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Abstract. Let SH,K = {SH,K(t), t ≥ 0} be a d−dimensional sub-bifractional Brownian motion with indices
H ∈ (0, 1) and K ∈ (0, 1].Assuming d ≥ 2, as HKd < 1,we mainly prove that the renormalized self-intersection
local time ∫ t

0

∫ s

0
δ(SH,K(s) − SH,K(r))drds − E

[∫ t

0

∫ s

0
δ(SH,K(s) − SH,K(r))drds

]
exists in L2,where δ(x) is the Dirac delta function for x ∈ Rd.

1. Introduction and main results

Recently, El-Nouty and Journé (2013) introduced the process SH,K
0 = {SH,K

0 (t), t ≥ 0}with indices H ∈ (0, 1)
and K ∈ (0, 1], named the sub-bifractional Brownian motion and defined as follows:

SH,K
0 (t) =

1
2(2−K)/2

(BH,K(t) + BH,K(−t)),

where {BH,K(t), t ∈ R} is a two-sided bifractional Brownian motion with indices H ∈ (0, 1) and K ∈ (0, 1],
namely, {BH,K(t), t ∈ R} is a centered Gaussian process, starting from zero, with covariance

E[BH,K
t BH,K

s ] =
1

2K

[
(|t|2H + |s|2H)K

− |t − s|2HK
]
,

with H ∈ (0, 1) and K ∈ (0, 1].
Clearly, the sub-bifractional Brownian motion is a centered Gaussian process such that SH,K

0 (0) = 0, with
probability 1, and Var[SH,K

0 (t)] = (2K
− 22HK−1)t2HK. Note that since (2H − 1)K − 1 < K − 1 ≤ 0, it follows

that 2HK − 1 < K. We can easily verify that SH,K
0 is self-similar with index HK. When K = 1, SH,1

0 is the
sub-fractional Brownian motion. For more on sub-fractional Brownian motion, we can see Kuang and Xie
(2015,2017), Kuang and Liu (2015,2018) and so on. Straightforward computations show that for all s, t ≥ 0,

E[SH,K
0 (t)SH,K

0 (s)] = (t2H + s2H)K
−

1
2

(t + s)2HK
−

1
2
|t − s|2HK, (1.1)
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and
C1|t − s|2HK

≤ E[(SH,K
0 (t) − SH,K

0 (s))2] ≤ C2|t − s|2HK, (1.2)

where
C1 = min{2K

− 1, 2K
− 22HK−1

}, C2 = max{1, 2 − 22HK−1
}. (1.3)

(See El-Nouty and Journé (2013)). Kuang (2019) investigated the collision local time of two independent
sub-bifractional Brownian motions. Kuang and Li (2022) obtained Berry-Esséen bounds and proved the
almost sure central limit theorem for the quadratic variation of the sub-bifractional Brownian motion. For
more on the sub-bifractional Brownian motion, we can see Kuang and Xie (2022) and Xie and Kuang (2022).

A d−dimensional sub-bifractional Brownian motion SH,K = {SH,K(t), t ≥ 0} is defined by

SH,K(t) =
(
SH,K

1 (t),SH,K
2 (t), · · · ,SH,K

d (t)
)
,

where SH,K
1 ,S

H,K
2 , · · · ,S

H,K
d are independent copies of SH,K

0 .
The self-intersection local time, as an important topic of probability theory, has been widely considered.

For example, the self-intersection local time of the Brownian motion has been studied by many authors
(see Albeverio et al. (1997), He et al. (1995) and Hu (1996)). In the case of fractional Brownian motion,
the reader can refer to Hu (2001), Jung and Markowsky (2014, 2015). For the case of bifractional Brownian
motion, Jiang and Wang (2009) considered self-intersection local time and collision local time of bifractional
Brownian motion.

Varadhan (1969) studied the renormalized self-intersection local time of the planar Brownian motion.
This result has been extended by Rosen (1987) to the (planar) fractional Brownian motion. Hu and Nualart
(2005) extended the result to d−dimensional fractional Brownian motion. Chen et al. (2018) studied
renormalized self-intersection local time of bifractional Brownian motion. But there exists the same mistake
in Hu and Nualart (2005) and Chen et al. (2018), namely, (56) in Hu and Nualart (2005) and (3.18) in Chen
et al. (2018) are wrong (see Remark 1 below). We will use the different method to study the renormalized
self-intersection local time of a d−dimensional sub-bifractional Brownian motion.

In this paper, we investigate the local time and the renormalized self-intersection local time of a
d−dimensional sub-bifractional Brownian motion SH,K. They are defined respectively as follows: for t > 0,
the local time

lH,Kt (x) :=
∫ t

0
δ
(
SH,K(s) − x

)
ds, (1.4)

and the self-intersection local time

αt :=
∫

D
δ
(
SH,K(s) − SH,K(r)

)
drds, (1.5)

where D = {(r, s) : 0 < r < s < t} and δ(x) is the Dirac delta function for x ∈ Rd, and

δ(x) = lim
ϵ→0

pϵ(x) = (2π)−d
∫

Rd
exp {i⟨ξ, x⟩} dξ,

and

pϵ(x) := (2πϵ)−
d
2 exp

{
−
|x|2

2ϵ

}
= (2π)−d

∫
Rd

exp
{

i⟨ξ, x⟩ −
ϵ|ξ|2

2

}
dξ. (1.6)

The approximated self-intersection local time of sub-bifractional Brownian motion is defined by

αt,ϵ :=
∫

D
pϵ

(
SH,K(s) − SH,K(r)

)
drds. (1.7)

Chen et al. (2015) obtained sufficient and necessary conditions for the existence of the local times,
collision local times, and self-intersection local times for anisotropic Gaussian random fields. However
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a sharp upper bound of second moment of the local time for anisotropic Gaussian random fields is not
obtained.

Now we state our main results as follows.
Theorem 1.1. Assuming HKd < 1,we have, for any x ∈ Rd,

E
[∣∣∣lH,Kt (x)

∣∣∣2] ≤ 2Γ2(1 −HKd)
kd(2π)dΓ(3 − 2HKd)

t2−2HKd, (1.8)

where lH,Kt (x) is given by (1.4), Γ(α) is a Gamma function defined by Γ(α) :=
∫
∞

0 tα−1e−tdt, and k is a constant
depending on H and K.

Theorem 1.2. Let SH,K = {SH,K(t), t ≥ 0} be a d−dimensional sub-bifractional Brownian motion with
indices H ∈ (0, 1) and K ∈ (0, 1]. Assuming d ≥ 2 and HKd < 1, we have, the renormalized self-intersection
local time αt,ϵ − E[αt,ϵ] converges in L2 as ϵ→ 0, where αt,ϵ is given by (1.7).

In what follows, we will use k to denote unspecified positive and finite constants whose value may be
different in each occurrence.

2. Some useful lemmas

In this section, we give some useful lemmas in order to prove the Theorems 1.1-1.2.
Lemma 2.1. For all constants 0 < a < b, SH,K

0 is strongly locally φ-nondeterministic on I = [a, b] with
φ(r) = r2HK. That is, there exist positive constants c1 and r0 such that for all t ∈ I and all 0 < r ≤ min{t, r0},

Var{SH,K
0 (t)|SH,K

0 (s) : s ∈ I, r ≤ |s − t| ≤ r0} ≥ c1φ(r). (2.1)

Proof. See Kuang (2019).
From the local nondeterminism (see Berman(1973), Xiao(2007)), we have the following property: if

0 ≤ t1 < t2 < · · · < tn < t, then there is a constant k > 0 such that

Var

 n∑
i=2

ui(SH,K
0 (ti) − SH,K

0 (ti−1))

 ≥ k
n∑

i=2

u2
i |ti − ti−1|

2HK, (2.2)

for any ui ∈ R, i = 2, 3, . . . ,n.
Lemma 2.2. Let

λ := Var
[
SH,K

0 (s) − SH,K
0 (r)

]
, ρ := Var

[
SH,K

0 (s
′

) − SH,K
0 (r

′

)
]
,

and
µ := Cov

(
SH,K

0 (s) − SH,K
0 (r),SH,K

0 (s
′

) − SH,K
0 (r

′

)
)
.

Case 1: If (r, s, r′ , s′ ) ∈ D1 := {(r, s, r′ , s′ )|0 < r < r′ < s < s′ < t}, denoting a = r′ − r, b = s− r′ , c = s′ − s, then
we have

(1) C1(a + b)2HK
≤ λ = λ1 ≤ C2(a + b)2HK, C1(b + c)2HK

≤ ρ = ρ1 ≤ C2(b + c)2HK, (2.3)

where C1 and C2 are given by (1.3).
(2) There exists a positive constant k, such that

λ1ρ1 − µ
2
1 ≥ k

[
(a + b)2HKc2HK + (b + c)2HKa2HK

]
, (2.4)

where µ = µ1.
(3) When 0 < 2HK < 1, there exists a positive constant k, such that

µ = µ1 ≤ k
(
a2HK + b2HK + c2HK

)
. (2.5)
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Case 2: If (r, s, r′ , s′ ) ∈ D2 := {(r, s, r′ , s′ )|0 < r < r′ < s′ < s < t}, denoting a = r′ − r, b = s′ − r′ , c = s − s′ ,
then we have

(1) C1(a + b + c)2HK
≤ λ = λ2 ≤ C2(a + b + c)2HK, C1b2HK

≤ ρ = ρ2 ≤ C2b2HK, (2.6)

where C1 and C2 are given by (1.3).
(2) There exists a positive constant k, such that

λ2ρ2 − µ
2
2 ≥ kb2HK

(
a2HK + c2HK

)
, (2.7)

where µ = µ2.
(3) When 0 < 2HK < 1, there exists a positive constant k, such that

µ = µ2 ≤ kb2HK. (2.8)

Case 3: If (r, s, r′ , s′ ) ∈ D3 := {(r, s, r′ , s′ )|0 < r < s < r′ < s′ < t}, denoting a = s− r, b = r′ − s, c = s′ − r′ , then
we have

(1) C1a2HK
≤ λ = λ3 ≤ C2a2HK, C1c2HK

≤ ρ = ρ3 ≤ C2c2HK, (2.9)

where C1 and C2 are given by (1.3).
(2) There exists a positive constant k, such that

λ3ρ3 − µ
2
3 ≥ ka2HKc2HK, (2.10)

where µ = µ3.
(3) When 0 < 2HK < 1, for α, β > 0 with α + β = 1, there exists a positive constant k, such that

µ = µ3 ≤ kb2α(HK−1)(ac)β(HK−1)+1. (2.11)

Proof. The proof of this lemma is given in the Appendix since its proof is long.
Let D2 := {(r, s, r′ , s′ )|0 < r < s < t, 0 < r′ < s′ < t}, then D2

∩ {r < r′ } = D1 ∪D2 ∪D3,where D1,D2 and D3

are given in Lemma 2.2. Let δi = λiρi − µ2
i , and Θi = δ

−
d
2

i − (λiρi)−
d
2 , i = 1, 2, 3. Then we have the following

three lemmas whose proofs are also given in the Appendix.
Lemma 2.3. If (r, s, r′ , s′ ) ∈ D1. Assume d ≥ 2 and HKd < 3

2 , we have∫
D1

Θ1drdsdr
′

ds
′

< +∞. (2.12)

Lemma 2.4. If (r, s, r′ , s′ ) ∈ D2, we decompose the region D2 := I1 ∪ I2 ∪ I3, where I1 = {b ≥ η1a}, I2 = {b ≥
η2c}, I3 = {b < η1a, b < η2c} for some fixed but arbitrary η1 > 0 and η2 > 0. Assume d ≥ 2, we have

(1) as HKd < 3
2 , ∫

I1∪I2

Θ2drdsdr
′

ds
′

< +∞. (2.13)

(2) as HKd < 1, ∫
I3

Θ2drdsdr
′

ds
′

< +∞. (2.14)

Lemma 2.5. If (r, s, r′ , s′ ) ∈ D3, we decompose the region D3 := J1 + J2 + J3 + J4, where J1 = {a ≥ η1b, c ≥
η2b}, J2 = {a < η1b, c < η2b}, J3 = {a ≥ η1b, c < η2b}, J4 = {a < η1b, c ≥ η2b} for some fixed but arbitrary η1 > 0
and η2 > 0. Assume d ≥ 2, we have

(1) as HKd < 3
2 , ∫

J1

Θ3drdsdr
′

ds
′

< +∞. (2.15)
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(2) as HKd < 1, ∫
J2+J3+J4

Θ3drdsdr
′

ds
′

< +∞. (2.16)

Remark 1. We first point out the mistake of (56) in Hu and Nualart (2005). They claimed that: as d ≥ 2,
there exists a constant 0 < k < 1 such that

Θi ≤ kµ2
i (λiρi)−

d
2−1, (2.17)

for i = 2, 3. In fact, (2.17) does not hold. Because we can prove that, for any 0 ≤ x ≤ 1 and α < 0,

(1 − x)α ≥ 1 − αx. (2.18)

Let f (x) = (1 − x)α − 1 + αx, x ∈ [0, 1]. Then

f
′

(x) = α[1 − (1 − x)α−1].

By 0 ≤ x ≤ 1 and α < 0,we have (1 − x)1−α < 1. Thus

1 − (1 − x)α−1 = 1 −
1

(1 − x)1−α =
(1 − x)1−α

− 1
(1 − x)1−α < 0,

which implies f (x) is increasing on [0, 1]. Hence we obtain f (x) ≥ f (0) = 0, (2.18) holds.

We take x =
µ2

i
λiρi

and α = − d
2 < 0. By Cauchy-Schwartz’ inequality,

µ2
i
λiρi
≤ 1,which shows x =

µ2
i
λiρi
∈ [0, 1].

Therefore, by (2.18), 1 −
µ2

i

λiρi

−
d
2

≥ 1 +
d
2

µ2
i

λiρi
.

We obtain

Θi =


1 −

µ2
i

λiρi

−
d
2

− 1

 (λiρi)−
d
2 ≥

d
2

µ2
i

λiρi
(λiρi)−

d
2 =

d
2
µ2

i (λiρi)−
d
2−1
≥ µ2

i (λiρi)−
d
2−1,

since d ≥ 2. This implies (2.17) does not hold.
Secondly, Hu and Nualart (2005) used (56) to prove the results similar to (2.14) in Lemma 2.4 and (2.16)

in Lemma 2.5. Here we use the different method to prove (2.14) and (2.16). Hence the condition for (2.14)
or (2.16) is HKd < 1 but not HKd < 3

2 .
Thirdly, (3.18) in Chen et al. (2018) cited from (56) in Hu and Nualart (2005). Hence the obtained results

in Hu and Nualart (2005) and in Chen et al. (2018) may be not correct.

3. Proofs of Theorems

In this section, we will prove Theorems 1.1-1.2.
Proof of Theorem 1.1. By (1.4) and (1.6), we get

E
[∣∣∣lH,Kt (x)

∣∣∣2] = E
[∫

[0,t]2
δ
(
SH,K(s) − x

)
δ
(
SH,K(r) − x

)
drds

]

=
1

(2π)2d

∫
[0,t]2

∫
R2d

E
{
exp

(
i
(〈

SH,K(s) − x, ξ
〉
+

〈
SH,K(r) − x, η

〉))}
dξdηdrds

=
1

(2π)2d

∫
[0,t]2

∫
R2d

E

exp

i
d∑

m=1

((
SH,K

m (s) − xm

)
ξm +

(
SH,K

m (r) − xm

)
ηm

)
 dξdηdrds
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=
1

(2π)2d

∫
[0,t]2

∫
R2d

exp

−1
2

Var

 d∑
m=1

((
SH,K

m (s) − xm

)
ξm +

(
SH,K

m (r) − xm

)
ηm

)
 dξdηdrds

=
1

(2π)2d

∫
[0,t]2

∫
R2d

exp

−1
2

Var

 d∑
m=1

(
SH,K

m (s)ξm + SH,K
m (r)ηm

)
 dξdηdrds

=
2

(2π)2d

∫
0≤r<s≤t

∫
R2d

d∏
m=1

exp
{
−

1
2

Var
[
SH,K

m (s)ξm + SH,K
m (r)ηm

]}
dξdηdrds.

By (2.2), we have

Var
[
SH,K

m (s)ξm + SH,K
m (r)ηm

]
= Var

[
(SH,K

m (s) − SH,K
m (r))ξm + SH,K

m (r)(ξm + ηm)
]

≥ k
(
ξ2

m|s − r|2HK + (ξm + ηm)2r2HK
)
.

Hence,

E
[∣∣∣lH,Kt (x)

∣∣∣2] ≤ 2
(2π)2d

∫
0≤r<s≤t

∫
R2d

d∏
m=1

exp
{
−

k
2

(
ξ2

m|s − r|2HK + (ξm + ηm)2r2HK
)}

dξdηdrds

=
2

(2π)dkd

∫
0≤r<s≤t

1
rHKd(s − r)HKd

drds (let r = su)

=
2

(2π)dkd

∫ t

0
s1−2HKd

[∫ 1

0
u−HKd(1 − u)−HKddu

]
ds

=
2

(2π)dkd
B(1 −HKd, 1 −HKd)

∫ t

0
s1−2HKdds

=
2Γ2(1 −HKd)

(2π)dkdΓ(3 − 2HKd)
t2−2HKd,

since HKd < 1. Thus we finished the proof.
Proof of Theorem 1.2. By (1.7) and the independence of SH,K

1 ,S
H,K
2 , · · · ,S

H,K
d , we have

E[αt,ϵ] = E
[∫

D
pϵ

(
SH,K(s) − SH,K(r)

)
drds

]

=
1

(2π)d

∫
D

∫
Rd

E

exp

i
d∑

m=1

(
SH,K

m (s) − SH,K
m (r)

)
ξm


 exp

{
−
ϵ|ξ|2

2

}
dξdrds

=
1

(2π)d

∫
D

∫
Rd

d∏
m=1

exp
{
−

1
2

Var
[(

SH,K
m (s) − SH,K

m (r)
)
ξm

]}
exp

{
−
ϵ|ξ|2

2

}
dξdrds

=
1

(2π)d/2

∫
D

{
Var

[
SH,K

0 (s) − SH,K
0 (r) + ϵ

]}− d
2 drds

=
1

(2π)d/2

∫
D

(λ + ϵ)−
d
2 drds, (3.1)

where λ is given in Lemma 2.2.
Similarly, we also get

E[|αt,ϵ|
2] =

1
(2π)d

∫
D2

[
(λ + ϵ)(ρ + ϵ) − µ2

]− d
2 drdsdr

′

ds
′

, (3.2)
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where λ, ρ, µ are given in Lemma 2.2, and D2 = {(r, s, r′ , s′ )|0 < r < s < t, 0 < r′ < s′ < t}.
By (3.1) and (3.2), we obtain

E
[(
αt,ϵ1 − E(αt,ϵ1 )

) (
αt,ϵ2 − E(αt,ϵ2 )

)]
= E

[
αt,ϵ1αt,ϵ2

]
− E[αt,ϵ1 ]E[αt,ϵ2 ]

=
1

(2π)d

∫
D2

{[
(λ + ϵ1)(ρ + ϵ2) − µ2

]− d
2
−

[
(λ + ϵ1)(ρ + ϵ2)

]− d
2

}
drdsdr

′

ds
′

.

Hence,
lim
ϵ1,ϵ2→0

E
[(
αt,ϵ1 − E(αt,ϵ1 )

) (
αt,ϵ2 − E(αt,ϵ2 )

)]
=

1
(2π)d

∫
D2

[(
λρ − µ2

)− d
2
− (λρ)−

d
2

]
drdsdr

′

ds
′

.

Consequently, by Loève’s criterion of mean-square convergence (see Chen et al.(2018)), a necessary and
sufficient condition for the convergence of αt,ϵ − E[αt,ϵ] in L2 is that

Ξt :=
∫

D2

[(
λρ − µ2

)− d
2
− (λρ)−

d
2

]
drdsdr

′

ds
′

< +∞. (3.3)

Since D2
∩ {r < r′ } = D1 ∪D2 ∪D3, it suffices to prove that∫

Di

Θidrdsdr
′

ds
′

< +∞, i = 1, 2, 3. (3.4)

By Lemmas 2.3-2.5, we obtain that (3.4) holds as HKd < 1. Therefore the proof of Theorem 1.2 is complete.

4. Appendix

In this section we prove Lemmas 2.2-2.5.
Proof of Lemma 2.2 By (1.2), we obtain (2.3), (2.6) and (2.9) easily.
For Case 1, by (2.2), we have

Var
[
u
(
SH,K

s − SH,K
r

)
+ v

(
SH,K

s′
− SH,K

r′

)]
= Var

[
u
(
SH,K

r′
− SH,K

r

)
+ (u + v)

(
SH,K

s − SH,K
r′

)
+ v

(
SH,K

s′
− SH,K

s

)]
≥ k

[
u2a2HK + (u + v)2b2HK + v2c2HK

]
.

We also have
u2λ1 + 2uvµ1 + v2ρ1 ≥ k

[
u2a2HK + (u + v)2b2HK + v2c2HK

]
.

This implies that

(λ1 − ka2HK
− kb2HK)u2 + 2v(µ1 − kb2HK)u + v2(ρ1 − kb2HK

− kc2HK) ≥ 0,

which gives
(µ1 − kb2HK)2

− (λ1 − ka2HK
− kb2HK)(ρ1 − kb2HK

− kc2HK) ≤ 0,

namely,
λ1ρ1 − µ

2
1 ≥ −2µ1kb2HK + k2b4HK + λ1(kb2HK + kc2HK) + ρ1(ka2HK + kb2HK)

−k2(a2HK + b2HK)(b2HK + c2HK).
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Since µ1 ≤
√
λ1ρ1 ≤

λ1+ρ1

2 , and by (2.3), we get

λ1ρ1 − µ
2
1 ≥ λ1kc2HK + ρ1ka2HK

− k2(a2HKb2HK + a2HKc2HK + b2HKc2HK)

≥ C1k(a + b)2HKc2HK + C1k(b + c)2HKa2HK
− k2(a2HKb2HK + a2HKc2HK + b2HKc2HK)

≥ C1k
[
(a + b)2HKc2HK + (b + c)2HKa2HK

]
− 2k2

[
(a + b)2HKc2HK + (b + c)2HKa2HK

]
= k(C1 − 2k)

[
(a + b)2HKc2HK + (b + c)2HKa2HK

]
, (A.1)

where we use the inequality

(a + b)2HKc2HK + (b + c)2HKa2HK
≥

1
2

(
a2HKb2HK + a2HKc2HK + b2HKc2HK

)
.

Thus (2.4) holds by replacing k(C1 − 2k) in (A.1) with k.
In order to prove (2.5), let e = r, by (1.1), we have

µ =
[
(s2H + (s

′

)2H)K
− (s2H + (r

′

)2H)K
− (r2H + (s

′

)2H)K + (r2H + (r
′

)2H)K
]

+
1
2

[
(s + r

′

)2HK
− (s + s

′

)2HK + (r + s
′

)2HK
− (r + r

′

)2HK
]

+
1
2

[
|s − r

′

|
2HK
− |s − s

′

|
2HK + |r − s

′

|
2HK
− |r − r

′

|
2HK

]
. (A.2)

Hence,

µ1 =
{[

(e + a + b)2H + (e + a + b + c)2H
]K
−

[
(e + a + b)2H + (e + a)2H

]K

−

[
e2H + (e + a + b + c)2H

]K
+

[
e2H + (e + a)2H

]K
}

+
1
2

[
(2e + 2a + b)2HK

− (2e + 2a + 2b + c)2HK + (2e + a + b + c)2HK
− (2e + a)2HK

]
+

1
2

[
b2HK

− c2HK + (a + b + c)2HK
− a2HK

]
:= ∆1,1 + ∆1,2 + ∆1,3.

For ∆1,1,we obtain

∆1,1 =

∫ e+a+b

e
d
{[

x2H + (e + a + b + c)2H
]K
−

[
x2H + (e + a)2H

]K
}

= 2HK
∫ e+a+b

e
x2H−1

{[
x2H + (e + a + b + c)2H

]K−1
−

[
x2H + (e + a)2H

]K−1
}

dx

≤ 0, (A.3)

since 0 < K ≤ 1.
For ∆1,2,we get

∆1,2 =
1
2

[
(2e + 2a + b)2HK

− (2e + 2a + 2b + c)2HK + (2e + a + b + c)2HK
− (2e + a)2HK

]
≤

1
2

[
(2e + a + b + c)2HK

− (2e + a)2HK
]

≤
1
2

(b + c)2HK
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=
1
2

(b2 + 2bc + c2)HK

≤
1
2

[2(b2 + c2)]HK

≤ 2HK−1(b2HK + c2HK), (A.4)

since 0 < 2HK < 1,where we use the inequality xα − yα ≤ |x − y|α for any x > 0, y > 0, 0 < α < 1.
For ∆1,3,we deduce,

∆1,3 =
1
2

[
(a + b + c)2HK + b2HK

− a2HK
− c2HK

]
=

1
2

[
(a2 + b2 + c2 + 2ab + 2ac + 2bc)HK + b2HK

− a2HK
− c2HK

]
≤

1
2

[
(3a2 + 3b2 + 3c2)HK + b2HK

− a2HK
− c2HK

]
≤

3HK
− 1

2

(
a2HK + c2HK

)
+

3HK + 1
2

b2HK

≤
3HK + 1

2

(
a2HK + b2HK + c2HK

)
. (A.5)

Therefore (2.5) holds from (A.3), (A.4) and (A.5).
For Case 2, by (2.2), we have

Var
[
u
(
SH,K

s − SH,K
r

)
+ v

(
SH,K

s′
− SH,K

r′

)]
= Var

[
u
(
SH,K

r′
− SH,K

r

)
+ (u + v)

(
SH,K

s′
− SH,K

r′

)
+ u

(
SH,K

s − SH,K
s′

)]
≥ k

[
u2a2HK + (u + v)2b2HK + u2c2HK

]
.

We also have
u2λ2 + 2uvµ2 + v2ρ2 ≥ k

[
u2a2HK + (u + v)2b2HK + u2c2HK

]
.

This implies that

(λ2 − ka2HK
− kb2HK

− kc2HK)u2 + 2v(µ2 − kb2HK)u + v2(ρ2 − kb2HK) ≥ 0,

which gives
(µ2 − kb2HK)2

− (λ2 − ka2HK
− kb2HK

− kc2HK)(ρ2 − kb2HK) ≤ 0,

namely,
λ2ρ2 − µ

2
2 ≥ −2µ2kb2HK + λ2kb2HK + ρ2(ka2HK + kb2HK + kc2HK)

−k2(a2HK + c2HK)b2HK.

Since µ2 ≤
√
λ2ρ2 ≤

λ2+ρ2

2 , and by (2.6), we get

λ2ρ2 − µ
2
2 ≥ ρ2k(a2HK + c2HK) − k2(a2HK + c2HK)b2HK

≥ C1k(a2HK + c2HK)b2HK
− k2(a2HK + c2HK)b2HK

= k(C1 − k)(a2HK + c2HK)b2HK, (A.6)

Thus (2.7) holds by replacing k(C1 − k) in (A.6) with k.
In order to prove (2.8), let e = r, by (1.1) and (A.2), we have

µ2 =
{[

(e + a + b + c)2H + (e + a + b)2H
]K
−

[
(e + a + b + c)2H + (e + a)2H

]K
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−

[
e2H + (e + a + b)2H

]K
+

[
e2H + (e + a)2H

]K
}

+
1
2

[
(2e + 2a + b + c)2HK

− (2e + 2a + 2b + c)2HK + (2e + a + b)2HK
− (2e + a)2HK

]
+

1
2

[
(b + c)2HK

− c2HK + (a + b)2HK
− a2HK

]
:= ∆2,1 + ∆2,2 + ∆2,3.

For ∆2,1,we obtain

∆2,1 =

∫ e+a+b+c

e
d
{[

x2H + (e + a + b)2H
]K
−

[
x2H + (e + a)2H

]K
}

= 2HK
∫ e+a+b+c

e
x2H−1

{[
x2H + (e + a + b)2H

]K−1
−

[
x2H + (e + a)2H

]K−1
}

dx

≤ 0, (A.7)

since 0 < K ≤ 1.
For ∆2,2,we get

∆2,2 =
1
2

[
(2e + 2a + b + c)2HK

− (2e + 2a + 2b + c)2HK + (2e + a + b)2HK
− (2e + a)2HK

]
≤

1
2

[
(2e + a + b)2HK

− (2e + a)2HK
]

≤
1
2

b2HK, (A.8)

since 0 < 2HK < 1.
For ∆2,3,we deduce,

∆2,3 =
1
2

[
(a + b)2HK

− a2HK + (b + c)2HK
− c2HK

]
≤

1
2

(
b2HK + b2HK

)
= b2HK, (A.9)

since 0 < 2HK < 1. Therefore (2.8) holds from (A.7), (A.8) and (A.9).
For Case 3, by (2.2), we have

Var
[
u
(
SH,K

s − SH,K
r

)
+ v

(
SH,K

s′
− SH,K

r′

)]
≥ k

(
u2a2HK + v2c2HK

)
.

We also have
u2λ3 + 2uvµ3 + v2ρ3 ≥ k

(
u2a2HK + v2c2HK

)
.

This implies that
(λ3 − ka2HK)u2 + 2vµ3u + v2(ρ3 − kc2HK) ≥ 0,

which gives
µ2

3 − (λ3 − ka2HK)(ρ3 − kc2HK) ≤ 0,

namely,
λ3ρ3 − µ

2
3 ≥ λ3kc2HK + ρ3ka2HK

− k2a2HKc2HK.



N. Kuang, B. Liu / Filomat 36:12 (2022), 4023–4040 4033

By (2.9), we get
λ3ρ3 − µ

2
3 ≥ C1ka2HKc2HK + C1ka2HKc2HK

− k2a2HKc2HK

= k(2C1 − k)a2HKc2HK, (A.10)

Thus (2.10) holds by replacing k(2C1 − k) in (A.10) with k.
In order to prove (2.11), let e = r, by (1.1) and (A.2), we have

µ3 =
{[

(e + a)2H + (e + a + b + c)2H
]K
−

[
(e + a)2H + (e + a + b)2H

]K

−

[
e2H + (e + a + b + c)2H

]K
+

[
e2H + (e + a + b)2H

]K
}

+
1
2

[
(2e + 2a + b)2HK

− (2e + 2a + b + c)2HK + (2e + a + b + c)2HK
− (2e + a + b)2HK

]
+

1
2

[
b2HK

− (b + c)2HK + (a + b + c)2HK
− (a + b)2HK

]
:= ∆3,1 + ∆3,2 + ∆3,3.

For ∆3,1,we obtain

∆3,1 =

∫ e+a

e
d
{[

x2H + (e + a + b + c)2H
]K
−

[
x2H + (e + a + b)2H

]K
}

= 2HK
∫ e+a

e
x2H−1

{[
x2H + (e + a + b + c)2H

]K−1
−

[
x2H + (e + a + b)2H

]K−1
}

dx

≤ 0, (A.11)

since 0 < K ≤ 1.
For ∆3,2, and for α, β > 0 with α + β = 1,we get

∆3,2 = −
1
2

∫ 2

1
d
[
(2e + b + c + ua)2HK

− (2e + b + ua)2HK
]

= −HKa
∫ 2

1

[
(2e + b + c + ua)2HK−1

− (2e + b + ua)2HK−1
]

du

= −HKa
∫ 2

1

[∫ 1

0
d(2e + b + ua + vc)2HK−1

]
du

= −HK(2HK − 1)ac
∫ 2

1

∫ 1

0
(2e + b + ua + vc)2HK−2dvdu

= HK(1 − 2HK)ac
∫ 2

1

∫ 1

0
(2e + b + ua + vc)2HK−2dvdu

≤ HK(1 − 2HK)ac
∫ 2

1

∫ 1

0
(b + ua + vc)2HK−2dvdu

≤ HK(1 − 2HK)ac
∫ 2

1

∫ 1

0

[
bα(ua + vc)β

]2HK−2
dvdu

≤ kac
∫ 2

1

∫ 1

0

[
bα(ua)

β
2 (vc)

β
2

]2HK−2
dvdu

≤ kb2α(HK−1)(ac)β(HK−1)+1, (A.12)
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since 0 < 2HK < 1.
For ∆3,3,we deduce,

∆3,3 =
1
2

[
(a + b + c)2HK

− (b + c)2HK
− (a + b)2HK + b2HK

]
=

1
2

∫ 1

0
d
[
(b + a + vc)2HK

− (b + vc)2HK
]

= HKc
∫ 1

0

[
(b + a + vc)2HK−1

− (b + vc)2HK−1
]

dv

= HKc
∫ 1

0

[∫ 1

0
d(b + ua + vc)2HK−1

]
dv

= HK(2HK − 1)ac
∫ 1

0

∫ 1

0
(b + ua + vc)2HK−2dudv

≤ 0, (A.13)

since 0 < 2HK < 1. Therefore (2.11) holds from (A.11), (A.12) and (A.13). Thus we have finished the proof
of Lemma 2.2.

Proof of Lemma 2.3 Since (r, s, r′ , s′ ) ∈ D1 = {(r, s, r
′

, s′ )|0 < r < r′ < s < s′ < t}, denoting a = r′ − r, b =
s − r′ , c = s′ − s,we have∫

D1

Θ1drdsdr
′

ds
′

≤ k
∫

[0,t]3
Θ1dadbdc = k

∫
[0,t]3

[
(λ1ρ1 − µ

2
1)−

d
2 − (λ1ρ1)−

d
2

]
dadbdc.

On one hand, by (2.4), we get

λ1ρ1 − µ
2
1 ≥ k

[
(a + b)2HKc2HK + (b + c)2HKa2HK

]
≥ k(a + b)HK(b + c)HKaHKcHK

= k
(
a +

b
2
+

b
2

)HK (
b
2
+

b
2
+ c

)HK

aHKcHK

≥ k(abc)
4HK

3 . (A.14)

On the other hand, by (2.3), we deduce

λ1ρ1 ≥ k(a + b)2HK(b + c)2HK = k
( a

2
+

a
2
+ b

)2HK (
b +

c
2
+

c
2

)2HK
≥ k(abc)

4HK
3 . (A.15)

Thus (2.12) holds from (A.14), (A.15) and HKd < 3
2 . The proof of Lemma 2.3 is completed.

Proof of Lemma 2.4 Since (r, s, r′ , s′ ) ∈ D2 = {(r, s, r
′

, s′ )|0 < r < r′ < s′ < s < t}, denoting a = r′ − r, b = s′ −
r′ , c = s−s′ ,we decompose the region D2 = I1∪I2∪I3, where I1 = {b ≥ η1a}, I2 = {b ≥ η2c}, I3 = {b < η1a, b < η2c}
for some fixed but arbitrary η1 > 0 and η2 > 0.

For I1 = {b ≥ η1a}, by (2.7), we have, if HKd < 1, then∫
I1

(λ2ρ2 − µ
2
2)−

d
2 drdsdr

′

ds
′

≤ k
∫

b≥η1a
b−HKd(a2HK + c2HK)−

d
2 dadbdc

= k
∫ t

0

∫ t

0
(a2HK + c2HK)−

d
2

(∫ t

η1a
b−HKddb

)
dadc
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=
k

1 −HKd

∫ t

0

∫ t

0
(a2HK + c2HK)−

d
2

(
t1−HKd

− (η1a)1−HKd
)

dadc

≤
kt1−HKd

1 −HKd

∫ t

0

∫ t

0
(a2HK + c2HK)−

d
2 dadc

≤ k
∫ t

0

∫ t

0
(ac)−

HKd
2 dadc

< +∞, (A.16)

since HKd < 1 < 2, and by (2.6), we get∫
I1

(λ2ρ2)−
d
2 drdsdr

′

ds
′

≤ k
∫

b≥η1a
b−HKd(a + b + c)−HKddadbdc

≤ k
∫

b≥η1a
b−HKd(a + c)−HKddadbdc

=
k

1 −HKd

∫ t

0

∫ t

0
(a + c)−HKd

(
t1−HKd

− (η1a)1−HKd
)

dadc

≤ k
∫ t

0

∫ t

0
(ac)−

HKd
2 dadc

< +∞, (A.17)

since HKd < 1 < 2. Thus, by (A.16) and (A.17), we have, if HKd < 1, then∫
I1

Θ2drdsdr
′

ds
′

=

∫
I1

[
(λ2ρ2 − µ

2
2)−

d
2 − (λ2ρ2)−

d
2

]
drdsdr

′

ds
′

< +∞. (A.18)

If 1 < HKd < 3
2 , we obtain∫

I1

(λ2ρ2 − µ
2
2)−

d
2 drdsdr

′

ds
′

≤ k
∫

b≥η1a
b−HKd(a2HK + c2HK)−

d
2 dadbdc

= k
∫ t

0

∫ t

0
(a2HK + c2HK)−

d
2

(∫ t

η1a
b−HKddb

)
dadc

=
k

HKd − 1

∫ t

0

∫ t

0
(a2HK + c2HK)−

d
2

(
(η1a)1−HKd

− t1−HKd
)

dadc

≤
k

HKd − 1

∫ t

0

∫ t

0

(
a2HK +

1
2

c2HK +
1
2

c2HK
)− d

2

a1−HKddadc

≤ k
∫ t

0

∫ t

0
a1− 4HKd

3 c−
2HKd

3 dadc

< +∞. (A.19)

We also have, if 1 < HKd < 3
2 , then∫

I1

(λ2ρ2)−
d
2 drdsdr

′

ds
′

≤ k
∫

b≥η1a
b−HKd(a + b + c)−HKddadbdc

≤ k
∫

b≥η1a
b−HKd(a + c)−HKddadbdc
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=
k

HKd − 1

∫ t

0

∫ t

0
(a + c)−HKd

(
(η1a)1−HKd

− t1−HKd
)

dadc

≤ k
∫ t

0

∫ t

0

(
a +

c
2
+

c
2

)−HKd
a1−HKddadc

≤ k
∫ t

0

∫ t

0
a1− 4HKd

3 c−
2HKd

3 dadc

< +∞. (A.20)

Thus, by (A.19) and (A.20), we have, if 1 < HKd < 3
2 , then∫

I1

Θ2drdsdr
′

ds
′

=

∫
I1

[
(λ2ρ2 − µ

2
2)−

d
2 − (λ2ρ2)−

d
2

]
drdsdr

′

ds
′

< +∞. (A.21)

If HKd = 1, we get∫
I1

(λ2ρ2 − µ
2
2)−

d
2 drdsdr

′

ds
′

≤ k
∫

b≥η1a
b−HKd(a2HK + c2HK)−

d
2 dadbdc

= k
∫ t

0

∫ t

0
(a2HK + c2HK)−

d
2

(∫ t

η1a
b−1db

)
dadc

= k
∫ t

0

∫ t

0
(a2HK + c2HK)−

d
2
(
ln t − ln(η1a)

)
dadc

≤ k
∫ t

0

∫ t

0
(ac)−

1
2 dadc

< +∞. (A.22)

Similarly, we have, if HKd = 1, ∫
I1

(λ2ρ2)−
d
2 drdsdr

′

ds
′

< +∞. (A.23)

By (A.22) and (A.23), we deduce, if HKd = 1, then∫
I1

Θ2drdsdr
′

ds
′

=

∫
I1

[
(λ2ρ2 − µ

2
2)−

d
2 − (λ2ρ2)−

d
2

]
drdsdr

′

ds
′

< +∞. (A.24)

Combining (A.18), (A.21) and (A.24), we get, as HKd < 3
2 ,∫

I1

Θ2drdsdr
′

ds
′

< +∞. (A.25)

For I2 = {b ≥ η2c}, we similarly obtain, as HKd < 3
2 ,∫

I2

Θ2drdsdr
′

ds
′

< +∞. (A.26)

Therefore (2.13) holds from (A.25) and (A.26).
For I3 = {b < η1a, b < η2c}, we have, if HKd < 1, then∫

I3

(λ2ρ2 − µ
2
2)−

d
2 drdsdr

′

ds
′
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≤ k
∫

b<η1a,b<η2c
b−HKd(a2HK + c2HK)−

d
2 dadbdc

≤ k
∫

b<η1a,b<η2c
b−HKda−

HKd
2 c−

HKd
2 dadbdc

= k
∫ t

0
b−HKd

∫ t

b
η1

a−
HKd

2 da


∫ t

b
η2

c−
HKd

2 dc

 db

=
k(

1 − HKd
2

)2

∫ t

0
b−HKd

(
t1− HKd

2 − (
b
η1

)1− HKd
2

) (
t1− HKd

2 − (
b
η2

)1− HKd
2

)
db

=
k(

1 − HKd
2

)2

{
t2−HKd

∫ t

0
b−HKddb −

[
(

t
η1

)1− HKd
2 + (

t
η2

)1− HKd
2

] ∫ t

0
b1− 3HKd

2 db

+(
1
η1η2

)1− HKd
2

∫ t

0
b2−2HKddb

}
< +∞, (A.27)

since HKd < 1 < 4
3 <

3
2 .

We also have, if HKd < 1, then∫
I3

(λ2ρ2)−
d
2 drdsdr

′

ds
′

≤ k
∫

b<η1a,b<η2c
b−HKd(a + b + c)−HKddadbdc

= k
∫ t

0
b−HKd

∫ t

b
η2

∫ t

b
η1

(a + b + c)−HKdda

 dc

 db

=
k

1 −HKd

∫ t

0
b−HKd

∫ t

b
η2

(t + b + c)1−HKd
−

(
b
η1
+ b + c

)1−HKd dc

 db

=
k

(1 −HKd)(2 −HKd)

∫ t

0
b−HKd


(2t + b)2−HKd

−

(
t + (1 +

1
η2

)b
)2−HKd

−

(( 1
η1
+ 1)b + t

)2−HKd

−

(
(

1
η1
+ 1 +

1
η2

)b
)2−HKd

 db

≤
k

(1 −HKd)(2 −HKd)

∫ t

0
b−HKd

{
(3t)2−HKd

− t2−HKd

−t2−HKd +

(
(

1
η1
+ 1 +

1
η2

)b
)2−HKd

 db

=
k
[
(3t)2−HKd

− 2t2−HKd
]

(1 −HKd)(2 −HKd)

∫ t

0
b−HKddb

+
k

(1 −HKd)(2 −HKd)

(
1
η1
+ 1 +

1
η2

)2−HKd ∫ t

0
b2−2HKddb
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< +∞, (A.28)

since HKd < 1 < 3
2 . Thus (2.14) holds from (A.27) and (A.28). The proof of Lemma 2.4 is finished.

Remark 2. Since
∫ t

0 b−HKddb appears in (A.27) and (A.28), we obtain
∫ t

0 b−HKddb = +∞ as HKd ≥ 1.
The holding condition for (2.14) is HKd < 1 using our proving method. It is similar to the case of (2.16) in
Lemma 2.5.

Proof of Lemma 2.5. Since (r, s, r′ , s′ ) ∈ D3 = {(r, s, r
′

, s′ )|0 < r < s < r′ < s′ < t}, denoting a = s − r, b =
r′ − s, c = s′ − r′ , we decompose the region D3 := J1 + J2 + J3 + J4, where J1 = {a ≥ η1b, c ≥ η2b}, J2 = {a <
η1b, c < η2b}, J3 = {a ≥ η1b, c < η2b}, J4 = {a < η1b, c ≥ η2b} for some fixed but arbitrary η1 > 0 and η2 > 0.

For J1 = {a ≥ η1b, c ≥ η2b}, by (2.10), we have, if HKd < 3
2 and HKd , 1, then∫

J1

(λ3ρ3 − µ
2
3)−

d
2 drdsdr

′

ds
′

≤ k
∫

a≥η1b,c≥η2b
(ac)−HKddadbdc

= k
∫ t

0
db

∫ t

η1b
a−HKdda

∫ t

η2b
c−HKddc

=
k

(1 −HKd)2

[
t3−2HKd

−

(
η1−HKd

1 + η1−HKd
2

)
t1−HKd

∫ t

0
b1−HKddb

+(η1η2)1−HKd
∫ t

0
b2−2HKddb

]
< +∞, (A.29)

since HKd < 3
2 < 2. If HKd = 1,we also get∫

J1

(λ3ρ3 − µ
2
3)−

d
2 drdsdr

′

ds
′

≤ k
∫

a≥η1b,c≥η2b
(ac)−1dadbdc

= k
∫ t

0
db

∫ t

η1b

1
a

da
∫ t

η2b

1
c

dc

= k
(
t ln2 t − ln t(ln(η1) + ln(η2))

∫ t

0
ln bdb +

∫ t

0
ln(η1b) ln(η2b)db

)
< +∞, (A.30)

since
∫ t

0 ln bdb < +∞ and
∫ t

0 ln2 bdb < +∞.
Similarly, we obtain, if HKd < 3

2 , then∫
J1

(λ3ρ3)−
d
2 drdsdr

′

ds
′

< +∞. (A.31)

Hence (2.15) holds from (A.29), (A.30) and (A.31).
For J2 = {a < η1b, c < η2b},we have, if HKd < 1, then∫

J2

(λ3ρ3 − µ
2
3)−

d
2 drdsdr

′

ds
′
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≤ k
∫

a<η1b,c<η2b
(ac)−HKddadbdc

= k
∫ t

0
db

∫ η1b

0
a−HKdda

∫ η2b

0
c−HKddc

=
k(η1η2)1−HKd

(1 −HKd)2

∫ t

0
b2−2HKddb

< +∞, (A.32)

since HKd < 1 < 3
2 . Similarly, we get, if HKd < 1, then∫

J2

(λ3ρ3)−
d
2 drdsdr

′

ds
′

< +∞. (A.33)

By (A.32) and (A.33), we deduce, as HKd < 1,∫
J2

Θ3drdsdr
′

ds
′

< +∞. (A.34)

For J3 = {a ≥ η1b, c < η2b},we have, if HKd < 1, then∫
J3

(λ3ρ3 − µ
2
3)−

d
2 drdsdr

′

ds
′

≤ k
∫

a≥η1b,c<η2b
(ac)−HKddadbdc

= k
∫ t

0
db

∫ t

η1b
a−HKdda

∫ η2b

0
c−HKddc

=
k(η2)1−HKd

(1 −HKd)2

∫ t

0

[
t1−HKd

− (η1b)1−HKd
]

b1−HKddb

< +∞, (A.35)

since HKd < 1 < 3
2 < 2. Similarly, we get, if HKd < 1, then∫

J3

(λ3ρ3)−
d
2 drdsdr

′

ds
′

< +∞. (A.36)

By (A.35) and (A.36), we deduce, as HKd < 1,∫
J3

Θ3drdsdr
′

ds
′

< +∞. (A.37)

For J4 = {a < η1b, c ≥ η2b},we similarly obtain, if HKd < 1, then∫
J4

Θ3drdsdr
′

ds
′

< +∞. (A.38)

Therefore (2.16) holds from (A.34), (A.37) and (A.38). Consequently we have finished the proof of Lemma
2.5.
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