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Abstract. In this paper, we consider pseudomonotone equilibrium problems and generalized variational
inequalities in Hilbert spaces. We suggest an iterative procedure for solving pseudomonotone equilibrium
problems and generalized variational inequalities. Strong convergence result is proved under some mild
assumptions.

1. Introduction

Let H be a real Hilbert space. Denote its inner product and norm by ⟨·, ·⟩ and ∥ · ∥, respectively. Let C ⊂ H
be a nonempty closed convex set.

Definition 1.1. A bifunction 1 : C × C→ R is said to be

(i) monotone if ∀u†, v† ∈ C,

1(u†, v†) + 1(v†,u†) ≤ 0.

(ii) pseudomonotone if the following relation holds

1(u†, v†) ≥ 0⇒ 1(v†,u†) ≤ 0,∀u†, v† ∈ C.

Remark 1.2. It is obviously that the monotonicity of 1 means the pseudomonotonicity of 1. But the reverse is not
necessarily correct.
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Let 1 : C × C→ R be a bifunction. Recall that the equilibrium problem is to find a point x ∈ C such that

1(x, y) ≥ 0, ∀y ∈ C. (1)

Denote the solution set of (1) by PME(C, 1).
As an important tool, the equilibrium problem (1) incorporates in a useful way a great deal of problems,

such as variational inequality problems ([2, 4, 6, 35, 38, 41, 45]), fixed point problems ([1, 3, 10, 14, 19, 23,
31, 33, 46]) and so on. The equilibrium problem (1) has been continuously investigated and extended in the
literature, see e.g. [8, 9, 11, 15–17, 22, 26, 34, 39, 40, 47–49]).

Definition 1.3. An operator f : C→ H is said to be

• ω-strongly monotone if for all u, v ∈ C,

⟨ f (u) − f (v),u − v⟩ ≥ ω∥u − v∥2, (2)

where ω > 0 is a constant.
• τ-inverse strongly ϕ-monotone if for all u, v ∈ C,

⟨ f (u) − f (v), ϕ(u) − ϕ(v)⟩ ≥ τ∥ f (u) − f (v)∥2,

where τ > 0 is a constant and ϕ : C→ C is an operator.

Let f : C → H and ϕ : C → C be two operators. Recall that the generalized variational inequality ([21]) is
to find a point x† ∈ C such that

⟨ f (x†), ϕ(x) − ϕ(x†)⟩ ≥ 0, ∀x ∈ C. (3)

Use VI(C, f , ϕ) to denote the solution set of problem (3).
If ϕ ≡ I, the identity operator of C, then (3) reduces to find a point x† ∈ C such that

⟨ f (x†), x − x†⟩ ≥ 0, ∀x ∈ C. (4)

Variational inequality problems play important roles and provide a useful tool for studying numerous
valuable problems coming from water resources, finance, economics, medical images and so on ([5, 7, 25,
29, 37, 43]). In order to solve (4), many iterative algorithms, such as projection methods, proximal point
methods, extragradient methods, subgradient methods have been investigated, see, e.g., [12, 13, 18, 20, 24,
27, 30, 32, 36, 42, 44].

In the present paper, we are interested in the pseudomonotone equilibrium problems and generalized
variational inequalities of finding a point u† such that

u† ∈ VI(C, f , ϕ) and ϕ(u†) ∈ PME(C, 1). (5)

Here, use Γ to denote the solution set of problem (5), that is,

Γ = {x∗|x∗ ∈ VI(C, f , ϕ) and ϕ(x∗) ∈ PME(C, 1)}.

In this paper, we construct an iterative algorithm for solving (5). We show that the presented algorithm
strongly converges to en element in Γ.

2. Preliminaries

Let C be a nonempty closed convex subset of a real Hilbert space H. Recall that an operator ψ : C→ H
is called ρ-Lipschitz (ρ ≥ 0) if

∥ψ(ũ) − ψ(ṽ)∥ ≤ ρ∥ũ − ṽ∥, ∀ũ, ṽ ∈ C.

When ρ < 1, ψ is called ρ-contraction. When ρ = 1, ψ is called nonexpansive.
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A bifunction 1 : C × C → R is said to be jointly sequently weakly continuous, if sn, tn ∈ C satisfying
sn ⇀ x† and tn ⇀ y† imply that 1(sn, tn)→ 1(x†, y†).

An operator F : H → 2H is called monotone iff ⟨u − v, ũ − ṽ⟩ ≥ 0 for all u, v ∈ dom(F), ũ ∈ F(u), and
ṽ ∈ F(v). A monotone operator F on H is called maximal iff its graph is not strictly contained in the graph
of any other monotone operator on H.

For given u† ∈ H, there exists a unique point in C, denoted by projC[u†] such that

∥u† − projC[u†]∥ ≤ ∥x − u†∥, ∀x ∈ C.

It is known that projC is firmly nonexpansive, that is, projC satisfies

∥projC[q∗] − projC[q†]∥2 ≤ ⟨projC[q∗] − projC[q†], q∗ − q†⟩, ∀q∗, q† ∈ H. (6)

Moreover, projC satisfies the following inequality

⟨q∗ − projC[q∗], q† − projC[q∗]⟩ ≤ 0, ∀q∗ ∈ H, q† ∈ C. (7)

Lemma 2.1 ([22]). Let C be a nonempty closed convex subset of a real Hilbert space H. Let 1 : C × C → R be a
bifunction which satisfies condition (C4) stated in Sec. 3. Let {λn} be a sequence satisfying λn ∈ [λ, λ] ⊂ (0, 1]. For
given rn ∈ C, set

tn = arg min
u†∈C

{
1(rn,u†) +

1
2λn
∥rn − u†∥2

}
.

Then the boundedness of {rn} implies that {tn} is bounded.

Lemma 2.2 ([26]). Let C be a nonempty closed convex subset of a real Hilbert space H. Let 1 : C × C → R be a
bifunction which satisfies condition (C4) stated in Sec. 3. For given two points ū, v̄ ∈ C and two sequences {an} ⊂ C
and {bn} ⊂ C, if an ⇀ ū and bn ⇀ v̄, respectively, then, for any ϵ > 0, there exist α > 0 and Nϵ ∈N verifying

∂21(bn, an) ⊂ ∂21(v̄, ū) +
ϵ
α

B

for every n ≥ Nϵ, where B := {b ∈ H : ∥b∥ ≤ 1}.

Lemma 2.3 ([28]). Let {τn} ⊂ [0,∞), {ζn} ⊂ (0, 1) and {ηn} be real number sequences. Suppose the following
conditions are satisfied

(i) τn+1 ≤ (1 − ζn)τn + ηn,∀n ≥ 1;

(ii)
∑
∞

n=1 ζn = ∞;

(iii) lim sup
n→∞

ηn

ζn
≤ 0 or

∑
∞

n=1 |ηn| < ∞.

Then limn→∞ τn = 0.

Lemma 2.4 ([19]). Let {yn} be a real number sequence. Assume there exists at least a subsequence {ynk } of {yn} such
that

ynk ≤ ynk+1

for all k ≥ 0. For every n ≥ N0, define an integer sequence {φ(n)} as

φ(n) = max{i ≤ n : yni < yni+1}.

Then φ(n)→∞ as n→∞ and for all n ≥ N0, max{yφ(n), yn} ≤ yφ(n)+1.
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3. Main results

In this section, we introduce an iterative algorithm for solving (5) and demonstrate its strong conver-
gence. Firstly, we state some assumptions regarding to the involved operators and parameters. Let C be a
nonempty closed convex subset of a real Hilbert space H. Assume that

(C1): ψ : C→ C is a ρ-contractive operator;

(C2): ϕ : C→ C is a weakly continuous and ω-strongly monotone operator such that Ran1e(ϕ) = C;

(C3): f : C→ H is a τ-inverse strongly ϕ-monotone operator;

(C4): 1 : C × C→ R is a bifunction which satisfies the following conditions

(i): 1(x†, x†) = 0,∀x† ∈ C;

(ii): 1 is pseudomonotone on H;

(iii): 1 is jointly sequently weakly continuous on C × C;

(iv): ∀x† ∈ C, 1(x†, x) is convex and subdifferentiable on the second variable x ∈ C.

Let {τn}, {λn} and {ζn} be three real number sequences in [0, 1] and {µn} and {βn} be two real number sequences
in (0,∞). Let γ ∈ (0, 1) and α ∈ (0, 1) be two constants. Assume that

(A1): limn→∞ τn = 0 and
∑
∞

n=1 τn = ∞;

(A2): ζn ∈ [a1, b1] ⊂ (0, 1), λn ∈ [a2, b2] ⊂ (0, 1], βn ∈ [a3, b3] ⊂ (0, 2) and µn ∈ [a4, b4] ⊂ (0, 2τ);

(A3): 0 < ρ < ω < 2τ.

In what follows, we suppose that Γ , ∅. Next, we present an iterative algorithm for solving problem (5).

Algorithm 3.1. Let x0 ∈ C be a guess. Set n = 0.
Step 1. For given xn, compute

rn = projC[τnψ(xn) + (1 − τn)(ϕ(xn) − µn f (xn))]. (8)

Step 2. Compute

tn = arg min
u†∈C

{
1(rn,u†) +

1
2λn
∥rn − u†∥2

}
. (9)

If tn = rn, then set yn = rn and go to Step 5. Otherwise, continuous to the next step 3.
Step 3. Find mn as the smallest positive integer number m such that

2λn[1(wn,m, rn) − 1(wn,m, tn)] ≥ γ∥rn − tn∥
2 (10)

where

wn,m = (1 − αm)rn + α
mtn. (11)

Write αn = αmn and wn = wn,mn .
Step 4. Compute

yn = projC(rn − βnθnϑn), (12)

where ϑn ∈ ∂21(wn, rn) and θn =
1(wn, rn)
∥ϑn∥

2 .

Step 5. Compute

ϕ(xn+1) = (1 − ζn)ϕ(xn) + ζnyn. (13)

Step 6. Set n := n + 1 and return to step 1.
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Remark 3.2. We have the following conclusions:

(i) By the strong monotonicity of ϕ, from (2), we have

∥ϕ(x) − ϕ(y)∥ ≥ ω∥x − y∥, ∀x, y ∈ C. (14)

Thus, the following varaitional inequality has a unique solution denoted by q∗,

⟨ψ(x) − ϕ(x), ϕ(y) − ϕ(x)⟩ ≤ 0, ∀y ∈ Γ.

So, we have

⟨ψ(q∗) − ϕ(q∗), ϕ(y) − ϕ(q∗)⟩ ≤ 0, ∀y ∈ Γ. (15)

(ii) Since f is τ-inverse strongly ϕ-monotone, for any u ∈ C, we have

∥(ϕ(u) − µ f (u)) − (ϕ(q∗) − µ f (q∗))∥2

= ∥ϕ(u) − ϕ(q∗)∥2 − 2µ⟨ f (u) − f (q∗), ϕ(u) − ϕ(q∗)⟩ + µ2
∥ f (u) − f (q∗)∥2

≤ ∥ϕ(u) − ϕ(q∗)∥2 − 2µτ∥ f (u) − f (q∗)∥2 + µ2
∥ f (u) − f (q∗)∥2

≤ ∥ϕ(u) − ϕ(q∗)∥2 + µ(µ − 2τ)∥ f (u) − f (q∗)∥2.

(16)

(iii) If tn = rn, then tn ∈ PME(C, 1). If tn , rn, then 0 < ∂21(wn, rn) and ϑn , 0.

(iv) The linesearch rule (10) is all well-defined.

(v) 1(wn, rn) > 0.

(vi) ∥yn − x∗∥2 ≤ ∥rn − x∗∥2 − βn(2 − βn)(θn∥ϑn∥)2 for all x∗ ∈ PME(C, 1).

Proposition 3.3. The sequences {xn}, {ϕ(xn)}, {rn} and {tn} are bounded.

Proof. Note that q∗ ∈ VI(C, f , ϕ) and ϕ(q∗) ∈ PME(C, 1). Then, ϕ(q∗) = projC[ϕ(q∗) − µn f (q∗)] for all n ≥ 0. By
virtue of (16), we get

∥(ϕ(xn) − µn f (xn)) − (ϕ(q∗) − µn f (q∗))∥2 ≤ ∥ϕ(xn) − ϕ(q∗)∥2 + µn(µn − 2τ)∥ f (xn) − f (q∗)∥2

≤ ∥ϕ(xn) − ϕ(q∗)∥2,
(17)

and

∥ϕ(xn+1) − µn+1 f (xn+1) − (ϕ(xn) − µn+1 f (xn))∥2 ≤ ∥ϕ(xn+1) − ϕ(xn)∥2 + µn+1(µn+1 − 2τ)∥ f (xn+1) − f (xn)∥2. (18)

According to (8), (14) and (17), we have

∥rn − ϕ(q∗)∥ = ∥projC[τnψ(xn) + (1 − τn)(ϕ(xn) − µn f (xn))] − projC[ϕ(q∗) − µn f (q∗)]∥
≤ ∥τn(ψ(xn) − ϕ(q∗) + µn f (q∗)) + (1 − τn)((ϕ(xn) − µn f (xn)) − (ϕ(q∗) − µn f (q∗)))∥
≤ τn∥ψ(xn) − ψ(q∗)∥ + τn∥ψ(q∗) − ϕ(q∗) + µn f (q∗)∥
+ (1 − τn)∥(ϕ(xn) − µn f (xn)) − (ϕ(q∗) − µn f (q∗))∥
≤ τnρ∥xn − q∗∥ + τn∥ψ(q∗) − ϕ(q∗) + µn f (q∗)∥ + (1 − τn)∥ϕ(xn) − ϕ(q∗)∥
≤ τnρ/ω∥ϕ(xn) − ϕ(q∗)∥ + τn∥ψ(q∗) − ϕ(q∗) + µn f (q∗)∥ + (1 − τn)∥ϕ(xn) − ϕ(q∗)∥
= [1 − (1 − ρ/ω)τn]∥ϕ(xn) − ϕ(q∗)∥ + τn∥ψ(q∗) − ϕ(q∗) + µn f (q∗)∥
≤ [1 − (1 − ρ/ω)τn]∥ϕ(xn) − ϕ(q∗)∥ + τn(∥ψ(q∗) − ϕ(q∗)∥ + 2τ∥ f (q∗)∥).

(19)
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By (17) and (19), we obtain

∥rn − ϕ(q∗)∥2 ≤ ∥τn(ψ(xn) − ϕ(q∗) + µn f (q∗)) + (1 − τn)((ϕ(xn) − µn f (xn)) − (ϕ(q∗) − µn f (q∗)))∥2

≤ τn∥ψ(xn) − ϕ(q∗) + µn f (q∗)∥2 + (1 − τn)∥(ϕ(xn) − µn f (xn)) − (ϕ(q∗) − µn f (q∗))∥2

≤ τn∥ψ(xn) − ϕ(q∗) + µn f (q∗)∥2 + (1 − τn)[∥ϕ(xn) − ϕ(q∗)∥2 + µn(µn − 2τ)∥ f (xn) − f (q∗)∥2].

(20)

Note that

∥yn − ϕ(q∗)∥2 ≤ ∥rn − ϕ(q∗)∥2 − βn(2 − βn)(θn∥ϑn∥)2

≤ ∥rn − ϕ(q∗)∥2.
(21)

Combining (13), (19) and (21), we obtain

∥ϕ(xn+1) − ϕ(q∗)∥ ≤ (1 − ζn)∥ϕ(xn) − ϕ(q∗)∥ + ζn∥yn − ϕ(q∗)∥
≤ (1 − ζn)∥ϕ(xn) − ϕ(q∗)∥ + ζn∥rn − ϕ(q∗)∥
≤ (1 − ζn)∥ϕ(xn) − ϕ(q∗)∥ + ζn[1 − (1 − ρ/ω)τn]∥ϕ(xn) − ϕ(q∗)∥
+ ζnτn(∥ψ(q∗) − ϕ(q∗)∥ + 2τ∥ f (q∗)∥)

= [1 − (1 − ρ/ω)ζnτn]∥ϕ(xn) − ϕ(q∗)∥ + (1 − ρ/ω)ζnτn
∥ψ(q∗) − ϕ(q∗)∥ + 2τ∥ f (q∗)∥

1 − ρ/ω
.

(22)

Hence,

∥ϕ(xn) − ϕ(q∗)∥ ≤ max
{
∥ϕ(x0) − ϕ(q∗)∥,

∥ψ(q∗) − ϕ(q∗)∥ + 2τ∥ f (q∗)∥
1 − ρ/ω

}
.

It follows that

∥xn − q∗∥ ≤
1
ω
∥ϕ(xn) − ϕ(q∗)∥ ≤

1
ω

max
{
∥ϕ(x0) − ϕ(q∗)∥,

∥ψ(q∗) − ϕ(q∗)∥ + 2τ∥ f (q∗)∥
1 − ρ/ω

}
.

Thus, {ϕ(xn)}, {xn} and {rn} are bounded. By Lemma 2.1, {tn} is bounded.

Theorem 3.4. The sequence {xn} converges strongly to q∗ ∈ Γ which solves VI (15).

Proof. By (13) and (21), we derive

∥ϕ(xn+1) − ϕ(q∗)∥2 = ∥(1 − ζn)(ϕ(xn) − ϕ(q∗)) + ζn(yn − ϕ(q∗))∥2

= (1 − ζn)∥ϕ(xn) − ϕ(q∗)∥2 + ζn∥yn − ϕ(q∗)∥2 − ζn(1 − ζn)∥yn − ϕ(xn)∥2

≤ (1 − ζn)∥ϕ(xn) − ϕ(q∗)∥2 + ζn∥rn − ϕ(q∗)∥2 − ζn(1 − ζn)∥yn − ϕ(xn)∥2

− ζnβn(2 − βn)(θn∥ϑn∥)2.

(23)

From (19), we get

∥rn − ϕ(q∗)∥2 ≤ [1 − (1 − ρ/ω)τn]∥ϕ(xn) − ϕ(q∗)∥2 + (1 − ρ/ω)τn

(
∥ψ(q∗) − ϕ(q∗)∥ + 2τ∥ f (q∗)∥

1 − ρ/ω

)2
. (24)

Now we consider two cases. Case 1. There exists some large enough N0 > 0 such that {∥ϕ(xn) − ϕ(q∗)∥} is
decreasing when n ≥ N0. Then, limn→∞ ∥ϕ(xn) − ϕ(q∗)∥ exists. In terms of (23), (24) and (A1), we have

ζn(1 − ζn)∥yn − ϕ(xn)∥2 + ζnβn(2 − βn)(θn∥ϑn∥)2

≤ ∥ϕ(xn) − ϕ(q∗)∥2 − ∥ϕ(xn+1) − ϕ(q∗)∥2 + ζn[∥rn − ϕ(q∗)∥2 − ∥ϕ(xn) − ϕ(q∗)∥2]

≤ ∥ϕ(xn) − ϕ(q∗)∥2 − ∥ϕ(xn+1) − ϕ(q∗)∥2 + (1 − ρ/ω)τn

(
∥ψ(q∗) − ϕ(q∗)∥ + 2τ∥ f (q∗)∥

1 − ρ/ω

)2
→ 0,
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which together with (A2) implies that

lim
n→∞
∥yn − ϕ(xn)∥ = 0, (25)

and

lim
n→∞

θn∥ϑn∥ = 0. (26)

Furthermore, by (13), we obtain

lim
n→∞
∥ϕ(xn+1) − ϕ(xn)∥ = 0. (27)

Based on (20) and (23), we get

∥ϕ(xn+1) − ϕ(q∗)∥2 ≤ (1 − ζn)∥ϕ(xn) − ϕ(q∗)∥2 + ζn∥rn − ϕ(q∗)∥2

≤ (1 − ζn)∥ϕ(xn) − ϕ(q∗)∥2 + ζnτn∥ψ(xn) − ϕ(q∗) + µn f (q∗)∥2

+ ζn(1 − τn)µn(µn − 2τ)∥ f (xn) − f (q∗)∥2 + ζn(1 − τn)∥ϕ(xn) − ϕ(q∗)∥2

≤ ∥ϕ(xn) − ϕ(q∗)∥2 + ζnτn∥ψ(xn) − ϕ(q∗) + µn f (q∗)∥2

+ ζn(1 − τn)µn(µn − 2τ)∥ f (xn) − f (q∗)∥2.

(28)

It leads to

ζn(1 − τn)µn(2τ − µn)∥ f (xn) − f (q∗)∥2 ≤ ∥ϕ(xn) − ϕ(q∗)∥2 − ∥ϕ(xn+1) − ϕ(q∗)∥2 + ζnτn∥ψ(xn) − ϕ(q∗) + µn f (q∗)∥2

≤ (∥ϕ(xn) − ϕ(q∗)∥ + ∥ϕ(xn+1) − ϕ(q∗)∥)∥ϕ(xn+1) − ϕ(xn)∥

+ ζnτn∥ψ(xn) − ϕ(q∗) + µn f (q∗)∥2

→ 0.

Therefore,

lim
n→∞
∥ f (xn) − f (q∗)∥ = 0. (29)

Set dn = ϕ(xn) − µn f (xn) − (ϕ(q∗) − µn f (q∗)) for all n ≥ 0. By (6) to (8), we get

∥rn − ϕ(q∗)∥2 = ∥projC[τnψ(xn) + (1 − τn)(ϕ(xn) − µn f (xn))] − projC[ϕ(q∗) − µn f (q∗)]∥2

≤ ⟨τnψ(xn) + (1 − τn)(ϕ(xn) − µn f (xn)) − ϕ(q∗) − µn f (q∗), rn − ϕ(q∗)⟩
= τn⟨ψ(xn) − ϕ(q∗) + µn f (q∗), rn − ϕ(q∗)⟩ + (1 − τn)⟨dn, rn − ϕ(q∗)⟩

≤
1
2

{
∥dn∥

2 + ∥rn − ϕ(q∗)∥2 − ∥ϕ(xn) − rn − µn( f (xn) − f (q∗))∥2
}

+ τn⟨ψ(xn) − ϕ(q∗) + µn f (q∗), rn − ϕ(q∗)⟩

≤
1
2

{
∥ϕ(xn) − ϕ(q∗)∥2 + ∥rn − ϕ(q∗)∥2 − ∥ϕ(xn) − rn∥

2
− µ2

n∥ f (xn) − f (q∗)∥

+ 2µn⟨ϕ(xn) − rn, f (xn) − f (q∗)⟩
}
+ τn∥ψ(xn) − ϕ(q∗) + µn f (q∗)∥∥rn − ϕ(q∗)∥.

It results in that

∥rn − ϕ(q∗)∥2 ≤ ∥ϕ(xn) − ϕ(q∗)∥2 − ∥ϕ(xn) − rn∥
2 + 2µn∥ϕ(xn) − rn∥∥ f (xn) − f (q∗)∥

+ 2τn∥ψ(xn) − ϕ(q∗) + µn f (q∗)∥∥rn − ϕ(q∗)∥.
(30)

From (28) and (30), we have

∥ϕ(xn+1) − ϕ(q∗)∥2 ≤ (1 − ζn)∥ϕ(xn) − ϕ(q∗)∥2 + ζn∥rn − ϕ(q∗)∥2

≤ ∥ϕ(xn) − ϕ(q∗)∥2 − ζn∥ϕ(xn) − rn∥
2 + 2µn∥ϕ(xn) − rn∥∥ f (xn) − f (q∗)∥

+ 2τn∥ψ(xn) − ϕ(q∗) + µn f (q∗)∥∥rn − ϕ(q∗)∥,
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which implies that

ζn∥ϕ(xn) − rn∥
2
≤ (∥ϕ(xn) − ϕ(q∗)∥ + ∥ϕ(xn+1) − ϕ(q∗)∥)∥ϕ(xn+1) − ϕ(xn)∥
+ 2µn∥ϕ(xn) − rn∥∥ f (xn) − f (q∗)∥
+ 2τn∥ψ(xn) − ϕ(q∗) + µn f (q∗)∥∥rn − ϕ(q∗)∥.

(31)

According to (A1), (A2), (27), (29) and (31), we deduce

lim
n→∞
∥ϕ(xn) − rn∥ = 0. (32)

By Lemma 2.2, {ϑn} is bounded. Based on (26), we derive

lim
n→+∞

1(wn, rn) = lim
n→+∞

(θn∥ϑn∥)∥ϑn∥ = 0. (33)

With the help of the convexity of 1(wn, ·), we have

0 = 1(wn,wn) = 1(wn, (1 − αn)rn + αntn) ≤ (1 − αn)1(wn, rn) + αn1(wn, tn).

It follows from (10) that

1(wn, rn) ≥ αn[1(wn, rn) − 1(wn, tn)] ≥
γαn

2λn
∥tn − rn∥

2.

Combining the above inequality with (33), we deduce

lim
n→+∞

αn∥tn − rn∥
2 = 0. (34)

In addition, from (12), we have

∥yn − rn∥ = ∥projC(rn − βnθnϑn) − projC(rn)∥ ≤ βnθn∥ϑn∥.

So, we get from (26) that

lim
n→+∞

∥yn − rn∥ = 0. (35)

Since {xn} and {rn} are bounded, we can choose a subsequence {ni} of {n} such that xni ⇀ p† and

lim sup
n→∞

⟨ψ(q∗) − ϕ(q∗), rn − ϕ(q∗)⟩ = lim
i→∞
⟨ψ(q∗) − ϕ(q∗), rni − ϕ(q∗)⟩. (36)

Thus, ϕ(xni ) ⇀ ϕ(p†), yni ⇀ ϕ(p†) and rni ⇀ ϕ(p†).
Now, we show p† ∈ VI(C, f , ϕ). Define an operator A by

A(u†) =

 f (u†) +NC(u†), u† ∈ C,
∅, u† < C.

It is known that A is maximal ϕ-monotone. Let (u†,u) ∈ G(A). Then, u − f (u†) ∈ NC(u†) and ⟨ϕ(u†) −
ϕ(xn),u − f (u†)⟩ ≥ 0. Since

⟨ϕ(u†) − rn, rn − [τnψ(xn) + (1 − τn)(ϕ(xn) − µn f (xn))]⟩ ≥ 0,

we have

⟨ϕ(u†) − rn,
rn − ϕ(xn)

µn
+ f (xn)⟩ +

τn

µn
⟨ϕ(u†) − rn, ϕ(xn) − µn f (xn) − ψ(xn)⟩ ≥ 0.
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Thus,

⟨ϕ(u†) − ϕ(xni ),u⟩ ≥ ⟨ϕ(u†) − ϕ(xni ), f (u†)⟩

≥ ⟨ϕ(u†) − ϕ(xni ), f (u†)⟩ − ⟨ϕ(u†) − rni ,
rni − ϕ(xni )

µni

+ f (xni )⟩

−
τni

µni

⟨ϕ(u†) − rni , ϕ(xni ) − µni f (xni ) − ψ(xni )⟩

= ⟨ϕ(u†) − ϕ(xni ), f (u†) − f (xni )⟩ + ⟨rni − ϕ(xni ), f (xni )⟩

−
τni

µni

⟨ϕ(u†) − rni , ϕ(xni ) − µni f (xni ) − ψ(xni )⟩

− ⟨ϕ(u†) − rni ,
rn − ϕ(xni )

µni

⟩

≥ ⟨rni − ϕ(xni ), f (xni )⟩ − ⟨ϕ(u†) − rni ,
rn − ϕ(xni )

µni

⟩

−
τni

µni

⟨ϕ(u†) − rni , ϕ(xni ) − µni f (xni ) − ψ(xni )⟩.

(37)

Note that ∥rni − ϕ(xni )∥ → 0, τni → 0 and ϕ(xni ) ⇀ ϕ(p†). Letting i → ∞ in (37), we conclude that
⟨ϕ(u†) − ϕ(p†),u⟩ ≥ 0. Thus, p† ∈ A−1(0). So, p† ∈ VI(C, f , ϕ).

Next, we show ϕ(p†) ∈ PME(C, 1). From (34), we get

lim
i→+∞

αni∥tni − rni∥
2 = 0. (38)

There exist two possibilities: lim supi→+∞ αni > 0 and limi→+∞ αni = 0.
If lim supi→+∞ αni > 0, there exists ᾱ > 0 and a subsequence of {αni }, still denoted by {αni } such that for

some I0 > 0, αni > ᾱ for all i ≥ I0. Consequently, by (38), we deduce

lim
i→+∞

∥tni − rni∥ = 0. (39)

Thus, yki ⇀ ϕ(p†). According to (9), we get

0 ∈ ∂21(rni , tni ) +
1
λni

(tni − rni ) +NC(tni ).

Then, there exists ϑ̂ni ∈ ∂21(rni , tni ) such that

⟨ϑ̂ni , y − tni⟩ +
1
λni

⟨tni − rni , y − tni⟩ ≥ 0, ∀y ∈ C. (40)

Thanks to the subdifferential inequality, we have

1(rni , y) − 1(rni , tni ) ≥ ⟨ϑ̂ni , y − tni⟩, ∀y ∈ C. (41)

Combining (40) and (41) to conclude

1(rni , y) − 1(rni , tni ) +
1
λni

⟨tni − rni , y − tni⟩ ≥ 0, ∀y ∈ C. (42)

Because of ⟨tni − rni , y − tni⟩ ≤ ∥tni − rni∥∥y − tni∥, from (42), we get

1(rni , y) − 1(rni , tni ) +
1
λni

∥tni − rni∥∥y − tni∥ ≥ 0. (43)

Letting i→ +∞ in (43), by (39), we deduce

1(ϕ(p†), y) ≥ 1(ϕ(p†), ϕ(p†)) = 0, ∀y ∈ C,
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which means that ϕ(p†) ∈ PME(C, 1).
For limi→+∞ αni = 0, since the sequence {tni } is bounded, without loss of generality, we may assume that

tni ⇀ ȳ as i→ +∞. Replacing y by rni in (43), we get

1(rni , tni ) ≤ −
1
λni

∥tni − rni∥
2. (44)

For mni − 1, from (10), we have

1(wni,mni−1, rni ) − 1(wni,mni−1, tni ) <
γ

2λni

∥tni − rni∥
2. (45)

According to (44) and (45), we get

1(rni , tni ) ≤
2
γ

[1(wni,mni−1, tni ) − 1(wni,mni−1, rni )]. (46)

Letting i→ +∞ in (46) and noting that rni ⇀ ϕ(p†), tni ⇀ ȳ and wni,mni−1 ⇀ ϕ(p†) as i→ +∞, we obtain

1(ϕ(p†), ȳ) ≤
2
γ
1(ϕ(p†), ȳ).

Then, 1(ϕ(p†), ȳ) ≥ 0 and hence limi→+∞ ∥tni − rni∥ = 0 by (44). Consequently, we can conclude that
ϕ(p†) ∈ PME(C, 1). Therefore, p† ∈ VI(C, f , ϕ) ∩ ϕ−1(PME(C, 1)) = Γ.

From (36), we obtain

lim sup
n→∞

⟨ψ(q∗) − ϕ(q∗), rn − ϕ(q∗)⟩ = lim
i→∞
⟨ψ(q∗) − ϕ(q∗), rni − ϕ(q∗)⟩

= ⟨ψ(q∗) − ϕ(q∗), ϕ(p†) − ϕ(q∗)⟩ ≤ 0.
(47)

By (8), we have

∥rn − ϕ(q∗)∥2 = ∥projC[τnψ(xn) + (1 − τn)(ϕ(xn) − µn f (xn))] − projC[ϕ(q∗) − (1 − τn)µn f (q∗)]∥2

≤ ⟨τn(ψ(xn) − ϕ(q∗)) + (1 − τn)wn, rn − ϕ(q∗)⟩
= τn⟨ψ(xn) − ψ(q∗), rn − ϕ(q∗)⟩ + τn⟨ψ(q∗) − ϕ(q∗), rn − ϕ(q∗)⟩ + (1 − τn)⟨wn, rn − ϕ(q∗)⟩
≤ [1 − (1 − ρ/ω)τn]∥ϕ(xn) − ϕ(q∗)∥∥rn − ϕ(q∗)∥ + τn⟨ψ(q∗) − ϕ(q∗), rn − ϕ(q∗)⟩

≤
1 − (1 − ρ/ω)τn

2
∥ϕ(xn) − ϕ(q∗)∥2 +

1
2
∥rn − ϕ(q∗)∥2 + τn⟨ψ(q∗) − ϕ(q∗), rn − ϕ(q∗)⟩.

It follows that

∥rn − ϕ(q∗)∥2 ≤ [1 − (1 − ρ/ω)τn]∥ϕ(xn) − ϕ(q∗)∥2 + 2τn⟨ψ(q∗) − ϕ(q∗), rn − ϕ(q∗)⟩.

Therefore,

∥ϕ(xn+1) − ϕ(q∗)∥2 ≤ (1 − ζn)∥ϕ(xn) − ϕ(q∗)∥2 + ζn∥rn − ϕ(q∗)∥2

≤ [1 − (1 − ρ/ω)ζnτn]∥ϕ(xn) − ϕ(q∗)∥2 + 2ζnτn⟨ψ(q∗) − ϕ(q∗), rn − ϕ(q∗)⟩.
(48)

By Lemma 2.3 and (48), we conclude that ϕ(xn)→ ϕ(q∗) and xn → q∗.
Case 2. There exists an integer n0 > N such that ∥ϕ(xn0 ) − ϕ(q∗)∥ ≤ ∥ϕ(xn0+1) − ϕ(q∗)∥. Let ϕn =

{∥ϕ(xn) − ϕ(q∗)∥2}. Then, we have ϕn0 ≤ ϕn0+1. Let {φn} be an integer sequence defined by, for all n ≥ n0,

φ(n) = max{l ∈N|n0 ≤ l ≤ n, ϕl ≤ ϕl+1}.

Note that φ(n) is non-decreasing and satisfies limn→∞ φ(n) = ∞ and ϕφ(n) ≤ ϕφ(n)+1,∀n ≥ n0.
Similarly, we can deduce

lim sup
n→∞

⟨ψ(q∗) − ϕ(q∗), rφ(n) − ϕ(q∗)⟩ ≤ 0 (49)
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and

ϕφ(n)+1 ≤ [1 −
2(1 − ρ/ω)τφ(n)ζφ(n)

1 − τφ(n)ρ/ω
]ϕφ(n) +

2(1 − ρ/ω)τφ(n)ζφ(n)
1 − τφ(n)ρ/ω

×

{ τφ(n)
2(1 − ρ/ω)

M +
1

1 − ρ/ω
⟨ψ(q∗) − ϕ(q∗), rφ(n) − ϕ(q∗)⟩

}
.

(50)

Note that ϕφ(n) ≤ ϕφ(n)+1. By (50), we have

ϕφ(n) ≤
τφ(n)

2(1 − ρ/ω)
M +

1
1 − ρ/ω

⟨ψ(q∗) − ϕ(q∗), rφ(n) − ϕ(q∗)⟩. (51)

Based on (49) and (51), we derive

lim sup
n→∞

ϕφ(n) ≤ 0,

and thus

lim
n→∞

ϕφ(n) = 0. (52)

From (50), we can deduce

lim sup
n→∞

ϕφ(n)+1 ≤ lim sup
n→∞

ϕφ(n).

This together with (52) implies that

lim
n→∞

ϕφ(n)+1 = 0.

By Lemma 2.4, we obtain

0 ≤ ϕn ≤ max{ϕφ(n), ϕφ(n)+1}.

Therefore, ϕn → 0. That is, ϕ(xn)→ ϕ(q∗) and thus xn → q∗. This completes the proof.
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