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Abstract. It is well known that ‘an almost complex structure’ ] that is J> = —I on the manifold M is called
‘an almost Hermitian manifold’ (M, J, G) if G(JX,JY) = G(X, Y) and proved that (F?M, J°, GP) is ‘an almost
Hermitian manifold” on the frame bundle of the second order F*M. The term ‘an almost complex structure’
refers to the general quadratic structure J> = pJ + gl, where p = 0,4 = —1. However, this paper aims to
study the general quadratic equation J* = pJ + g, where p, q are positive integers, it is named as a metallic
structure. The diagonal lift of the metallic structure ] on the frame bundle of the second order F>M is studied
and shows that it is also a metallic structure. The proposed theorem proves that the diagonal lift G of a
Riemannian metric G is a metallic Riemannian metric on F2M. Also, a new tensor field | of type (1,1) is
defined on F>M and proves that it is a metallic structure. The 2-form and its derivative dF of a tensor field
] are determined. Furthermore, the Nijenhuis tensor Nj of a metallic structure | and the Nijenhuis tensor
Njp of a tensor field JP of type (1,1) on the frame bundle of the second order F?M are calculated.

1. Introduction

In the framework of the geometry of frame bundles, it is classical to consider various geometric struc-
tures; for example, ‘an almost complex’, ‘an almost Hermitian’, ‘an almost symplectic’ structures, etc. using
‘the complete’, ‘vertical’, ‘horizontal’, and ‘diagonal lifts” transforming structures on the base manifold to
the frame bundle FM and the frame bundle of the second order F?M. Bonome et. al. [5] defined ‘an almost
complex structure’ | and proved that (FM, gP,]) is ‘an almost Hermitian manifold’, where the diagonal
lift gP is a Riemannian metric on FM. The Nijenhuis tensor of ‘an almost complex structure’ ] on FM has
been calculated and established a necessary and sufficient condition for integrability of J. The author [24]
introduced the notion of a tensor field J of type (1,1) on the frame bundle FM and showed that it is a metallic
structure. The Nijenhuis tensor, derivative, and co-derivative of the 2-form have been determined. Kowal-
ski and Sekizawa [25] studied the properties of curvatures of a diagonal lift from an affine connection to the
linear frame bundle. Leén and Salgado [11] initiated the study of a diagonal lift of tensor fields, an almost
Hermitian manifold and the Kéhler form to the frame bundle of the second order F>M. Many authors have
studied the geometry of the frame bundle and the frame bundle of the second order [7, 12, 26, 27].
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The various geometric structures; for example, ‘an almost complex’, ‘an almost Hermitian’, ‘an almost
symplectic’ structures, etc. provide effective results while studying on the frame bundle and the frame
bundle of the second order. The differential geometry of metallic structures on the manifold is one of the
most studied subjects [2, 28-30, 35, 36]. The notion of the metallic means family was introduced by Spindel
[33, 34] which consists of the Gold mean, the Silver mean, the Bronze mean, etc. Consider an equation
x? — px —q = 0,p and g are positive integers whose positive solution

g _ P AP t4q

Cfp 5

is called metallic means family. The polynomial structure of degree 2 that is the general quadratic equation
on M given by

J?=p]+4l, (1)

where | is a tensor field of type (1,1), I is an identity tensor field and p and g are positive integers. Then |
is called metallic structure which is a particular case of the polynomial structure of degree n introduced by
Goldberg and Yano and Goldberg and Petridis [14, 15]. Hretreanu and Crasmareanu [17] initiated the study
of metallic structure on Riemannian manifolds and established a necessary and sufficient condition for a
submanifold to be a metallic Riemannian manifold. Various structures of metallic Riemannian manifolds
for curvature have been studied by Blaga and Hretreanu [3, 4, 19]. Recently, the author [24] studied the
frame bundle endowed with the metallic structure on an almost contact metric manifold and investigated
that the diagonal lift g° of a Riemannian metric g is a metallic Riemannian metric on FM. Many authors
have studied the geometry of metallic structures [1, §, 10, 16, 18-20, 22, 31].
The major focus of this work can be summarized as follows:

e The diagonal lift of a metallic structure is also a metallic structure on the frame bundle of the second
order F2M.

e The proposed theorem proves that the diagonal lift GP of a Riemannian metric G is a metallic Rie-
mannian metric on F>M.

e Define a new tensor field ] of type (1,1) on F>M and proves that it is a metallic structure.

e Some results on the 2-form, the derivative of 2-form, the Nijenhuis tensor N 7 of a metallic structure |

and the Nijenhuis tensor Nj» of a tensor field J® of type (1,1) on the frame bundle of the second order
F?M are calculated.

The structure of the remaining paper is organized as.

Section 2 focuses on definitions of the frame bundle FM and the frame bundle of the second order F?M,
the diagonal lift of tensor fields of type (1,1) and (0,2) on F?M. In Section 3, the diagonal lift of the metallic
structure | on the frame bundle of the second order F?M is studied and shows that it is also a metallic
structure. The proposed theorem proves that the diagonal lift G of G is a metallic Riemannian metric on
F2M. Also, a new tensor field | of type (1,1) is defined and proves that it is a metallic structure. The 2-form
and its derivative dF of a tensor field | are determined. In Section 4, the Nijenhuis tensor N; of a metallic
structure ] and the Nijenhuis tensor N of a tensor field JP of type (1,1) on the frame bundle of the second
order F>M are calculated.

2. Preliminaries

Let C*(R") be the algebra of C* functions on the Eulidean space R” whose coordinates are (x!, x?, ...., x")
and f and g be two elements of C*(R"). Let M be an n-dimensional manifold and U and V be two
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neighborhoods at x = 0 € R". The mappings f : U > M and g : V — M are said to define same r-jet if

fO) = 9(0),
d d
(axa)(f) = (ﬁ) (g)/
2’ 2?
(8x“ oxP ) h = (z?x‘* oxP ) @)

o J
(—axa,;xﬁm,a' * ) ) = (axaaxﬁ....axy ) @),

at0e R"foralle, B,y =1,2,...,p.

"If f is a diffeomorphism of a neighborhood U of 0 onto a open subset of M then the r-jet " f at x = 0 is
called an r-frame at x = f(0). The set of the r-frames of M is a principal bundle over M with projection 7"
such that 7'(j" f) = f(0) and denoted by F’M. If g is a diffeomorphism of a neighborhood V of 0 onto a open
subset of M, then set of r-frames of M denoted by G’(n)” [6, 11].

Let j'g and j'g’ be two elements of G'(n) such that (j'g)(j"g’) = j"(g © g’). Then G'(n) is a Lie group with
multiplication defined by the composition of jets. Let j"f and j"g be elements of F'M and G'(n). Then the
multiplication of j f and j'g defined as

GNG P =7(feog).

Consider the frame bundle of the second order F2M such that the canonical projection 73 : FAM — FM
and 7i(j2f) = j'f and the base M is covered by a system of coordinate neighborhood (U, x’), where (x)
is a local coordinate system defined in the neighborhood U. Thus {FU, (x', X;'.)} and {F?U, (x', Xj.k)} are the
induced coordinate systems in FM and F>*M with groups G’(n) = GI(n) and G?(n), respectively. Where X;'.
and X;.k are local components of the vector X; of the 1-frame and 2-frame respectively and X}k = X;(]..

Let g%(n) be the Lie algebra of group G?*(n) and (A, @) be an element of g?(n). Then a vector A(A, a) on
F2M is called the fundamental vector field corresponding to (A, a), where A € gl(n) and a € S*(n), S*(n) is

the set of symmetric bilinear forms on R” such that G*(n) = gl(n) x S*(n) [6].
Definition 2.1 A coonection I in the bundle F2M of 2-frames of M is called a connection of order 2 on M

[6].

Definition 2.2 A curvature form Q of T is a tensorial 2-form on F?M of type Ad(G?(n)) and given as
Q=0Q)+ )y,
where Q) is a gl(n) valued and Q; is a $*(n) valued 2-form of F2M [6].

2.1. Vector field of F°M
Let F2M be the frame bundle of the second order with the second order connection T on M. Let X be a
vector field on M and X* its horizontal lift. Then

.0
X:XZ—.
oxi
and
XH_xi 8 I"t’la I"I’l rr lm
= o ilxjﬁ_( %+ Dy XX |
j

where I; and I}, are the components of I' on M [6].

Proposition 2.1. Let F2M be the frame bundle of the second order and X™ be the horizontal lift of X then
[XH/ YH] = [X/ Y] - /\(R(X/ Y)O) - 2AQ1 (XH/ YH)/ (2)
for all vector fields X, Y on M [6].
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2.2. Diagonal lifts of tensor fields of type (1,1) and 1-form

Let F and 7 be a tensor field of type (1,1) and 1-form, respectively on M. The diagonal lifts F” and 72 on
F?M are given by [6]

FP = FiDy@n/ +8FD;, ®n +86F,D)eny, (3)
o= oy +Z’L’T]]+ZT17]k, 4)
k=1
where
no= dx,

173 = l"i ?dx’+dx?

n?k = {(F;rx;k + F;rsx?xk) s I x, + xkx )x! =y (6%, + (SSkxl dxt + dx' jk,

] S

d kol J x|
D; = oxi Lix " ok = O+ Lo axikl
| P 2 ?
D] _ < 4 yr m yifxm_
k 7
7 g
S
] ;7
ax;.k

are local components of  and D in F2U.
The diagonal and horizontal lifts have the following formulas [6]:

FPx = (FX)H,
FP(Af) = A(F°f),
FP(Ag) = A(F°y), )
FP(AA) = A(F°A),
FP(Aa) = A(Fw),

for any vector field X on M, all A € gl(n),a € S*(n)Vf : F’M — gl(n) and g : F?M — S?(n).

2.3. Diagonal lifts of tensor fields of type (0,2)

Let G be a tensor field of type (0,2) on M. The diagonal lift GP of G to F?M is a tensor field of type (0,2)
has local components

GP=Gen + (5sz1]'17§ ® 7]{ + Ot Gily ® M- (6)

If rank of G is , then GP has rank (1 + 1 + @).
Let G° be globally defined functions on F>M, then

GO(A, B) — 6rSAkBl x;;ijijl (7)
G°(a, B) & aklaix] Gy, (8)

where A = A;E{,B = B;E{ € gl(n),a = a;kEjf" and B = ﬁ;kE{" € S2(n) [6].
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Proposition 2.2. The following identities are given by

GP(AA,AB) = G°(A,B),

GP(AA,AB) = G°(AB,AA) =0,

GP(AA, XM = GP(xM,AA) =0, )
GP(Aa, Xy = GP(XH,Aa)=0,

GP(Aa, AB) = G°(a,B), (10)

GPX", Y = {GX Y)Y,
where fV = for?[6,11].

3. Proposed theorems for the metallic structure on the frame bundle of the second order

In this section, the diagonal lift of the metallic structure | on the frame bundle of the second order F>M
is studied and shows that it is also a metallic structure. The proposed theorem proves that the diagonal
lift GP of G is a metallic Riemannian metric on F2M. Also, a new tensor field J of type (1,1) is defined and
proves that it is a metallic structure. The 2-form and its derivative dF of a tensor field J are determined.

Let M be an n-dimensional manifold of class C* and | be a tensor field of type (1,1) and I an identity
tensor field on M. Then | satisfies

JP-pl-ql =0, (

where p, q are positive integers and OZ = 1(p + /p* +4q) is its positive solution. The tensor field ] referred
to as a metallic structure on M and (M, ]) referred to as a metallic manifold [1, 21, 23].
Let G be a Riemannian metric on M such that

GUX,Y) = G(X,JY), (12)
or equivalent
GUX,JY) = pG(X, ]Y) +qG(X, Y), (13)

for all X and Y are vector fields on M. Then (M, ], G) is said to be a metallic Riemannian manifold.
The Nijenhuis tensor N; of a metallic structure | is given by

Ni(X,Y) = [JX, Y] = JIUX, Y1 = JIX, Y] + JP[X, Y], (14)

where X and Y are vector fields on M. The metallic structure | is called integrable if N;(X,Y) = 0 [37, 38].
Now, state the following propositions [11]:

Proposition 3.1. Let | and K be tensor fields of type (1,1) on M. Then

@ JKP = J°KP (15)
@ 1P = 1, (16)

where I is an identity tensor field.
Proposition 3.2. If P(t) is a polynomial of variable t, then

(P(DP) = P(J7), (17)
where | is a tensor field of type (1,1) on M.

Theorem 3.3. Let ] be a tensor field of type (1,1) on the manifold M and F*M its frame bundle of second order. Then
the diagonal lift J° of | is a metallic structure on F2M if | is a metallic structure on M.
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Proof. Let | be a metallic structure. Applying diagonal lift on equation (11) and using Proposition (3.1) and
Proposition (3.2), the obtained equation is

(JP-pl—qh” = 0,
JHP —q/° —ql® = 0,
JPy¥? —q° —q1 = 0, as IP. (18)

This shows that JP is a metallic structure on F2M.

Theorem 3.4. Let F>M its frame bundle of second order of the manifold M admits a tensor field | of type (1,1) given
by equation (11), then the diagonal lift GP of G is a metallic Riemannian metric on F>M i.e.

GP(JPX,JPY) = pGP(X, J°Y) + 4GP (X, Y)
where X and Y are vector fields on F2M.

Proof. In order to prove that the diagonal lift G of G is a metallic Riemannian metric on F2M. It is enough
to check the identity

GP(UPX,JPY) = pGP(X, J°Y) +9G"(X, Y) (19)

in the following three cases:

(i) Setting X = X" and Y = Y¥ in equation (19). Using equation (13) and Proposition (2.3), the obtained
equation is
GP((x)™), )™,
= (GUX, Y)Y,
= (pG(X,JY) +4G(X,Y))",
= pGX Y)Y +4(G(X,Y))",
= pGP(X, () +qG(X™, YH).

GD(]DXH, IDYH)

(ii) Setting X = X" and Y = A(A,a) in equation (19). Using equation (13), Proposition (2.2) and
Proposition (2.3), the obtained equation is
GPUPX™, JPAA, @) = GP(UX)",AJ°(A,a)) = 0.
(iii) Setting X = A(A,a) and Y = A(B,f) in equation (19). Using equation (13), Proposition (2.2) and
Proposition (2.3), the obtained equation is
GP(JPAMA, ), J°AB,p) = GP(AJ°(A @), AJ°(B,B)),
= G(J°(A @), J°(B,B))
= pG*((A,a),J°(B, B)) +4G"((A, a), (B, B))
= pGP(MA, a), J°A(B, ) + 4GP (M(A, ), A(B, B)),

for vector fields X, Y on M, A,B € gl(n) and o, § € S%(n).

Let M be an n-dimensional manifold and F?M its frame bundle of second order. Let X and AA be
vector fileds on F2M with respect to the second order connection T
In [6], Cordero et al defined a tensor field F,, @ = 1,2, ....,n of type (1,1) on the frame bundle FM as

EX < X, B,X0 < oY, @)

where X and X@ are ‘the horizontal’ and ‘a—th vertical’ lifts of a vector field X on M. It is proved that
F3 + F, = 0i.e. F-structure.
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Also, Gezer and Kamran [13] defined a tensor field | of type (1,1) on the tangent bundle TM of M by

- 1 -
jxH = i(aXH + (20" —a)(X®EY),
- 1 -

XV = S@X® EV + 6" — a)xH)y,
JAY = oA,

for any vector field X, tensor field A of type (1,1), E = g o E and g a Riemannian metric on M. It is proved
that [ is a metallic structure on TM.
From Cordero et al [6] and Gezer and Kamran [13], a tensor field | of type (1,1) on F?>M is introduced as

JXH = %{pXH + (20, — p)AA}, (21)
A = %{pAA + Q0] - p)xH), 22)
P+ Vp+4q
where CTZ =—5.

Theorem 3.5. Let F>M be the frame bundle of the second order of the manifold M. Then the tensor field | defined by
equations (21) and (22) is a metallic structure on F*M.

Proof. In order to prove the tensor field ] is a metallic structure. It is enough to prove that J> — pJ — gl = 0.
Let X' and AA be vector fields on F>M. Making use of equations (21) and (22), then

(J* - p] - qDx" JUXH) - pIxH — gx1

1
= J5lpX"+ @0} - pAa) - Eppxt + 207 - p)aa) - gx

2
q _ 2 2067 —
P, Q- PPy PROG D)
= SIXT+ ———JAA) - SXI - ——— A - X
= 0.

Similarly, (J? — p] — g)AA = 0. This shows that J?> — p] — gl = 0.
Hence, | is a metallic structure on F2M.

Let GP be a metallic Riemannian metric and | be a metallic structure on F2M defined by equations (21)
and (22). Let F be the 2-form on F?M is given by

FX,Y) = GP(X,]Y). (23)
where X and Y are vector fields on F2M.

Theorem 3.6. Let F2M be the frame bundle of the second order of the manifold M admits a metallic structure |
defined by equations (21) and (22), then 2-form F on FM given by

0 XY = EePvy,
T _
@ e ada) = 2Py,
(i) FAA@,ABE) = EGXY).

for all vector fields X on M, all A € gl(n), a € S*(n).
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Proof. (i) Setting X = X and Y = Y¥ in equation (23). Using equations (21) and (22) and Proposition (2.2),
then

FX™,Y") = GP(X", JY™),
1
= GP(x!, E{pyH + (20, — p)AA)),

207 -
= gGD(XH,YHH—( P 7 6P, An),
= 2@Pe v, as 6P A4, @) = 0.

(i) Setting X = X" and Y = A(A, a) in equation (23). Using equations (21) and (22) and Proposition (2.2),
then

FOXAA, @) =GP, TAGA, )
= GP(X", S pAA,@) + (20}~ p)Y')

200 —
= LoPxt, A, ) + (pz—p)

q _
_ (20”2 P e, vy,

GP(xH,YH),

(iii) Setting X = A(A, @) and Y = A(B, B) in equation (23). Using equations (21) and (22) and Proposition
(2.2), then

FMA, ), AB,) = GP(A(A,a),TAB,B)
= GP(\(A,a), 5pA(B,f) + 5]~ Y™

(20} - p)
2

= LePamm, A p) + (A4, ), Y™,

- gcou(A, ), A(B, p)),

where AA is a fundamental vector on FZM.

Theorem 3.7. Let F>M be the frame bundle of the second order of the manifold M and the diagonal lift GP of G. Then
the derivative of the 2-form F is given by

() BdF(X",Y",ZM) = g{(XG(Y, 2))" = (G(1Y, 21, X))" - (YG(X, 2))¥

- (G(X, 21, )Y +(ZG(X, Y)Y - (G([X, Y], 2))"}
+ 2{FAQXH, Yy, ZzH) + FAQ(XH, z1), YH) + FAQ(YH, ZH), XH)),

q_ q_
(i) 3dF(X",YH, M(A,a)) = 20”2 P (XG(Y, Z))V - ZO”TP(YG(X, 7)Y + g(A(A, a)G(X, Y)Y

ZOZ -p

2

(G(X, Y], 2)” + 2AF(Q(X, YH), M(A, o)),
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(iii) 3dF(X™, A(A, @), A(B, B)) gXHG"(A(A, a)], A(B, B)) + A(B, B)(G(X, Z))
ZGZ -p
2

g{)\(A, a)G*((B, B), (C, 7)) = AB, B)G"((A, @), (C, y))

+ AMCY)G((Aa), (B B - Z{G"([(A, a),(B,B)1, (C,y))
- G([(A, ), (C)] (B, B)) + G°(I(B, B), (C, )], (A, )},
for all vector fields X on M, all A € gl(n,R), a € S*(n).

MA,a)(G(X, 2))” = F(Al(A, @), (B, B)], X™),

(iv) 3dF(A(A, ), A(B, B), A(C, )

Proof. "The derivative dF of the 2-form F is given by [24]
3dF(X,Y,7) = X(F(Y,Z))-Y(F(X,2))+ Z(F(X,Y)) - F(X, Y], 2) + F([X, Z], Y) - F([Y, Z],X), (24)

where X, Y, Z being arbitrary vector fields on FZM".
(i) Setting X = XH,Y = Y, Z = ZH in equation (24) and using Theorem (3.4), then

3dr(xt, YH, zHy = XHFH, zH) - YH(EXH, ZH)) + ZHEFXHE, YY) - F(xXH, YH], z1)

+ F(XH,zM, YH) - F((YH, ZzH], XH),

= g{(XG(Y, 7)) = (YG(X,2))" + (ZG(X, Y))")

- g{(G([X, Y], 2)" +(G(X, Z1, )" + (G([Y, Z], X))"}

+ 2{FAQXH, YH), zH) + FAQ(XH, ZH), YH) + F(AQ(YH, ZH), XH))

= g{(XG(Y, Z)" = (G([Y, Z1, X)) - (YG(X, 2))"

- (G(X,2],Y))Y +(ZG(X, V)Y = (G([X, Y], 2))"}

+ 2{FAQXH, Y™, ZHy + FAQXH, zH), YH) + FAQ(YH, zH), xH)).

(i) Setting X = XH,Y = YH, Z = A(A, a) in equation (24) and using Theorem (3.4), then

3dFE(XH, YR, A(A, a))

XTEYH, A4, a))) - YHFEXHE, AMA, ) + A(A, a)(FXH, YH))

- F(IX",YM], MA, @) + F(XT, A4, )], YP) = F([YH, A4, 2)], X1),
ZGZ -p ZGZ -p p

= (X6, 2)Y - —(YG(X,2)” + S(MA, a)G(X, 1)

- F([X/ Y]Hr A(A/ CY)) + ZAF(Q(XHr YH)/ /\(A/ Oé)),

_ 200 —p . 20, —p

= > (XG(Y,2))" - 5
Zaz -p

2

(YG(X, Z))" + Z(A(A, )G(X, V)"

(GUIX, YL, Z)) + 2AF(Q(X", YH), M(A, @)).

(iii) Setting X = X", Y = A(A, a), and Z = A(B, f) in equation (24) and using Theorem (3.4), then

3dF(X", M(A, @), A(B,p)) = X"(F(MA, ), A(B,p)) — MA, a)(F(X", A(B, B))) + A(B, B)F(X", A(A, @)
~ F(IX", AM(A, )], A(B, B)) + F(IX", A(B, B)I, MA, a)) = F(IA(A, @), A(B, )], X",
q_
= gXHGO(A(A, a)l, A(B,B)) — 267]2 p)\(A, a)(G(X, 2))Y
+ AB,B)(G(X,2)” - F(Al(A, ), (B, B)], X").
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(iv) Setting X = A(4, a), Y = A(B, B), Z = A(C, y)in equation (24) and using Theorem (3.4), then

3dF(A(A, ), A(B, B), A(C, 7))

A(A, a)(F(A(B, B), A(C, y))) = A(B, B)(F(MA, 1) A(C, 7))
MG IEMA, ), A(B, B))) — F(IMA, @), A(B, B)], A(C, 7))
E([A(A, a), (G, p)IA(B, B)) = E(IA(B, ), A(C, y)], AA, a)),

g{/\(A, a)G*((B, B), (C,y)) = AMB, B)G"((A, @), (C, 7))

+ MGG (A, a),(B,p)} - g{G"([(A, a), (B, )1, (C, 7))
G*([(A, ), (C, )], (B, ) + G°([(B, B), (C, )], (A, a))},

for all vector fields X on M, all A € gl(n), « € S*(n).

+ +

4. Some calculations for the Nijenhuis tensor on the frame bundle of the second order

In this section, the Nijenhuis tensor of a metallic structure | on the frame bundle of the second order
F?M is calculated.

“Let X and Y be vector fields on F?M and N; be the Nijenhuis tensor of a tensor field J of type (1,1) is
given by [24]

Nf(X/Y):[T /I ]_T[T ,Y]—T[X,TY]-FF[X,Y]” (25)

Theorem 4.1. Let F2M be the frame bundle of the second order of the manifold M admits a metallic structure |
defined by (21) and (22), then the Nijenhuis tensor Nj of ] is given by

2 2 267 —
O N = (g - T a0+ MA(A, a),
207 -
(i) NjX'AA,0) = M(p—mx Y - 220(x7, YY),

(r)(szz -pY

(iii) Nj(A(A, a), A(B, ) 5 ] (X, YTH = 2AQ(XH, Y!)).

Proof. (i) Setting X = X and ¥ = Y" in equation (25). The equation (26) is obtained by applying equations
(21) and (22), and Proposition (2.2).
NJOCT Y = [T, Y = X, Y= X, TV P, Y
= U5PX" + Qo) - PAA, @), T3 Y™ + Q0] - A )]
~ TUpX" + o}~ pAA, @), 51pY" + (20} - A, B
~ TilpX" + 2o} = PAA, @), T3 Y™ + 20} - AP
+ PlylpX™ + Qo) - PAA, @), 3 {pY" + (3]~ PAG, I,

b P rip+dg pQ2; —p)

2

2
Ny(x", Y = (3%+q)[X,Y] AA, ) + AA, a). (26)

(i) Setting X = X and Y = A(A, a) in equation (25). The equation (27) is obtained by applying equations
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(21), (22), (5), Proposition (2.1), and Proposition (2.2).
N7 (X", A(A, @) [TX", JA(A, )] = JITX™, MA, )] = JIXT, JA(A, )] + PIX, A(A, a)],

= [3PX" + 20— PAGA @), 3 IpAB, ) + (201~ p)Y*]

~ T lpX" + (o) - DA, @), AGB B - IXY, 3 pA(A, o) + (207~ p)Y")],
b PIXT A4, ),

20) -
. GZ P - 1, ¥1 - 200007, Y1, )

(iii) Setting X = A(A, @) and Y = A(B, f) in equation (25). The equation (28) is obtained by applying equations
(21), (22), (5), Proposition (2.1), and Proposition (2.2).

[TA(A/ 0()/ TA(B, ﬁ)] - j[TA(Ar CY), A(Br .B)] - T[A(Ar a)/ j/\(Br ,8)] + TZ[/\(Ar CK), A(Br .B)]/
= [3lpA(A, ) + @0} - X", 2 IpAA ) + (208~ p)Y™)]

NJ(A(4, ), A(B, B))

~ Tl lpAC4, @) + 0] = XY, AB, B)] - TIAGA, @), 3 PA(A, B) + (207 = Y]
v PIAA, ), AB, P,

(@20} -p)
- 2

2
] (X, YTH = 2AQ(xH, Yy). (28)

Theorem 4.2. Let F>M be the frame bundle of the second order of the manifold M admitting a metallic structure J.
The Nijenhuis tensor Nyo of the diagonal lift J° of ] on F>M is given by

ONp(XH, Y7

(NJ(X, V)Y = M(RUX, JY) = JRUX, Y) = JR(X, ]Y)
+ JRX,Y))?) = 24Qu((X)", JY)T) = P Qu (X", Y™
= X", gV + P u(xt, Y,

(iHNp(X",AB) = A((Vix] - JV;])°B),
@@Np (X7, Ap) = A(Vix] = IVi))°P),
(i)Np(AA,AB) = Np(AA,AB) = Np(Aa, AB) =0,

for any vector fiels X, Y on M, any A, B € gl(n) and any a, B € S*(n).

Proof. Let X and Y be vector fields and Nj» be the Nijenhuis tensor of of the diagonal lift |° of | on F>M is
given by

N]D(X/ Y) = UDX/ ]DY] - ]DUDXI Y] - ]D[Xr ]DY] + (]D)Z[Xr Y]/ (29)
for all vector fields X on M, all A € gl(n), « € S*(n).

(i) Setting X = X", Y = Y in (29) and using equation (5) and Proposition 2.1, we get

Np (X", Y = [JPXH, JPYH] = PP X, Y] = JPIXH, JP Y] + (P)* XM, YA,
[UX)", g1 = JPIUX0™, YT = JPIXH, g1 + (PP 1X7, Y,
(N; X ) = MRUX, JY) = JRUX, Y) = JR(X, JY)
JR(X, Y))*) = 2AQu(UX)", g0 = J°Qu((UX)", YT
FuXE, 0™ + (X, Y.

+

Similarily, the proof of Theorem (4.2) i, i, iii are obtained by applying equation (5) and Proposition 2.1.
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