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Abstract. In this paper, we introduce and investigate new concepts of L-weakly and M-weakly demicom-
pact operators. Let E be a Banach lattice. An operator T : E — E is called L-weakly demicompact, if for
every norm bounded sequence (x,) in B¢ such that {x, — Tx,, n € N} is an L-weakly compact subset of E,
we have {x,, n € N} is an L-weakly compact subset of E. Additionally, an operator T : E — E is called
M-weakly demicompact if for every norm bounded disjoint sequence (x,) in E such that ||x, — Tx,|| — 0, we
have ||x,|| = 0. L-weakly (resp. M-weakly) demicompact operators generalize known classes of operators

which are L-weakly (resp. M-weakly) compact operators. We also elaborate some properties of these classes
of operators.

1. Introduction

Throughout this paper X and Y will denote real Banach spaces, E and F will denote real Banach lattices.

Bx is the closed unit ball of X and Sol(A) denotes the solid hull of a subset A of a Banach lattice. The positive
cone of E will be denoted by E, = {x € E; 0 <x}.

Let A be a non-empty bounded subset of a Banach lattice E. A is said to be L-weakly compact if
lim[|x,|| = 0 for every disjoint sequence (x,) contained in the solid hull of A. The classes of L-weakly and
M-weakly compact operators were introduced by Meyer-Nieberg [10]. An operator T from X into F is
called L-weakly compact if T(8Bx) is an L-weakly compact subset of F. An operator T from E into Y is called
M-weakly compact if lim [|Tx,|| = 0 holds for every norm bounded disjoint sequence (x,) in E.

Recall from [12] that an operator T : D(T) € X — X, where D(T) is a subspace of X, is said to be
demicompact if, for every bounded sequence (x,) in the domain O(T) such that (x, — Tx,) converges to
x € X, there is a convergent subsequence of (x,). Note that each compact operator is demicompact, but the
opposite is not always true. In fact, let Idx : X — X be the identity operator of a Banach space X of infinite
dimension. It is clear that —Idx is demicompact but it is not compact. The concept of demicompactness has
emerged in literature since 1966 in order to address fixed points. It was introduced by Petryshyn [12]. Jeribi
[7] used the class of demicompact operators to obtain some results on Fredholm and spectral theories.

Next, in [8] some Fredholm and perturbation results including the class of weakly demicompact oper-
ators. Moreover, they explored the relationship between this class and measures of weak noncompactness
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of operators with respect to an axiomatic one. Let us recall that an operator T : D(T) € X — X is said to
be weakly demicompact if, every bounded sequence (x,) in O(T) such that (x, — Tx,) weakly converges in
X, has a weakly convergent subsequence. As an example of a weakly demicompact operator, we mention
weakly compact operators. Ferjani et al. confirmed in [5] that each demicompact operator on a Banach
space X is weakly demicompact.

Recently, Benkhaled et al. [2] have introduced the class of order weakly demicompact operators on
Banach lattices. An operator T from E into E is said to be order weakly demicompact if, for every order
bounded sequence (x,) in E. such that x, — 0in o(E, E’) and ||x, — Tx,|| — 0, we have ||x,|| — 0. This class
includes both the order weakly compact and weakly demicompact operators.

The basic objective of this work lies in defining L-weakly and M-weakly demicompact operators.
This paper is organized in the following way. In Section 2, we shall introduce a new concept of L-weakly
demicompact operators (see Definition 2.1). Note that the class of L-weakly demicompact operators involves
that of L-weakly compact operators (see Proposition 2.2). Subsequently, we shall illustrate our analysis
by some outstanding properties (see Proposition 2.7 and Example 2.9). In Section 3, a characterization of
L-weakly demicompact operators is displayed. The main result of this section is Theorem 3.3. In Section
4, the relationship between L-weakly demicompact operators and order weakly demicompact operators is
enacted (see Proposition 4.1). In Section 5, the notion of M-weakly demicompact operators is introduced
(see Definition 5.1). Note that the class of M-weakly demicompact operators includes that of M-weakly
compact operators (see Proposition 5.2). Next, some interesting results are drawn (see Proposition 5.5,
Example 5.7 and Theorem 5.9).

To state our results, we need to fix some notations and recall some definitions. A vector lattice E is an
ordered vector space in which sup(x, y) exists for every x, y € E. A Banach lattice is a Banach space (E, ||.||)
such that E is a vector lattice and its norm satisfies the following property: for each x,y € E such that
Ix| < |yl, we have [|x|| < [lyll. If E is a Banach lattice, its topological dual E’, endowed with the dual norm
and the dual order, is also a Banach lattice. A norm ||.|| of a Banach lattice E is order continuous if for each
generalized sequence (x,) such that x, | 0in E, the sequence (x,) converges to 0 for the norm ||.||, where the
notation x, | 0 means that the sequence (x,) is decreasing, its infimum exists and inf(x,) = 0.

We use the term operator T : E — F between two Banach lattices to mean a bounded linear mapping.
It is positive if T(x) € F, whenever x € E,. The operator T is regular if T = T; — T, where T; and T are
positive operators from E into F. It is well known that each positive linear mapping on a Banach lattice is
continuous.

We refer the reader to the monographs [1, 11] for ambiguous terminology from Banach lattices and
positive operators theory.

2. L-weakly Demicompact Operators

We start by the following definition.

Definition 2.1. Let E be a Banach lattice. An operator T : E — E is called L-weakly demicompact if, for every norm
bounded sequence (x,) in Bg such that {x, — Tx,, n € IN}isan L-weakly compact subset of E, we have {x,, n € N}
is an L-weakly compact subset of E.

Proposition 2.2. Let E be a Banach lattice. Every L-weakly compact operator T : E — E is L-weakly demicompact.
Proof. Let (x,) be a norm bounded sequence in B¢ such that {x, — Tx,, n € IN} is an L-weakly compact
subset of E. We claim that {x,, 7 € IN}is an L-weakly compact subset of E. Assuming that (wy) is a disjoint
sequence in the solid hull of {x,, n € IN}, we need to show that ||wy|]| = 0. Consider (x,,) a subsequence of

(x4) such that |wy| < |x,,| for each k € IN. Since

[wi| < |x%p, — Txp, | + |Txy,| for each k € IN,
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it follows, from the Riesz decomposition property (see [1, Theorem 1.13]), that for each k there exists
Wk, W, € E such that wy = Wy, + Wi, with

[w, | < |y, — Txp,| (1)

and
[w,| < |Txy,| (2).

Inequality (1) yields that (wy,) is a disjoint sequence in Sol({x;,, — Tx,,, n € IN}). Since {x, — Tx,, n € IN}is
an L-weakly compact subset of E, then ||wy, || converges to 0. Furthermore, inequality (2) yields that (wy,)
is a disjoint sequence in the solid hull of {Tx,,, n € N}. Thus, the L-weak compactness of T indicates that
|lwg, || = 0. Since we can write

I[eorll < llwi, [ + [lewg, |l

for each k, then |[w|| — 0, and the proof holds. O

Remark 2.3. Note that the converse of Proposition 2.2 is not true in general. For instance, consider the identity
operator Idp : I — I'. It is clear that aldy, for a # 1, is L-weakly demicompact. On the other side, By is not
relatively weakly compact and therefore is not L-weakly compact (see [11, Proposition 3.6.5]). Hence, aldp is not
L-weakly compact.

Recall that an operator T : E — E is said to be power L-weakly compact if there exists m € IN* satisfying
T™ which is L-weakly compact. To establish a sufficient condition for which each power L-weakly compact
regular operator is L-weakly demicompact, we need to give the following Lemma.

Lemma 2.4. [13, Lemma 1.4.3] Let T be a regular operator from a Banach lattice E into a Banach lattice F with an
order continuous norm. If A C E is L-weakly compact, then T(A) is L-weakly compact.

Proposition 2.5. IfE has an order continuous norm, then each power L-weakly compact reqular operator T : E — E
is L-weakly demicompact.

Proof. Assume that the norm of E is an order continuous norm. Let T : E — E be a regular operator and
(x4) be a norm bounded sequence in B¢ such that {x, — Tx,, n € IN} is an L-weakly compact subset of E.
The power L-weak compactness of T implies that there exists m € IN* such that T™ is L-weakly compact
and therefore {T"x,, n € N} is an L-weakly compact subset of E. Moreover, since T"1 which is regular,
it follows from Lemma 2.4 that {T" 'x, — T"x,, n € N} is an L-weakly compact subset of E. From the
following inclusion

(T" 'x,, n e N} c {T" x, — T"x,, n € N} + {T"x,, n € N},

we obtain thafr (T 1x,, n € N}is an L-weakly compact subset of E. Repeating this process fori =m -2, ...,
1. We have T" which is regular. By using Lemma 2.4, we infer that {T'x, — T"*'x,, n € N} is an L-weakly
compact subset of E. Since we can write

{Tix,, n € N} c {T'x, — T"*'x,, n € N} + {T"x,, n € N},

then {T'x,, n € N} is an L-weakly compact subset of E. Thus, for i = 1, we obtain {Tx,, n € IN} is an
L-weakly compact subset of E. This implies that T is L-weakly compact. By using Proposition 2.2, we
deduce that T is L-weakly demicompact. [

In what follows, we examine the L-weak demicompactness of the matrix operator 7~ from & into & expressed

by

Tip Tip oo Tim
Ton Tap -+ Tom

Tm,l Tm,Z Tm,m
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where & =[]}, E; is a direct sum of a family of Banach lattices (E)1<i< and T, j : Ej — E; is an operator
forall1<i,j<m.

Proposition 2.6. Let & = []}2; E; be a direct sum of a family of Banach lattices (E;)1<i<m and let T;; : E; — E; be
an L-weakly demicompact operator for all 1 <i < m. Then, the matrix operator T1 : & — & defined by

T, 0 - 0
0 Top - 0
T1=] . . .
0 0 - Tum

is L-weakly demicompact.

Proof. Let {X, = (x},22,...,x™), n € N} be a norm bounded sequence in Bg such that {X,, — 71X, n € N}is
an L-weakly compact subset of &. We have to demonstrate that {X,,, n € IN}is an L-weakly compact subset
of &. Since

1 1
X, — T1,1xn
2 2
Xy — Tz,gxn
Xn - 7-1Xn = ’
X — Tm,mxl’f

for each n € IN, then {qu - T,-,ixil, n € N} is an L—weakly compact subset of E; for each i € {1,2,...,m}. Thus,
the L-weak demicompactness of T;; entails that {x;, n € IN}is an L-weakly compact subset of E; for each
1 <i < m. Therefore, {X,, = (x},x2, ..., x"),n € N} is an L-weakly compact subset of &. [J

Proposition 2.7. Let & = [], E; be a direct sum of a family of Banach lattices (E;)1<i<m and let T;j:Ej — E;be
an operator for all 1 < i, j < m. If the following conditions hold:

(i) Ti; : E; — E; is L-weakly demicompact for all 1 <i < m.

(i) Tij : Ej — E; is L-weakly compact forall 1 <i < j <m.

(ii1) T j : E; — Ejis regular forall 1 < j <i<m.

(iv) The norm of & is order continuous.

Then, the matrix operator T, : & — & determined by

Tip Tip oo Tim

Ton Tap -+ Tom
To=] . . . .

Tm,l Tm,Z e Tm,m

is L-weakly demicompact.

Proof. Since & has an order continuous norm, the norm of E; is an order continuous norm for all 1 <i < m
. Let {X, = (x},x2,...,x™), n € N} be a norm bounded sequence in & such that {X,, — 72X,, n € N} is an
L-weakly compact subset of & We have to demonstrate that {X,, n € N} is an L-weakly compact subset
of &. To this end, it is sufficient to confirm that {x/, n € N} is an L-weakly compact subset of E; for each
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1 <i < m. Accordingly, for every n, we get

1 1 2
X, — men - Tllzxn — . Tl,mxﬂ
2 1 2
Xy — Tzllxn — Tzlzxn — . Tz/mxw
Xn - 7—2Xn =
m _ T 1 _ T 2 _ T m
Xy m1Xy m2Xy = .. X
Then we have {x,, — Ti1x} — Tipx2 — ... — T;,yx”, n € N} which is an L-weakly compact subset of E;

{T1ox} + T15%5 + ... + T1x, n € N} is an L-weakly compact subset of E;. Therefore, departing from the
relation

for all 1 < i < m. First, let i = 1. Since T ; is L-weakly compact for all 1 < j < m, this means that

1 1 1 1 2 1
{xn - Tl,lxn, ne N} C{xn - Tuxn - Tl,zxn — .= Tllmx,’{’, ne N} + {Tl,zxn + ...+ Tl,mxﬁ, ne N},

it follows that {x. — Ty 1x}, n € N}isan L-weakly compact subset of E;. Thus, the L-weak demicompactness
of Ty, yields that {x}, neN}isan L-weakly compact subset of E;. Next, consider i = 2,...,m — 1. Since
T;,; is regular for each 1 < j < i. It follows from Lemma 2.4 that {Tjjx}, n € N} is an L-weakly compact
subset of E; for each 1 < j < i. Moreover, the L-weak demicompactness of T; ; for each i < j < m implies that
(T Xt + Ty x4 ..+ Tipx™, n € N} is an L-weakly compact subset of E;. From the following inclusion

(X —T;x, neN}clx —Tjxl —..=T;x', — ... = T;,x", neNj}
+{Tixl, neN}+...+{T;;1x!, neN}
+ {Tl'/Hle:—l + ..+ Ti,mx’,?, n € N},
it follows that {xi, - Ti,l-x;, n € N} is an L-weakly compact subset of E;. Thus, the L-weak demicompactness of
T;; implies that {x,,, n € IN}is an L-weakly compact subset of E;. Finally, for i=m. We have {Tm,]-x,ﬁ, n € N}
which is an L-weakly compact subset of E,, for each 1 < j < m. Since we can state that
" = Ty, n €N} C{Tpixt, n €N} + ...+ {Tymax™ !, neN}
+ {an - m,lx}, e T 711,141—1-75;’;1_1 - m,mxzq/ ne N}/
we get {xI! — Ty, i, n € N}is an L-weakly compact subset of E,,. The use of L-weak demicompactness

of Ty, implies that {x)', n € IN} is an L-weakly compact subset of E,;,, and the proof of the proposition is
finished. O

Corollary 2.8. Let us assume that the following conditions hold:
(i) Ti; : E; — E; is L-weakly demicompact for all 1 <i < m.

(i) Tij: Ej — E;is regular forall 1 <i < j<m.

(iti) Ty ; : Ej — E; is L-weakly compact forall 1 < j <i < m.
(iv) The norm of & is order continuous.

Then, T is L-weakly demicompact.

Proof. We invest the same reasoning as with the proof of Proposition 2.7. [

It is worth noting that the class of L-weakly demicompact operators lacks the vector space structure with
the sum and with the external product. To illustrate this point, we provide the following example.

Example 2.9. Let | : L2[0,1] — L'[0,1] be the canonical injection. Consider & = L*[0,1] ® L'[0,1] and let the
operators T1 and T, be defined via the matrix:

T :( ZIdBZ[o,u é ) and T :( —Id62[0,1] (]) )
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The canonical injection | is L-weakly compact. Relying on Proposition 2.7, it follows that 71 and T are L-weakly
demicompact, but the sum 71 + T, expressed by

Id;» 2
.7-:7-1+7-2:( LO[0,1] 0])

is not. In fact, consider X, = (ey, 0) for every n, where e, is the sequence with the nth entry which equals 1 and others
are zero. It is obvious that (X,) is a norm bounded sequence of Bg. Moreover, (X, — T %,, n € N} is an L-weakly
compact subset of & Note that ||%,lle = llexlli2j1) = 1. This proves that {%,, n € IN} is not an L-weakly compact
subset of & and hence T = T1 + T is not an L-weakly demicompact.

If we follow the same reasoning as previously mentioned, we get =7, which is not L-weakly demicompact.

3. Characterization of L-weakly demicompact opertors

The main target of this section is to exhibit a characterization of L-weakly demicompact operators. For
this reason, we need to prove the following lemma:

Lemma 3.1. Let E, F be two Banach lattices such that F has an order continuous norm, and let A, B: E — F be
operators with B is reqular. Suppose that there are two sequences (f,) and (g,) in E such that:

1. {gn : € N} is an L-weakly compact subset of E.
2. ||Afy = Bgull — 0.

Then, {Af, : n € N} is an L-weakly compact subset of F.

Proof. Let A, B : E — F be two operators with B is regular. Let (f,) and (g,) be two sequences in E such
that ||Af, — Bgull = 0 and {g, : n € IN} is an L-weakly compact subset of E. We have to demonstrate that
{Af, : n € N}is an L-weakly compact subset of E. Resting upon Proposition 3.6.2 in [11], it is sufficient to
confirm that for every € > 0 there exists 0 < v, € F such that:

{Af,: ne N} C[-ve,ve] + €Br.

To this end, let € > 0. Taking into account that ||Af, — Bg,l| — 0, we deduce that there exists N € IN such
that Af, — Bg, € 5B for each n > IN. Since {g, : n € N} is an L-weakly compact, we infer from Lemma 2.4
that {Bg, : n € N} is an L-weakly compact subset of F. Using Proposition 3.6.2 in [11], we have

{Bgy : € N} C [—uie, uc] + §BE,

for some 0 < u, € F. Put v, := u. + V?i1|Aﬁ|- It is easy to infer that
{Af,: n €N} C[-ve,ve] + €Br,

and the proof of the lemma is finished. [

As a consequence, we obtain:

Corollary 3.2. Let E be a Banach lattice with an order continuous norm, and let T,S : E — E be two operators
such that T which is L-weakly demicompact. If for every sequence (f,) of E such that {Tf, : n € N} is an L-weakly
compact subset of E and ||T f,, — Sfull = O, then S is L-weakly demicompact.

Proof. Let (f,) be a norm bounded sequence in B¢ such that {f, — Sf, : n € IN} is an L-weakly compact
subset of E. We show that {f, : n € IN} is an L-weakly compact subset of E. Since ||Tf,, — Sfull — 0, it follows
from Lemma 3.1 (with A =1—-Sand B =1-T) that {f, — Tf, : n € N} is an L-weakly compact subset of E.
Thus, the L-weak demicompactness of T implies that {f, : n € IN} is L-weakly compact subset of E. [
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Recall that a Banach lattice an with order continuous norm E has the subsequence splitting property [6], if
for every bounded sequence (f,), there exist a disjoint sequence (/) an equi-integrable sequence (gx) and a
subsequence (f,,) such that f,, = gx + I with g and hy are disjoint for all k. Now, we are in a position to
establish our theorem.

Theorem 3.3. Let E be a Banach lattice with an order continuous norm and satsfies the subsequence splitting
property. Let T : E — E be a reqular operator, then the following assertions are equivalent:

1. T is an L-weakly demicompact operator.
2. |lwyl|l = 0 for each norm bounded disjoint sequence (w,) in Bg such that {w, — Tw, : n € N} is an L-weakly
compact subset of E.

Proof. (1) = (2) Consider thatT : E— E is aregular operator. Assume that T is an L-weakly demicompact.
Let (w,) be a norm bounded disjoint sequence in B such that {w, — Tw, : n € N} is an L-weakly compact
subset of E. The L-weak demicompactness of T implies that {w,, n € IN}is an L-weakly compact subset of
E and so |jw,|| — 0.

(2) = (1) Let (x,) be a norm bounded sequence in B such that {x, — Tx, : n € N} is an L-weakly compact
subset of E. Passing to a subsequence, we can assume that x, = w,, + y,, where (y,) is an L-weakly compact
sequence, (w,) is a disjoint sequence and |w,| A |y,| = 0 for each n € IN. This implies that Tx, = Tw, + Ty,
for each n € IN. Since T is regular, it follows from Lemma 2.4 that {Ty, : n € N} is an L-weakly compact
set. From the following inclusion

{wy—Tw,: ne N} C{x, —Tx,: n€e N} +{-y,: n€ N} +{Ty,: n€ N},

we obtain that {w, — Tw,, n € N}isan L-weakly compact subset of E. Applying the assertion (2), [[w,|| — 0.
Therefore, ||x, — yull = 0. According to Lemma 3.1 with A = B = I, we have {x, : n € N}is an L-weakly
compact subset of E. [

4. Relationship between L-weakly demicompact and order weakly demicompact operators

Recall that an element e € E is said to be a weak unit if for 1 € E, e Ah = 0 implies & = 0. Every separable
Banach lattice has a weak unit. Note that an order continuous Banach lattice with a weak unit can be
assumed to be included in L{(Q, &, u) for some probability measure y (see Theorem 1.b.14 in [9]). Hence,
we denote this inclusion by j : E < Li(€), X, u). Let us remark that if X is a separable subspace of an order
continuous Banach lattice E, it follows from Proposition 1.a.9 in [9] that Ex (Ex the ideal generated by X)
has a weak unit.

The following result proves that the class of order weakly demicompact operators bigger than that of
L-weakly demicompact operators.

Proposition 4.1. Let E be a Banach lattice. If T : E — E is an L-weakly demicompact operator, then T is order
weakly demicompact.

Proof. Let (x,) be an order bounded sequence in E. such that x, — 0in o(E, E’) and ||x,, — Tx,|| — 0. We need
to demonstrate that [|x,|| — 0. It is clear that {x, — Tx,, n € IN}is an L-weakly compact subset of E. Thus,
the L-weak demicompactness of T indicates that {x, : n € IN} is an L-weakly compact subset of E. Now, let
E, be the ideal generated by A := {x,,n € N} in E. It remains to show that x, — 0. For this reason, we need
to prove first that E is order continuous. Referring to Theorems 4.13 and 4.11 in [1], it is sufficient to show
that every order bounded disjoint sequence in E4 is norm convergent to zero. Indeed, let (y,,) be a disjoint

sequence with 0 < x, < y for all n and some y € E4. Then there exist x,, ..., X, and A > Owithy < A Zi;l X,
Departing from the Riesz decomposition property, there exist Yy, ey in Ey such that

Yo =Yi +ot Y, Y S Axy and Yy <y,

foralln € Nand i € {1,..., k}. Clearly, for each i the sequence (y?) is disjoint in Sol{x,, n € IN}. The L-weak
compactness of {x,,n € IN} implies that v, converges to 0. Hence, E 4 is order continuous.
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Now, since X := [x,] is a separable subspace of E4, it follows from Proposition 1.4.9 in [9] that Ex
is an order ideal with a weak order unit. Therefore, it can be represented as a dense order ideal
of Li(Q, X, u) for some probability measure u, such that the formal inclusion j : E - Li(Q, X, p) is
continuous (see [9, Proposition 1.b.14]). Grounded on the Kadec-Pelczynski disjointification method in
[9, Proposition 1.c.10]), we have one of the following statements is valid:

(@) lljxulli = Ollx,|| for some 6 > 0. Since x, — 0in o(E, E’), therefore jx, — 0in o(L1(Q, X, 1), Lo (QQ, T, u)).
Thus, the positive Schur property of L1 (€, &, u) implies that ||jx,|| — 0in L1(Q, £, u). Hence, x, — 0 holds
in E (jix is an isomorphism).

(i) There exist a subsequence (x,) of (x,,) and a disjoint sequence (w;,) of Sol{x,,, n € N} such that ||x,—w,|| —
0. Since {x,,n € N} is an L-weakly compact subset of E, it follows that x, — 0. O

5. M-weakly Demicompact Operators

We start this section by the following definition.

Definition 5.1. Let E be a Banach lattice. An operator T : E — E is called M-weakly demicompact if for every
norm bounded disjoint sequence (x,) in E such that ||x, — Tx,|| — 0, we have ||x,|| — 0.

Proposition 5.2. Let E be a Banach lattice. If T : E — E is an M-weakly compact operator, then T is M-weakly
demicompact.

Proof. Let (x,) be a norm bounded disjoint sequence in E such that ||x,, — Tx,|| converges to 0. The fact that
T is an M-weakly compact operator, we obtain that [|Tx,|| — 0. Since we can state that

[Ixull < Il = Tl + [T
for each n, then ||x,|| = 0. O

Remark 5.3. Note that an M-weakly demicompact operator is not necessarily M-weakly compact. Inded, let o« # 1
and Idj~ : 1° — [ be the identity operator. It is clear that ald)~ is M-weakly demicompact. But, since aldp is not
L-weakly compact, aldi~ = (aldp)’ is not M-weakly compact as well (see [11, Proposition 3.6.17]).

Recall that an operator T : E — E is said to be power M-weakly compact if there exists m € IN* satisfying
T™ which is M-weakly compact. The following result is a generalization of Proposition 5.2.

Proposition 5.4. Let E be a Banach lattice. Then every power M-weakly compact operator T : E — E is M-weakly
demicompact.

Proof. Let (x,) be a norm bounded disjoint sequence in E such that ||x,, — Tx,|| converges to 0. We need to
demonstrate have to show that [|x,|| = 0. Since T is power M-weakly compact, then there exists m € IN*
such that T™ is M-weakly compact. Thus, |[|T"x,|| — 0. From the following inequalities

xull < llxn = T™xull + 1T x|
= I+ T+ o+ T (v = T )l + T
<WA+T+ oo+ T Yxw = Txall + 1T %],

for each n, it follows that ||x,|| = 0. O

Proposition 5.5. Let & = []2; E; be a direct sum of a family of Banach lattices (E;)1<i<m and let Tij:Ej — E;be
an operator for all 1 < i, j < m. If the following conditions hold:
(i) Ti; : E; — E; is M-weakly demicompact for all 1 <i < m.
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(i) T j : Ej — E; is M-weakly compact forall 1 <i < j<m.
Then, the matrix operator T, : & — & is provided by

Tip Tip - Tim

Top Top oo Topy
To=] . . }

Tm,l Tm,2 e Tm m

7

is M-weakly demicompact.

Proof. Let{X, = (x},22,...,x™),n € N} be anorm bounded disjoint sequence in & such that || X, — 72 X,lls — 0.
We have to confirm that [|X,|ls — 0. Since || X,llg = |[x}llg, + ... +[1x"[|,,, it is sufficient to prove that ||x||;, — 0
for every 1 <i < m. Accordingly, for every n, we have

1 1 2
X, — T1ax, — Tipxy — oo = T Xy
2 1 2 2
Xy — Tz,lxn - Tz,zxn — . Tz,mxn
X, —T2X, = ’
X" = Tp1Xt = Tpox2 — ... = Ty X"
n m,1Ay m,24y mm n
then |, — T;1x} — Tiox% — ... = T ux™|lg, — O for all 1 < i < m. First, let i = 1. Since (x}) is disjoint, it follows

from the M-weak compactness of Ty ; that ||T1,jx£||51 — 0forall 1 < j < m. From the following inequality
Iy = Traxalle, < Iy, = Tuaxy = Toaxy = oo = Towd) e, + 1T %0, + o+ 1T D,

for each n, we get ||lx} — T11xk|[e, = 0. Thus, the M-weak demicompactness of Ty ; asserts that |lx}|lz, — 0.
Next, consider i = 2,...,m — 1. Since ||x£l||Ej — 0 for every 1 < j < i, it follows that ||Ti,jx£,||5i — 0 for every

1 < j < i. Moreover, the M-weakly compactness of T; ; for each i < j < m implies that ||T; ix} ||z, — 0 for each
i < j < m. Hence, from the relation

, . . . A ) .
lIx;, = Tixylle, < W Tiaxulle, + .. + | Tiim12, Mg + lx, = Tax, — ... = Tiixy, = ... = TimX)) |lEs

i+1 i+2
+ 1 Ti a2, g, + T2y N, + o + 1 TimXy g,

it follows that ||x/, — T;;x!||[g, — 0. Since T;; is M-weakly demicompact, we infer that ||x/|[g, — 0. Finally, let
i = m. We have ||Tm,jx,]1||5m — 0 forall 1 £ j < m. From the following inequality

1 2 -1
||X:," - Tm,mx;?”E,,, SN Tw1xpllE, + 1 Tm2xllE, + - + ”Tm,m—lx:ln Ilg,,
1 —
+ ||le - Tm,lxn - Tm,Zxﬁ T e T Tm,m—lx:ln T m,mxrnn”E,,,/

foreachn, we get ||x}) =Ty, X ||, — 0. Thus, the M-weak demicompactness of Ty, ,, implies that ||x}||g, — O.
This completes the proof. [J

Corollary 5.6. Let us assume that the following conditions hold:
(i) Ti; : E; — E; is M-weakly demicompact for all 1 <i < m.
(i) T : Ej — E; is M-weakly compact forall 1 < j <i < m.
Then, T is M-weakly demicompact.

Proof. We invest the same reasoning provided in the proof of Proposition 5.5. [
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Example 5.7. Note that the canonical injection ] : L*[0,1] — L[0, 1] is M-weakly compact. If we follow the same
reasoning as reported in Example 2.9, then we can prove that the sum of M-weakly demicompact operators and the
product of a complex number by a M-weakly demicompact operator are not necessarily M-weakly demicompact.

The next result presents a relationship between L-weakly demicompact operators and M-weakly demicom-
pact operators.

Proposition 5.8. Let E be a Banach lattice. Every L-weakly demicompact operator T : E — E is M-weakly
demicompact.

Proof. Let (x,) be a norm bounded disjoint sequence in E such that |[x, — Tx,|| converges to 0. We have to
corroborate that ||x,|| — 0. Relying on Lemma 2.4 in [3], it follows that {x, — Tx,, n € N} is an L-weakly
compact subset of E. The L-weak demicompactness of T implies that {x,, n € IN}is an L-weakly compact
subset of E and hence x,, —» 0. [J

The following theorem provides a characterization of M-weakly demicompact operators in terms of positive
weak null sequences.

Theorem 5.9. Let E be a Banach lattice such that both E and E’ have order continuous norms, and T : E — E be an
operator. Then, the following assertions are equivalent:

(1) T is M-weakly demicompact.

(2) For each norm bounded sequence (x,,) in E,. such that x, — 0in o(E, E’) and ||x,, — Tx,|| — 0, we have ||x,|| — 0.

Proof. (1) = (2) Let (x,), be anorm bounded sequence in E. such thatx, — 0ino(E, E’) and ||x, — Tx,|| — 0.
By investing the same reasoning as used in the proof of Proposition 4.1, one of the following statements is
valid:

(@) llxull = 0. This completes the proof.

(ii) For each subsequence (y,) of (x,), there exist a subsequence (z,) of (y,) and a disjoint sequence
(wy) cSol{z,,n € IN} such that ||z, — w,|| — 0. Since T is M-weakly demicompact and from the fol-
lowing inequalities

[, = Twull < lwy = Tzy + Tz, — Twyl| < |lwy — Tzyll + |Tz, — Tw,l|
= |lwy =z + 2y — Tzl + [Tz, — Tw,|
< Mlwn = zall + llzw = Tzull + 1Tz, — Twyll — 0,

we get |lw,|| — 0. Using [|z,|| < [Izn — wyll + [lw,|l, we infer that ||z,|| — 0. As (y,) is arbitrary, we deduce that
[Ixu| — 0.

(2) = (1) Let (x,) be a norm bounded disjoint sequence of E such that |[x, — Tx,|| = 0. We need to
demonstrate that ||x,|| — 0. Since (x,) is disjoint and the norm on E’ is order continuous, it follows from
Theorem 2.4.14 in [11] that x, — 0in o(E, E’). Applying the assertion (2), |lx,|| — 0. Hence, T is M-weakly
demicompact. [

We end this paper by an open question:
Question. Does the L-weakly and M-weakly demicompactness concept provide a characterization of the
upper semi-Fredholm operators?
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