m∑

i=0

(QD)i+2Pi+1Pπ −QDPPD,
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where
(QD)i+2Pi+1Pπ

=

(
(ED)2i+4 (ED)2i+5

0 0

) (
Fi+1 0

Fi+1E Fi+1,

) (
Fπ 0
−FFDE Fπ

)
=

(
(ED)2i+4Fi+1 + (ED)2i+5Fi+1E (ED)2i+5Fi+1

0 0

) (
Fπ 0
−FFDE Fπ

)
=

(
(ED)2i+4Fi+1 + (ED)2i+5Fi+1E (ED)2i+5Fi+1

0 0

)
,

QDPPD

=

(
(ED)2 (ED)3

0 0

) (
F 0

FE F

) (
FD 0

FDE FD

)
=

(
(ED)2F + (ED)3FE (ED)3F

0 0

) (
FD 0

FDE FD

)
=

(
(ED)2FFD + (ED)3FFDE (ED)3FFD

0 0

)
.

Hence,

(QDU)11 =
m∑

i=0
[(ED)2i+4Fi+1 + (ED)2i+5Fi+1E] − (ED)2FFD

− (ED)3FFDE,

(QDU)12 =
m∑

i=0
(ED)2i+5Fi+1

− (ED)3FFD,

(QDU)21 = 0,
(QDU)22 = 0.

Clearly, we have

PDVQ =
m∑

i=0

(PD)i+2Qi+1Qπ − PDQQD,

where
(PD)i+2Qi+1Qπ

=

(
(FD)i+2 0

(FD)i+2E (FD)i+2

) (
E2i+2 E2i+1

0 0

) (
Eπ −ED

0 I

)
=

(
(FD)i+2 0

(FD)i+2E (FD)i+2

) (
E2i+2Eπ E2i+1

− E2i+2ED

0 0

)
=

(
(FD)i+2E2i+2Eπ (FD)i+2E2i+1

− (FD)i+2E2i+2ED

(FD)i+2E2i+3Eπ (FD)i+2E2i+2
− (FD)i+2E2i+3ED

)
PDQQD

=

(
FD 0

FDE FD

) (
EED ED

0 0

)
=

(
FDEED FDED

FDE2ED FDEED

)
.

Hence,

(PDVQ)11 =
m∑

i=0
(FD)i+2E2i+2Eπ − FDEED,

(PDVQ)12 =
m∑

i=0

[
(FD)i+2E2i+1

− (FD)i+2E2i+2ED
]
− FDED,

(PDVQ)21 =
m∑

i=0
(FD)i+2E2i+3Eπ − FDE2ED,

(PDVQ)22 =
m∑

i=0

[
(FD)i+2E2i+2

− (FD)i+2E2i+3ED
]
− FDEED.
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We observe that

QDWQ = QDUVQ +
∑

i+l+ j=m−1
(QD)m+2−iPl+1Q j+1Qπ −

m∑
i=0

[(QD)i+2Pi+1VQ

+ QDUPi+1(QD)i+1 + (QD)i+2Pi+1QQD +QDPi+1(QD)i+1],

VQ =
m∑

i=0

[
(PD)i+1Qi+1Qπ + Pi+1Pπ(QD)i+1

]
− PPDQQD,

(PD)i+1Qi+1Qπ

=

(
(FD)i+1 0

(FD)i+1E (FD)i+1

) (
E2i+2 E2i+1

0 0

) (
Eπ −ED

0 I

)
=

(
(FD)i+1E2i+2Eπ (FD)i+1E2i+1

− (FD)i+1E2i+2ED

(FD)i+1E2i+3Eπ (FD)i+1E2i+2
− (FD)i+1E2i+3ED

)
Pi+1Pπ(QD)i+1

=

(
Fi+1 0

Fi+1E Fi+1

) (
Fπ 0
−FFDE Fπ

) (
(ED)2i+2 (ED)2i+3

0 0

)
=

(
Fi+1 0

Fi+1E Fi+1

) (
Fπ(ED)2i+2 Fπ(ED)2i+3

−FFD(ED)2i+1
−FFD(ED)2i+2

)
=

(
Fi+1Fπ(ED)2i+2 Fi+1Fπ(ED)2i+3

Fi+1(ED)2i+1
− Fi+2FD(ED)2i+1 Fi+1(ED)2i+2

− Fi+2FD(ED)2i+2

)
,

PPDQD

=

(
FFD 0

FFDE FFD

) (
(ED)2 (ED)3

0 0

)
=

(
FFD(ED)2 FFD(ED)3

FFDED FFD(ED)2

)
,

PPDQQD

=

(
FFD(ED)2 FFD(ED)3

FFDED FFD(ED)2

) (
E2 E
0 0

)
=

(
FFDEED FFDED

FFDE2ED FFDEED

)
.

Therefore

(VQ)11 =
m∑

i=0

[
(FD)i+1E2i+2Eπ + Fi+1Fπ(ED)2i+2

]
− FFDEED,

(VQ)12 =
m∑

i=0

[
(FD)i+1E2i+1

− (FD)i+1E2i+2ED + Fi+1Fπ(ED)2i+3
]
− FFDED,

(VQ)21 =
m∑

i=0

[
(FD)i+1E2i+3Eπ + Fi+1(ED)2i+1

− Fi+2FD(ED)2i+1
]
− FFDE2ED,

(VQ)22 =
m∑

i=0

[
(FD)i+1E2i+2

− (FD)i+1E2i+3ED + Fi+1(ED)2i+2
− Fi+2FD(ED)2i+2

]
− FFDEED.

Hence

QDUVQ = (QDU)(VQ) =
(
α β
0 0

)
,
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where

α =
[ m∑

i=0
[(ED)2i+4Fi+1 + (ED)2i+5Fi+1E] − (ED)2FFD

− (ED)3FFDE
]

[ m∑
i=0

(
(FD)i+1E2i+1

− (FD)i+1E2i+2ED + Fi+1Fπ(ED)2i+3
)
− FFDED

]
+

[ m∑
i=0

(ED)2i+5Fi+1
− (ED)3FFD

][ m∑
i=0

(
(FD)i+1E2i+3Eπ + Fi+1(ED)2i+1

− Fi+2FD(ED)2i+1
)
− FFDE2ED

]
,

β =
[ m∑

i=0
[(ED)2i+4Fi+1 + (ED)2i+5Fi+1E] − (ED)2FFD

− (ED)3FFDE
]

[ m∑
i=0

(
(FD)i+1E2i+1

− (FD)i+1E2i+2ED + Fi+1Fπ(ED)2i+3
)
− FFDED

]
+

[ m∑
i=0

(ED)2i+5Fi+1
− (ED)3FFD

][ m∑
i=0

(
(FD)i+1E2i+2

− (FD)i+1E2i+3ED

+ Fi+1(ED)2i+2
− Fi+2FD(ED)2i+2

)
− FFDEED

]
;

Moreover, we have(
(QD)m+2−iPl+1Q j+1Qπ

)
11
= (ED)2m−2i+4Fl+1E2 j+2Eπ + (ED)2m−2i+5Fl+1E2 j+3Eπ,(

(QD)m+2−iPl+1Q j+1Qπ
)

12
= (ED)2m−2i+4Fl+1E2 j+1Eπ + (ED)2m−2i+5Fl+1E2 j+2Eπ,(

(QD)m+2−iPl+1Q j+1Qπ
)

21
= 0,(

(QD)m+2−iPl+1Q j+1Qπ
)

22
= 0.

We easily see that

(QD)i+2Pi+1 =

(
(ED)2i+4 (ED)2i+5

0 0

) (
Fi+1 0

Fi+1E Fi+1

)
=

(
(ED)2i+4Fi+1 + (ED)2i+5Fi+1E (ED)2i+5Fi+1

0 0

)
,

Pi+1(QD)i+1 =

(
Fi+1 0

Fi+1E Fi+1

) (
(ED)2i+2 (ED)2i+3

0 0

)
=

(
Fi+1(ED)2i+2 Fi+1(ED)2i+3

Fi+1(ED)2i+1 Fi+1(ED)2i+2

)
.

Hence, (
(QD)i+2Pi+1QQD

)
11
= (ED)2i+4Fi+1EED + (ED)2i+5Fi+1E2ED,(

(QD)i+2Pi+1QQD
)

12
= (ED)2i+4Fi+1ED + (ED)2i+5Fi+1EED,(

(QD)i+2Pi+1QQD
)

21
= 0,(

(QD)i+2Pi+1QQD
)

22
= 0;(

QDPi+1(QD)i+1
)

11
= (ED)2Fi+1(ED)2i+2 + (ED)3Fi+1(ED)2i+1,(

QDPi+1(QD)i+1
)

12
= (ED)2Fi+1(ED)2i+3 + (ED)3Fi+1(ED)2i+2,(

QDPi+1(QD)i+1
)

21
= 0,(

QDPi+1(QD)i+1
)

22
= 0.

Moreover, we have

(QD)i+2Pi+1VQ =
[
(QD)i+2Pi+1

]
[VQ] =

(
γi δi
0 0

)
,
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where

γi = (ED)2i+4Fi+1
[ m∑

j=0

(
(FD) j+1E2 j+2Eπ + F j+1Fπ(ED)2 j+2

)
− FFDEED

]
+ (ED)2i+5Fi+1

[ m∑
j=0

(
(FD) j+1E2 j+3Eπ + F j+1(ED)2 j+1

− F j+2FD(ED)2 j+1
)

− FFDE2ED
]
,

δi = (ED)2i+4Fi+1
[ m∑

j=0

(
(FD) j+1E2 j+1

− (FD) j+1E2 j+2ED + F j+1Fπ(ED)2 j+3
)

− FFDED
]
+ (ED)2i+5Fi+1

[ m∑
j=0

[
(FD) j+1E2 j+2

− (FD) j+1E2 j+3ED

+ F j+1(ED)2 j+2
− F j+2FD(ED)2 j+2

)
− FFDEED

]
;

Also we have

QDUPi+1(QD)i+1 = [QDU][Pi+1(QD)i+1] =
(
εi ζi
0 0

)
,

where

εi =
[ m∑

j=0
(ED)2 j+4F j

− (ED)2FD
]
Fi+2(ED)2i+2

+
[ m∑

j=0
(ED)2 j+5F j

− (ED)3FD
]
Fi+2(ED)2i+1,

ζi =
[ m∑

j=0
(ED)2 j+4F j

− (ED)2FD
]
Fi+2(ED)2i+3

+
[ m∑

j=0
(ED)2 j+5F j

− (ED)3FD
]
Fi+2(ED)2i+2;

Therefore we compute that

QDWQ =
(
η θ
0 0

)
,

where
η =

∑
i+l+ j=m−1

(QD)m+2−i
[
(ED)2m−2i+4Fl+1E2 j+2Eπ + (ED)2m−2i+5Fl+1E2 j+3Eπ

]
−

m∑
i=0

[
γi + εi + (ED)2i+4Fi+1EED + (ED)2i+5Fi+1E2ED + (ED)2Fi+1(ED)2i+2

+ (ED)3Fi+1(ED)2i+1
]
+ α,

θ =
∑

i+l+ j=m−1
(QD)m+2−i

[
(ED)2m−2i+4Fl+1E2 j+1Eπ + (ED)2m−2i+5Fl+1E2 j+2Eπ

]
−

m∑
i=0

[
δi + ζi + (ED)2i+4Fi+1ED + (ED)2i+5Fi+1EED + (ED)2Fi+1(ED)2i+3

+ (ED)3Fi+1(ED)2i+2
]
+ β;

Further, we get

(VQQD)11 =
m∑

i=0
Fi+1Fπ(ED)2i+4

− FFD(ED)2,

(VQQD)12 =
m∑

i=0
Fi+1Fπ(ED)2i+5

− FFD(ED)3,

(VQQD)21 =
m∑

i=0

[
Fi+1
− Fi+2FD

]
(ED)2i+3

− FFDED,

(VQQD)22 =
m∑

i=0

[
Fi+1
− Fi+2FD

]
(ED)2i+4

− FFD(ED)2.
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We now compute

WQQD = UVQQD +
∑

i+l+ j=m−1
Qi+1QπPl+1Q(QD)m+3− j

−

m∑
i=0

[
(QD)i+1Pi+1(V +QD)QQD + (U +QQD)Pi+1(QD)i+2

]
= UVQQD +

∑
i+l+ j=m−1

Qi+1QπPl+1(QD)m+2− j
−

m∑
i=0

[
(QD)i+1Pi+1VQQD

+ UPi+1(QD)i+2 + (QD)i+1Pi+1QD +QQDPi+1(QD)i+2
]
.

One checks that UPπ =
m∑

i=0
(QD)i+1Pi+1Pπ and so

(UPπ)11 =
m∑

i=0

[
(ED)2i+2Fi+1Fπ + (ED)2i+3Fi+1E − (ED)2i+3Fi+2FDE

]
,

(UPπ)12 =
m∑

i=0
(ED)2i+3Fi+1Fπ,

(UPπ)21 = 0,
(UPπ)22 = 0.

Then
(UPPD)11 =

m∑
i=0

E2i+2Eπ(FD)i+1
− EEDFFD +

m∑
i=0

E2i+1Eπ(FD)i+1E − EDFFDE,

(UPPD)12 =
m∑

i=0
E2i+1Eπ(FD)i+1

− EDFFD,

(UPPD)21 = 0,
(UPPD)22 = 0.

Hence,

U = UPπ +UPPD =

(
λ µ
0 0

)
,

where
λ =

m∑
i=0

[
(ED)2i+2Fi+1Fπ + (ED)2i+3Fi+1E − (ED)2i+3Fi+2FDE

]
+

m∑
i=0

E2i+2Eπ(FD)i+1
− EEDFFD +

m∑
i=0

E2i+1Eπ(FD)i+1E − EDFFDE,

µ =
m∑

i=0
(ED)2i+3Fi+1Fπ +

m∑
i=0

E2i+1Eπ(FD)i+1
− EDFFD.

It follows that

UVQQD = U(VQQD) =
(
ξ ρ
0 0

)
,

where
ξ = λ

[ m∑
i=0

Fi+1Fπ(ED)2i+4
− FFD(ED)2

]
+ µ

[ m∑
i=0

(
Fi+1
− Fi+2FD

)
(ED)2i+3

− FFDED
]

ρ = λ
[ m∑

i=0
Fi+1Fπ(ED)2i+5

− FFD(ED)3
]
+ µ

[ m∑
i=0

(
Fi+1
− Fi+2FD

)
(ED)2i+4

− FFD(ED)2
]
.

Moreover, we have(
Qi+1QπPl+1(QD)m+2− j

)
11
= E2i+2EπFl+1(ED)2m+4−2 j + (E2i+1

− E2i+2ED)Fl+1(ED)2m+3−2 j,(
Qi+1QπPl+1(QD)m+2− j

)
12
= E2i+2EπFl+1(ED)2m+5−2 j + (E2i+1

− E2i+2ED)Fl+1(ED)2m+4−2 j,(
Qi+1QπPl+1(QD)m+2− j

)
21
= 0,(

Qi+1QπPl+1(QD)m+2− j
)

22
= 0,
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(QD)i+1Pi+1 =

(
(ED)2i+2 (ED)2i+3

0 0

) (
Fi+1 0

Fi+1E Fi+1

)
=

(
(ED)2i+2Fi+1 + (ED)2i+3Fi+1E (ED)2i+3Fi+1

0 0

)
,

(QD)i+1Pi+1VQQD = [(QD)i+1Pi+1][VQQD] =
(
σi τi
0 0

)
,

where

σi = (ED)2i+2Fi+2
[ m∑

j=0
F jFπ(ED)2 j+4

− FD(ED)2
]
+ (ED)2i+3Fi+2

[ m∑
j=0

(
F j
− F j+1FD

)
(ED)2 j+3

− FDED
]
,

τi = (ED)2i+2Fi+2
[ m∑

j=0
F jFπ(ED)2 j+5

− FD(ED)3
]
+ (ED)2i+3Fi+2

[ m∑
j=0

(
F j
− F j+1FD

)
(ED)2 j+4

− FD(ED)2
]
,

(
UPi+1(QD)i+2

)
11
= λFi+1(ED)2i+4 + µFi+1(ED)2i+3,(

UPi+1(QD)i+2
)

12
= λFi+1(ED)2i+5 + µFi+1(ED)2i+4,(

UPi+1(QD)i+2
)

21
= 0,(

UPi+1(QD)i+2
)

22
= 0;(

(QD)i+1Pi+1QD
)

11
= (ED)2i+2Fi+1(ED)2 + (ED)2i+3Fi+1ED,(

(QD)i+1Pi+1QD
)

12
= (ED)2i+2Fi+1(ED)3 + (ED)2i+3Fi+1(ED)2,(

(QD)i+1Pi+1QD
)

21
= 0,(

(QD)i+1Pi+1QD
)

22
= 0;(

QQDPi+1(QD)i+2
)

11
= EEDFi+1(ED)2i+4 + EDFi+1(ED)2i+3,(

QQDPi+1(QD)i+2
)

12
= EEDFi+1(ED)2i+5 + EDFi+1(ED)2i+4,(

QQDPi+1(QD)i+2
)

21
= 0,(

QQDPi+1(QD)i+2
)

22
= 0.

Therefore we obtain

WQQD =

(
κ ς
0 0

)
,

where
κ =

∑
i+l+ j=m−1

[
E2i+2EπFl+1(ED)2m+4−2 j + (E2i+1

− E2i+2ED)Fl+1(ED)2m+3−2 j
]

−

m∑
i=0

[
σi + λFi+1(ED)2i+4 + µFi+1(ED)2i+3 + (ED)2i+2Fi+1(ED)2

+ (ED)2i+3Fi+1ED + EEDFi+1(ED)2i+4 + EDFi+1(ED)2i+3
]
+ ξ,

ς =
∑

i+l+ j=m−1

[
E2i+2EπFl+1(ED)2m+5−2 j + (E2i+1

− E2i+2ED)Fl+1(ED)2m+4−2 j
]

−

m∑
i=0

[
τi + λFi+1(ED)2i+5 + µFi+1(ED)2i+4 + (ED)2i+2Fi+1(ED)3

+ (ED)2i+3Fi+1(ED)2 + EEDFi+1(ED)2i+5 + EDFi+1(ED)2i+4 + ρ.

Further, we obtain

UPDVQ = (UPD)(VQ) =
(
ϕ φ
0 0

)
,
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where
ϕ =

[ m∑
i=0

(
E2i+2Eπ(FD)i+2 + E2i+1Eπ(FD)i+2E

)
− EEDFD

− EDFDE
]

[ m∑
i=0

(
(FD)i+1E2i+2Eπ + Fi+1Fπ(ED)2i+2

)
− FFDEED

]
+

[ m∑
i=0

E2i+1Eπ(FD)i+2
− EDFD

][ m∑
i=0

(
(FD)i+1E2i+3Eπ + Fi+1(ED)2i+1

− Fi+2FD(ED)2i+1
)
− FFDE2ED

]
,

φ =
[ m∑

i=0
(E2i+2Eπ(FD)i+2 + E2i+1Eπ(FD)i+2E) − EEDFD

− EDFDE
]

[ m∑
i=0

(
(FD)i+1E2i+1

− (FD)i+1E2i+2ED + Fi+1Fπ(ED)2i+3
)
− FFDED

]
+

[ m∑
i=0

E2i+1Eπ(FD)i+2
− EDFD

][ m∑
i=0

(
(FD)i+1E2i+2

− (FD)i+1E2i+3ED

+ Fi+1(ED)2i+2
− Fi+2FD(ED)2i+2

)
− FFDEED

]
.

Obviously, we have
m∑

i=0

UPiPπ(QD)i+1 = (UPπ)
[
QD +

m∑
i=1

Pi(QD)i+1
]
.

Also we see that

QD +
m∑

i=1
Pi(QD)i+1 =

(
(ED)2 (ED)3

0 0

)
+

m∑
i=1

(
Fi 0

FiE Fi,

) (
(ED)2i+2 (ED)2i+3

0 0

)

=


(ED)2 +

m∑
i=1

Fi(ED)2i+2 (ED)3 +
m∑

i=1
Fi(ED)2i+3

m∑
i=1

Fi(ED)2i+1
m∑

i=1
Fi(ED)2i+2

 .
Then

m∑
i=0

UPiPπ(QD)i+1 =

(
χ ω
0 0

)
,

where
χ =

[ m∑
i=0

(
(ED)2i+2Fi+1Fπ + (ED)2i+3Fi+1E − (ED)2i+3Fi+2FDE

)]
[
(ED)2 +

m∑
i=1

Fi(ED)2i+2
]
+

[ m∑
i=0

(ED)2i+3Fi+1Fπ
][ m∑

i=1
Fi(ED)2i+1

]
,

ω =
[ m∑

i=0

(
(ED)2i+2Fi+1Fπ + (ED)2i+3Fi+1E − (ED)2i+3Fi+2FDE

)]
[
(ED)3 +

m∑
i=1

Fi(ED)2i+3
]
+

[ m∑
i=0

(ED)2i+3Fi+1Fπ
][ m∑

i=1
Fi(ED)2i+2

]
.

Accordingly, we derive

(M2)D =

(
Γ ∆
Λ Ξ

)
,

where Γ,∆,Λ and Ξ are given as in (∗) by direct computation. Therefore

MD = M(MD)2

=

(
E I
F 0

)
(M2)D

=

(
E I
F 0

) (
Γ ∆
Λ Ξ

)
=

(
EΓ + Λ E∆ + Ξ

FΓ F∆

)
,
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as asserted.

This following example illustrates that Theorem 2.3 is valid even EF2 , 0. (see [4, Theorem 2.2]).

Example 2.4. Let M =
(

E I
F 0

)
∈ C16×16, where

E =



0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0


,F =



0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


∈ C8×8.

Then FEF = 0 and FE2 = 0, while FE , 0 and EF2 , 0. Construct P and Q as in Theorem 2.3. Since E2 = 0 and
F3 = 0, we prove that P and Q are nilpotent. We check that

PQ2 =

(
F 0

FE F

) (
E4 E3

0 0

)
= 0,

PQP =
(

F 0
FE F

) (
E2 E
0 0

) (
F 0

FE F

)
= 0.

In light of Lemma 2.2, M2 = P +Q is nilpotent. Therefore M is nilpotent, i.e., MD = 0.
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