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On the Weighted Generalization of Hermite-Hadamard Type
Inclusions for Interval-Valued Convex Functions

Hiiseyin Budak?® Hasan Kara?
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Abstract. In this paper, firstly we give weighted Jensen inequality for interval valued functions.Then,
by using Jensen inequality, we establish weighted Hermite-Hadamard type inclusions for interval-valued
functions. Moreover, we obtain some inclusions of weighted Hermite-Hadamard type for co-ordinated

convex interval-valued functions. These inclusions are generalizations of some results given in earlier
works.

1. Introduction

Over the last century, integral inequalities have attracted interest of a good many researchers because
of the importance in applied and pure mathematics. For example, Hermite-Hadamard inequalities, based
on convex functions, have an important place in many areas of mathematics, specifically optimization
theory. These inequalities, introduced by C. Hermite and J. Hadamard, express that if ¢» : I — R is a convex
mapping on the interval I of real numbers and 71, 7, € [ with 71 < 7, then

T+ Tz Cb (Tl) + qb(Tz)
o(" f plrr)dr 0

If @ is concave, both of the inequalities hold in the opposite direction. The best known results associated with
these inequalities are Midpoint and Trapezoid inequalities which are frequently used in Special means and
estimation errors (see [10, 14]). Afterwards, many authors derived new results related to these inequalities
under various conditions of the mappings. Also, some researchers examined refinements, counterparts
and generalizations of the inequalities (1).

The general structure of this paper consists of four main sections including introduction. In this
section, we give weighted Hermite-Hadamard inequality for real valued functions and Hermite-Hadamard
inclusion for interval valued functions. We also mention some related works in the literature. In Section
2, we present some basic informations about one and two variables interval-valued functions, respectively.
In Section 3, we first provide weighted Jensen inclusion for interval valued-functions. Then we also
prove some weighted Hermite-Hadamard type inclusions for interval-valued convex functions. Finally, by
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applying the inclusions given in Section 3, we establish weighted Hermite-Hadamard type inclusions for
interval-valued co-ordinated convex functions in Section 4. We note that the opinion and technique of this
work may inspire new research in this area.

The weighted version of the inequality (1), which is also named Hermite-Hadamard-Fejér inequality,
was established by Fejér in [11] as follows:

Theorem 1.1. Suppose that ¢ : [11,72] — R is a convex function, and let @ : [11,72] — R be non-negative,
integrable, and symmetric about k1 = LZTZ (ie. @(x1) = @(t1 + T2 — 71)). Then, we have the inequality

qb(—TlerTz)f@(m)dKl < f¢(K1)cD(K1)dK1 < wftwﬂ)d?ﬁ- 2)

Many mathematicians derived some generalizations and new results involving fractional integrals

regarding to the inequality (2) to obtain new bounds for the left and right sides of the inequality (2) (for
example, [1, 27-29]).
On the other side, interval analysis handled as one of the methods of solving interval uncertainty is an
important material which is used in mathematical and computer models. Although this theory has a long
history which may be dated back to Archimedes’ calculation of the circumference of a circle, a considerable
study was not published in this field until 1950s. The first book [17] about interval analysis was published
by Ramon E. Moore known as the pioneer of interval calculus in 1966. Thereafter, a great many researchers
started to investigate theories and applications of interval analysis. Recently, many authors have focused on
integral inequalities obtained by using interval-valued functions. For example, Sadowska [26] established
Hermite-Hadamard inequality for set-valued functions that is more general version of interval-valued
mappings as follows:

Theorem 1.2. ([26]) Suppose that @ : [11,72] — R} is interval-valued convex function such that ®(t) =
[Q(t), 5(1?)]. Then, we have

CD(Tl + Tz) 5 - i (IR) fq)(Kl q)(’tl) + CD(TQ) 3)

2 2

Furthermore, well-known inequalities such as Ostrowski, Minkowski and Beckenbach and their some
applications were provided by considering interval-valued functions in [5, 6, 12, 24]. In addition, some
inequalities involving interval-valued Riemann-Liouville fractional integrals were derived by Budak et al.
in [4]. In [15], Liu et al. gave the definition of interval-valued harmonically convex functions, and so they
obtain some Hermite-Hadamard type inequalities including interval-valued fractional integrals. On the
other hand Budak et al. prove some weighted Fejer type inclusions in [3]. For more details about this topic,
one can refer to [2, 7, 8, 13, 16, 18-21, 25, 30, 31].

2. Preliminaries

In this section we summarize some properties of one and two variables interval-valued functions.

2.1. Integral of Interval-Valued Functions

In this subsection, the notion of integral of the interval-valued mappings is mentioned. Before we can
understand the definition of integrals of interval-valued functions, we need to give some concepts in the
following.

A function ¢ is said to be an interval-valued function of t on [71, 7] if it assigns a non-empty interval to
eacht € [11, 17]

() = [, 7).
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A partition of [71, T2] is any finite ordered subset D having the form
D:ty=thy<th <..<t, =1
The mesh of a partition D is indicated by
mesh(D) = max{t; —t;1:i=1,2,...,n}.

We denote by D([11,12]) the set of all partition of [71,72]. Suppose that D (5, [71,72]) is the set of all
D € D ([ty, 72]) such that mesh(D) < 6. We take an arbitrary point &; in interval [t;_1,£],i=1,2,...,n, and we
define the sum

S@,D,8) = ) p(&) [ = ti-1]
i=1
where ¢ : [11,72] = Ryz. The sum S(p, D, 0) is said to be a Riemann sum of ¢ corresponding to D €
D (6/ [Tl/ TZD .

Definition 2.1. ([22],[23]) ¢ : [11,T2] — Ry is said to be an interval Riemann integrable function (IR-
integrable) on [7, 72] if there exist A € £ and 6 > 0, for each € > 0, such that

d(S(p,D,0),A) < ¢

for every Riemann sum S of ¢ corresponding to each D € D (,[11,72]) and independent of choice of
&i € [ti-1, 4], 1 <i < n. Inthis case, A is called as the IR-integral of ¢ on [, 72] and is denoted by

A = (IR) f Q(t)dt.

The collection of all functions that are IR-integrable on [71, 72] will be denote by 7R (¢, 1,))-

The next theorem explains connection between IR-integrable and Riemann integrable (R-integrable):

Theorem 2.2. Assume that ¢ : [t1,72] = Ry is an interval-valued function such that ¢(t) = @(t),@(t)]. Q€
IR, if and only if ¢(t), P(t) € Rr, vy and

@) [ ot =|®) [ ot @ [
T1 T1 T1
where R(r, r,]) denotes the all R-integrable function.
It is easy to see that if (t) C ¢(t) for all t € [11, 72, then (IR) [ @(t)dt € (IR) [ Y(b)dt

2.2. Interval-Valued Double Integral and Co-ordinated Convexity
A set of numbers {t;_1, &;, £}, is called tagged partition Py of [y, ] if

P12T1=i’0<t1<...<tn=’l'2

andift; 1 <& <t foralli=1,2,3,...,m. Moreover if we have At; = t; — t;_1, then P; is said to be 6—fine if
At; < 6 for all i. Let P(6, [t1, T2]) denote the set of all 6—fine partitions of [11, T2]. If {ti-1, &, ti}]", is a 6—fine
Py of [11, 12] and if {sj_l, Njs sj}’]?zl is 6—fine P, of [73, 74], then rectangles

Ajj = [tioa, ti] X [sj-1,8)]
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are the partition of the rectangle A = [11, 72] X [73,74] and the points (&;,77;) are inside the rectangles
[ti-1,ti] X [8j-1,5/]. Further, by # (6, A) we denote the set of all 6—fine partitions P of A with P; X P,, where
P1 € P(6,[11, 72]) and P, € P(5,[13, T4]). Let AA;  be the area of rectangle A; ;. In each rectangle A; j, where
1<i<m, 1< j<n,choose arbitrary (&, 1;) and get

S(EP6,A) =Y Y F(E n)AA; ;.
i=1 j=1

We call S(F, P, 6, A) is integral sum of F associated with P € P(5, A).
Now we recall the concept of interval-valued double integral given by Zhao et al. in [31].

Theorem 2.3. ([31]) Let F : A — Ry. Then F is called ID—integrable on A with ID—integral U = (ID) ff F(t,8)T44,

if for any € > 0 there exist 0 > 0 such that i
d(S(F,P,6,A),U) <€

for any P € P(5,A). The collection of all ID—integrable functions on A will be denoted by I D).

Theorem 2.4. ([31]) Let A = [11, T2] X [t3, 74]. If F : A — Ry is ID—integrable on A, then we have

(ID) f f F(s, )14A = (IR) f TZ(IR) f h F(s, t)dsdt.
) o

Definition 2.5. ([32]) A function F : A — IR} is said to be interval-valued co-ordinated convex function, if
the following inequality holds:

F(txy + (1 = H)xp, su + (1 — s)w)
2 tsF(x1,u) + H(1 —s)F(kq, w) + s(1 — £)F(x2, u) + (1 = s)(1 — £)F(x2, w),

for all (x1, x2), (u,w) € Aand s, t € [0, 1].

3. Weighted Hermite-Hadamard Type Inclusions for Interval-Valued Convex Functions

In this section we prove some weighted Hermite-Hadamard type inclusions for interval valued convex
functions.
First we need to following weighted Jensen inclusion:

Theorem 3.1 (Weighted Jensen Inclusion). Let g : [71,T2] — [71,72] be a function from L*® [11,T2] and w :
T

[11, T2] = R be non-negative functions from L [tq, 7] such that fw(t)dt # 0. IfF : [11,12] = Ry is an interval-
T1

valued convex function such that F(t) = [lj (t),l_-"(t)], then we have

2

F # w(t)g (t)dt |2 %(m) f F(g(t)) w (t)dt.
Jw(®)dt Jw®yat &

Proof. The proof can be easily seen by applying the classical Jensen inequality to convex function F and
concave function F. [
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Theorem 3.2. Suppose that F : [11,T2] — R is interval-valued convex function such that F(t) = [lj(t),l_-"(t)]. Let
1 1

g : [0,1] = R be a non-negative and Riemann integrable function and let A = ( f tg (t) dt] / ( f g (t) dt]. Then, we

0 0

have

T

F(ATy + (1= A)12) 2 é(IR)fF(Kl)g(Tz:

1

K1 )dm S AF(11) + (1= A)F(12) @)
T1

where
T2
Ty — K1
= — |dx;.
G fg(Tz—Tl) K
Proof. By changing variable to x1 = tt1 + (1 — t)72, we get

1
(IR) f F(x1) g Kl)ahq = - LR f F(tty + (1 - ) 12) g () dt. (5)
fg(ii “t)d [gwar 9
0

Since F is interval-valued convex function on [11, 72], we have
F(tty + (1 = ) 12) 2 tF(T1) + (1 — H)F(T2)

As g is non-negative and integrable on [0, 1], we can write

(IR)fF(tTl+(1—t)7.'2)g(t)dt ) (IR)f(tF(Tl)+(1—t)F(12))g(t)dt
0 0

1 1
= F(Tl)ftg(t)dt+F(Tz)f(1 — t)g(t)dt.
0 0

Combining inclusions (5) and (6) yields

T2
@) [ F e g( 225wy
fg(ii’ii)dkl b o

1

1
tg(t)dt | F(r)

1
ftgt)dt F(ry) +|1- = !
0

f g(bydt gyt o
0

= AF(t1) +(1-A)F(12)

which gives the proof right-hand side of (4).
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In view of the assumption that F is interval-valued convex function, g is nonnegative and integrable on
[0,1], we deduce from the weighted Jensen inequality for interval-valued function that

1
(IR) | Ftti + (1 =t)1p) g (t)dt

1

[owar 0
0
1
c Fl ! (tti+ (1 —=t)2) g () dt
IFAGL
0
1 1
= F||- tg (1) dt | + |1 - — tg (t)dt | 1o
Ja®ato [g®dt?
L\ 0 0

F(tiA + (1 = A)12).
This completes the proof of Theorem 3.2. [

Remark 3.3. If we choose g(t) = 1 for all t € [0, 1], the Theorem 3.2 reduces to Theorem 1.2.

Theorem 3.4. Suppose that F : [11, 2] — R} is interval-valued convex function such that F(t) = [Ij(t),l_:(t)]. Let
g be a nonnegative and integrable function on [11, 2], and let

mfm—mmmmm}

T1

A= {f(’fz—Kl)g(Tl + 72 — k1) dky

1

Then, we have

T2
(IR) | F(x1) g (x1)dxy 2
f g (k1) dxq 7

1

F(11) + AF (12)

1+A

F(”L'l-i-/\l'g)2 1
1+A 2

Proof. Since g is a nonnegative and integrable function on [73, 72], then it can be easily seen that p(x;) =
g(t2 — (T2 — T1)K1) is nonnegative and integrable function on [0, 1]. Therefore, by applying Theorem 3.2 , we
obtain

2

1 —
F(y’cl+(1—/,t)’cz)2Tz—(lR)fF(m)(p(Z_:j)dKl D uF (1) + (1 - u) F(1),
[o(=)da %
where
1 1
1 1
o= 1—ftg0(t)dt= - ftg(fz—(fz—n)t)df

[o®ato [g(ta = (r2 = T)tydt b
0 0
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T2

= f (T2 — 1) g (k1) dc1

[ (2 =11) g (1) dicy 7

1

1

- ! [ =g

f(Tz —x1) g (k1) dx1 + f(Tz —x1)g(t1+ 72 —x1)dkr 1

1
1+A°
This completes the proof. [

Remark 3.5. Under assumption of Theorem 3.4, if we supose that g is symmetric about =52, (i.e. g(k1) =

g(t1 + T2 — 1) for all x; € [11, 72]), then Theorem 3.4 reduces to [15, Theorem 3.4 for o = 1].

4. Weighted Hermite-Hadamard Type Inclusions for Interval-Valued Co-ordinated Convex Functions

In this section, we present some Hermite-Hadamard type inclusions for interval-valued inclusions for
co-ordinated convex function:

Theorem 4.1. Let F : A — R be a inteval-valued co-ordinated convex functions on A. Let gy : [0,1] — R and
g2 : [0,1] = R be two a nonnegative and Riemann integrable functions and let

1 1

A= 1; tgy (t)dt and p = 1; fsgz (s)ds.

[ (®dt o [g2(s)ds 0
0

0

Then, one has the following inclusions

F(Aty + (1= A) 7o, Br3 + (1 - B)14) @)
2 % Gil(IR) fF(Kl,ﬁ’l’3 + (1 - ﬁ)’[4) !71 (;i : :1 )dKl
+Giz(1R)fP(Arl F(1-2) Tz,xz)gz(z - z)dkg
1 ~r Ty — K1 T4 — K2
= G1G2 (ID) ffF(Kl’Kz)gl (Tz —T1 )!]2 (T4 — T3 )dszK1
1 T2 B 1 _ T2 B
> 3 Gﬁl(m) f F(k1, T3)g1 (—Z - ’2 )dK1 ) Glﬁ ) (IR) f F(k1, Ta)g1 (Z - ’2 )dkl
A - 1-2 R -
+ G_Z(IR) fF(T1, Kz)gz (zi — :Z)dkz + ( c )([R) fF("[z, Kz)gz (ii — :i)dKz
2 PAf(t1,13) +A(1=B)F(t1,74) + (1 = A)Bf (12,73) + (1 = B) (1 = A) F (12, 74)
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where
T2 T4
Ty — K Ty — K
Gl:fgl( 2 1)dK1/ G2:f92( 4 2)(11{2.
Ty — T1 T4 — T3

Proof. Since F is an interval-valued co-ordinated convex functions on A, if we define the mappings F, :
[13,74] — ]R;f, Fy, (x2) = F(x1, k2), then Fy, (x7) is interval-valued convex on [t3, 74] for all 1 € [71, 72] . If we
apply the inclusion (4) for the interval-valued convex function F,, (kz), then we have

F (s + (- p)r) 2 ———(IR) f Fateg -

)dKz D Bfe,(t3) + (L - B)Fy,(ta).  (8)
Jo (2=2) s

That is,

F 1, + (1= p)ma) 2 5-(R) f et ke)ga (S22 ) 2 B, )+ (1L BFGer, 7). ©)

Multiplying with z (;2 —L- the inclusion (9) and integrating with respect to x; from 77 to 7,, we obtain
i(m f F (1, B3 + (1 - B)14) g1 ( - )axi (10)
oo
> Gl D) f f e L o Z)dkzdm
) Gﬁl(IR)fF(Kl’TS)gl( :i)d ( _ﬁ) K1,T4)g1( . )d;q.

T1
Similarly, as F is interval-valued co-ordinated convex functions on A, if we define the mappings Fy, :

[t1,72] = R}, Fy,(x1) = F(x1,%2), then Fy,(x1) is inteval-valued convex on [71,72] for all k2 € [73,74].
Utilizing the inclusion (4) for the interval-valued convex function Fy, (1), then we obtain the inclusion

T2
1 —

Fao (At + (1= ) 12) 27— (IR) f Fate)gs (2= 2 Afu(m) + (1= D Fo(m), (1)

fgl (2:2 ) dKl T

T

ie.
T2
1 T2 — K1

Fm s =N 2 R [ F e (250 )a (12)

Jo(E=)da &
2 Af(ty,x2) + (1= A) F(t2, k2).

Ty—Kp
Multiplying with 2% T‘) the inclusion (12) and integrating with respect to x; on [73, 74], we get

T4

1 —
&R f Fdty + (1= ) o, x2) 2 (2 - Z)dkz (13)

3
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T2 T4

1 Tz—K1) (T4—K2)
2 _Gle(ID)ffF(Kl’KZ)gl(Tz—Tl 92 P—— dxodiy

T1 T3

V)

T4 — T3 Gy T4 — T3

Giz(m) f F(t1, k2)g2 (” — 2 )dKz + 3= g fp(fz, K2)g2 (“ - Kz)dkz.

3

Summing the inclusions (10) and (13), we obtain the second and third inclusions in (7).
Since F (k1,13 + (1 — B)1a) is inteval-valued convex on [t1,72] and g1(k1) is positive and integrable,
using the first inclusion in (4), we have

T2 — K1

)mq. (14)

T2

F(/\’H + (1 - /\) To, ﬁ”[g, + (1 - ﬁ)’f4) 2 Gil(IR) fF(Kl,ﬁ’l’g + (1 —ﬂ)’u)gl ( P

And similarly, since F (At; + (1 — A) 12, k2) is interval-valued convex on [t3, 74] and g»(k7) is positive and
integrable, by the first inclusion in (4), we get

T4 — K2

)dKz. (15)

T4
1
F(/\Tl + (1 - /\) Tz,ﬁ"[g, + (1 - ﬁ)T4) 2 G—(IR) fF(/\Tl + (1 - /\) T2, Kz) 92(
2 T4 — T3
Summing the inclusions (14) and (15), we obtain the first inclusion in (7).
Since F (k1,t3) and F(k1,74) are interval-valued convex on [71, 72] and g1(k1) is positive, integrable, by
the second inclusion in (4), we get

T2

_ 1— e _
G%(IR) f s, )1 (2 Kl)dm( f \®) f Flr, )91 (225 (16)

Ty —Tq1 G Ty —T1
T1

2 PAf(t,13) + (L= A)F(t2,13) + (1 = B)ASf (11,74) + (1 =) (1 = A) F (72, 74) .

And similarly, since F (73, %) and F(tp, k») are interval-valued convex on [73,74] and g»(k») is positive,
integrable, by the second inclusion in (4), we have the folllowing inclusion

T4
T4 — K2

) [ Fe (B2 )+ C22am) [ Fea i (222 ) (17)

T4 — T3

3

2 PAf(t, 1) + A1 =B)F (11, 1a) + (1 = V)Bf (12, 13) + (1 = B) (1 = V) F (12, 1) .

By summing the resulting inclusions (16) and (17), then we obtain the last inclusion in (7). This completes
the proof. O

Remark 4.2. Under assumptions of Theorem 4.1 with g;(t) = 1 and g»(s) = 1 for all ,s € [0,1], then we
have

T1+ Ty T3+ T4
Fl————, —— 1
( 2 72 ) (18)
1 1 : T3 + T4 1 : T1 + T2
| ——(R F(K, )dK + ———(IR fF(—,K)dK
2[(T2—T1)( )f 2 ! (T4—T3)( ) 2 2o

T1 3
Ty T4
1

(ID)ffF(Kl,Kz)dszKl

T1 T3

(T2 — 11) (T4 — T3)
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1
[(Tz -7 ) IR) fF(Klr T3)d7<1 + ( (IR) fF(K1, T4)d1{1

+

(T4—T)

IR)fF(Tl,Kz)dK2+( TS)(IR)fF(Tz,Kz)dKQI

f (T, 73) + F(T1/T4) + f (12, 73) + F (12, 74)
- 4
which was proved by Zhao et al. in [32].

Theorem 4.3. LetF: A — ]R;r be a interval-valued co-ordinated convex functions on A. Let g; : [11,T2] = Rand
g2 : [13, T4] = R be two a nonnegative and Riemann integrable functions and let

T2

1
A= ) f(Tz—Kl){]l(T1+T2—K1)dK1
f(Tz —x1) g1 (k1) dr1
and
1 R
P= f(u — K2) g2 (T3 + T4 — K2) dia.

[ (14 = K2) g2 (2) dica %

3
Then, one has the following inclusions

T+ ATy T3+ P74
1+A 7 1+

5 % (IR) f (Kl, R T4)g1(K1)dK1+—1R) f L/mrkz)gz(m)dkz}
> D) f f F(xr, k2)g1 (k2) 92 (x2) drcadi
2 1 ;(IR)fF(K 73)g1(k1)dK +L(1R)j%1-"(1< T4)g1(Kk2)dK
= 2(1+ﬁ)G3 1, T3)g1(K1 1 (1+ﬁ)G3 1, T4)91(K2 1

b R [ R () + s f F(us, k2)g2 (Kz)dKz}
5 F(t1,713) + Bf (11,7T4) + Af (T2, 73) + ABf (T2, T4)

Q+A)1+p)

where G3 = fgl (Kl) dK] and G4 = fgz (Kz) dKz.

Proof. Based on the assumption that g; and g, are nonnegative, integrable functions on [, 72] and [73, T4],
respectively. Then, it can be shown that 1 (f) = g1(t2—(12—71)t) and @2(s) = g2(t4—(74—73)s) are nonnegative,
integrable functions on [0, 1]. Thus, by using Theorem 4.1, we can write the following inclusions,

F(yt1+ (1 —y) 12,013 + (1 —6)14)
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5 1 ;(IR)fF(K1,6T3+(1—6)T4)@1(T2_K1)d1<1
To—K1 T2—T1
f(P (Tz T1) “
1 . o
+ —(IR)fF()/ﬁ+(1—y)72,K2)(p2(T4 Z)dx2
T4—Kp T4 — T3
f(P (T4 Ts) 3
1 2 T4 ok e
2 To T4 (ID) ffF(Kll KZ)(Pl ( 2 Ti)(Pz (:i — "[32, )dszKl
[ [or(222) o (228 ) dradia %0 %
T1 T3
1 o . - K
2 5 (IR)IF(K1/T3)(P1( Ti)dkl

T

To—K1
f(Pl (72*71 ) dKl o
T1

1-9)

T2
Ty — K
o (IR) fF(KL T4)P1 ( 2 — )dKl
To—K1 TZ - Tl
f(Pl (TZ—T1 )dKl o
T1
T4
- K
+744—mfmmﬂ 2) e,
T4—K T4 =13
Jo(32) e %
3

T4

1- _
+rileqﬁmwﬂ4ﬂm
4 —x 4 p—
f P2 (2—; ) dicy s
3

2 Ooyf(ry, ) +y(1—0)F(11,ta) + (1 —)0f (t2,ta) + (1 = 0) (1 — ) F (12, 74) .
This gives
F()/Tl + (1 - )/) T2, (5T3 + (1 - 6)’[4)

11 r 1 r
2 3 G—3(IR)fF(K1,5T3 + (1= 0)t4) g1 (1) dxcy + G—4(IR)fF(VT1 +(1-7) 12, %2) 92 (x2) dKZ]
1 Ty T4
2 —G4(1D)ffF(K1,K2)!]1 (k1) g2 (x2) drcadicy
>

: %(IR)IF(KLTs)Hl(Kl)dKl 022 (IR)fP(Kllu)gl(Kl)dKl

+ G%(IR) f F(t1, k2)2 (k2) dica + (1_V)(1R) f F(t2, k2)> (Kz)dkz}
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2 Oyf(ry,t3)+y (1 =0)F(t1,14) + (1 = p)of (12, 14) + (1 = 6) (1 — ) F (12, 74),

where
1
1
yo= 73 ftgl (12 = (T2 = T1)t) dt
fg1 (t2 = (T2 — Ty))dt 0
0
1 7
= 7 f(Tz - 1) 91 (k1) dKy

[(t2 = 11) g1 (k1) dicy %

1

fz(’fz — x1) g1 (1) dcy

_ T1 _ ].
- T2 T2 - 1+A
f(Tz - k1) g1 (k1) dKcy + f(Tz —x1) g1 (11 + T2 — k1) dkq
and similarly
1
o= ! sgo (14 — (T —T)s)ds—L
=7 g2 (T4 4 3 = 1+‘B'
0

fgz (T4 — (T4 — T3)8) ds
0

This completes the proof. [J

Corollary 4.4. Under assumptions of Theorem 4.3, let g1(x1) = g1(71 + T2 — K1) for any kq € [11, T2] and ga2(k2) =
2(T3 + T4 — K2) for any ko € [3, T4], then we have the following inclusion

+ +
F(712T2,T3 T4)

T4

1 +

> Sle IR) f K, = gl(Kl)dK1+—(IR) f (%,Kz)gz(Kz)dKz
3
T2 T4

2 E(ID)ffF(KlzKZ)!]l(Kl)!ZZ(KZ)dKdel

1|1 . 1 i
2 3 G—g(IR)f[F(Kl,%)+F(K1,T4)]91(K1)d1<1+G—4(1R)f[1:(71,7<2)+F(T2/K2)]92(K2)d7<2
5 F(t1,73) + F(t1,74) + F(T2, 73) + F(T2, T4)
») 1 .
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