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Abstract. In this paper, we present several Berezin number inequalities involving extensions of Euclidean
Berezin number for n operators. Among other inequalities for (T, ..., T,) € B(H) we show that

1 - §
berj(Ty,..., T,) < 5 ber [;(m + |Tl.|)V],

where p > 1.

1. Introduction

Let B(H) denote the C*-algebra of all bounded linear operators on a complex Hilbert space H with an

inner product (., .) and the corresponding norm ||. ||. An operator A € B(H) is called positive if (Ax,x) > 0
for all x € H, and then we write A > 0.

A functional Hilbert space H = H(Q) is a Hilbert space of complex valued functions on a(nonempty) set
Q, which has the property that point evaluations are continuous i.e. for each A € Q the map f — f(A) is
a continuous linear functional on . The Riesz representation theorem ensure that for each A € Q there

is a unique element ky € H such that f(A) = (f, k) for all f € H. The collection {k) : A € Q} is called
the reproducing kernel of H. If {e,} is an orthonormal basis for a functional Hilbert space H, then the

reproducing kernel of H is given by ka(z) = ), e,(A)e,(2); (see [13, Problem 37]). For A € Q, let Ky = ”]]:—A‘” be
the normalized reproducing kernel of . For a bounded linear operator A on H, the function A defined on

Qby AV(/\) = (Ak, k,) is the Berezin symbol of A, which firstly have been introduced by Berezin [5, 6]. The
Berezin set and the Berezin number of the operator A are defined by

Ber(A):={A(\): A €Q} and  ber(A) == sup{JA(A)| : A € O},

respectively, (see [15]). The numerical radius of A € B(H) is defined by w(A) := sup{|(Ax,x)| : x € H, ||x|| =
1}. It is clear that

ber(A) < w(A) < |A|l 1)
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for all A € B(H). Moreover, the Berezin number of operators A, B satisfy the following properties:

(i) ber(aA) = |a|ber(A) for all « € C;

(ii) ber(A + B) < ber(A) + ber(B).

Let A; € B(H) (1 < i < n). The generalized Euclidean Berezin number of Ay, ..., A, is defined in [1] as
follows:

ber,(Ay, ..., An) —sup[ZkA ka, ko) ] r=1.

AeQ
In the case p = 2, we have the Euclidean Berezin number and denote by

1

Z |<Aik/\rf{)\>|2] .
i=1

For p =1, we have beri(41,...,A;), such thatif Ay = A, =... = A, = A, then bery(4, ..., A) = nber(A).
The generalized Euclidean Berezin number ber,(p > 1) has the following properties:

(i) bery(aA,... aA,) = |albery(Ay, ..., Ay) forall a € C;

(11) berp(A1 +Bq,..., A, + Bn) < berp(Al, ...,An) + berP(Bl, ey Bn),'

(iii) berp(X*A1X, ..., X*A,X) < || X|berp(Ay, ..., Ay);

(iv) bery(A1, Az, ..., Ay) = berp(A7, A, ..., A),

where A;, B;, X € B(H(Q))(1 <i < n).

The proof of the properties (i) — (iv) immediately comes from definition of the generalized Berezin number.

ber.(A1,...,Ay) :==sup
AeQ)

Namely, the Berezin symbol have been investigated in detail for the Toeplitz and Hankel operators on
the Hardy and Bergman spaces; it is widely applied in the various questions of analysis and uniquely

determines the operator(i.e., for all A € Q, A(/\) = B(/\) implies A = B). For further information about
Berezin symbol we refer the reader to [1, 9, 12, 16, 19-21] and references therein.

In this paper, we want to examine the properties of the generalized Euclidean Berezin number. Moreover,
we obtain some generalization of the Euclidean Berezin number inequalities. For these goals, we will apply
some methods from [18].

2. Main results

In this section we would like to check some properties about the generalized Euclidean Berezin number
and then we state some inequalities related to this concept.
In the next lemma, we show that the generalized Euclidean Berezin number is weakly unitarily invariant.

Lemma 2.1. Suppose A;, U; € B(H(Q))(i = 1,...,n) such that U;’s are unitarily invariant operators. Then
ber,(U;A Uy, ..., U, AnU,) = bery(Ay, ..., Ay).

Proof. From the definition of the generalized Euclidean Berezin number, we have

1

ber,(U;A Uy, ..., U, AU,) = sap Z <U;Aiuif</\,i€/\>|p]ll

P

= sup Z <Aiu1f()\, LIZ-I%AMP

= sup i <A,-IA<H,IA<H>‘p]P
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The next result follows from the Jensen’s inequality, which asserts:

1w | 1y¢

ht ) — P
[nZazJ SnZai 2)
for any real positive sequence (4;)! and p > 1.

Proposition 2.2. Let A; € B(H(Q))(i=1,...,n). Then
(i) bery(As, ..., Ay) < bery(Ay, ..., Ay) < nlf%berp(Al, v Ap)forp 2 1;

(ii) ber, (A1, ..., Ay) < n7 ibery(Ay, ..., Ay) for g = p = 1.
In particular,

bero(Ar, .., Ay) = 12 T bery(Ay, ..., Ay).

Proof. The part (i) follows from (2) by letting a; = |(A,-IA<A,IA(A)|(1' =1,...,n).
For part (ii), from power inequality, we have

1 n pﬁ 1 n qﬁ
[E;ai] S[E;ai] (PSQ)r

if we take a; = [(Aik), k)| =1,...,1), then

1
Iv . cwl IV a2l
[ﬁ Y |<A,«k/\,kﬂ>|"] < [; Y |<AikA,kA>|”f] (v <)
i=1 i=1
Taking the supremum over A € Q, we deduce the desired result. [J

To prove more the Berezin number inequalities, we need several well known lemmas.
The following lemma is a simple consequence of the classical Jensen and Young inequalities(see [14]).

Lemma 2.3. Leta,b >0and 0 <v < 1. Then

b <va+ (1-v)b < (va' + (1 —v)b)r 3)
forr>1.
The following lemma is known as the generalized mixed Schwarz inequality [17].

Lemma 2.4. Let A € B(H) and x,y € H be any vectors.
(@) If0<v<1,then

| (Ax, ) P< A AP 2,00 A" POy, ),
where |A| = (A*A)% is the absolute value of A.

(b) If f, g are nonnegative continuous functions on [0, oo) which are satisfying the relation f(t)g(t) = t(t € [0, o)),
then

| (Ax, y) I<Il (LA Dx [ lg(A Dy
forallx,y € H.
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The next lemma follows from the spectral theorem for positive operators and the Jensen’s inequality(see

[17]).

Lemma 2.5. (McCarthy inequality). Let A € B(H), A = 0 and x € H be a unit vector. Then
(a) (Ax,x)" <(A'x,x) forr > 1;
) (A™x,x) < (Ax,x) for0 <r < 1.

Now, we are in the position to state our results.

Theorem 2.6. Suppose that (A1,As,...,A,) € B(H)" and f, g are nonnegative continuous functions on [0, o)

satisfying the relation f(t)g(t) =t (¢ € [0, 0)). Then

ber, (A1, ..., Ay) < bery(f(1A1]), ..., f(1AD)bery(g (1AL, - .., g (1ALD),
inwhichr>2,p > q>1suchthat ; + ¢ =1.
Proof. From the Lemmas 2.4(b) and 2.5(a), we have

KAix, 01" < 1| FAADx g (1A; Dl

= (fA(Ax, )2 (g (A Dx, x) 2
< (f1(1AiDx, x)(g" (1A} Dx, x).

By taking the sum over all i from 1 to n, and applying the Holder’s inequality, we have
n n
Y KA 0 < Y (1A, x)g (A7), %)

i=1 i=1
n

< Y (FQADx ) Y (g 1A )%, X))
i=1 i=1
Now, by taking the supremum over A € ), we deduce the desired result. [J
Corollary 2.7. Let (A1, Ay, ..., An) € B(H)".Then
bery(Ay, ..., Ay) < bery(|Al, ..., |Au)bery (A3, ..., |A;),

whichp > q > 1such that 5 + ;= 1.

Proof. By putting f(t) = g(t) = t2 and r = 2 in (4), we get the desired inequality. O
Remark 2.8. By putting p = q = 2 in (4) for any r > 2, we have the following inequality:
berl(Ay, ..., An) < bere(f (A, ..., f(ADDer(q (43D, ..., 97(A;D):
For the next result we applying the following inequality, which is found in [7]:
(DCBAx, ) < (A*|BRAx, x)(DIC'FD"y, ),
where A,B,C,D e B(H)and x, y € H.
Theorem 2.9. Assume that A;,B;,C;,D; € B(H(Q))(i=1,...,n). Then
ber(D1C1B1 Ay, ..., D,CyB,A,) < ber,(AjIB1lPAs, ..., ALIBu[PA,)bery(D1|C;*D;, . .., DyIC,PD})

forall p,q > 1such that § + ; = 1.

(4)
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Proof. If k, is the normalized reproducing kernel of H(Q), then by applying (6) with putting x = y = k; and
applying the Holder’s inequality, we have

Zn: |<D1’CiBiAii</\/I%A>|2]
i=1

< sup [Z (A3IB,2AK, k) (D;IC;PDky, )

sup
A

A=t

=P [Z (ABRakL b)Y (<D;|c:|2D:l%A,I%A>q)5]
i=1 i=1
= bery(A;|B1*A1, ..., A} B, *Ay)berq(D:|C; D, . ..., DyIC; P D).
O
Corollary 2.10. Let B; € B(H(Q))(i=1,...,n). Then
ber?(B2,...,B2) < ber,(IBif,..., |B.Pber, (1B, ..., |Bul) (8)

forall p,q > 1 such that % + % =1
In particular forp = q =2,

ber,(B2,...,B%) < ber.(|Bil%, ..., |B./). 9)
Proof. By putting C; = B;, A; = U; and D; = U in (7), where U;(i = 1, ..., n) are unitaries, we have
bera(U;B2Uy, ..., U;B2U) < bery(U;|B1PUy, . . ., U;|B,*Us)berg(U;|B1 UL, . .., U;1B, P Uy).
The result deduce from that fact ber,(-) is weakly unitarily invariant. []
Furuta [8] proved the following generalization of the Kato’s inequality as follows:
KAIAI L, ) < (AP, x) APy, v) (10)

forall Ae B(H), x,ye Hand a, € [0,1] witha + > 1.
Applying (10), we have the next result for the Berezin number concept.

Proposition 2.11. Assume that A € B(H(Q)) and o, € [0,1] with o + § > 1. Then
1
ber(AJA|*F) < E(ber(|A|2“) + ber(|AP)). (11)

Proof. If k; is the normalized reproducing kernel of (), by applying (10) with putting x = y = ky, and
the arithmetic-geometric mean, we have

KAIAP Py, kol < ((ARPR, kAP R, ) ?

1

< (AP, ki) + (AP, kL))

— N

< E(ber(|A|2a) + ber(|A]*))

By taking the supremum over all A € Q), we get the desired result. [
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Theorem 2.12. Suppose that A;, B;, C;, D; € BIH(Q))(i =1,...,n). Then

ber,(D1C1B1Ay, ..., D,CyByA,)
< %ber Y (v(A;IBRA) + (1 = vYDICED;) + ((1 = v)(A;B2A) + (DAC D)) |, (12)
i=1

wherep > 1andv € [0,1].
Proof. If k, is the normalized reproducing kernel of H(Q), by applying (6), and putting x = y = ky, we have

Zn:|<DiCiBiAii<A/ 7A<A>|p

i=1

NI

= i (<A:|Bi|2Aii€A,i€/\>%<D IC; |2D*k,\,kA>

i=1

y

= zl [<A BiP Ak, kny (DACIPDi s, ka)'™ + (AL IBiP Ay, k) (DACPDkin k)|
a’ 1-v Ya 1-v
(Since Vab < %)
1v .. o
<35 [(wAsBiR Ak, kr) + (1 = vI(DICIED Kk, k)
i=1
+ (L= XAIBIP AR, k) + DICPDi -, k) |
a+by al + bP
(b (T) < T,and Lemma 2.3)
= 2 Y (MABLA) + (1~ DICED e ) 12 (0 = V)AIBPA) + DICED ks, )
2 i=1 2
1 - 1 o
<5 L (Als: PA) + (1 = (DICPD)Vka Ka) + =y (1 AIBPA) + v(DICED)Y k)

=1 =1
(by Lemma 2.5(a))
1 . * % * p * % * pA 7T
§< (vA;BiRA; + (1 = v)DICIED;) +((1 - v)A;IBiPAi + vDiICiPD;) kA>
i=1

ber| Y (VA IB2A) + (1 = v)(DICPD;) + (1 = v)(A;IBiPA) + v(DiIC; D)) |
i=1

<

NI+~

Now, by taking the supremum over A € Q, we deduce statement desired result. [

Corollary 2.13. Let A;, B;,Ci,D; e B(H(Q))(i =1,...,n). Then

P
1
ber’;(D1C1B1A1, ...,D,C,B,A,) < ﬁber

i (A;1B:2A; + DiIC; D)
i=1

IA
N =
S

er[Z(AnB,-FA,-)P+<Di|c:|2D;f>P : (13)

i=1

where p > 1.
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Proof. The inequality (13) immediately comes from (12) by putting v = 1, and applying from that fact
(M)p < aP+bP 0
2/ =72

In the next result, we state an extension of (11).
Corollary 2.14. Assume that (T1,...,T,) € B(H(Q))". Then
1 n
ber (T [Ty [P0, .. T,IT, 1) < 2—pber(21(m|2“ + |T;f|2ﬁ>*’], (14)
i=
where a, f € [0,1], p > 1 such that a + § > 1.

Proof. Let T; = Uj|Ti|(i = 1, ...,n) be the polar decomposition of T;. Then by putting D; = U;, B; = 14q), Ci =
ITi|f and A; = |Tj|* for all @, B > 0 such that @ + > 1, we have

DiCiBiA; = TITI*F~!,  AjIBi*A; = |Ti**, and Di|Ci’D; = |T;*.
So by applying (13) we get the statement result. [

Remark 2.15. By putting a = p = 1 in (14), we have the following inequality:

1 . .
ber,(Ty, ..., Ty) < ﬁber(;(lﬂl +1T; |)p]. (15)
Theorem 2.16. Suppose that A;, B;, C;, D; € BIH(Q))(i=1,...,n). Then
b2r1(D1C1B1A1, ey DnCanAn)

n
1 * — * 1 * * % * —
< ””[Z; o ((ABPAY P + (ABLAY?) + o ((DACPD))! + (DIC;PD) )], (16)
1=

where p,q > 1and v € [0,1] such that pv > 2 and 5 + ; = 1.

Proof. If ky is the normalized reproducing kernel of H(Q), by applying (6), and putting x = y = k), we have

ZKDiCiBiAii%/\r le>|

i=1
n

[T

(A1B Ay, k1) (DICEDiR Ko

<3 L ((amak k) (DicEDR k) ™+ (48P AR R (DACPDE ) )
(Since Vab < M)
n n
< S(QAB AR kMY DICE DIk, k)1
=1 i=1

+ ((Z(AﬂBileif@\,ffA)”(l_V))E(Z(DdCﬂZDfi‘A,’ACAW)E)

i=1 i=1

(by the Holder’s inequality)
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1 - * 7 7 * 7 7 — ; - * *7. 7 — £ *7. 7 i
< S (Y AAIBIP AR Ky + (A IBP A k) (3 (DICP Dk, k) + (DG PDjka, k)™ )
i=1 i=1
1 - * 7 7 * 7 7 —
< o LAAIBP ARy k)™ + AB AR, )

i=1

+ (Y (DICDk, k)0 + (DIC Dk k™)
zq — 1 1 1 1

(by Lemma 2.3(a))
AT v g .
<) (5((A,|Bi|2Ai>” + (A;IB A )

1 * \ (1= * VA )
+ 57 (DIGED) ™ + (DICED)) Ny, k1 )).

(by Lemma 2.5(a))
Now, by taking the supremum over A € Q, we statement the desired result. [
By putting p = g = 2 in the inequality (16), we get the next result.
Corollary 2.17. Let A;, B;,Ci,D; e B(IH(Q))(i=1,...,n). Then
ber;(D1C1B1As, ..., D,CyByA,)

< i”er[g ((A5BPAP T + (A;BPAYY) + ((DIC; D)™ + (DIC; D)),

wherev € [0,1].
Corollary 2.18. Assume that (T4, ..., T,) € B(H(Q))". Then
bery(Th|T1[* P, . Tul TP

n
= be’(; %('Tﬂza(”)’” + T, + ;—q(IT;* PO 4 T P00,

wherep,q > 1land a,B,v € [0,1] such that a + B > 1,pv > 2 and ;—] + % =1
Proof. The proof of (18) is exactly the same as the proof of Corollary 2.14. [
Remark 2.19. By putting p = q = 2 in (18), we have the following inequality:

bery(T1|T1|*F7Y, ..., Tyl T, 4" F7)

1
4

ber( 3 (lTl-|4a(l—v) + |Tl-|4aV) + (IT:|4}3V + |T;f|4ﬁ(1—v))/
i=1

<

In the next result, we have an upper bound for ber;.

Corollary 2.20. Let (Ty,...,T,) € B(H(Q))". Then

n

bery(Ty, ..., Ty) < }Iber(z (L2 +1TR) + (TR + 1)
i=1

Proof. By putting @ = f = 1 and v = 1in (19), we get the desired inequality. [

(17)

(18)

(19)

(20)
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